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HAVING GIVEN MARGINALS

BY ENE-MARGIT TUT*

University of Tartu

Let Fi(i = 1,..., k) be given univariate distributions and Π be the set of k-
variate distributions having marginals Fi. In this paper the extremal and quasi-
extremal multivariate distributions having the given marginals Fi are defined
and their properties are examined. Since the set Π is convex, all mixtures of
extremal distributions have the same marginals. Furthermore, the correlation
matrices of extremal distributions are extremal in the set of correlation matrices,
and there exists a one-to-one correspondence between the extremal distributions
and the extremal correlation matrices. For a given correlation matrix R, its
decomposition by extremal correlation matrices is proposed as an alternative
model to factor analysis. The methods are compared and the conditions of
their coincidence are indicated. All results obtained for the case of extremal
distributions are generalised to quasi-extremal distributions.

1. Introduction. Let a set of univariate distribution functions F{ (i =
l,...,fc) be given. We are interested in the set H(Fι,.. ,,Fk) — Π of all
A -variate distributions having the marginals F{.

In the case k = 2 the set Π has a minimal and a maximal element - the
so-called Frechet bounds (see Hoeffding (1940) and Frechet (1951)). If k > 2,
then the maximal element (in the sense of stochastic ordering) of the set Π
always exists (see Feron (1956), Dall'Aglio (1972), Kemp (1973), Ruiz-Rivas
(1979), Cuadras (1981), Tiit (1984)). In this paper some properties of the
maximal distribution will be presented (see Section 2). In general, a smallest
element of the set Π does not exist (see Feron (1956), Dall'Aglio (1960), Ruiz-
Rivas (1979), Tiit (1984), Kotz and Tiit (1992)). Some special cases in which a
minimal distribution does exist, are indicated in the literature (see Dall'Aglio
(1960) and (1991), Rϋschendorf (1991)).
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