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because δj(G̃(p)) + σts
t
j ≥ σts

t
0 where 0 < δ1 < δ2 < · · · . Since Ĝ

(t)
0 (x, D) is

a di↵erential operator of order st
0 which is non characteristic with respect to

x0 =const, disposing of the power λ in front of the operator in square brackets,
we are left with the operator

(1.4.8) P (x, D) +
X
j≥1

λ−j/kPj(x, D)

where P (x, D) has the principal part Ĝ(t)(x, D) and Pj(x, D) are di↵erential
operators. One can then seek an asymptotic null solution to (1.4.8) in the form

X
j≥0

λ−j/kuj(x).

By the Cauchy-Kowalevski theorem we solve uj(x) successively with u0(x) ∕= 0.
Note that we may assume that

Im τ0(x, ξ′) ≤ −c in U × V

with some c > 0 where (x̂, ξ̂′) ∈ U × V . We solve φ(0)(x) under the condition

φ(0)(x̂0, x
′) = i|x′ − x̂′|2 + 〈x′, ξ̂′〉.

Then it is easy to see that φ(0)(x) verifies

Im φ(0)(x) ≥ c{x̂0 − x0 + |x′ − x̂′|2}, x0 ≤ x̂0

near x̄ with some c > 0. The rest of the proof is a repetition of standard
arguments (e.g. Theorem 23.3.1 in [19]). □

Chapter 2

Hyperbolic double
characteristics

2.1 Hamilton map

Let us denote by T ∗⌦ the cotangent bundle over ⌦ with a system of local
coordinates x = (x0, x1, ..., xn). Let (x, ξ) be a system of canonical coordinates
on T ∗⌦, then the canonical 2-form σ on T ∗⌦ is given by

σ =
nX

j=0

dξj ∧ dxj

in these coordinates. This 2-form gives a symplectic structure on T ∗⌦.
Let f ∈ C∞(T ∗⌦). Then the Hamilton vector field Hf of f is defined by

(2.1.1) df(·) = σ(·, Hf ).

In the canonical coordinates (x, ξ), denoting X = α∂/∂x+β∂/∂ξ, Hf = a∂/∂x+
b∂/∂ξ we have

df(X) = α
∂f

∂x
+ β

∂f

∂ξ
= dξ ∧ dx(α

∂

∂x
+ β

∂

∂ξ
, Hf ) = 〈β, a〉 − 〈α, b〉.

That is b = −∂f/∂x, a = ∂f/∂ξ and hence

Hf =
∂f

∂ξ

∂

∂x
− ∂f

∂x

∂

∂ξ
.

It is clear that
σ((x, ξ), (y, η)) = 〈ξ, y〉 − 〈x, η〉

in a system of canonical coordinates.
Let P (x, D) be a di↵erential operator of order m on ⌦ and let

P (x, D) = Pm(x, D) + Pm−1(x, D) + · · · .
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