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Residue Homomorphisms in Milnor K-theory

Kazuya Kato

In this paper, we give a generalization of the residue homomorphism
by using Milnor’s K-group [9], and study its relation with class field theory.
Our residue homomorphism provides a very plain definition of the p-
primary part of the reciprocity map in the local class field theory in cha-
racteristic p>0. This definition was used in Brylinski [4] for the study of
ramifications in abelian extensions of local fields of characteristic p>0
and those of surfaces over finite fields. Our residue homomorphism also
provides a description of the relation between the class field theory of a
higher local field and that of its constant field (Section 4 Theorem 2).

We express our sincere gratitudes to Professor Brylinski for his cor-
respondences on this subject. We also express our appreciation of the
hospitality of IHES during the writing of this article.

§ 0. Notations and preliminaries

Here we fix our notations and review some properties of Milnor’s K-
group. For a ring R, let R* be the multiplicative group of all invertible
elements of R. For a field %, let K (k) (9=0) be Milnor’s K-group of k
defined by generators {x;, - - -, x,} (x5, - - -, X, € k*) and certain relations
(cf. [9)). For a discrete valuation field k, let ord, be the normalized ad-
ditive discrete valuation of k. Let

O,={x e k; ord,(x)=0}, m,={x e k; ord (x)=1},
U,={x € k; ord,(x)=0}.

The residue class field of k is denoted by k. For x e O,, let X be the
residue class of x in k. Concerning the Milnor K-group of a discrete
valuation field k, for i>1, let ®,s, U'K (k) be the graded ideal of
@20k, (k) generated by elements a of k*=K,(k) such that ord,(e—1)=1i.
Let

R (k)=1lim K, (k)| UK (k),
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