Comments on Selected Problems

CHAPTER 1

4.

This problem gives the direct sum version of partitioned matrices. For
(ii), identify V; with vectors of the form {v,,0} € V; & V, and restrict
T to these. This restriction is a map from V; to V; & V, so T{v,,0} =
{z,(v)), z,(v,)} where z,(v,) € V; and z,(v,) € V,. Show that z, is a
linear transformation on ¥} to ¥, and z, is a linear transformation on
V, to V,. This gives 4, and 4,,. A similar argument gives 4,, and 4,,.
Part (iii) is a routine computation.

5. If x,,, = Zic;x;, then w, | = Xlcw,.
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10.

11.

12.

13.
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If u € R* has coordinates u,,..., u,, then Au = Y¥u,x; and all such
vectors are just span {x;,..., X,). For (i), r(4) = r(4") so
dim R (A'4) = dim R (44").

The algorithm of projecting x,,..., x, onto {span x,}* is known as
Bjork’s algorithm (Bjork, 1967) and is an alternative method of doing
Gram-Schmidt. Once you see that y,,..., y, are perpendicular to y,,
this problem is not hard.

The assumptions and linearity imply that [A4x, w] = [Bx, w] for all

x € Vand w € W. Thus [(4 — B)x,w] = 0 for all w. Choose w = (A4
— B)xso(A - B)x=0.

Choose z such that [y,, z]= 0. Then [y, z]x, = [y,, z]x, so set
¢ =[y,z]/[y,z]. Thus cx,0y =x,0y, so ¢y;Ox, =y,0x,.
Hence c||x,||%y, = [|x,]%, so y; = ¢ 'y,.

This problem shows the topologies generated by inner products are all
the same. We know [x, y] = (x, Ay) for some 4 > 0. Let ¢, be the
minimum eigenvalue of 4, and let ¢, be the maximum eigenvalue of 4.
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COMMENTS ON SELECTED PROBLEMS
This is just the Cauchy-Schwarz Inequality.

The classical two-way ANOV A table is a consequence of this problem.
That 4, B,, B,, and B, are orthogonal projections is a routine but
useful calculation. Just keep the notation straight and verify that
P? = P = P’, which characterizes orthogonal projections.

To show that I'(M*) c M*, verify that (u,Tv) =0 for all ue M
when v € M*. Use the fact that I'T = I and u = 'y, for some
u, € M (since I'(M) C M and T is nonsingular).

Use Cauchy—Schwarz and the fact that P,,x = x for x € M.

This is Cauchy-Schwarz for the non-negative definite bilinear form
[C, D] = tr ACBD'.

Use Proposition 1.36 and the assumption that A is real.

The representation aP + B(I — P) is a spectral type repre-
sentation—see Theorem 1.2a. If M = R (P), let x,,..., X,, X, 15---,
x, be any orthonormal basis such that M = span{x,,..., x,}. Then
Ax;=ax;, i=1,...,r, and Ax;= Bx;,, i =r + 1,..., n. The char-
acteristic polynomial of A must be (a — A)"(8 — A)" ™"

Since A; = sup;, (%, 4x), p; = sup,_(x, Bx), and (x, 4x) >
(x, Bx), obviously A; > u,. Now, argue by contradiction—let j be the
smallest index such that A; < p;. Consider eigenvectors x,,..., x, and
Vise-os ¥, With Ax;=A;x; and By,=p,;y, i=1,...,n. Let M=
span{X;, X;,,..., X,} and let N = span{y,,..., ;). Since dim
M=n-j+1 dmMnNN>1 Using the identities A, =
SUD e u, jxi=1(Xs 4%), p; = Inf, ¢y . =1(x, Bx), for any x € M N N,
llx|l = 1, we have (x, Ax) < A; < p; < (x, Bx), which is a contradic-
tion.

Write S = XA, x;,0x; in spectral form where A; >0, i=1,..., n.
Then 0 = (S, T') = X{\,(x;, Tx;), which implies (x;, Tx;) = 0 for i =
1,...,nas T > 0. This implies 7' = 0.

Since tr 4 and (4, I') are both linear in A4, it suffices to show equality
for A’s of the form 4 = xO y. But {(xO y, I) = (x, y). However, that
trxO y = (x, y) is easily verified by choosing a coordinate system.

Parts (i) and (ii) are easy but (iii) is not. It is false that 4> > B*> and a
2 X 2 matrix counter example is not hard to construct. It is true that
A2 > B'/2.To see this, let C = B'/24~'/2, 50 by hypothesis, I > C'C.
Note that the eigenvalues of C are real and positive—being the same
as those of B/*4~1/2B'/* which is positive definite. If A is any
eigenvalue for C, there is a corresponding eigenvector—say x such that
x|l = 1 and Cx = Ax. The relation I > C’C implies > < 1, s0 0 < A
< 1 as A is positive. Thus all the eigenvalues of C are in (0, 1] so
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the same is true of 4~ '/“B/24~1/4 Hence A~'*B'?4~'* < I so
Bl/2 < Al/2.

Since P is an orthogonal projection, all its eigenvalues are zero or one
and the multiplicity of one is the rank of P. But tr P is just the sum of
the eigenvalues of P.

Since any A € £(V, V) can be written as (4 + 4)/2 + (4 — A")/2,
it follows that M + N =LV, V). If A€ M N N,then4d = 4’ = — A,
so A = 0. Thus £(V, V) is the direct sum of M and N so dim M +
dim N = n. A direct calculation shows that {x,0x, + x,0x|i <)
U{x;0x; — x;0x,|i <j} is an orthogonal set of vectors, none of
which is zero, and hence the set is linearly independent. Since the set
has n? elements, it forms a basis for £(V, V). Because x;0 x s+ x;0x;
€M and x,0x; — x;,0x;, €N, dim M > n(n + 1)/2 and dim N >
n(n — 1)/2. Assertions (i), (ii), and (iii) now follow. For (iv), just
verify that the map 4 — (A4 + A’)/2 is idempotent and self-adjoint.
Part (i) is a consequence of sup,,_||4v|| = sup,,-,[4v, 4v]'/? =
Sup|,=1(v, 4’Av)'/* and the spectral theorem. The triangle inequality
follows from |||4 + B||| = sup, -, |[4v + Bo|| < sup,—(|4v|| +
| Bo|]) < supypy=1 [140|| + supy, -y || Boll.

