
CHAPTER 2

Relation between Real
and Complex Secondary Classes

A natural mapping ϕ : BΓC

q → BΓ2q is obtained by forgetting transverse com-

plex structures. There is a natural homomorphism from H∗(WO2q) to H∗(WUq)

which corresponds to this mapping as follows.

Theorem 2.1 ([64], [3, Theorem 3.1]). Let λ be the mapping from WO2q to

WUq given by

λ(ck) = (
√−1)k

k∑
j=0

(−1)jvk−jvj,

λ(h2k+1) =
(−1)k

2

√−1

2k+1∑
j=0

(−1)j ũ2k−j+1(vj + vj),

where v0 and v0 are considered as 1. Then λ induces a homomorphism from

H∗(WO2q) to H∗(WUq), denoted by [λ]. The homomorphism [λ] corresponds to

forgetting transverse complex structures, indeed, the following diagram commutes :

H∗(WO2q)
[λ]−−−−→ H∗(WUq)

χ

⏐⏐� ⏐⏐�χC

H∗(BΓ2q) −−−−→
ϕ∗ H∗(BΓC

q ).

The Godbillon–Vey class and the imaginary part of the Bott class are related by the

formula

[λ](GV2q) =
(2q)!

q! q!
ξq · chq1 ,
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