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9 Sobolev spaces on manifolds with constant neg-
ative curvature

9.1 Sobolev spaces on the upper branch of the hyperboloid
The upper branch of the unit hyperboloid

X:t=+|z?+1

is a Riemannian manifold with constant negative curvature K(z) = —1. With
respect to the parametrization of X

(9.1.1) Q = (chr,w shr) € X,
where r > 0,w € S"~! the metric on X is
ds® = dr® + sh’rdu?,

where dw? is the standard metric on S™~!. In particular, if f : X — R and dfQ is
the standard measure on X, we have

/,; F()d = /0 ) /s s f(chr, wshr)(shr)* 'drdw.

With respect to this parametrization, the Laplace-Beltrami operator on X takes
the form (8.1.18).
If f is a real integrable function defined on X, then we observe that

dz
1. dQ) =
(912) | r@an= [ s<a>n T
where < z >= /14 |z|%.
Further, in the interior of the positive light cone
(9.1.3) {¢,z) e Ry xR" : |z| < t},

one can introduce the coordinates
t x
p= VAP, n=(ﬂ—)ex
p P

obtaining the following decomposition of the D’Alembertian operator(see Lemma
8.2.1)
=-02+A

p’0 = —(p8,)* — (n - 1)pd, + Ax,

2
2 n a
O=-6,- ;6,, + ?Axu
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