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A SEMILINEAR ELLIPTIC BOUNDARY-VALUE PROBLEM 

DESCRIBING SMALL PATCHES OF VORTICITY 

IN AN OTHERWISE IRROTATIONAL FLOW 

Grant Ketulr 

Let 0 be a bounded domain in JR2• The study, begun in Keady[l981) and Keady and 

Kloeden[198') of the boundary-value problem, for (>../k, t/J) 

-At/J E >.H(f/1- k) in 0 c JR.' , 

t/J = 0 on lJO, 

is continued. Here A denotes the Laplacian, H is the Heaviside step function and one of 

>. or k is a given positive constant. The solutions considered always have t/J > 0 in 0 and 

>.jk > 0 , and have eores 

A= {(:r,r) Eo 1 t/J(:r,r) > k} . 

In the special case 0 = B(O, R) , a disc, the explicit exact solutions are available. 

They satisfy 

(t/Jm -k)/k- 0 as area(.A.)- 0, 

where t/Jm is the maximum of¢ over 0. Here (•) will be established for other domains. 

An. adaptation of the maximum principles of Gida.s, Ni and Nirenberg [1979) is an 

important step in establishing the above result. 

1. INTRODUCTION 

The boundary-value problem studied in this paper arises in connection with the steady 

flow of an inviscid incompressible fluid with compact vortex cores. 
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H(t) = 0 if t < o, =1 if t>IL 

E n, 

80' 

> k}, 
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F'or fjtrirt.Uy conve~c domahu; 0 Theorlilm U.U .. i~ tr<lll!Sl with 

2 :rejpladng 

In this pap~r ft 1;vlU h~ tB:!wwnl iJu~t it is to 'fi:ln more illif,O>rm:~.tion f,rmn 

N:i &nd t,h .. n 'ilht i1r1 Th®ri>r®m JJ.LL The tedn1ique i~':l !li!!l!llilar t" that 

i,m d0 Jltmts &:!lid N'llliO!lbsmm[l'&lHj. The hafm·ma:tion win be •~sed io establish 

the <tS)Il!J;J)lltOtk eathtQ&te {:~~) '!l'J'IUJ!i, fE ~i!i sbictl_ty !:.Ol!f<illiX wi.th Ill IU!ii!O:nl!Jl positive i'iJWer bound 

of ll.IMl (IT), not to b«: 1u:ees~aey, ilte proofs of variA>n€ int<:lrnleW!l,te :si•B!):S ~r.re :<>:~'1F:Jcmcveli 

where possible, to be i.ndepenxd'ilnt of it. 

:,·~o RESULTS OF GIDAS, NI AND NIRENBERG 

'I'he !lltlbset 1il(rl) •:mrt.aimng the points Zm of TIM!O!<'®m IL1.1 is defined 'trJ mean!l of 

domain fold!l!Rg :ll.rgum.ents of Gid~s, Ni and Ni:renberg[l979j. Let D denote u arbitllll')' 

bounded do!Jll.ain in m2 with smooth bm:mdacy and deiine the s11bsets 

D+(t) = {(x,y) ED I 'f1 > t} , 

D_(t) = {(x,J) E :0 I 'fJ < t} , 
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for any :rul B'ilMDillf t • Alwo .~e;l:~.ne the !'0~\ !li,'!Uli!ibe!i' ~m(D) u m 
definition is, 

THEOREM ILU\. JDd 

, < g~ 

These :resw.ts ®>l~o 

!.11 whleh case the subset 

tlil.e ~ubs~ts ,0_ 8} and 

define(I 1Ml 

> IJ • 

rei a iive to !l, 

r) E D I zcoefJ + 

!J$@::>lhr 

fit folllows th.&·t 

Z1;-~ E 

boundary of 0 of class u.d with the curvature boll!nded aw&y from :lll!!ro, ~te ?llJ1 say 

that 0 to U. Fm· 0 a m~~:m.be:r of U 
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ing: 

