Chapter 1
VALUATIONS AND PSEUDO-VALUATIONS

It is shown in abstract algebra that there are only the following two dis-
tinct types of simple extensions of a field K.

A simple transcendental extension of K is obtained by adjoining an in-
determinate x to K and forming the field K(x) of all rational expressions in x
with coefficients in K. Apart from isomorphisms there is only one such ex-
tension of K.

Next there are the simple algebraic extensions of K of which there may
be many. These may be obtained as follows. Denote again by x an indeter-
minate, further by K[x] the ring of all polynomials in x with coefficients in
K, and by f(x) an element of K[x] which is monic (i.e. has highest coefficient
1) and irreducible over K. The polynomials divisible by f(x) form a prime
ideal y in K[x]. Divide the elements of K[x] into residue classes modulo g
by putting two elements into the same class if their difference is in p. These
residue classes form together the residue class ring K[x]/p which, in fact,
turns out to be a field. Furthermore, the residue class, £ say, that contains
the polynomial x, satisfies the equation £(£)= 0. In this way K has been ex-
tended to a field K[x]/p = K() in which the equation f(£) = 0 has at least one
root £. Apart from isomorphisms there is again only one su¢h <xtension;
but different monic irreducible polynomials f(x) will generate different simple
algebraic extensions.

The construction of both extension fields K(x) and K(£) does not require
that K was already imbedded in a larger field, and it uses only algebraic pro-
cesses. More important for the theory of Diophantine approximations is a
non-algebraic method of field extension that is based on ideas from topology.

This non-algebraic method is applied already in elementary analysis
where it serves to extend the field T of the rational numbers to the larger
field P of the real numbers. Of the different variants of this method we se-
lect the one which has the advantage of easy generalization.

Define a real number a as the limit

a =lim any

m— oo

of a convergent sequence {am} = {a1, aa, as,...} of rational numbers; here the
sequence is said to be convergent or a fundamental or Cauchy sequence if

lim |am-ap|=0.
m—s
n—s

Further two fundamental sequences {am} and {bm} have the same limit if and
only if

lim lam-bm /=0,
m— oo

and the special sequence {a, a, a,...} has the rational limit a.
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In this manner the rational field I" becomes inbedded in the real field P.
We may now study subfields of P, and in particular simple extensions I'(a) of
I where a is any chosen element of P. This construction of a simple exten-
sion of I' naturally is completely different from that by the abstract algebraic
method. It becomes now an interesting problem to decide whether I'(a) is a
transcendental or algebraic extension of I', or, as we say, whether a is a
transcendental or an algebraic real number. This problem will be studied in
several of the later chapters.

1. Valuations and pseudo-valuations.

The construction just mentioned of the real numbers depends essentially
on the fact that the function |a|is a valuation of I'. Here a valuation w(a) of
an arbitrary field K denotes any real-valued function of the elements a of K
which has the following properties,

(1): w(0) = 0, but w(a) > 0ifa # 0;
(2): w(ab) = w(a)w(b) (product equation);
(3): w(a¥b) < w(a) + w(b) (triangle inequality).

If w(a) has the properties (1) and (3), but instead of (2) satisfies the
weaker relation

(2'): w(ab) < w(a)w(b) (product inequality),

then w(a) is said to be a pseudo-valuation of K. It is clear that every valua-
tion is also a pseudo-valuation; but the converse need not be true.

From these definitions the following properties follow easily. When w(a)
is a valuation:

w(Fl) =1, w(-a) = w(a),
w(a) - w(b) < wla-b) < w(a) + w(b), Iw(a) - w(b) | < w(a-b),
n n
w(;lil ay) = Vrlil w(a,), w( y§1 ay) < y§1 w(ay).
When w(a) is a pseudo-valuation:
w(Fl) =1, w(-a) = w(a),
w(a) - w(b) < w(a-b) < w(a) + w(b), [w(a) - w(b) | < w(a-b),
n n n n
w(Vr=[1 a,,) < VEI w(ay), w (VZ-;——]. a,,) < uz=:1 w(ay).

Here n may be any positive integer.
Each field has at least one valuation, viz. the #rivial valuation defined by

0if a=0,

Wo(a)=!
1if a40,
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For the trivial valuation the triangle inequality (3) holds in the strengthened
form

wo(a¥b) < max{wo(a), wo(b)].

This we express by saying that wo(a) is Non-Archimedean. More generally,
any valuation or pseudo-valuation w(a) of K is called Non-Archimedean if
always

(3): w(a¥b) < max[w(a), w(b)];

but w(a) is said to be Archimedean if this inequality is not satisfied for all
a and b. Thus the valuation |a| of I' is Archimedean.

2. The p-adic valuations of T'.

In addition to |a|and wo(a), the rational field I" possesses yet infinitely
many other valuations. For let p be any one of the infinitely many primes
2,3,5,.... . Denote by |a|p the function on I' defined as follows,

(i): lo ' p~= 0;
(ii): if a 40 is any other element of T, let n be the unique integer such than

pRa= E where both integers r and s are prime to p; then put

Ia l P~ p~m.
It is not difficult to prove that |alp is a valuation of T', and that it is Non-
Archimedean. For 73,] has the property (1); and if at least one of a and b
vanishes, then properties (2) and (3') are trivially satisfied. If, however,
botha 4 0 and b 4 0, let v be the integer such that p™Y b =2 where p and ¢
are prime to p. Now (2) follows from o

- rp
-n-y ==
p ab 80

since rp and so are prime to p. Assume further that, say n <v. Then

ro ¥ p’Mgp

p(a¥b) = e

where so is prime to p, but ro ¥ p"'sp may still be divisible by a posi-
tive power of p, so that
la¥b[, < p™@ = max (lalp, [blp).

We call |alp the p-adic valuation of T, and also say that |a|p is the
p-adic value of a.
If q is an arbitrary prime, evidently

1 .
lalp = |p * 97P
1 if q#p.

