Chapter 8
THE SECOND APPROXIMATION THEOREM

1. The two forms of the theorem.

This chapter contains a generalisation of the First Approximation
Theorem which has just been proved. We begin by introducing some notations
that will be used. .

If o is any real number, and 8 is any p-adic number, put

| a|*=min(lal, 1), [Bl§ = min(lglp, 1),
so that always
o<lal*<1, 0<[plf=<1
Denote by

pl’ p2""7 pr; pr+1, pr+2""! pr+rl; pr+rl +1! pr+r' +2,"" pr+rl +rl|
a fixed system of
r+r'+', =n say,

distinct primes. It is not excluded that one, two, or all three of the numbers
r, r', and r'', are equal to zero.
Let further
E+0, £44 0,0, £, +0

denote a real algebraic number, a p;-adic algebraic number, etc., a pp-adic
algebraic number, respectively. These algebraic numbers need zof satisfy
the same irreducible algebraic equation with rational coefficients, and thus
they may belong to different finite extensions of the rational field.

Next let

F(x), Fi(x),..., Fy(x)

be r+l1 polynomials with rational coefficients, which neither vanish at x=0
nor have multiple factors. It is nof required that all these polynomials are
distinct, that they are irreducible, or that the are non-constant.

As in previous chapters, let again = ={k(*), k@), K9,...} be an infinite
sequence of distinct rational numbers

(i)
W -2 40, where 28 40,0% 4o, 0¥, Q™) = 1, B®- max(12®), 169}

Finally, put

(k) +r'

‘I’(K(k)) (k) -El*y l-‘1 le PJ 1-r+1'P(k) Ipi ]-r+r+1 IQ(k) lPi
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and
r4r' r4r'4r'
) - 1 1 re® n W n e,
=1 i j=r+1 j=r4r'+1 !

and denote by Ki, Ka, and 7 three positive constanis.
The Second Approximation Theorem can now be stated in two different,
but equivalent forms, as follows.

Second Approximation Theorem (I): If for ail x(k)ez

<p(x(k)) < KlH(k)_T,

then 7< 2.

Second Approximation Theorem (II): If for all x(k)ez
,I,(K(k)) < &H(k)'T,

then T < 2.

For shortness of reference, these two forms of the theorem will be
called the Theorems (2,I) and (2,II), respectively; and we shall similarly call
the two forms of the First Approximation Theorem the Theorems (1,I) and
(1,II), respectively. We shall prove that the two Theorems (2,I) and (2,II)
are equivalent, and that they both imply, and are themselves implied by, the
Theorems (1,1) and (1,II).

2. The Theorem (2,l1) implles the Theorem (2,1).

Let = satisfy the hypothesis of Theorem (2,I), and let £, &;,..., £y be
the corresponding real or pj-adic algebraic numbers. Denote by F(x), Fi(x),
«ees Fp(x) the irreducible monic polynomials which have &, &i,..., &p, respec-
tively, as roots. We begin by showing that there exist positive constants
Vs Y1j-.0, Yy sSuch that, for all k,

(1): 1F G [* <y 1B g 2,
and
@): ,Fj(lt(k)) l;j < 1) glgy (=121

Consider, for instance, the inequality (1). If = contains no infinite sub-
sequence X such that

(3): Jim l®)_g|* - 0,
, x(k)e z'
then the greatest lower bound

M= inf lx(k)_g l* <1
K(k)ez
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is positive, and it is obvious that for all k,

IF(x(k))I"= <y llc(k)—£ |* where v =% 21,

Next assume that © does contain an infinite subsequence &' with the
property (3). Then £ is a zero of F(x), and hence

F(x) = (x-£) Glx)

where G(x) denotes a certain monic polynomial with real coefficients. Denote
by 7o 21 a number such that

|G(x)| < yo for all real x suchthat [x-£|<1 and hence [x|<]|¢[+1.
We have then, for every k.

either | :c(k)-g |>1  and hence, trivially, IF(x(k)) [*< Yo Ix(k)..g |* = v,
or lx(k)- £El<1 and hence lF(;c(k)) |< %0 %) gl
whence

1FG®) [* < min(1, yole®-¢ [) <yo - g |*,

proving the inequality (1). Each of the inequalities (2) can be proved in ex-
actly the same manner.
From (1) and (2), it follows now that

96" < yom .. yr8c®) .