This problem is easy, but it is worth some careful thought—it provides
more evidence that A ® B has been defined properly and ( -, -) is an
appropriate inner produce on £(W, V). Assertion (i) is easy since
(A4 ® B)(x;,0w) = (Ax;)D(Bw)) = (\;x;) 0 (pw) = Apyx; O wy.
Obviously, x;0w; is an eigenvector of the eigenvalue A;u;. Part (ii)
follows since the two linear transformations agree on the basis
{(x;,0wli=1,...,m, j=1,..., n} for £(W, V). For (iii), if the eigen-
values of 4 and B are positive, so are the eigenvalues of 4 ® B. Since
the trace of a self-adjoint linear transformation in the sum of the
eigenvalues (this is true even without self-adjointness, but the proof
requires a bit more than we have established here), we have tr 4 ® B
=L, A = CA)Z;p,) = (tr A)tr B). Since the determinant
is the product of the eigenvalues, det(4 ® B) =TI, ;(A;p;) =
(@MIA,)"@Tp;)™ = (det A)"(det BY™.

Since Y'Y = I,, ¥ is a linearly isometry and its columns form an
orthonormal set. Since R(y) C M and the two subspaces have the
same dimension, (i) follows. (ii) is immediate.

If Cisn X k and D is k X n, the set of nonzero eigenvalues of CD is
the same as the set of nonzero eigenvalues of DC.

Apply Problem 32.
Orthogonal transformations preserve angles.
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35. This problem requires that you have a facility in dealing with condi-
tional expectation. If you do, the problem requires a bit of calculation
but not much more. If you don’t, proceed to Chapter 2.

CHAPTER 2

1. Write x = Xfc;x; so (x, X) = Z¢;(x;, X). Thus &|(x, X)| <
Zieilbl(x;, X)| and &|(x;, X)) is finite by assumption. To show that
Cov(X) exists, it suffices to verify that var(x, X) exists for each
x € V. But var(x, X) = var{Xc,(x;, X)) = XX cov{¢;(x;, X),
¢;j(x;, X)). Then var{c,(x;, X)} = &[c;(x; X)]* — [6¢,(x;, X)]?, which
exists by assumption. The Cauchy-Schwarz Inequality shows that
[cov{c,(x;, X), ¢;(x;, XM* < var{c,(x,, X)) var{c;(x;, X)). But,
var{c;(x;, X)) exists by the above argument.

2. All inner products on a finite dimensional vector space are related via
the positive definite quadratic forms. An easy calculation yields the
result of this problem.

3. Let (-, ), be an inner product on ¥V, i = 1,2. Since f; is linear on V,
fi(x) = (x;, x); for x; € V,, i = 1,2. Thus if X; and X, are uncorre-
lated (the choice of inner product is irrelevant by Problem 2), (2.2)
holds. Conversely, if (2.2) holds, then Cov{(x,, X;);,(x,, X5),}=0
for x; € V,, i = 1,2 since (x,, ), and (x,, -), are linear functions.

4. Lets=n— rand consider I' € O, and a Borel set B, of R". Then

Pr(TX € B,} = Pr({TX € B, X € R*)

o5 )(5)emer

- Pr{(),;) € B, x RS} = Pr{X € B,).
The third equality holds since the matrix
r o
0 I
is in O,. Thus X has an O-invariant distribution. That X given X has an

0O,-invariant distribution is easy to prove when X has a density with
respect to Lebesgue measure on R" (the density has a version that
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satisfies f(x) = f(¢x) for x € R", ¢ € O,). The general case requires
some fiddling with conditional expections—this is left to the interested
reader.

Let A, = Cov(X;), i = 1,..., n. It suffices to show that var(x, 2 X)) =
2(x, A;x). But (x, X;), i = 1,..., n, are uncorrelated, so var{2(x, X;)]
= Zvar(x, X;) = 3(x, 4;x).

&U = Zp,e; = p. Let U have coordinates U,,..., U,. Then Cov(U) =
&UU’ — pp’ and UU' is a p X p matrix with elements UU,. For i = j,
UU, = 0 and for i = j, YU, = U, Since &U, = p;, 6UU’ = D,. When
0 <p; <1, D, has rank k and the rank of Cov(U) is the rank of
I, — D, '/*pp'D, '/*. Letu = D, '/*p, s0o u € R* has length one. Thus
I, — uu’ is a rank k — 1 orthogonal projection. The null space of
Cov U is span{e) where e is the vector of ones in R*. The rest is easy.

The random variable X takes on n! values—namely the n! permuta-
tions of x—each with probability 1/n!. A direct calculation gives
&X = xXe where X = n”'L}x,. The distribution of X is permutation
invariant, which implies that Cov X has the form 024 where aq;, = 1
and a;; = p for i # j where —1/(n — 1) < p < 1. Since var(e’X) = 0,
we see that p = —1/(n — 1). Thus ¢? = var(X;) = n~'[Z}(x, — X)?]
where X, is the first coordinate of X.

Setting D = —1, 6X = —6X so 6X =0. For i = j, coWX,, X;) =
co(—X;, X;} = —coWX,, X;} so X; and X; are uncorrelated. The first
equality is obtained by choosing D with d;; = —1 and d,; = 1 in the
relation £(X) = £(DX).

This is a direct calculation.

It suffices to verify the equality for 4 = x0O y as both sides of the
equality are linear in 4. For 4 = xO y, (4, 2) = (x, 2y) and (u, 4Ap)
= (p, x)(1, y), so the equality is obvious.

