Chapter 5

Bohr-Jessen limit theorem

5.1 Log zeta function

To state the limit theorem, we begin with the definition of the log zeta function. We intend
to make its definition given by Matsumoto [cf. [26, Chapter 6]] clear.

Claim 5.1 PurTT' := {t € R\ {0};30 € (0, 1) s.t. {(0 ++/=1t) = 0}. Then
VteR, >0 st #(Usr)NT) <1,
where Us(t) = (t — 8,1 + §).
Proof. We prove it by a reduction to absurdity. Assume that
teR st #H(Us)NT) =2 (V6> 0).

Then, for Yn e N,3, e T st. 0 < |t, — 1| < % By the definition of T, 0,, € (0, 1) s.t.
¢(on + ~/—1t,) = 0. Since {0,122, is bounded, #{n’}: a subsequence, 30 € [0,1] s.t.
Oy — 0.

Incasedg # 1 or 0 = 1landt # 0,

o +v—1ty = 0 ++/—1t € C\ {1},

Ow +V =1ty # o +v=1t ("'n') [O© tw #1],
{ow + =1t} CC\ {1} [© ow € (0,1)],
Low +~—1tw) =0 ().

By the uniqueness theorem, this implies that {(-) = 0 on C \ {1}.
Incaseoc = 1andt = 0,

ow + N1ty # 1. ('n) [© ow € (0, D],
¢(ow +v—1t) =0 (Y0,
oy + \/—_lln/ — 1.

T1Here T is a subset of R. It is entirely a different thing from the gamma function.
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