But, by hypothesis,
a(c®) < k¥,

so that, for all k,
¥ (n(k)) < K.H

The assertion 7< 2 of Theorem (2,I) is therefore a consequence of Theorem
(2,1).

(k)-'t" where Kz = Y071 ... YpKa.

3. The Theorem (2,1} implies the Theorem (2,11).

Let = satisfy the hypothesis of Theorem (2,II), We procede in a similar
manner as in § 2; but it now becomes necessary to replace = by a system of
successive subsequences Zo, Ziyeeey 210

If the lower bound

L= i [FG™))
ke
is positive, put
Zo=1Z,
and denote by £ an arbitrary real algebraic number distinct from zero. If,



136 . LECTURES ON DIOPHANTINE APPROXIMATIONS
however, L=0, then ¥ contains an infinite subsequence Z' for which

im  F&®E] =0

lc(k)e =

k— o0

By Lemma 2 of the last chapter, there exist then an infinite subsequence Zo
of ' and hence of X, areal zero £+ 0 of F(x), and a constant Y, =1, such
that

lx(k)- tl<yo lF(x(k))l for all ke Zo.

It is thus obvious that, in both cases, there also exists a positive constant
vo such that

Ilc(k)-& [*< yol F(K(k)) *  foran :c(k)e Zo.

Let us now assume that, for some j=1, 2,...,r, we have already obtained
infinite subsequences Zo, 2;,...,21_1 of = with

Z2Z02 212 ... 2241,
further real, pi-adic,..., pj-1-adic ‘“‘zeros”
E+0, &2+ 0,..., Ej 1* 0

of F(x), Fi(x),..., Fj-1(x), respectively, and positive constants yo, 71,... »Yj-1s
such that

e8¢ [* < o [F G ¥,

lx“"-eﬂ;i < 1 Fy () I3 G=12..,i1),

for all x(k)e Zj-1. A further sequence Zj is now found by the following con-
struction.
If the lower bound
k)
Li= inf |F e I
j 1) p;
ezj_l
is positive, put
3y =2Z§-1

and denote by gj an arbitrary pj-adic algebraic number distinct from Zero.
If, however, Lj=0, then Zj_j contains an infinite subsequence EJ such that

im |7 lpy = 0-

(k)ezj

k—

Therefore, by Lemma 2' of the last chapter, there exist an infinite subsequence
Zj of E'j and hence also of Zj-1, further a pj-adic zero £j of Fj(x), and a
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positive constant 'y'j , such that

lx(k)- 3 lpi sy; le(IC(k)) 'Pj for all x(k)ezj.

In both cases it is therefore again obvious that there is a positive constant
Yj such that

| K(k)_ 3 I;j <7 IFj(x(k)) Igj for all K(k)eEj.

By this construction, the elements of the final sequence X, satisfy the
inequalities

) g [* < 5o R ) ¥,
llc(k)-i,‘j|;j < le(x(k)) I;j (G=1,2,..,r),

and hence also the inequality

oY) < yon oy ¥,

But, by hypothesis, for all k,

w(x(k)) < Ka H(k)—T ,
(k)

and so, for all k" €Zy,

‘I’(K(k) ) = Kzﬂ(k)—T, where Ki = Yori...7rKa.

Hence, on applying Theorem (2,I) to the sequence X, we obtain the asser-
tion 7<2 of Theorem (2,II).

This concludes the proof that the two forms of the Second Approximation
Theorem are equivalent. The analogous result for the two forms of the First
Approximation Theorem was already proved in the last chapter. It will be
shown in the next sections that also the First and the Second Approximation
Theorems are equivalent. From what has been already obtained, it suffices
to carry out this proof for ihe first forms of the two theorems.

4. The Theorem (2,1) implies the Theorem (1,1).

Let & B, p,0,A, 1,8, 8, 8", 3, C1, Cz Cs, Csa be defined as in Theorem
(1,I), and let

er+l _eryr er+r'+l _ersr'+r"

=Sl Cr . "o
E=Di DT, E' =Py B, g =poii

r+l

be the factorisations of g, g', and'g'", respectively, into products of integral
powers of distinct primes.
If A<1 and u <1, and if we are dealing with the cases d=2 or d=3 of
the theorem, we deduce from the hypothesis that

(g’g') = (g,g") = (g"g") =1,
and hence that all primes p1, pa,...,pp are distinct; here again
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n =r+r'+".

