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The so-called two-sample problem is one of the classical problems in mathematical statis-
tics. It is well-known that in dimension one the two-sample Smirnov test possesses two
basic properties: it is distribution free under the null hypothesis and it is sensitive to ‘all’
alternatives. In the multidimensional case, i.e. when the observations in the two samples
are random vectors in IR™, m > 2, the Smirnov test loses its first basic property. In corre-
spondence with the above, we define a solution of the two-sample problem to be a ‘natural’
stochastic process, based on the two samples, which is («) asymptotically distribution free
under the null hypothesis, and which is, intuitively speaking, () as sensitive as possible
to all alternatives. Despite the fact that the two-sample problem has a long and very
diverse history, starting with some famous papers in the thirties, the problem is essentially
still open for samples in IR™,m > 2. In this paper we present an approach based on
measure-valued martingales and we will show that the stochastic process obtained with
this approach is a solution to the two-sample problem, i.e. it has both the properties (a)
and (@), for any m € IN.
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1 Introduction

Suppose we are given two samples, that is, two independent sequences { X/ }7*
and {X]'}7? of i.i.d. random variables taking values in m-dimensional Eu-
clidean space IR™,m > 1. Denote with P, and P, the probability distri-
butions of each of the X and X/ and write 1/5,,1 and P, for the empirical
distributions of the first sample and of the pooled sample {X]}7* U {X]'}}?
respectively, i.e.
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