THE GROUP CONFIGURATION - after E. Hrushovski
Elisabeth Bouscaren

We present here some results of E. Hrushovski which give, in the
context of stable theories, an "abstract” or geometrical (in terms of dependence
relations), characterization of the presence of some group acting definably on a
weight one type.

Preliminaries

We will use freely definitions and basic facts concerning local weight
(i.e. p—weight, for p a given regular type), as introduced in [Hrl]; these can
also be found in [Hr2] or [Po].

We just introduce the following definition:
Definition: Let p be a fixed regular type (over &) andlet a ,b be such that
t@/A) and t(b/A) are p-simple. We say that a and b are p—independent
over A (denoted & Lp b) if wp(@b/A =wp(@/A) + wp(b/A).

We need to recall briefly what is meant by the canonical basis of a non
stationary type.

‘We begin with the following definitions and theorems which can be
found in [Ls., Chapt. 3-2] or in [Pi., Chapt. 4].

Definition:
Let T be a stable theory, p € S(A). A definition of p isamap d,
which takes each formula @(v,y) to a formula dg (y) such that:
i) forall 2e A,p |- ¢(v,a) iff I= do @)



200 The Group Configuration — after E. Hrushovski

ii) forall B2 A, for all formulas @(V,y), and forall be B,

l= dq,(B) iff all non forking extensions of p over B satisfy the
formula @(V,b). We say that p € S(A) is definable over A, if there
isamap d satisfying conditions (i) and (ii) such that, for all ¢(v,y),
the formula dgp(y) has its parameters in Ao.

Weak definability theorem:
Let T be a stable theory, p € S(A), then p is definable over A. In
fact, thereis Ag C A, |AolI<ILI+ X, suchthat p is definable over A,.

Theorem:

Let T be a stable theory, A c B, pe S(B); p is definable over A if
and only if p is the unique non forking extension in S(B) of its restriction to
A.

Notation — dcl(A) is the definable closure of A
— acl(A) is the algebraic closure of A.
Recall that we are working inside a big saturated model of T, G. The
following theorem is the analogue of Theorem 6-10, Chapt. III-6 in [Sh.],
where the canonical basis is defined for a stationary type.

Theorem: Ecxistence of the canonical basis
Let T be a stable theory; in T¢d, for every type p € S(A), thereisa
set C(p) such that
@) C(p) c dcl(A); p is definable over C(p)
(i) anautomorphism ¢ of Ged leaves C(p) pointwise fixed if and only if
o leaves the set of non forking extensions of p globally invariant
@iii) D cA issuchthat p does notfork over D, if and only if C(p) <
acl(D).
(We say that C(p) is the canonical basis of p.)
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In the case of a stationary type q, the canonical basis of q is contained
in the definable closure of any Morley sequence in q. The analoque in the non
stationary case is:

Fact: Let T be a stable theory, p € S(A) and Let I be an independent set of
realizations of p over A, containing a Morley sequence in each strong type
extending p. Then C(p) is contained in the definable closure of I.

Configurations

We will assume that we are working with T a complete superstable
theory, but the theorem is in fact true for any stable theory, with only minor
changes in the proofs.

Let p be a fixed regular type (over ).
Definition: The set {aj,a2,a3,bi,ba,b3} is called a p—configuration over A
if it satisfies the following:

b,

W“*\
bz.l/‘ 0|3
by

(a) For each i, t(bj/A) is p—simple of p—weight n and t(aj/A) is p—
simple of p—weight 1.

(b)  All elements are pairwise p—independent over A.

(©  wp(bibabs/A) =2n; forall izj#k, wp(bjajax/A)=n+ 1; wp (ab/A) =
2n + 1.

Remarks:
— With the assumptions in (b), (c) implies that by is in the p—closure
of Abjbj, and that ay is in the p—closure of Abjaj.
—If any element x of the configuration is replaced by some p-simple
element y such that clp(Ax) =1p(Ay), then we still have a p—
configuration over A.
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Main Theorem:

Suppose there is a p—configuration in some model of T. Then there is
an oo definable group G and a definable generic action of G on a regular
type domination equivalent to p.

