
Chapter 6

Decay of solutions to the
Cauchy problem

Recall that we begin with the Cauchy problem with solution u = u(t, x)
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where Pj(ξ), the polynomial obtained from the operator Pj(Dx) by replacing
each derivative Dxk =

1
i
∂xk by ξk, is a constant coefficient homogeneous

polynomial of order j, and the cα,r are constants. In this section we will
prove different parts of Theorem 2.4.1.

6.1 Representation of the solution

Applying the partial Fourier transform with respect to x yields an ordinary
differential equation for û = û(t, ξ) :=

∫
Rn e

−ix∙ξu(t, x) dx:
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αDrt û = 0 , (6.1.1a)

Dltû(0, ξ) = f̂l(ξ), l = 0, . . . ,m− 1, (6.1.1b)

where (t, ξ) ∈ [0,∞)×Rn and Pj(ξ) are symbols of Pj(Dx). Let Ej = Ej(t, ξ),
j = 0, . . . ,m− 1, be the solutions to (6.1.1a) with initial data

DltEj(0, ξ) =

{
1 if l = j,

0 if l 6= j.
(6.1.1c)
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