This means that p-adic valuations belonging to different primes p are distinct.
Therefore I" possesses an infinile sel of distinct valuations,

wo(a), lal, lalp for all primes p.
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These valuations are related to one another by the
FUNDAMENTAL IDENTITY: lallr)[ lalp =wo(a) if aeT,

a formula which is equivalent to the fundamental theorem of arithmetic on the
unique factorisation of integers. The product II in this identity runs over all
primes; note that for a # 0 all but finitely many of the factors |alp are equal
to 1.

Of particular interest is the case when a is an integer distinct from
zero when evidently

wo(a) =1, lal>1, |alp <1 for all primes p.

Denote by p1, Pz2,...., Pr an arbitrary set of finitely many distinct primes.
The fundamental identity leads then immediately to the

r
FUNDAMENTAIL INEQUALITY: |al j111 Ialpj >1.

This inequality is basic for our whole theory.

Remark: It is shown in valuation theory") how valuations of a field K can
be continued into simple algebraic extensions of K. If K is the rational field,
these extensions become finite algebraic number fields A. One finds that,
apart from the trivial valuation, A possesses finitely many Archimedean
valuations and an enumerably-infinite set of Non-Archimedean valuations.
These valuations satisfy again both a fundamental identity and a fundamental
inequality very similar to those for I'. It is therefore possible to develop a
theory of Diophantine approximations over A which is completely analogous
to that over I' which is treated in these lectures. Very little new is re-
quired for the more general theory; but formulae naturally become rather
more involved. For this reason I shall not deal with the more general theory
except in Appendix C.

3. A further example.

There is yet another class of fields for which a theory of Diophantine
approximations may be developed. This are the simple transcendental ex-
tensions K = Z(x) of an arbitrary field Z.

Of main interest for the theory are those valuations of K that become
identical with the trivial valuation when a lies in the ground field Z. The
following construction produces infinitely many of them.

Denote again by Z[x] the ring of polynomials in x with coefficients in Z;
let further p be any ‘‘prime’’, i.e., a monic irreducible polynomial in Z[x].
Also let 0 be a real constant such that 0 < 6 <1.

If r 4 0 is an arbitrary element of Z[x], we shall write deg r for the
degree of r and ordp r for the order of r at p, i.e., the largest integer g
such that p8 is a factor of r.

Every element a f0of K may now be written in a unique way as a
quotient a =F of two polynomials r and s in Z[x] that are relatively prime
and where 8 is monic and not the zero polynomial. In terms of r and s put

1. See e.g. the 10th chapter of Modern Algebra by van der Waerden.

’
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all ifa=0, llall 0 ifa=0,
all= allp =
p -
gdeg s - degr fato, gordpT - ordps if a 4 0.

There is no difficulty in proving that these two functions of a are Non-Archi-
medean valuations of K and that

wo(a), llall, llallp for all “primes” p

form a system of distinct valuations. One may adapt Euclid’s method for
proving that there are infinitely many rational ‘“‘primes’’ and so prove® that
this system has infinitely many elements.

Since the polynomials in Z[x] satisfy the law of unique factorisation.into
“primes’’, there is again a fundamental identity. It takes in this case the
form

4 .
[lall ll;l “a”pegp = wo(a) if aek,

where the product g extends over all ‘“‘primes’’ p. There is also a funda-
mental inequality: if pi, Ps,..., P are finitely many distinct ‘‘primes’’ and
a4 0 is an element of Z[x], then

degpj
naujﬁ; llallp" 7> 1.

These two properties allow to develop a theory of Diophantine approxi-
mations over K = Z(x) which proves to be very similar to that for I' treated
in these lectures. Although we shall not deal with this theory, the valuations
of K will occasionally be used by way of example. ,

4. Valuations and pseudo-valuations derived from given ones.
Let K be any field and w(a) any valuation or pseudo-valuation of K. If
A is any constant such that
0<a<1,
put
w*(a) = w(a)*.

Then w*(a) is likewise a valuation or pseudo-valuation of K, respectively.

For that w*(a) has the properties (1) and (2) or (2') is obvious, but we
still have Lo prove that also the triangle inequality (3) is satisfied. Now one
shows easily that if x and y are non-negative real numbers, then®)

(x4y) < xrayr,
Hence from the properties (1) and (3) of w(a),

2. If p1, Pas. . ., Pr are finitely many distinct ‘‘primes” in Z [x], p1pa . . .pp +1
is divisible by a “‘prime’’ distinci from the given ones.

3. For fixed x >0 and variable y > 0 the function £ (y) = (x + y)" - y)L has the

derivative ﬂd;fl = A {x _,_y)h‘l_yh-l} <0. Hence f (y) assumes it8 maximum at y = 0,

and this maximum is f (0) = x,
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w*(a+b) = w(ab) < {w(a) + wb)}* < w(a) + wb)* = w*(@a) + w(b),

as asserted.

If w(a) is Non-Archimedean, this proof becomes superfluous. It is, in
fact, now obvious from (3') that, if A is any positive constant, w*(a) = w(a)*
is likewise a Non-Archimedean valuation or pseudo-valuation, respectively.—

Next let w; (a) ,..., wr(a), where r = 2, be finitely many valuations or
pseudo-valuations of K. Then the maximum

wx(a) = _ max . wjla)

is again a pseudo-valuation of K.
For wx(a) trivially has the property (1). Next,

wx(ab)= _max Wj(a.b)sj max wj(a)wjlb)s max wja) . max wj(b) =

=1,2,...,r =1,25000y j=1,2,...,r =1,2,...,r
=wx(a)wy D),
and so wx(a) has the property (2'). Finally,
wx(@fb)= max wjatb)< max {wj(a)+wjl)}<
j=1,2,...r j=1,2,...,r
< j=11,x§a:1.:. W (a)+j=lr,1§a:1'z. 2 (b)=wy,(a)+w, (b),

which shows that wx(a) also satisfies the triangle inequality (3).