To say Cov(X)=1,® 2 is to say that cov{(tr AX’),(tr BX")} =
tr AZB’. To show rows 1 and 2 are uncorrelated, pick 4 = g0’ and
B = &,u’ where u, v € R?. Let X] and X} be the first two rows of X.
Then trAX' =v'X,, trBX' = u’X,, and tr ASB = 0. The desired
equality is established by first showing that it is valid for 4 = xy’,
X, y € R", and using linearity. When 4 = xy’, a useful equality is
X'AX = L,X;x;y;X; X; where the rows of X are Xj,..., X].

The equation I'AT” = A4 for I' € 0, implies that 4 = cl, for some c.
Cov((I' ® I)X) = Cov(X) implies Cov(X)=1® = for some 3.
Cov((I ® ) X) = Cov(X) then implies ¢ =y’ = =, which necessitates
2 =cl for some ¢ > 0. Part (ii) is immediate since I' ® y is an
orthogonal transformation on (E(V, W),{ -, -)).
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This problem is a nasty calculation intended to inspire an appreciation
for the equation Cov(X) =1, ® 2.

Since £(X) = £(=X), 56X = 0. Also, £(X) = £(T'X) implies Cov( X)
= ¢l for some ¢ > 0. But ||X||> =1 implies ¢ = 1/n. Best affine
predictor of X, given X is 0. I would predict X, by saying that X, is
V1 — X’X with probability 1 and X, is — V1 — X’X with probability 1.
This is just the definition of O.

For (i), just calculate. For (ii), Cov(S) = 21, ® I, by Proposition 2.23.

The coordinate inner product on R? is not the inner product { - , -) on
S,.

CHAPTER 3

2.

Since var(X,) = var(Y,) = 1 and co® X,, Y;} = p, |p| < 1. Form Z =
(XY)—an n X 2 matrix. Then Cov(Z) = I, ® A where

(5 1)

When |p] < 1, A4 is positive definite, so I, ® A is positive definite.
Conditioning on Y, £(X|Y) = N(pY,(1 — p*)I,), so (Q(Y)X|Y) =
N, (1 — p*)Q(Y)) as Q(Y)Y = 0 and Q(Y) is an orthogonal projec-
tion. Now, apply Proposition 3.8 for Y fixed to get (W)= (1 —
PZ)sz—l-

Just do the calculations.

Since p(x) is zero in the second and fourth quadrants, X cannot be
normal. Just find the marginal density of X, to show that X is normal.
Write U in the form X’4X where 4 is symmetric. Then apply Proposi-
tions 3.8 and 3.11.

Note that Cov(X0O X) = 21 ® I by Proposition 2.23. Since (X, 4X)
= (X0 X, A), and similarly for (X, BX), 0 = cov{(X, 4X),
(X,BX)} = coW(XO X, 4),(XO X, B)y=(A,2(I ® I)B) = 2tr AB.
Thus 0 = tr A'/2BA'/? so A'/*BA'/* = 0, which shows A'/2B'/? = (
and hence AB = 0.

Since &[exp(itW))] = exp{itp; — o|t]l, &lexp(itZa;W))] = explitZa;p,
— (Zlaj|o))it]], so £(Za;W,) = C(Za,p, Z|a;|0;). Part (ii) is immediate
from (i).

For (i), use the independence of R and Z, to compute as follows:
P(U < u) = P(Zy < u/R) = [PP(Z, < u/0)G(dt) = [£P(u/t)
G(dt) where @ is the distribution function of Z,. Now, differentiate.
Part (ii) is clear.



CHAPTER 4 477

9.

10.

11.

12.

13.

Let B, be the sub o-algebra induced by 7,(X) = X, and let B, be the
sub o-algebra induced by T,(X) = X;X,. Since B, € B,, for any
bounded function f(X), we have &(f(X)|B,) = &(&(f(X)|B)|B,).
But for f(X) = h( X, X,), the conditional expectation given %, can be
computed via the conditional distribution of X} X, given X,, which is

(3.3) L(X;X,|X,) = N(XﬁXzzz_zlzzl, XX, ® 211~2)-

Hence &(h(X5X)D,) is P, measurable, so &(h(X;X,)|B,) =
&b(h(X;X,)|%,). This implies that the conditional distribution (3.3)
serves as a version of the conditional distribution of X} X, given X X,.
Show that 77T, : R" » R" is an orthogonal transformation so /(C)
= I((T~'T,)(C)). Setting B = T,(C), we have »,(B)=»,(B) for
Borel B.

The measures », and », are equal up to a constant so all that needs to
be calculated is »,(C)/»,(C) for some set C with 0 < »,(C) < + o0.
Do the calculation for C = {v|[v, v] < 1}.

The inner product ( -, -) on Sp is not the coordinate inner product.
The “Lebesgue measure” on (Sp, { -, +)) given by our construction is
not /(dS) = I1,;ds,;, but is »,(dS) = (V2)?=V(ds).

Any matrix M of the form

b - b

can be written as M = a[(p — 1)b + 1]4 + a(1 — b)(I — A). This is
a spectral decomposition for M so M has eigenvalues a((p — 1)b + 1)
and a(1 — b) (of multiplicity p — 1). Setting « = a[(p — 1)b + 1] and
B = a(l — b) solves (i). Clearly, M~! = a='4 + B~'(I — A) whenever
a and B are not zero. To do part (ii), use the parameterization (u, a, 8)
given above (a = 6% and b = p). Then use the factorization criterion
on the likelihood function.

CHAPTER 4

1.

Part (i) is clear since ZB = YXB;z; for B € RX. For (ii), use the singular
value decomposition to write Z = X\, x;u, where r is the rank of Z,

{x,..., x,} is an orthonormal set in R", {u,,..., u,} is an orthonormal
set in R, M = span(x,,..., x,}, and N(Z) = (span{u,..., u,))"*.