Lemma 1:
There is a p—configuration a,b over some model M such that t(ab/M)
is equivalent (i.e. domination equivalent) to some power of p (in fact p2n+l),

Proof: First, replace A (which we can suppose to be finite) by an R¢ —
saturated model MDA, such that the configuration ab L M’, then of course
we now have a configuration over M.

Now let N be R¢—prime over M’ ab andlet M,M'<M <N be
maximal orthogonalto p over M. Thenin N, if t(e/M’) is p—simple of p—
weight 0,e € M: if not, Me contradicts the maximality of M. If e N and
t(e/M) is p—simple of weight n > o, then t(e/M) A p?, more precisely, there
is o in N realizing p? such that a Ae over M’ and e A @over M: as
t(e/M") is p—simple, we know that there is o8 in N such that o realizes pn
and t(B/M") is hereditary orthogonal to p, and e and aB are domination
equivalent over M’. Then B mustbe in M and the rest follows. It is now
easy to check that ab is a p—configuration over M. O

Remark: Note that now, in N, for p—simple elements, p—independence over
M is equivalent to independence over M.

Lemma 2:
There is, in N, a p—configuration over M such that aj € dcl (Masby)
and az € dcl(Masby).

Proof: We will replace the given configuration by one where
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aj € dcl (Mazby), from this one, we then get exactly in the same way, another
one satisfying also the second condition.

Let C c M, finite, be such that t(ab/M) is basedon C (i.e. t(ab/M)
does not fork over C and t(ab/C) is stationary) and let bie M have the same

type as by over C. Then, as b; and bj aj a3 are independent over C b;
by aj a3 and bi bp a; a3 have the same type over C; let N be the Ng-prime

model over Mab andlet by and a,in N be such by by b3 a az a3 and

bi by b; a1 aé a3 have the same type over C. It follows that cl,(Mbz) =clp

(Mbzb"3): by condition (c),. we have that b:; is in the p—closure of Cbibz, o)

bi € clp(Mby). Similarly, a3 and a3 aé have the same p—closure over M.
Now let ai be the canonical basis of t(allezbiag,aé) (in the sense

described above in the preliminaries) or more precisely a finite subset of the
basis over which it is algebraic.
Now we will see that ai and a; have the same p—closure over M: let

e be any element realizing the same type as aj over Mb2b3a3aé. Now,
wp(ajebab’3a3a’/C) = wp (a1e/C) + wp (bza3/Caje)
+ wp (b3a"y/Cajebsas).
Asboth aj; and e are in the p—closure of Cbaa3,
wp(ajebza3z/C) = wp(b2a3/C) = n+l = wp(a1e/C) + wp(baz/Caje).
We know that wp(a;e/C) < 2; suppose it were equal to 2, then it would follow
that wp(bza3/Caje) =n—1. It would follow as easily that wp(b;aé/Caleb2a3)

must be at most n — 1. But this contradicts the fact that, as bi eclp (Cbzbé),
Wp (a1eb2b5a3aé/C) must be 2n+1. Hence wp(aje/M) <wp(aje/C) =1, that

is, e eclp (May).
Now let I be an independent set of realizations of t(a1/Mb2béa2aé)

such that aie dcl MI. By the above I is in the p—closure of Maj, hence so
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is a’;. As aj has p-weight 1 over M, and ai must have p-weight >0
over M it follows that clp(Maj) = clp(Mai).

So, as remarked at the beginning, if we replace by by bzbé a3z by
aéa3, and a3 by ai, we still have a p—configuration over M. Now ai isin
the canonical basis of t(a1/Mb2b:',’a3aé), hence it is in the definable closure of

bzbéa3aé over M. O

Lemma 3:
There is a p—configuration over M such that a3 € dcl (Majbp) Ndcl
(Maybp), and which still satisfies the conditions in lemmas 1 and 2.