We say that wx(a) is the sum of wi (a),..., Wp(a), and we call w(a),...,
wy(a) the ferms of wx(a).

If all these terms are Non-Archimedean, it is again easy to see that their
sum is likewise Non-Archimedean; for now

wx(aF b)=j max wj(aFb)s max max {wja),wj(}=

=1,2,..., =1,2,...,r

=max [j=1:!21?f.,rwj(a)’j:lfnff.,rwj(b)] =max{wy(a),wx(b)}.

Of particular interest for us is the case when all terms w; (a),..., wp(a)
of wx(a) are valuations. This does not imply that wx(a) is necessarily also
a valuation. For instance, in the trivial example

K=T,  wga) = max(lal, lal5),
we have . .
veB) =T, ws@=2,  wrG2-1+BT2.

But although wyx(a) need not be a valuation, it does have two simple prop-
erties that a general pseudo-valuation need not have:

(1): If n is a positive integer, then for all a in K,
wx(ah) = wx(a)n.
(I): If g4 0 is an element of K such that
wi(g) = ... = wp(g) = wx(g),
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and if a is an arbitrary element of K, then
wx(ag) = wrla)ws(g)
and more generally,
wx(agh) = wx@)wx(g)® for all integers n.

These properties follow immediately from the product equation (2) for the
terms Wj(a) of wx(a).
By way of example, the rational field I' has the pseudo-valuations

Al
max(lalp, ,..., |a|7;,1;,)

and
by
max(|al®, |a lgi,..., Iall’g )
where pi1,..., pr are finitely many distinct primes and A, A,,..., Ay are real
constants satisfying

0<A<1,0>0,..,A >0.

These pseudo-valuations of I'" have then the properties (I) and (IT).

The constructions of this section are by no means the only ones that al-
low to derive new valuations or pseudo-valuations from given ones, but they
suffice for the purpose of these lectures. For other operations the reader is
referred to a joint paper by P. Cohn and myself‘).

5. Bounded sequences, fundamental sequences, and null sequences.

In the next few sections we shall now generalise the method of the intro-
duction for defining real numbers as limits of convergent sequences of ration-

al numbers.
Let K be an arbitrary field with the valuation or pseudo-valuation w(a),

and let
{am} ={a1, 2, 83,0t

be an arbitrary infinite sequence of elements of K.
Such a sequence is said to be a bounded sequence with respect to w(a) if
there exist two positive numbers p and M such that

w(am) <M for all m =p;

it is said to be a fundamental sequence with respect to w(a) if, given any
€ > 0, there is a posilive number q(e) such that

w(am-an) < e for all m =q(e) and all n = q(e);

and it is said to be a null sequence with respect to w(a) if, given any ¢ > 0,
there is a positive number r(e) such that

w(am) < e for all m =r(e).

4. Nieuw Archief voor Wiskunde (3), 1 (19563), 161-198.
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It is obvious that if {am} is a bounded, or a fundamental, or a null se-

quence, then

{-am} = {-a1, -2, -as,...}

is a sequence of the same kind. The following lemmas also are easy con-
sequences of the definitions.

(a): Every fundamental sequence is bounded.
For let p be an integer not less than (1), and let m > p. Then

w(am) = w{ap + (am-ap)} < wlap) + wlam-ap) < wlap) +1, =M say.

(b):  Every null sequence is a fundamental sequence.
For let m = r(%¢€) and n > r(3¢). Then

w(am) < 3¢, w(an) < ¥ ¢, w(am-an) < wlam) + wlag) <ge+3e = .

(e):  If {am} is a fundamental sequence, but not a null sequence, there
exist two positive numbers s and N such that

w(am) > N for all m =s.

For assume that {am} is a fundamental sequence, but that there are no
such numbers s and N. Then, however small ¢ > 0 is chosen, there exist
arbitrarily large suffixes n such that w(ap) < >¢. There is then also a
suffix n of this kind satisfying n = q(%¢), and now also

wlam-an) < Fe for all m =q(%e).
Hence, for all m > q(F€),
w(am) = w{an+(am-an)} < wlan) + wlam-a,)< 3¢ + §¢ = ¢,

and so {am} is a null sequence.

In the next two lemmas we denote by p', M, o' (¢), and r' (¢) the numbers
corresponding to p, M, q(e), and r(e), respectively, that belong to the second
sequence {bm}.

(d): If {am} and {bm} are fundamental sequences, so are
{am+*om}, {am-bm} and {ambm}.
For first,
w{lam¥ bm)-(an¥bp)}=w{(am-ay)* (om-bn)}<w(am-an)+wlbm-bn)<je+ie = €
provided that
m > max{qGe), ¢'(}¢)} and n >max{q(}e), q'(3¢)}.

Secondly, by (a) the sequences are bounded and therefore

w(ambm-anbp)=w{(am-an)bm+an(bm-bn)}<w(am-an)w(bm)+wlan)w bm-bp) <
< gaF MM ﬁ =€

provided that
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m > max [q(fM.—), q‘(gfq) ; p,p'] and n >max [q(ﬁ) , q‘(-z—eﬁ) ; p,p'] :
(e):  If {am} and {bm} are null sequences, so are {am+bm} and {am-bm}.
If {am} is a null sequence, and {bm} is bounded, then {ambm} is a
null sequence.
The first assertion holds because

w(am¥bm) < w(am) + w(bm) <% € +%e =¢ism= max[r(%e) ,r'(%e)],
and the second one because

w(ambm) <w(am) w(bm) < ﬁ M = ¢ if m > max [r(eﬁ) , p']

6. The ring {K},, and the ideal p .

Denote by {K}w the set of all fundamental sequences of K with respect
to the valuation or pseudo-valuation w(a). On account of (d) we may then de-
fine for the elements of {K}y, operations of addition, subtraction and multi-
plication by the formulae,

{amt+{om} = {am+dmb, {am}-{om} = {am-bm},  {amHom} = {ambm} .
It is easily verified that, with respect to these operations, {K}y, satis-

fies the commutative, associative, and distributive laws of addition and multi-
plication, and that subtraction is the inverse operation to addition; further

{0} ={0,0,0,...} and {1} ={1,1,1,..}
are the zero and unit elements of {K}y. Since, e.g.
{1,0,0,0,...} {0,1,0,0,...} = {0} ,

{K}w is then a commutative ring with unit element, but is neither a field nor
even a domain of integrity on account of these zero divisors.
Let p denote the subset of {K}y, consisting of all null sequences.