478

COMMENTS ON SELECTED PROBLEMS

Thus (Z'Z)"= Z{A;?u;u and a direct calculation shows that
Z2(2'Z)" Z' = ¥Ix,x!, which is the orthogonal projection onto M.
Since £(X;) = £(B + ¢;) where &be; = 0 and var(e,) = 1, it follows
that £(X) = £(Be + ¢) where e = 0 and Cov(e) = I,. A direct ap-
plication of least-squares yields 8 = X for this linear model. For (iii),
since the same S is added to each coordinate of ¢, the vector of ordered
X’s has the same distribution as the Be + » where » is the vector of
ordered &’s. Thus £(U) = £(Be + ») so &U = Be + a, and Cov(U) =
Cov(») = X,. Hence £(U — ay) = £(Be + (v — a,)). Based on this
model, the Gauss—Markov estimator for 8 is 8 = (e'Ly'e) 'S5 (U
— a,). Since X = (1/n)e’(U — a,) (show e’a, = 0 using the symme-
try of f), it follows from the Gauss—Markov Theorem that var( B) <
var(f3).

That M — w = M N ' is clear since w € M. The condition (P,, —
P)? = P, — P, follows from observing that P, P, =P P, = P,.
Thus P,, — P, is an orthogonal projection onto its range. That } (P,,
— P ) = M — wis easily verified by writing x € Vasx = x; + x, +
x; where x, € w, x, € M — w, and x; € M+ . Then (Py, — P )(x, +
X, + X3) = x, + x, — x, = x,. Writing P,, = P,, — P, + P, and not-
ing that (P,, — P, )P, = 0 yields the final identity.

That R (4) = M, is clear. To show R (B,) = M, — M,), first consider
the transformation C defined by (Cy),; =y, i=1,...,Lj=1,...,J.
Then C? = C = C’, and clearly, }(C) C M,. But if y € M,, then
Cy = y so C is the orthogonal projection onto M,. From Problem 3
(with M = M, and w = M,)), we see that C — A4, is the orthogonal
projection onto M; — M,. But ((C — 4,)y);; = y;.— y.., which is just
(B,y),;- Thus B, = C — 4, so R(B,) =M, — M,. A similar argu-
ment shows R.(B,) = M, — M,,. For (ii), use the fact that 4, + B, +
B, + B, is the identity and the four orthogonal projections are per-
pendicular to each other. For (iii), first observe that M = M, + M,
and M, N M, = M,. If p has the assumed representation, let » be the
vector with »;; = a + B; and let £ be the vector with §; ; =7,- Then
veM, and §€EM, so p=v+ §E€ M, + M,.. Conversely, suppose
pEM,® (M — M) (M, — My)—say p=98 +»+ £ Since § €
M,,8;; =& foralli, j,soseta = §..Sincev € M, — My, v, — v, =0
for all j, k for each fixed i and #..= 0. Take j = 1 and set B; = ;.
Then »;; = B; for j=1,...,J and, since 7.= 0, 2B, = 0. Similarly,
setting v; = §,, £ij =Y, for all i, j and since £.= 0, Zy; = 0. Thus
pi; = a+ B; + v; where 2B, = Zy; = 0.

With n = dim V, the density of Y is (up to constants) f(y|u, 02) =
o~ "exp[—(1/2062)||y — p||*]. Using the results and notation Problem
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3, write V=w®(M-—w)®M* so (M- w)®M*=w'. Under
H,, p € wso fi, = P,y is the maximum likelihood estimator of u and

(4.4) f(ylno, 0%) = o‘"exp[— ﬁanynz]

where @, = I — P,. Maximizing (4.4) over o2 yields oo =n"Y0.y%
A similar analy51s under H, shows that the maximum likelihood
estimator of p is fi, = PMy and 62 = n1|Qy||? is the maximum
likelihood estimator of o2. Thus the likelihood ratio test rejects for
small values of the ratio

=

f(Mio,63) _ 65" _ (HQMyn2)"”
2 n
0,

A(y) = =
)=S0, e 10112

) o

But Q, = Qy + Py_, and 0Py, =0, 50 [[Q,yI> = 1@y > +
||Py_. Y |I%. But rejecting for small values of A(y) is equivalent to
rejecting for large values of (A(»))~%" — 1 =||Py_ yII2/Qum)I>
Under Hy, p € w so £(Py_,Y)= N(,0?P,,_,) and £(Q,Y)=
N(0, 02Q,,). Since Q) Py,_, =0, Q)Y and P,,__Y are independent
and L(||Py_.Y|) = 02x? where r = dim M — dim w. Also,
LUQMYI?) = 02x2_, where k = dim M.

6. We use the notation of Problems 4 and 5. In the parameterization
described in (iii) of Problem 4, 8, = B, = --- = B, iff p € M,. Thus
w=M,s0M — &= M, — M,. Since M* is the range of B, (Problem
1.15), IIB3}’H2 = 1| »|I%, and it is clear that || By y||*> = £X(y,; ~ J; —
yj+y) Also, since M—w—M,—Mo, P,_. ——PM Py, and
IIP)M oI = 1Py YII> = 1Py VI = TE, 52 — ZZ 2 =JE(F,. —
y

7. Since R (X)) = R(X’X) and X’y is in the range of X’, there exists a
b € R¥ such that X’Xb = X’y. Now, suppose that b is any solution.
First note that P, X = X since each column of X is in M. Since
X'Xb = X'y, we have X'[Xb— Py, yl=X'Xb— X'P,y=XXb—
(PyX)y=X'Xb— X'y = 0. Thus the vector v = Xb — P,y is per-
pendicular to each column of X (X'v = 0) sov € M*. But Xb € M,
and obviously, P,y € M, sov € M. Hence v = 0, s0 Xb = Py, y.