For, first, P(k) and Q(k) are, for sufficiently large k, divisible by g' and g'',

respectively; hence (g', g'') =1 from (P(k), Q(k)) =1, Secondly, it was al-
ready found in §1 of last chapter that for A <1 necessarily (g, g') = 1.
Third, if x <1, then we have.also (g, g'') = 1. For otherwise g and g'"" would
have a common prime factor, p» say. Then the hypothesis would imply that

mm (g 0y =0, um 1%, =0,
k— o k—oc
where &1 denotes the pi-adic component of E. However, these two limits

contradict one another; for the pi-adic values In(k) |p, are bounded by the
first limit, but tend to infinity by the second limit.

These remarks no longer hold when A =1 or u=1, and they become
unnecessary in the remaining case when d = 1 because then no g-adic number
= occurs. We shall simply put

r=0 if d=1,
and
r'=0 for A=1 and "' =0 for pu=1 ifd=2ord=3;

this corresponds to disregarding trivial inequalities.
The proof of Theorem (1,I) procedes now as follows. The g-adic, g'-adic,
and g''-adic pseudo-valuations that occur in the statement of this theorem

allow upper bounds in terms of products of pj-adic valuations. Thus, by
definition,

“logg logg

IK(k)-Elg =max<|l<(k)- & |g:1°gp1 yoen lk(k)-ir Ip:rlogpr> ,

and hence
ejlo
gty < 16 = PEE g1,
Therefore, r
Z ejlogp;l
T =1 1

(a): jl;[lll((k)-gj Ipy < I gt EE ) g,

We find in just the same way that

r+r'
(5): m (8, < 20
j=r+1

and
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r+r'+r'
(6): m 1%y < 10®g.
j=r+r'+1 .

Here the products
r4r' r+r' "'
o (e8] o Q¥
pj pj
=r+l

r
I Ix(k)"gj ij:
i j=r+r'+l

and the pseudo-valuations

e zlg, 1221, 1Q]gn

are interpreted as meaning 1 if r=0, r'=0, or r''=0, and hence g=1, g'=1, or
g''=1, respectively.

In the case d=2 the formulation of Theorem (1,I) does not involve any
real algebraic number £. We may then denote by £ an arbitrary real alge-
braic number not zero and may also use the trivial formula

g [* < 1.
We finally note that, in the cases d=1 and d=3.
g * < g,

I
and in the cases d=2 and d=3,

|x(k) (k)

*
~£ylpy = - lpy G = 1,2,..,1),
as soon as k is sufficiently large; for the expressions

IK(k)_gl, and lx(k)_gj ,pj (j = 1,2,..-,1'),

respectively, tend to zero as k tends to infinity.

It follows therefore, by (4), (5), (6), and the hypothesis of Theorem (1,I),
that all but finitely many of the elements (k) of the infinite sequence X
satisfy the following inequalities:

@(K(k)) < e H(k)-p'l'CSH(k)A-l'(k H(k)l'l'-l = Kl. H(k)"T

For d=1:
where Ki = c1CsCq, T = p-A-ut2,

For d=2: @(K(k)) < 1-cq H(k)-o-caH(k)h—l- uH(k) wl K;H(k)-'r
where K; =cgCsCe, T = 0-A-u+2,

For d=8: k™) < ¢, HI)P.c, 100, c gON-1 0 g B-1_ g ()7
where Ki=€1C3€3C4, T = p +0=A-42,

Here, in agreement with the earlier selection of r', r'', g', and g'', it is
necessary 1o put cs=1 if A=1 and ce=1 if y=l1.
Theorem (2,I) states in all three cases that

TS 2,
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Hence
psA+pu ford=l; o<A+p ford=2; p+o<A+pu for d=3;
which is the assertion of Theorem (1,I).