(£): The set p is an ideal of {K}y. If w(a) is a valuation, then y is a
prime ideal of {K}_.
From (e), if am{ and {bm} are elements of p, so are {am} + {bm} and
{am} - {bm}; if further {am} belongs to p and {bm} to {K}m, then {am}{bm}
is an element of p. Hence p is an ideal.

Next assume that w(a) is a valuation. It suffices to show that if {am}
and {bm} belong to {K}y, but not to g, then their product likewise is not an
element of p. By €), the hypothesis implies that there are four positive
numbers 8, N, s8', and N' such that

wam) >N ifm=s and w(bm) >N ifm=s'.
Hence
w(ambm) = w(am)w(bm) > NN' if m > max(s,s'),

and hence {am}{bm} 1is not a null sequence.
When w(a) is not a valuation but only a pseudo-valuation, this proof is

not valid, and then p need not be a prime ideal.
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7. The residue class ring Ky,.

If the difference {am} - {bm} = {am-bm} of two fundamental sequences
{am} and {bm} lies in g, i.e., is a null sequence, then the two sequences
are said to be congruent modulo p, and we write

{am} = {bm} (mod ), or simply {am} ={bm}.

This is in agreement with the usual notation of congruence modulo an ideal.
It is also well known that such congruence is an equivalence relation; i.e., in
the present case the following three laws hold:

{am} ={am};
if {am} ={om}, then {om} ={am};
if {am} ={om} and {om} ={cm}, then {am}={cm}.

For {am} - {am} = {0} is a null sequence; if {am} - {bp} is a null sequence,

so is {bm} - {am} = -({am} - {om}); and if {am} - {bm} and {bm} - {cm} are

null sequences, so is

{am} - {em} = (am} - fom}) + {om} - {em}).

On account of this property, we may subdivide the elements of {K}y,
into classes by putting into the same class all fundamental sequences that
are congruent modulo p to one given fundamental sequence. Denote by Ky
the set of all such residue classes modulo yp; in the notation of algebra,
Kw = {K}w/ g

Let @ and B be two elements of Ky, and let, say, {am} and {am} be
any two fundamental sequences in the residue class @ and {bm} and {bn}
any two fundamental sequences in the residue class B. Hence both {am-a'm}
and {bm-b}n} are null sequences. It follows then that also

{(am¥bm) - (@mFbm)} = {am-an} ¥ {om-bin}
and

{ambm-ambin} = {am-am} {om} + {am} {om - bin}

are null sequences, and that therefore

{aml+{bm}={ain}+{bm}, {am}-{bm}={am}-{bim}, {am} {bm} ={aim} {ow}.

We have thus proved that the residue classes, a+8, a-8, and af say,
that contain the fundamental s equences {am+bm}, {am-bm}, and {ambm},
respectively, remain unchanged if {am} is replaced by any congruent sequence
{aln}, and {bm} is replaced by any congruent sequence {bin}.

Hence Ky, admits the operations of addition, subtraction, and multipli-
cation and so is a ring. It is also obvious, from the definitions of these
operations, that addition and multiplication in Ky are commutative, associa~
tive, and distributive, and that subtraction is the inverse operation to addi-
tion.

If a is any element of K, the ring Ky contains the special residue class,
(a) say, that is defined by the fundamental sequence {a} = {a, a, a,...}. In
particular, (0) is the zero element of Ky and is identical with the set of all
null sequences, and (1) is the unit element of K. Since, evidently,
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(a) + (b) = (a+b), (a)- () = (a-Db), (a)() = (ab) ,

the elements (a) of Ky form a ring that is isomorphic to K. In fact, they
Jorm a field isomorphic to X, (K) say. For (a) is distinct from (0) if and
only if a £ 0, and then (a) has the inverse (a~') because (a)(a™') = (1).

From now on we shall »ot distinguish between the element (a) of (K) and
the corresponding element a of K, thus shall identify (K) with the original
field K. It may then be said that ihe ring Kw of all residue classes modulo
p c(a;;tains K as a subfield. We call Ky the completion of K with vespect
to w(a).

8. The completion of a field with respect to a valuation.

Of particular interest is the case when w(a) is a valuation.

(8):  If w(a) is a valuation of K, then the completion Ky is a field.

It suffices to show that if @ is any element of Ky distinct from zero,
there exists a second element of Kw, ¢ say, such that ee~* = 1. Let {am}
be an arbitrary fundamental sequence in the residue class a; since a # 0,
this sequence is not a null sequence. There are then by (c) two positive num-
bers s and N such that

w(am) > N and hence am # 0 if m=s.
Put
1
af, =0if 1 <= m<s, aﬁl=;!—n— if m =8,

The new sequence {aﬁ,} is likewise a fundamental sequence because, for
m=s and n = s,

wla,-af) = w(;:x_x - aln) = mw%ng;—f‘(%b< fzf w(am-an),
and hence

wiaf-a}) < € if m >max{g(N®¢),s}, n > max{q(N®¢),s}.

