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ORDER STATISTICS OF VARIABLES

WITH GIVEN MARGINAL DISTRIBUTIONS

BY TOMASZ RYCHLIK*

Polish Academy of Sciences

We review some results on order statistics based on random variables with
given one-dimensional distributions. We present bounds on the distribution func-
tion of each order statistic and conditions on the marginals for attaining the
bounds. For identically distributed samples, we show sharp bounds for the ex-
pectation and variance of arbitrary function of a given order statistic and for the
expectation of an arbitrary X-estimate.

1. Introduction. Order statistics and functions of order statistics have
numerous applications in statistical inference (see, e.g., Balakrishnan and Co-
hen (1991), David (1981)). The theory has been developed mostly for the
standard model of independent identically distributed random variables, for
which order statistics have simple distribution functions and the limiting dis-
tributions with the rates of convergence for various sequences of order statis-
tics and parent distributions have been explicitly described (see Balkema and
de Haan (1978), Reiss (1989)). Asymptotic representations for order statistics,
especially extreme ones, were also intensively studied under various relaxations
of the independence assumption (see, e.g., Leadbetter et al. (1983)). Another
direction of research is devoted to formulas and recurrence relations for distri-
butions and moments of order statistics based on independent non-identically
distributed or even arbitrarily distributed random variables (cf. Balakrishnan
(1992) and Balakrishnan et al. (1992), respectively).

The aim of this paper is to summarize some results on order statistics
based on possibly dependent random variables X i , . . . , X n , with given one-
dimensional distribution functions F i , . . . , Fn, respectively. We will write X m : n

for the mth smallest order statistic and Fm:n for its distribution function. In
Section 2 we determine bounds on the distribution functions of each order
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