Proof: Let ab be the configuration over M given by the preceeding lemma.
Let D be the canonical basis of t(az/Mbjbzajaz). Then aj € dcl(MDby): By
the properties of D mentioned in the preliminaries t(a3/D) has a unique
nonforking extension over MDbja;. Now let ai be such that t(ai/MDbz) =

t(a;/MDby), and let ag realise a nonforking extension of t(az/D) over
MDbzalai. By what we have just said t(againDM), = t(agaiban),
(=t(aza;boDM)), so as aj € dcl(Masby), we see that aj = ai. For the same
reason, ag € dcl (MDb;) also. Now let a; be a finite subset of D such that
D is in the algebraic closure of a_;, and both a; and ap are definable over
Maébz, Maébl respectively. Arguing similarly as we did in Lemma 2 for ai ,
we see that a3 and aé have the same p—closure over M. We can therefore
replace a3 by aé without any loss and we now have a configuration above M

satisfying all the preceding conditions and the added one that a3 €
dcl (Mb1bsajag).
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Let Cc M, finite be such that t(ab/M) is based over C. Now let this
timebé € M have same type as b3 over C. As in lemma 2, find bi and aé
in N, the Re—prime model over Mab, such that bibzbéalaéag, isa
configuration isomorphic to the original one over C, find also bé and aisuch
that blbébéaiazag is also isomorphic to the original configuration over C.

We want to replace, in our original configuration, by by blbé, by by
bgbi, aj by alaiz and ay by azai. ‘We must check that the new elements

have the same p—closures as the old ones over M. As in lemma 2, this follows
directly from condition (c) in a configuration.

Let us check now that this new configuration over M satisfies all the
requirements:

—a1 € dcl(Masby) and aé € dcl(Maszb’y), so alaée dcl(Ma3b2bi)

—ag € dcl(Masb;) and aie dcl(Magbé), SO azai € dcl(Ma3b1bé)

—by isomorphism also, as this was true for a3 in the original
configuration, we have that a3 € dcl(Majajb;bp) and a3 e

dcl(Ma;azb1b,). O

By lemmas 2 and 3 and the definability relations they give, let
a3 =fp, (a2) and aj = gp, (a3), where fp is an invertible Mb; —definable
function, and gp, is an Mb; —definable invertible function.

Let us denote by g; the type of a; over M.
Let hp;b, (a2) denote g, (fp; (a2) ). Define the germ of hpp, as the

equivalence class of bibs modulo the (definable) relation bjby and bi bé are
the equivalent if for all a realizing qp, independent from blbzbibé, hpb, (@) =
hb'1b’2 (a).

Lemma 4:
The germ of hp;p, is in the p—closure of Mbs3.
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Proof: Indeed, hp;p, (a2) =a;1 isin clp(Magb3): as a2 is independent from
b (b=biby) over M, forany a realizing qp and independent from b, we
also have that hp,p,(a) € clp (Maby). Let (ej)iel be a Morley sequence of q2
over Mb. Then the germ of hp,p, is definable over
{(eDier,( hpby (€D)ien} < clp {M,b3,(edie1,}. Now as bibalp(ejier, over
Mb3, so is the germ, and in fact, it must be in clp(Mb3). a
Define F to be the set of germs of {fp; t(b/M) =t(by/M)} andlet G
be the set of germs of {ge; t(e/M) = t(bo/M)}.
From now on it is understood that we are always working over the
model M, and that we are always considering germs of functions, even if we
do not mention it explicitly.

Lemma §:

(1) If ge G,feF, f and g are independent, then gof and f, and
gof and g are independent.

(2) X f,f areindependent in F, then h=flof’ isindependent from
f and f andis gp-internal

(3) If fy,f1,f2,f3 €F and are independent, then there are fs.fg € F,

independent, such that fg ofy of, 21 ofg =f, 51 ofg, and f, 51 of is independent from
both £ 1ef; and £1of
oth f of; and f,of3.

Proof:
(1) g corresponds to some bz and f to some bj, then by lemma 4, gof isin

the p-closure of b3, where b3 and b; and b3 and by are independent.
(2) Let f be fy, and f' be fp, with b; and bi independent over a3.