1

Denote by a~! the residue class of {ajn}. Thenaa™ =1, since

{am} {am} = {amafn}, where amafn = 1 if m >s.

When wa) is only a pseudo-valuation, Ky in general will not be a
field, but may cqntain divisors of zero. One such case will soon be discussed.

9. The limit notation.

Let again K be a field, w(a) a valuation or pseudo-valuation of K, and
Ky the completion of K wilh respect to w(a). It is convenient, and in agree-
ment with the usual convention for the real field, to adopt the following nota-
tion.

If {am} is any fundamental sequence, and if a is its residue class in
Ky, then we say that o is the limit of amy with vespect to w(a) as m lends
to infinity, and we write
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a = n}lzl) o am (W).
From the definition of a, this limit is naturally unique. For the fundamental
sequence of the special form {a} = {a, a, a,...} we have
a= lim a (w)
m—oo
since this sequence lies in the residue class (a) which we have identified with

the element a of K.
The definition of the operations in Ky immediately implies that, if

B= mlimm b (W)
is a second limit, then
a+B= I}liglm(amwm)(w), a-g= I}}an(am-bm)(w), ap = mr{i__!flm(amli'm)(W)-
Let, in particular, w(a) be a valuation, and assume that 8 + 0 and that
all by are distinct from zero. It follows then from (g) that
-1 = li 1 .
7 = b )

Hence in this case also

=af™! = lim -an (w).
m— o bm

10. The continuation of w(a) onto K.

Let
a = nﬁiinwam(w) .
From the definition of a fundamental sequence with respect to w(a),
|w(am) - w(ap) | <w(am-an) < ¢ if m >q(e) and n = q(e) .
Hence {w(am)} és a convergent sequence of real numbers, and the real limii

lim w(ay), = W) say,
m—s oo

exists.

(hy:  Wila) depends only on o, and not on the fundamental sequence as the
limit of which a is defined.
For let also

a = lim aly(w).
m— oo

Then {am-ajn} is a null sequence and therefore

lim w(am-aly) = 0.
m-—s o

It follows then that
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< i - ! = - ! < =-q! =
o< Lim_wlam) nr}i_xr:zxmw(am)l lim [w(am) w(am)|<£xfxww(am aly) = 0,

whence
lim w(am) = lim w(aly).
m— oo m— oo
{): W(a) = w(a) when a is any element of K.
For now a = (a) is the limit of the fundamental sequence {a} and hence
W(a) = lim w(a) = w(a).
m—s co

G4): W(a) is a pseudo-valuation of Ky. It is a valuation if w(a) is a val~
uation; it is Avchimedean if w(a) is, and it is Non-Archimedean if
wila) is.

First, the definition of W(a) implies that this function vanishes only if
a =0 and is otherwise positive. Secondly,

Wp) = u}Er’nww(ambm)s n}gnww(am)w(bmh n}}ﬂrxmw(am)l_]}liillimw(bm)=W(01)W(/3),

with equality if w(a) is a valuation. Third,

W@Fg)= Um wl@amFbm)s lm (w(am)+w(bm))= lim wlam)+ lim wlbmy)=
m— oo m-—oo m-—m0 m— co

= W) +W(g) .
When w(a) is Non-Archimedean, we have instead

Wep) = lim wlam*bm) < Lm_ max{w(am),w(bm)} =
= max{ lim w(apy), lim w(bm)} = max(W(a), W()),
m-—o0 m-—soo

and it is trivial that if W(a) is Non-Archimedean, so is w(a).

The valuation or pseudo-valuation W(a) is called the continuation of
w(a) onto the completion Ky,. Since W(a) and w(a) are identical on K, and
w(a) has so far only been defined on K, we shall in future write w(a) for
W(a) whether a is an element of K or of Ky,.

11. The elements of K lie dense in Ky.
In real analysis, the limit @ of a convergent sequence {am} of rational
numbers satisfies the limit relation

lim |@ -anl=0.
m—co

We show now that an analogous relation holds also for K and Ky.
Let

a= lim ap(w).
m—»oo
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Since also
an = 1&1_120 an(w) (n=1,2,3,..),
it follows that
a-ap = lim (am-apn) (w) n=1,23,..)
m—»oo
and hence
wla-ap) = lim w(am-ap) (n =1,2,3,...).
m—

Now, by the hypothesis,
w(am-an) < € if m > q(e) and n > qfe),
and therefore

0 < w(@-ap) = 1}1159” (am~-an) <€ if n =>qle).

Since € > 0 may be arbitrarily small, this means that

lim w(a-ap) = 0.
n-—o

Thus the elements of Ky, may be approximated arbitrarily closely with re-
spect to wla) by the elements of K.

12. Fundamental sequences in Ky,.

The construction in §§ 5-9 of Ky, the completion of K with respect to
w(a), is independent of the hypothesis that K is a field and remains valid
when K is any commutative ring. In particular, even under this more gen-
eral assumption the following properties still remain true:

Null sequences are fundamental sequences; sum and difference of two
fundamental sequences are fundamental sequences; and sum and difference
of two null sequences are null sequences.

Let us apply this remark to the ring Ky and its valuation or pseudo-
valuation w(@). We may form ‘‘new’’ fundamental sequences and null sequenc-
es consisting of elements of Ky instead of K, and by means of these con-
struct the completion, (Ky)y say, of Ky with respect to w(a). However, as
will now be proved, the ‘‘new’’ fundamental sequences have already limits in
Ky itself, and so this complicated procedure is unnecessary.

k): Let {am} = {a:, az, as,...} be a fundamental sequence of Ky with
respect to w(a). There exists an element a of Ky such that

n?_xgo wla-apy) = 0.

By what was proved in §11, we can find for each ay, an element ap, of
K such that wlam-ay) is arbitrarily small, say

wlam-am) < é (m = 1,2,3,...).