8. Since I € vy, Gauss—Markov and least-squares agree iff
(4.5) (aP,+ BQ, )M c M, foralla, B> 0.

But (4.5) is equivalent to the two conditions P,M C M and Q,M C M.
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But if e € M, then M = span{e) ® M, where M, C (span{e})*. Thus
P.M = span{e) C M and Q,M = M, C M, so Gauss—-Markov equals
least-squares. If e € M+, then M C {spane)*, so P,M = (0} and
0.M = M, so again Gauss—Markov equals least-squares. For (ii), if
e ¢ M* and e ¢ M, then one of the two conditions P,M C M or
Q.M c M is violated, so least-squares and Gauss—Markov cannot
agree for all a and B. For (ii), since M C (span{e})* and M =
(span{e})*, we can write R" = span{e}® M & M, where M, =
(span{e})* —M and M, = {0). Let P, be the orthogonal projection
onto M,. Then the exponent in the density for Y is (ignoring the
factor —3) (y —p) (a7, + B7'Q)(y — 1) = (P,y + Py +
PM(y - p‘))l(a_lpe + B_lQe)(Pey + Ply + PM(y - I"‘)) = a_ly,Pey
+B87y'P,y + B~ (y — p)YPy(y — p) where we have used the fact
that Q, = P, + P,, and P,P,, = 0. Since det(aP, + BQ,) = af"" !,
the usual arguments yields g = P,y, @ =y'P,y, and B=(n-
1)"!y’P,y as maximum likelihood estimators. When M = span{e),
then the maximum likelihood estimators for (a, ) do not exist—other
than the solution i = P,y and & = 0 (which is outside the parameter
space). The whole point is that when e € M, you must have replica-
tions to estimate a when the covariance structure is aP, + BQ,.
Define the inner product (-, ) on R" by (x, y) = x’L; 'y. In the inner
product space (R", (-, +)), &Y = XB and Cov(Y) = ¢?I. The transfor-
mation P defined by the matrix X(X'E; 'X)"'X’Z; ! satisfies P* = P
and is self-adjoint in (R",(-, -)). Thus P is an orthogonal projection
onto its range, which is easily shown to be the column space of X. The
Gauss—Markov Theorem implies that i = PY as claimed. Since p =
XB, X'n=X'XB so B =(X'X) 'X'u. Hence B = (X’X)"'X’ji, which
is just the expression given.
For (i), each T € O(V) is nonsingular so I'(M) C M is equivalent to
I'(M)= M—hence T"'(M)= M and T'~! = I". Parts (ii) and (iii)
are easy. To verify (iv), ¢,(cT'Y + xy) = Py, (cT'Y + x4) = cP, I'Y +
xq = cI'Py, Y + x4 = cI'ty(Y) + x,. The identity P,,I' = I'Py, for ' €
0, (V) was used to obtain the third equality. For (v), first set I' = I
and x, = — P,y to obtain

(4.6) 1(y) =t(Quy) + Pyy.

Then to calculate ¢, we need only know ¢ for vectors u € M* as
Qyy € M* . Fix u € M* and let z = t(u) so z € M by assumption.
Then there exists a I' € 0,,(V) such that I'u = 4 and Iz = —z. For
this ', we have z = t(u) = t(Tu) = T't(u) = I'z = —zsoz = 0. Hence
t(u) = 0 for all u € M* and the result follows.
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Part (i) follows by showing directly that the regression subspace M is
invariant under each I, ® A. For (ii), an element of M has the form
p={ZB,, Z,B,) € £, , for some B, € R* and B, € R*. To obtain an
example where M is not invariant under all I, ® =, take k = 1,
Z =¢,and Z, = g, 5o p is

0 0
That the set of such p’s is not invariant under all I, ® 2 is easily
verified. When Z, = Z,, then p = Z,B where B is k X 2 with ith
column B,, i = 1,2. Thus Example 4.4 applies. For (iii), first observe
that Z, and Z, have the same column space (when they are of full
rank) iff Z, = Z,C where C is k X k and nonsingular. Now, apply part

(ii) with B, replaced by CB,, so M is the set of pu’s of the form p = Z,B
where B € £, ,.

CHAPTER 5

L.

w kv

Let ay,..., a, be the columns of 4 and apply Gram—-Schmidt to these

vectors in the order a ps dp_15-- -5 a;. NOw argue as in Proposition 5.2.

Follows easily from the uniqueness of F(S).

Just modify the proof of Proposition 5.4.

Apply Proposition 5.7

That F is one-to-one and onto follows from Proposition 5.2. Given

Ael) ,FY(A)€F, , X G is the pair (¢, U) where 4 = U. For

(u), F(r\]/, ur’) = I‘prT’ = (I‘ @ TYYU)= (T ® TYF(Y,U)). If
F~'(4) = (¢, U), then 4 = YU and ¢ and U are unique. Then (I' ®

T)A =TAT =TYUT' and Ty € §, , and UT’ € G{;. Uniqueness

implies that F~(TyUT") = (T'y, UT’)

When D,(x,) exists, it is the unique n X n matrix that satisfies

(5.3) lim llg(x) — g(x,) — Dg('xO)('x = Xo)I -0

x—xq “x - xo”

But by assumption, (5.3) is satisfied by 4 (for D,(x,)). By definition
J(xg) = det(Dy(%,)).
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With ¢;; denoting the ith diagonal element of T, the set {T'|¢;; > 0} is
open since the function 7 — 1, is continuous on ¥ to R'. But G} =
N {{T|t;; > 0), which is open. That g has the given representation is
just a matter of doing a little algebra. To establish the fact that
lim, _ (|R(x)||/|Ix|)) = 0, we are free to use any norm we want on V
and 8 (all norms defined by inner products define the same topology).
Usmg the trace inner product on ¥V and §;, ||R(x)|? = [|xx||> =
tr xx’xx’ and ||x||*> = trxx’, x € V. But for S> 0, trS? < (trS)? so
R()I/Nx]| < trxx’, Wthh converges to zero as x — 0. For (iii), write
S = L(x), string the S coordinates out as a column vector in the order
$115 5215 S225 S315 S335 §33,..., and string the x coordinates out in the
same order. Then the matrix of L is lower triangular and its determi-
nant is easily computed by induction. Part (iv) is immediate from
Problem 6.