Then let fp, (a;) =a3 and f-l(az) =ay, so h(a;) =aj. Now h is definable

over a Morley sequence e;j in type aé over b1b'1 together with the h(ej)'s, so

itis gpz-internal. Now the sequence ej h(e;) is independent from b; and from
bi hence sois h.
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(3) Let ge G be independent from {fy,f1,f2,f3}. Note first that (gofy)-1,

(gof1), (f-(} of1) are pairwise independent:

g corresponds to some by, fp to some bj and fj to some bi, such that

t(b1bg) = t(bibz). Let bé complete the diagram, i.e. be such that bjbsb3 and

bi)bzbé have the same type. Then (gofp)! e clp(b3), (gof1) € clp(bé),

(f-o1 of1) e clp(blbi)). The result follows by the independence relations.
Now let us write (f_(} of1) = (gofo)"! 0 (gof1). By independence,

(f'(} of1), (gofp)-! and (f, 21 o 3), (gef1)"! have the same type, hence there is

some h of the form (g <) such that (£, of3) = (gof1)L sh. Now (gof)l, h

have the same type as (gef1)1, h, therefore (gofp)le h is equal to some
(f, 51 ofg) and the result follows. Now, (f 51 ofg) and (£, 21 of3) are

equidefinable over (f_o1 of1), hence have same p-weight; the independence

follows.
Now let H = {f'1 of’; f, f’ independent in F}. Then H is closed under

inverse, and by the above lemma it is closed under generic composition. Now
let G={hoh’;h,h"e H}. Then G is closed under inverse, and G is also
closed under composition: let h, h’,h” € H, we see that heh’°h” € G:
choose g in H independent from all the rest, then by the above lemma, there
is g’ in H, g’ independent from g, such that h’= go g’ and g’ independent
from h’. So heh’h”"=hegog’ oh”, now heg € H because we chose g

independent from h; g1 h” hence g’ 1 h”, g’<h” e H. This finishes the
h’ b’

proof of the main theorem. O
So we have the group G acting generically on the type qo.

Proposition 1:
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The group G is connected, with generic any element of H, that is
elements of the form f-1 of” where f and f' € F are independent. G is
q2-internal.

Proof: In order to see that elements of H realize the unique generic of G, we
check that for ge G and heH independent, gche H and is independent from
g. Let g=hj ohy, wlog, suppose that h 1L hjhy. Now ge h =hje (hp o h),
hy e h € H and is independent from h;, so this again is the product of two
independent elements of H and the rest follows directly from lemma 5.

Lemma 6:

If he H, then the p-weight of h is equal to the p-weight of F.
Proof: h is of the form fof’, with f,f in F, independent,and h Lf h L f.
As h and f are equidefinable over f’, they must have the same p-weight over
f’, and both h and f are independent from f’. O

Definition: We say that a p-configuration is minimal if for all i, if there is
some b; € clp(bp) such that we still have a p-configuration if we replace b; by

b, then clp(by) = clp(by).

Proposition 2:
If we start from a minimal p-configuration, then the p-weight of G
must be equal to the p-weight of the bj's.

Proof: Note first that all the changes we have made in lemmas 1, 2, and 3, in
order to replace the conditions of p-dependence by conditions of definability,
maintain the condition of minimality. Now if we replace in our configuration
b1 by fbl’ b2 by gb, and b3 by gb,° fbl’ then we still have a p-
configuration. By minimality, then the p-weights of by and fp, must be the

same, and the result follows by the above lemma. O
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We have a "generic" transitive action of G on atype q of p-weight 1.
By results in [Hr1], we then get a transitive action of a group of p-weight n on
an infinitely definable set S, with q generic type of S for the action. The
possibilities for such an action are known [Hr1]:
There are only 3 cases:
-n=1: the group G is abelian and the action is simply transitive.
-n=2: S is the affine line over a definable field K and G acts as
AGL; (K).
-n=3: S is the projective line over a definable field K and G acts as
PGL;(K).
It is not possible to have n 2 4.
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