6 LP-viscosity solutions

In this section, we discuss the LP-viscosity solution theory for uniformly
elliptic PDEs:
F(z, Du, D*u) = f(z) in , (6.1)

where F': Q@ x R" x ™ — R and f: 2 — R are given. Since we will use the
fact that u 4+ C (for a constant C' € R) satisfies the same (6.1), we suppose
that F' does not depend on u itself. Furthermore, to compare with classical
results, we prefer to have the inhomogeneous term (the right hand side of
(6.1)).

The aim in this section is to obtain the a priori estimates for LP-viscosity
solutions without assuming any continuity of the mapping x — F'(z, ¢, X),
and then to establish an existence result of LP-viscosity solutions for Dirichlet
problems.

Remark. In general, without the continuity assumption of z — F(x,p, X),
even if X — F(z,p, X) is uniformly elliptic, we cannot expect the unique-
ness of LP-viscosity solutions. Because Nadirashvili (1997) gave a counter-
example of the uniqueness.

6.1 A brief history

Let us simply consider the Poisson equation in a “smooth” domain 2 with
zero-Dirichlet boundary condition:

—Au=f in €,
{ uw=0 on Jf. (6.2)

In the literature of the regularity theory for uniformly elliptic PDEs of
second-order, it is well-known that

“if f € C7(Q) for some o € (0,1), then u € C*7(Q)”. (6.3)
Here, C7(U) (for a set U C R") denotes the set of functions f : U — R such
that
sup |f(x)]+ sup /(@) = )l < 0.
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