The sequence
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{om-am} = {@1-a1, @2~z , as-as,...}

is therefore a “new’’ null sequence and hence also a ‘‘new’’ fundamental se-
quence. The difference of the two fundamental sequences,

{am} = {om} - {em-am}
is therefore likewise a ‘‘new’’ fundamental sequence, But since its elements

apy, belong to K, and because w(a) is the continuation of w(a), it follows that
{am} is a fundamental sequence of K with respect to w(a). Let

a = n}!g:o am(w)

be ils limit in Ky. Then, by § 11,

lim w(e-ay) =0,
m—oo

so that {a-am} is a “‘new’’ null sequence. But then the difference of the two
null sequences

{a-om} = {e-am} - {em-am}

is likewise a “‘new’’ null sequence, whence the assertion.

This result shows that every ‘“new’’ fundamental sequence {om} differs
only by a ‘‘new’ null sequence {a—ar,} from a ‘‘new’’ fundamental sequence
of the special form {a} = {a, @, a,...; where aeK. Thus the completion (Kw)w
of Ky, is isomorphic to, and may be identified with, Kw. We may also write

a = lim apm(w),
m—oo

just as is done in real analysis. Then these ‘‘new’’ limits satisfy the same
rules as did the limits of fundamental sequences {am} of K. It is for these
reasons that Ky was called the completion of K with respect to the valuation
or pseudo-valuation w(a).

13. Equivalence of valuations and pseudo-valuations.

Let again K be a field, and let w(a) and w'(a) be two distinct valuations
or pseudo-valuations of K. We say that w(a) and w'(a) are equivalent and
write w(a)~w'(a) if every null sequence of K with respect to w(a) is also
a null sequence with respect to w'(a), and vice versa.

This definition implies that also every fundamental sequence of K with
respect to w(a) is a fundamenial sequence with respect to w'(a), and vice
versa. For assume {ap,} were a fundamental sequence with respect to w(a),
but not with respeci to w'(a). There would then evidently exist an inf inite
sequence of pairs of suffixes

(mj, ny), (mg,ns), (ms’na),---
such that
o, = e =

and that further
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{am,-an,, am,~an,, ams-an,s.-}
is a null sequence with respect to w(a), but not with respect to w'(a), against
the hypothesis.

It follows that equivalent valuations or pseudo-valuations w(a) and w'(a)
generate identical and not only isomorphic completions of K: Ky=Ky'. From
the standpoint of valuation theory alone there would then be no need to dis-
tinguish between such equivalent valuations or pseudo-valuations.

Two equivalent valuations w(a) and w'(a) can be proved to be connected
by an identity

w'(a) = w(a)*

where A is a positive constant. Such a simple relation need not hold between
two equivalent pseudo-valuations. For instance, in the case of the rational
field T,

|a] and max(|al, lali')

are equivalent. This trivial example also shows that a valuation may well be
equivalent to a pseudo-valuation.

14, The valuations and pseudo-valuations of T,

The relation w(a)~w'(a) is an equivalence relation in the algebraic
sense. We may therefore subdivide all valuations and pseudo-valuations of
a given field K into equivalence classes, and then the problem arises of
determining all distinct equivalence classes.

A, Ostrowski was the first to determine a full system of nonequivalent
valuations of any finite algebraic number field®), and I did the same for the
classes of non-equivalent pseudo-valuations of such a field®).

For our purpose the most important case is that of the rational field I'.
Then the result is that every valuation of T' is equivalent to one of the valua-
tions

wo(a), lal, and |alp

where p runs over all primes p = 2, 3, 5,...; and every pseudo-valuation of
T which is not already equivalent to one of these valuations must be equiva-
lent to a pseudo-valuation of the form
A
w1 (a) = max(lalp,,..., 2lF)) or waa) = max(la, |al}t,..., lalg).

Here m; ,...,' py are finitely many distinct primes, with r = 2 in the case of
wi(a) and r =1 in that of wa(a); and A, M1,..., Ap are constants satisfying

0< A <1, > 0,..., 2 > 0.

An alteration of these constants has only the effect of replacing wi(a) or
wa(a) by an equivalent pseudo-valuation, and so, from the standpoint of
valuation theory, it would suffice to put

5. Acta math. 41 (1919), 271-284.
6. Acta math, 67 (1936), 51-80.
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A=A == Ap=1,

However, for the later applications to Diophantine approximations, a different
choice of these constants is of advantage.
For let g = 2 be an arbitrary integer, and let

g=m®... p§r

be its factorisation into a product of powers of different primes p;,..., pr
with exponents e ,..., ey that are positive integers. Fix now Mi,..., A, such

that lglpl == lglpr =5 » Le., take

aooJogg o, logg

“eilogps T “erlogpr ’
and put
log g log g
lalg = max (lalgilogp‘ e, la,gzlogpr)
and
logg . log g
lalg* = max([al, lalg:logp‘ I lalg:logpr ) = max(|al,lalg).

We call |a|g,and lalgx the g-adic and the g*-adic pseudo-valuations, re-
spectively, and also speak of the g-adic and g*-adic values of a.
The definition of |a|g implies that

lagnlg = g'nlalg
for all a in I and all integers n. This is easily verified and is also con-
tained in the property (II) of § 4.
If ¢' > 2 is a second integer, it is obvious that |alg and [alg' are
equivalent if and only if g and g' have the same prime factors p; ,...,IpT and
alg *,

differ only in their exponents; and just the same holds for |a|g* and
Furthermore,

lalg = lal,

if g is a positive integral power of the single prime p.