5. The integers ej.

In this section and the following ones it will be proved that, conversely,
Theorem (2,I) follows from Theorem (1,I). This proof is a little more dif-
ficult. It is indirect and requires that the sequence be repeatedly replaced by
a suitable infinite subsequence. (i)

Let us assume that all elements «
the inequality

of the infinite sequence T satisfy

Q(n(k)) < K1H(k)'7,
but that
T> 2,

Hence 7 may be written as

T=2+2
where € is a positive number; without loss of generality,

0<es1,
We may, in addition, assume that

H(k) =2 for all k.
There exists then, for every k, a system of n+l non-negative real num-

bers
(k
a(ok); aa(.k),- o ag-k), aﬂ_)l, o af_:,_)rv, a.g_“_)rv +1re0es aé._,_),_.v '

such that
-2 1 *

k®gylp it 5= 12,0,
(k)l
p

k
g-aPogn; = { |

if j = r+l,r+2,...,r+r',
fQ(k) lpj if j = r4r"+1, v4r'42,..., T TV,

Put

so that
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Since H(k) tends to infinity with k, and since 7=2+2¢, it follows that

a(k) 22 +¢€
for all sufficiently large k. On replacing, if necessary, £ by an infinite sub-
sequence, it may be assumed that this inequality holds for all k. (k)

By the hypothesis, all n primes pj are distinct, and all numerators P k

and denominators Q(k) are different from zero. It follows then from the basic
inequality for the valuations of a rational integer that

'P(k) ' (k) ' r+r +r'"

IP“‘)ij 1, la 1%, =1

—r+1
and hence that

r+r' r+r 4"
I ]P(k)l > H(k)-l, ]Q(k) l > H(k) -1
j=r+l DPj j—r+r' +1

Thus, from the definition of aj,
] ] 17
TI (g r+r'+r (k)

Z ai‘ logpj <1, Z aj logpj < 1,
j=r+l j=r+r'+1
and hence
r r+r'+r'
an(k) + Z a(jk) logpj = s(k) - a(jk)logpj 2 s(k) - 2.
j=1 j=r+1
Next put )
ofd) -2 (3= 0,1,.ey ).
s(
Then, for all k,
{930 G =0,1,...,n)
and
n L0 r (k)_2

because % is an increasing function of s, and 0<e<1. It is, in particular,

evident from these relations that all a(jk) are bounded,

(k)

Osa < a;

here o is a certain positive constant that does not depend on k.
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Let N be the positive integer

6 3 6 3
=[— 1+ ), logpj ]+1 >=(1+ ) IOgPD,
€ =1 € =1

so that
1+ .lz:;llogpj <% .
Further put
[a(k)N] (j = 0,1,...,n).
Since

0 se(s‘) < [aN],

the system of the n+l non-negative integers

(o), o0 0,

has not more than
(laN] + 1P+
possibilities. Hence there exist an infinite subsequence
o= {lc(i‘), x(la); K(IS),...} of =, where iy < iz < is <...,
and a system of n+l non-negative integers

{eﬂ’ €1 gecey en}
which are independent of k, such that
eo(lk) = eo, el(lk) = €1jyeeey egk) =en for k=1, 2, 3,... .

Since we may, if necessary, replace % by X', there is no loss of generality
in assuming from now on that X' is identical with =.
This means that, for all k,

e:%k) = [a;k) N] =€ G =0,1,...,n),

and hence

e < a§k)N <e+1l (i = 0,1,...,n).
Thus, first,

n

n
ej + 121 ejlogp; < (a.(, ) Z logp>N N<{eo+ Z e, logpb 1+_2110ng,
= = ]=
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whence
€ & 3 N
(1 -z b9< o+ ), ejlogpj <N  because 1+ % logpj < -
8 j=1 =1 ‘
Secondly,
r n
2, logpj < ), logpj,
j:l j=1
and therefore
r r D
<a§k) + E aj(k)longN< e + Z ejIngj> + 1 + E 10gpj>’
j=1 j=1 =1
whence
N _eN
6 ~ 6 °

3 eN
e + E ejlogpj > 5 -
=

6. The numbers g, g', 9", p, 0, A, 1.

Now put again
e e e ep4r' ep4r' er+r'+r"'
€= pll"‘prr’ g = prﬂl"' Prﬂ'r’ g = pr-fxl-';l-‘p-l-l-l"‘ pri:'r+;'r' ’

where, as before, empty products mean 1. Here we may disregard prime
factors p; that belong to exponents ej equal to zero.
The inequalities