Just write out the equations SS~! = I in terms of the blocks and solve.

That P2 = P is easily checked. Also, some algebra and Problem 8
show that (Pu, v) = (u, Pv) so P is self-adjoint in the inner product
(-, -). Thus P is an orthogonal projection on (R?,(-, -)). Obviously,

R(P)={x|x=()2)),z=0}.

Since

Px = ()’ - 21222—212)’
0

IPx|[2 = (Px, Px) = (y - 262252‘2)'2—1(y - 2(1)225212)

= ()’ - 21222_212)'2”()’ - E1222_212)-

A similar calculation yields |[(I — P)x||> = z'=5,'z. For (iii), the expo-
nent in the density of X is — 1(x, x) = — ||Px||> — }|[(I — P)x|>.
Marginally, Z is N(0, £,,), so the exponent in Z’s density is — 3||({ —
P)x||%. Thus dividing shows that the exponent in the conditional
density of Y given Z is — 1||Px||?, which corresponds to a normal
distribution with mean =,25,'Z and covariance (') ! =3, —
2,352,

On G7, for j <i, t;; ranges from —oo to +oo and each integral
contributes y27 —there are p(p — 1)/2 of these. For j = i, t;, ranges
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from 0 to co and the change of variable u,; = t2/2 shows that the

integral over 7, is (V2) "'"'T'((r — i + 1)/2). Hence the integral is
equal to

P (r—i+1
,,(p(p~1))/42<p(p—1))/421/22(r—t—1)nr(____2_____),
1

which is just 277¢(r, p).

CHAPTER 6

1. Each g€ GI(V) maps a linearly independent set into a linearly
independent set. Thus g(M) C M implies g(M) = M as g(M) and M
have the same dimension. That G(M) is a group is clear. For (ii),

gu  8uz\(y
e q
(821 gzz)(O) €M fory € R

iff g,,y = 0 for y € R iff g,, = 0. But
( g 8 )
U
is nonsingular iff both g,, and g,, are nonsingular. That G, and G, are

subgroups of G(M) is obvious. To show G, is normal, consider & € G,
and g € G(M). Then

ghg—l=(g“ 312) hy o hp\[gn' —gn'gngn'
0 8»)\0 1, 0 82_21

has its 2,2 element ], so is in G,. For (iv), that G, N G, = (I} is clear.
Each g € G can be written as

_[&n 82\ I, 0 \/8un 8n
g 0 gy 0 gn/\0 L )
which has the form g = hk with h € G, and k € G,. The representa-
tion is unique as G, N G, = {I). Also, g8, = hk,h,k, =
hih,h3 'k h,k, = hyk, by the uniqueness of the representation.

2. G(M) does not act transitively on ¥ — {0} since the vector (), y = 0
remains in M under the action of each g € G. To show G(M) is
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transitive on ¥V N M¢, consider

x=(2) -2

i

with z;, = 0 and z, = 0. It is easy to argue there is a g € G(M) such
that gx, = x, (since z; # 0 and z, = 0).

Each n X n matrix T € 0, can be regarded as an n’-dimensional
vector. A sequence {I’;} converges to a point x € R™ iff each element
of T converges to the corresponding element of x. It is clear that the
limit of a sequence of orthogonal matrices is another orthogonal
matrix. To show O, is a topological group, it must be shown that the
map (T, ¢) = I'Y’ is continuous from O, X O, to O,—this is routine.
To show x(I') = 1 for all T, first observe that H = {x(I'))[ € 0,}is a
subgroup of the multiplicative group (0, 00) and H is compact as it is
the continuous image of a compact set. Suppose r € H and r = 1.
Then r/ € H for j=1,2,... as H is a group, but {r/} has no
convergent subsequence— this contradicts the compactness of H. Hence
r=1

Set x = e* and ¢(u) = log x(e*), u € R'. Then &(u, + u,) = &(u)) +
¢(u,) so ¢ is a continuous homomorphism on R' to R'. It must be
shown that £(u) = vu for some fixed real ». This follows from the
solution to Problem 6 below in the special case that V' = R!.

This problem is easy, but the result is worth noting.

Part (i) is easy and for part (ii), all that needs to be shown is that ¢ is
linear. First observe that

(6.6) ¢(v, +vy) = ‘i’(vl) + ¢(Uz)

so it remains to verify that ¢(Av) = A¢(v) for A € R'. (6.6) implies
¢(0) = 0 and ¢(nv) = n¢(v) for n = 1,2,.... Also, ¢(—v) = —¢(v)
follows from (6.6). Setting w = nv and dividing by n, we have ¢(w/n)
= (1/n)p(w) for n=1,2,.... Now ¢((m/n)v)=mo¢((1/n)v) =
(m/n)¢(v) and by continuity, ¢(Av) = A¢p(v) for A > 0. The rest is
easy.

Not hard with the outline given.

By the spectral theorem, every rank r orthogonal projection can be
written I'x,I"” for some I' € 0,. Hence transitivity holds. The equation
Ix I’ = x, holds for I € O, iff I' has the form

r__ I‘ll O E@
1o T, n
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and this gives the isotropy subgroup of x,. For I' € 0,, I'x,I" =
I'x,(I'x,) and I'x, has the form (0) where ¢ : n X r has columns that
are the first  columns of I'. Thus I'x,I'" = yy’. Part (ii) follows by
observing that ¢ = ¢,¢5 if ¢, = ¢, A for some A € 0,.