In these lectures, P will denote the real field, i.e., the completion.of I
with respect to lal; and similarly Pp, Pg, and Pg* will stand for the com-
pletions of I' with respect to [ap, Iafg, and |al|g*, respectively. Then
Py, Pg, and Pgx are the field of p-adic numbers, and the rings of g-adic
and g*-adic numbers, respectively. This field and these two rings were in-
troduced by K. Hensel’) in 1892 and have proved of fundamental importanc
in many branches of mathematics. '

We shall study the elements of Py, Pg, and Pgx in detail in the next

\

7. Hensel’s litile book Zahlentheorie (Berlin 1913), which gives an elementary
introduction to the theory of p-adic and g-adic numbers, may be particularly recom-
manded on account of its many examples of actual computations with such numbers.
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chapter; and they will form both the object and a tool in most of the later
work.

It is clear that, while |a|and |a|g* are Archimedean, |alp and lalg
are Non-Archimedean. This was proved for |alp in §4 and so follows for
lalg from the definition.

It is sometimes convenient to define |a| g also in the excluded case when
g = 1, by putting |aly = wo(a).

15. Independent pseudo-valuations.

The g-adic ring Pg and the g*-adic ring Pg* can be decomposed into
finitely many field P and Pp, as was already proved by Hensel’). We shall
prove this decomposition as a special case of a more general theorem on
pseudo-valuations.

Denote by K a field, by wi (a),..., wr(a) finitely many valuations or
pseudo-valuations of K, and by

1if h=k,
6hk=
0if hik

the well-known Kronecker symbol. Then wi(a),..., wy(a) are said fo be in-
dependent if there exists for each suffix h =1, 2,..., r an infinite sequence

{dg:)} = {qfh), d-,gh): d:(ah),...} in X such that
h
lim wied®- 810 = 0 (k= 1,2,...,7),
or, what is the same, that
Spk = lim dg:) (wy) (k =1,2,...,r).
m-—oo

From this definition, it is immediately clear that, if
A} A
wy (3) ~ wa(a),..., wp(a) ~ wp(a),

then also wi(a),..., wy(a) are independent.
By way of example, let us consider the rational field I'. Here the follow-
ing result holds.

(1): If py..., Dr ave finitely many distinct primes, then the valuations
lal, lalpl,..., lalpr
and hence also the valuations
Ialpl yesey 'alpr
are independent.

First, the sequence

{dﬁﬁ)}, where dgg) _ (g epr)™®

(pp2...pr)™ +1 °’
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is easily seen to have the limits 1 with respect to la] and 0 with respect
to lalp,,..., lalp,, respectively. Secondly, select for each suffix h =1, 2,
.0y @' @ positive intléger ay, such that

PRl > pipa... Py
Then it is not difficult to verify that the sequence

m
{dg:)} , Where dg}) = (px p(ffle;l:iglrl pﬁhm s
has the limit 1 with respect to Ialph, but is a null sequence with respect to
lal, as well as with respect to all |a |y, where k 4 h.
If g1 =2,..., gr = 2 are finitely many integers which are relatively prime
in pairs, one shows by a similar proof that also

lal, lalg ,..., lalgy
and hence also
lalgy yerey lalgy
are independent.

16. The decomposition theorem.
Let again K be a field, and let wi(a) ,..., wp(a), where r =2, be finitely
many independent valuations or pseudo-valuations of K. As in § 4, we put
wx(a) = max[wi(a),..., we(a)]
and further write

w(zl;)(a) = max wk(a) (h=1,2,...,r).
1<ksr

k+h

These functions are likewise valuations or pseudo-valuations of K, and
w(a) is, what we call the sum of wi(a),..., wr(a).

The following lemma gives the jusiification for the term of ‘‘independent’’
valuations or pseudo-valuations.

(m): Let oieKyy,..., 0reKyy be arbitrary elemenits of the completions of
K with respect to wi1(a),..., wr(a), vespectively. Then there exists an
infinite sequence {am} in K such that, simultaneously,

lim am = ap(wh) (h=1,2,...,r).
m-—oo

First, a1,..., @y are defined as the limits
ah = lim ag{)(wh) (h=1,2,...,r)
m—soo

of certain infinite sequences {agl)},..., {a)} in K. Secondly, by the defini-
tion of independence, there also exist r infinite sequences {dgl) Heees {dg‘l)}



22 LECTURES ON DIOPHANTINE APPROXIMATIONS
in K satisfying

lim d( ) . = Shk(wn) (h,k = 1,2,...,r).

In particular, each such sequence {dSn)} is a null sequence with respect to
all wk(a) where k £ h, and so it is a null sequence also with respect to

w(h)( )
» a).

There exists then, for each h, an infinite sequence of strictly increasing
suffixes mpj, mpg, mp3,... such that

(h)(d(h) ) %)(a{h)) < % for all 1.

Thus
h) ( ,(h)
{‘_"i‘iowg ("mm al) =0

and hence, from the definition of wgl) (a),
(A): llin:o dglzﬂ aih) =0 (wg) (h,k = 1,2,...,r; hik).
On the other hand®),

%im d(h;l 11 (h) =1 (wp) (h=1,2,..,r),

so that

() lm df,.‘}gﬂ ®) _ jim & 1um a® _ 1o =anwp) (h=1,2,..1).

On combining (A) with (B), it follows that the new sequence {am} where

i o) 2 1=1,2;3,.)
=1

has the required limits @,,..., @r with respect to w; (a),..., wr(a), 'respec-
tively.

We finally prove the following decomposition theorem which establishes
the connection between the completions Kw, Ky, ,..., Ky, of K.