THEOREl:lt1 :Lt. J,eg 0 &.~, U. T!tere e~ief > ~~ > (1 an,,~ r0 > il !!!ifh ;@ tmd 'I!J 

,.,,,"·'""'·"' ()l'![pj (Jf& fJ tmii'fg tft<IJ .WIWII!~~l.<'l "'>fWii'li';f,, 

Let z11 ?P,t JiJ <lf3 the .fJ.f fl 111nd w, = i'J!I' iiu: 1mi:t ou€l~~&lnl r,;onn®i 

n i!itt .:li,;. Tiien :for lll!'t!J c:oivJJon f:/ ~1!"/Nmr.n; 

trt:~rr~~f/Jn!fW IJ,e~®etn II ;mJ 'll, ~t~lit wttc&.n·o 

CCHitOI,I,ARY :~.L :J.lli~<we Eil':i~>il ffJIIJ~·it£1!Je ~~'IJJWI1lie:r~· ~~ <1md ti, ·1!9Jtl• ~~ < 

em r,~ud~ cl/ud t.he 1:;,,died (JI'Operty {P·L-N}, h9!dow: 

.~L '!!:HE AS~'iMP'irOTIC BEHAVlOUR OF SOLU'I'IONS 

Several ideas for the prooif of Theorem 3.1 lJ,elO;w we:re 

THEOREM :u .. Lid fie a se11uer.ce of BIJiutiom .!Jf 

lftith th<JI! ll!l!"ea(A, ) tendl!' io zero. S~!ppotu; t!~G .• t 

lMl 

<e.-' 

n. 
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Y= 

The 

I~ + 

::;; (c+()R+ 

Thu!l, since for z IJ''"''-'"1~""'~; to B , 1 S Ill,, , 



129 

""' -1) 

p®l), 

1 
-1)' 

Then for 

> 1 • Then, simila:!'ly, 

-(Av)(z) = 1 . 

v i.s not eon9tllm.t, a tontr!ldi.dtion. Thus v{O) = 1. 

Til~ conclusion i:; that 

- k)/k) = '1/J:.(Il)- 1-> v(O)- 1 = 0 
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as asserted. 

Remark. For the uniform convergence of¢>. to t1 we used an interior gradient estimate. 

Is there a slobal gradient estimate of the form 

maz IV¢ 11 S CA(Aarea(A))' 

or in 

In a convex domain 0 Sperb[1981) has shown that 

iD 

0? 

o, 

IV¢ I1 SI V¢ 11 +2A(t,b- k)+ S 2A(¢m- k) S 2A¢m 

so that the second form is true with C = 2. 

THEOREM 3.2. Let (A,fk,, ¢,) be tJ requence of rolutionr of problem {P). Suppore thtJt 

liminf d(A,,80) = cA > 0 as v-+ oo 

(where CA ,, independent of v tJnd dependr onlr on 0 ) . Then 

limrup ('1/J,mfk,) = c < oo as v- oo, 

(where c ~ 1 ir obflioU8lf independent of v ). 

Proof. Let e < cA and 

N.(O) = {z E 0 I d(z,80) ~ CA- e}. 

For v sufficiently large A, is a subset of N.(O). Thus 

cap( A,, 0) S cap(N.(O), 0) < oo 

and 

limnp cap(A,, 0) S cap(N0 (0), 0) < oo . 
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1 
tPm- k 5; 4~/t!lrea(A). 

0) the reo;l'lllt of th®: p!ro'"vious p~UI'I.&Tlltph 

lffi'Uch t&(!!t area(A"') terul11 to zero. 

S!ipfPIJfJe t~at there e:Eiwt plllllitiwe nlllmberll e a~41! 8 , !I!Jm~ fJ < ;W /2, lil.;<~~l'!~~~r.~~,~.i!' onlrJ (Jt~i, 

80) . 

tan B ~ area 
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