The only difficulty here is (iii). The problem is to show that the only
continuous homomorphisms x on G, to (o0, 00) are #,, for some real a.
Consider the subgroups G; and G, of G, given by

6, = (1,,_l o)x,ER,_,}’ GF{(I,,‘I 0)
x 1 0 u

The group G, is isomorphic to R?~! so the only homomorphisms are
x — exp[Zf~'a,x,] and G, is isomorphic to (0, oo) so the only homo-
morphisms are u = u* for some real a. For k € G,, write

k=(1p—l 0)=(Ip—1 0)(117—1 0)
X u x 1 0 u

so x(k) = exp[Za;x;]u®. Now, use the condition x(k k,) = x(k,)-
x(k,) to conclude a; =a, = --- =a,_; =0 so x has the claimed
form.

Use (6.4) to conclude that

ve (0.0))

p
I,=27(/27) " o(n, p) [ nU,-%H"—fexp[—%zz U;] au
Gy 1

iy

and then use Problem 5.10 to evaluate the integral over G;;. You will
find that, for 2y + n > p — 1, the integral is finite and is I =
V27)"Pw(n, p)/wy +n,p). If 2y + n<p — 1, the integral di-
verges.

Examples 6.14 and 6.17 give A, for G(M) and all the continuous
homomorphisms for G(M). Pick x, € R? N M* to be

= ()

where zy = (1,0,...,0), z, € R". Then H, consists of those g’s with
the first column of g,, being 0 and the first column of g,, being z,. To
apply Theorem 6.3, all that remains is to calculate the right-hand
modulus of Hy—say A%. This is routine given the calculations of
Examples 6.14 and 6.17. You will find that the only possible multi-
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pliers are x(g) = |81:/|83;] and Lebesgue measure on R? N M€ is the
only (up to a positive constant) invariant measure.

Parts (i), (ii), (iii), and (iv) are routine. For (v), J,(f) = [f(x)u(dx)
and J,(f) = [f(77'(»))»(dy) are both invariant integrals on F(°X).
By Theorem 6.3, J, = kJ, for some constant k. To find k, take

f(x) = (V27 ) "s"(x)exp[ — 1x'x] so J,(f) = 1. Since s(”'(y)) = v
fory = (u, v, w),

L(f) = (22) " [ expl 47 ~ fmu’] dugp(dw)

_1I(n=1/2) 1
m) K

N

For (vi), the expected value of any function of X and s(x), say
q(x, s(x)) is

6q(%,s(x)) = [a(%, s(x))/(x)s"(x)n(dx)

= qu(u, 0)f(7 (u,v,w))o" du%v(dw)

=kf¢1(u,v)vn_2h(v—2 n(u— )"

+ ————— | dudv.
o? o? o2 )

Thus the joint density of X and s(x) is

kv"_zh(u_2 4 n(u—8)°

p(u,0) = — > > ) (with respect to du dv).
o o o

We need to show that, with Y(X) = X/|| X||, P{|X||€ B,Y € C} =
P{|X|| € B}P{Y € C). If P{|X|| € B)=0, the above is obvious. If
not, set »(C) = P(Y € C,|| X|| € B)/P{|X|| € B} so v is a probability
measure on the Borel sets of {y|||y|| = 1} € R". But the relation
¢(I'x) = I'p(x) and the O, invariance of £(X) implies that » is an
0,-invariant probability measure and hence is unique —(for all Borel
B)—namely, » is uniform probability measure on { y|||y|| = 1).

Each x € % can be uniquely written as gy with g € ¥, and y € ¥ (of
course, y is the order statistic of x). Define &, acting on &, X Y by
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g(P, y) = (gP, ). Then ¢~ '(gx) = g¢~'(x). Since P(gx) = gP(x),
the argument used in Problem 13 shows that P(X) and Y(X) are
independent and P(X) is uniform on 9.

CHAPTER 7

1. Apply Propositions 7.5 and 7.6.

2. Write X = yU as in Proposition 7.3 so ¥ and U are independent. Then
P(X) = ¢y’ and S(X) = U'U and the independence is obvious.

3. First, write Q in the form

(L0
Q-M(o O)M

where M is n X n and nonsingular. Since M is nonsingular, it suffices
to show that (M~ '(4))¢ has measure zero. Write x = (¥) where X is
r X p. It then suffices to show that B¢ = (x|x € £, , rank(x) = p)*
has measure zero. For this, use the argument given in Proposition 7.1.

4. That the ¢’s are the only equivariant functions follows as in Example
7.6.

5. Part (i) is obvious. For (ii), just observe that knowledge of F, allows
you to write down the order statistic and conversely.

6. Parts (i) and (ii)) are clear. For (iii), write x = Px + Ox. If ¢ is
equivariant #(x + y) = t(x) + y, y € M. This implies that #(Qx) =
t(x) + Px (pick y = Px). Thus t(x) = Px + t(Qx). Since Q = I — P,
Ox € M* ,s0 BQx = Qx for any B with (B, y) € G. Since t(Qx) € M,
pick B such that Bx = —x for x € M. The equivariance of ¢ then gives
t(Qx) = t(BQx) = Bt(Qx) = —t(Qx), so t(Qx) = 0.

7. Part (i) is routine as is the first part of (ii) (use Problem 6). An
equivariant estimator of o2 must satisfy #(al'x + b) = a?#(x). G acts
transitively on % and G acts transitively on (0, c0) (% for this case) so
Proposition 7.8 and the argument given in Example 7.6 apply.

8. When X € X with density f(x'x), then ¥ = XZ/2 = (I, ® /%)X
has density f(=~!/2x’xZ7'/?) since dx/|x'x|"/? is invariant under
x = xA for A € Gl,. Also, when X has density f, then £((I" ® A) X)
=L(X)forallT € 0, and A € 0,. This implies (see Proposition 2.19)
that Cov(X) = I, ® I, for some ¢ > 0. Hence Cov((, ® 2'/?)X) =
cI, ® =. Part (ii) is clear and (iii) follows from Proposition 7.8 and
Example 7.6. For (iv), the definition of C, and the assumption on f
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imply f(T'C,I) = f(C,I'T) = f(C,) for each T’ € (‘)P. The uniqueness
of C, implies G, = al, for some a > 0. Thus the maximum likelihood
estimator of Z must be a X’ X (see Proposition 7.12 and Example 7.10).
If £(X)= P,, then £(|X]|]) is the same whenever £(X) € (P|P =
gP,, g € O(V)) since x — ||x|| is a maximal invariant under the action
of (V) on V. For (ii), £(| X||) depends on u through ||u]|.