(n): There is a one-to-one correspondence

a-——(a; geeey ar)

8. Let {bp,} be a fundamental sequence with respect to w(a), and let {bm;}, where
m; <m; <mg <. .., be an infinite subsequence of{bm}. Then {br ~bm_, b,-bm,_,
ba'bma 2 e } evidently is a null sequence with respect to w(a), whence
lim by, = lim by(W) ,

m-5c0 l— 00
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belween the elements a of Ky, and the ovdered sets (aa,..., @y)
of one element in each of Ky, ,..., Kwy such that, if
o <(a1,..., ar) and B-=(B,..., Br),
then also
Ol+ﬁ<—>(dl 15000y ﬂfr+ﬁr), d-ﬁ<—>(0l1-Bl yeeey Ulr’ﬁr), aﬁ"(a!ﬁls'"’ arﬁr)-
This correspondence is defined by

a = rg._glm amwy), ap= 1}11300 am (wp) (h=1,2,..,r),

where {am} is a sequence in K which is a fundamental sequence
with respect to all of wy (a),..., wr(a), and wx(a).

First, we note that it is obvious from the definition of wy(a) that a se-
quence {am} in K which is a fundamental sequence with respect to each of
wi(a),..., wr(a) is also a fundamental sequence with respect to wx(a), and
vice versa; similarly, if the sequence is a null sequence with respect to each
of wi(a),..., wr(a), then it is also one with respect to wx(a), and vice versa.
Now, by lemma (m), the arbitrary elements a;eKy,,..., @reéKy, can be de-
fined as limits

ap = lim am(wp) (h=1,2,...,r)
m— oo

of the same sequence {am} in K, and then the limit

a= lim apy(wy)
m—eo

defines an element a of sz. Conversely, if a is given as the limit with

respect to Wy(a) of such a sequence {am}, then the limits of {am} with re-
spect to wi(a),..., wr(a) likewise exist and define elements ou,..., ¢y of
Kw, 5.4, Kwp, respectively.

The relation o <=0, ,..., ay) is independent of the special sequence
{am} used in the definition of «a, a,,..., ay. For if

©): lim am = lim a}, (wp) (h =1,2,...,r),
m—so0 m—oo

then {am-am} is a null sequence with respect to each of wi(a),..., wr(a) and
hence also with respect to wy(a); therefore

(D): Im am= lim am (wyg).
m—oo m—o0

Conversely, (D) implies again (C).

The formulae for a+8, a-B, and a¢B finally follow at once from the rules
for limits proved in § 9.

If a-—(01,..., Qy), @1,..., @p are called the components of o.

All the completions Ky, ,..., Kwy, and Ky 5 are extensions of K, and
every element a of K lies simultaneously in each of these r+l rings or
fields. For such and only for such elementis the correspondence relation takes
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the simple form
a-<—(a,a,...,2).
In particular,
0--0,0,...,0) and 1--(1,1,..,,1)
are the zero element, and the unit element, of sz.
We note that, since r>2, Kyy, is 7ot a field because by

aB = 0, where a-—(1,0,...,0), 8==(0,1,...,0),
sz contains non-trivial zero divisors. This also implies that wz(a) cannot

be equivalent to a valuation since then Ky would be a field.
In the special case when wi(a),..., wr(a) are valuations, the completions
Kw, ..., Kwp (but, of course, not Kwy) are fields. If now

a<——-(a1,...,ar), ﬁ‘“‘(ﬁlv-"’ Br ): and B 4’ 0,...,Br *0;
a is divisible by B, with the quotient

9._( Y ﬂ)
8 B " Br)
The for us must important case of the decomposition theorem concerns

the g-adic and the g*-adic numbers. If g has the distinct prime factors
P1,..., Pr, the correspondence

@< (a1,...,0r1)

relates the g-adic number a to the ordered set of one pi-adic number a;,
one pz-adic number az, etc., and one pr-adic number ayr; g*-adic numbers

a*ﬂ(aoval 3eeey al‘)

in addition have also a real component .

The components (@), @1,..., @r of @ or a* are independent of one
another and may be any numbers in the corresponding fields (P), Py, ,..., Pp,.
It is thus in general impossible to deduce from properties of one of the
components any properties of the other components.

17. Convergent infinite series.

Let again K be an arbitrary field with the valuation or pseudo-valuation
w(a). As in real analysis, it is convenient to introduce the notion of a con-
vergent series.

The infinite series

-]

Z am = a1+az+as+..., where ameK for all m,
m=

is said to be convergent with respect to w(a) to the sum o if

m
{E ak} = {a1,a:1+a2,a1+az +as,...}
k=1
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is a fundamental sequence with respect to w(a) of imit @, and it is other-
wise called divergent. From this definition, the series converges if and only
if, given any € > 0, lhere is a positive number qle) such that

m n
w( Y ak- ), ak) =w(an4+1 + an42 + ... +am) <€
k=1 k=1

for all integers m, n satisfying m > n = q(e).
Since

w(ap4l + apn42 + ..o +am) < wlap41) + wlap42) + ... + w(am),
0

the series Z am certainly converges if the series of real numbers

m=1 o

), wlam)

m=1

converTes; but the converse need not even be true in real analysis where
w(a) = [al. w0

On taking m=n+1, it is also obvious that Z amy cannot be convergent
unless m=1

lim am =0 (w);
nl—oco

but, just as in real analysis, this condition is not in general sufficient for con-
vergence. There is, however, one important case when it is sufficient, viz.
that when w(a) is Non-Archimedean. For now

w(an+l +an42 + ... + am) < max[w(ap+1),w(an+2),..., w(am)].

and so, if {am} is a null sequence with respect to w(a), the righthand side
is smaller than € for all m > n >r(e).

In the following chapter these simple remarks on convergent series will
be applied to series for p-adic, g-adic, and g*-adic numbers.

Final remark: The sketch of valuation theory given in this chapter has
been strictly limited to those facts thai are to be applied later. For further
study of this interesting and important theory the following texts may be re-
ferred to:

E. Artin, Algebraic numbers and algebraic functions I, Princeton 1951.

H. Hasse, Zahlentheorie, Berlin 1949,

O. F. G. Schilling, Theory of valuations, Math. Surveys IV, Amer. Math. Soc.
1950.

H. Weyl, Algebraic theory of numbers, Princeton 1940.