€ 3 5 eN
(1 -—>N< eo + Z ejlogpj < N, € + E ejlogpj > —
6, j=1 i=1 6

just proved are equivalent to

(7): (1 --g N < eo +log(gg'g'') < N, e +logg > 6—611 > 0.
They imply that at least one of the two numbers
2
@®): p= <——2+§)e° , o= (—J—Mﬁ ,
which evidently are non-negative, musti be positive.
By 85, we have
k)
(k) (i)_(k) e, (2+e)eq
g [* o e | p-a s - BB )-SR o

This result may be strengthened to
9): ) g) < g)-p if p> 0.
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For, by hypothesis, H(k)> 2 and hence H(k)-P <1,
Similarly, again by 85, for j =1,2,...,1,

o)

ejs _logpj
1) k- a( g p; (k)-ozj(k s ®hogpy _ g0 N <
§,l j = <H <
_(2+€)ejlogpj
< H(k) N

Assume, for the moment, that ¢> 0, hence that e;,...,er do not all vanish.
We may, simultaneously, renumber the primes pi,...,pr and their exponents
€1,..., €y, It may thus be assumed that, say,

ej > 0 for j=1,2,...,u, but & = 0 for j =u+l, u+2,...,r
Here 1 <u<r, and g becomes now the product
g =pit... pﬁ“ > 1,
Denote by = the g-adic algebraic number
B wr(E1yeee, &)

with only u components; by the hypothesis, none of these components is zero.
Just as in the proof of (9) we find that

. _(3+e)ej log pj

oy < HO N G=12,..,u0).

l:c(k)-éj | i

Since, by definition,

( logg logg
1) 2lg = max\ g, 21080 1®)g, uloe )

it follows then that

_(2+¢)logg
(0): ). Elg < g N gl o,
Next put
d 1t
(11); r=1- (2+€)}} g - (2*)}“%5 .
It was shown in §5 that
r4r' r4r' 41"
k
2 a(] 10gp; < 1, (jk) logp; <
j=r+1 j=r+r'+1
Therefore
r+r' . rir'
logg' = ), ejlogp; < N Z aj logp __(T (k)logpj Ne ,
j=r+1 —r+1 _r+1
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and similarly

N
1" —
logg <2+e !
so that
(12): 0sAas<l1 O=<spus<l,

In particular, the equation A =1 holds exactly when g'= 1, and the equation
i=1 when g''=1,
For j = r+l, r+2,...,,r+r',

(2+€)e logp;
IP(k) lpj - H(k)-agk)logpj - H(k)—agk)s(k) logpy . H(k)- 131 .

Hence, from

logg' logg'
k k lo k)| epqr'
IP( )lg - max lP( )IP:HI BPr4l IP( )lpri;'r 108 Pp 4"

and from the definition of A, it follows that

(13): %) gt < mlM-1,

For A =1, hence g' =1, the proof of this inequality no longer holds; but
the inequality itself remains valid for any integer g'=2 because the g'-adic
value of a rational integer cannot exceed 1.

An analogous proof leads to the inequality

k)u-1
(14): ,Q(k)lg" < H( )M- ,
where, for u=1, g'" may again be replaced by any integer = 2,

7. The Theorem (1,1) implies the Theorem (2,1).

The proof of the Theorem (2,I) can now easily be concluded. By the
formulae (9), (10), (13), and (14) of § 6, the sequence = has the properties
A4 and B of the last chapter; here

d=1if p> 0,0=0; d=2if p=0,0>0; d=3if p>0,0> 0.
Now it follows in all three cases, from (7), (8), and (11), that

p+0 - - = (2+e) SFIO (15 'g") a> (2+e)(1-§ -2,
so that, by 0 <e < 1,
p+0-)\-y.>3e-le’=—6 (4-¢)> 0.
3 6 6

However, by Theorem (1,I),



146 LECTURES ON DIOPHANTINE APPROXIMATIONS

p<A+p if d=1; oSA+pu if d=2; p+ o<+ y if d=3.

The hypothesis that 7 > 2 leads therefore to a contradiction and is
false. This concludes the proof.



