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10 Fundamental solutions

10.1 Cauchy problem for homogeneous wave equation

Our purpose in this section is to construct a solution of the problem

OE =0,
(10.1.1) E(0,z) =0, 8,E(0,z) = 6(z),
where
0=-62+A.
Once the solution E = E(t,z) is found, one can represent the solution of
Ou =0,
(10.1.2) u(0,z) =0, Bu(0,z) = f(x)
by
(10.1.3) u=E(t,.) * f.
Since

a(t,€) = E(t,€)1(¢),
comparing the representation of u with (3.3.7), we see that
sin(¢[¢])
€l

To construct fundamental solution we define s} * for any complex number 2
with Rez <1 by

(10.1.4) E(t,€) =

—_J % ifs>0
(10.1.5) 7 { 0  otherwise.
It is clear that this is a classical function in L},.(R) for Rez < 1. Note that
(10.1.6) %s;" =—zs8;""", forRez< 0.

The above relation enables one to extend the definition of s;’ for 1 < Rez < 2.
Namely, we define (for 1 < Rez < 2)

-z __ 1 d —2+1
- (10.1.7) D e TS )

where the derivative in the right side is taken in the sense of distributions. Moreover
for k < Rez < k + 1 we define s * by the relation

il s 1)}.(—: ) (g;)k ")

| ' _ F(—z+ 1) d £ —z+k
(10.1.8) TT(z+k+1) (ds) + 0




	Semilinear Hyperbolic ...
	10 Fundamental solutions