Write V=0 & (M — ) ® M*. Remove a set of Lebesgue measure
zero from V and show the F ratio is a maximal invariant under the
group action x = al'’x + b where a > 0, b € w, and T’ € O(V) satis-
fies '(w)C w, '(M — w) € (M — w). The group action on the
parameter (p,02) is p = alp + b and 62 - a’s%. A maximal in-
variant parameter is || P,,_u||%/02, which is zero when p € w.

The statistic V' is invariant under x; = Ax; + b, i = 1,..., n, where
b€ R? A€ Gl, and det A = 1. The model is invariant under this
group action where the induced group action on (g, 2)isp — Au + b
and 2 — A3 A4’. A direct calculation shows 8 = det(Z) is a maximal
invariant under the group action. Hence the distribution of V" depends
on (p, =) only through 6.

For (i), if h € G and B € B, (hP)(B) = P(h™'B) = [;(g0)(h™'B)
1(dg)=/c0(g~'h™'B)u(dg)=[;0((hg)™ 'B)n(dg)=[Q(g™ 'B)p(dg)=
P(B), so hP = P for h € G and P is G invariant. For (ii), let Q be
the distribution described in Proposition 7.16 (ii), so if £(X) = P,
then £(X)= £(UY) where U is uniform on G and is independent
of Y. Thus for any bounded %®-measurable function f,

J1p@) = [ [1(2)n(dg)0(d) = [ [ 7(gx)n(dg)T (dx).

Set f = I and we have P(B) = [,0(g 'B)u(dg) so (7.1) holds.
For y € ¥ and B € B, define R(B|y) by R(B|y) = [;13(g)n(dg).
For each y, R(-|y) is a probability measure on (%X, %) and for fixed B,

R(B| ) is (%, C) measurable.. For P € ?, (ii) of Proposition 7.16
shows that

(7.2) [rG)p(ax) = [ [ a(2)n(dg)Q(dy).

But by definition of R(+| - ), [ch(g)u(dg) = [xh(x)R(dx|y), so (7.2)
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becomes
[ 1(x)P(x) = [ [ h(x)R(dxly)Q ().

This shows that R(-|y) serves as a version of the conditional distribu-
tion of X given 7(X). Since R does not depend on P € @, 7(X) is
sufficient.

For (i), that ¢(gx) = g o t(x) is clear. Also, X — Xe = Q,X, which is
N(0,Q,) so is ancillary. For (ii), &(f(X)X =1)=&6(f(X, — X
+ X)X =1t)=6(f(e,Z(X) + X)| X = t) since Z(X) has coordinates
X,— X,i=1,...,n. Since Z and X are independent, this last condi-
tional expectation (given X = t) is just the integral over the distribu-
tion of Z with X = 1. But ¢]Z(X) = X; — X is N(0, 82) so the claimed
integral expression holds. When f(x) = 1 for x < u, and 0 otherwise,
the integral is just ®((u, — t)/8) where ® is the normal cumulative
distribution function.

Let B be the set (— oo, uy] so Iz(X)) is an unbiased estimator of
h(a, b) when £(X) = (a, b)P,. Thus h(t(X)) = 5(IB(X1)|t(X)) 1s an
unbiased estimator of h(a, b) based on #(X). To compute h, we
have 6(Iy(X)I(X)) = P(X, < uolt(X)) = P(X, — X)/s < (1o —
X)/s|(s, X)). But (X, — X)/s = Z, is the first coordinate of Z(X) so
is independent of (s, X). Thus A(s, X) = P,{Z, < (uy — X)/s) =
F((uy — X)/s) where F is the distribution function of the first coordi-
nate of Z. To find F, first observe that Z takes values in £ = {x|x €
R", x’e = 0,]|x|| = 1} and the compact group O,(e) acts transitively on
Z. Since Z(T'X)=TZ(X) for T € O,(e), it follows that Z has a
uniform distribution on Z (see the argument in Example 7.19). Let U
be N(0, I,) so Z has the same distribution as Q,U/||QU|| and £(Z,)
= £(£0U/NIQUNIP) = £(Q.eYQU/IQUIP). Since Qe = (n
—1)/n and QU is N(0,Q,), it follows that £(Z,)=EL({((n —
1)/n)'/?W,) where W, = U, /(27 'U?)!/2. The rest is a routine com-
putation.

Part (i) is obvious and (ii) follows from

(73) &(f(X)In(X) = g) = &(f(r(X)(7(X))”'X)7(X) = g)

=&6(f(1(X)Z(X))7(X) = g).

Since Z( X) and 7( X) are independent and 7(X) = g, the last member
of (7.3) is just the expectation over Z of f(gZ). Part (iii) is just an
application and Q, is the uniform distribution on j . For (iv), let B
be a fixed Borel set in R? and consider the parametnc function
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h(Z) = Ps(X, € B) = [Iy(x)(V27)7P|Z|"Zexp[— 1x'= 'x]dx,
where X| is the first row of X. Since 7(X) is a complete sufficient
statistic, the MVUE of A(2) is

(1.4)
fl(T) = 6(13(X1)|"'(X) = T) = P(T('T(X))_lxl € B|T(X) = T}-

But Z] = (7~ (X )X,) is the first row of Z(X) so is independent of
7(X). Hence h(T) = P(Z, € T~'(B)) where P, is the distribution of
Z, when Z has a uniform distribution on ¥, Slnce Z, is the first p
coordinates of a random vector that is un1form on{x|||x|| = 1, x € R"),
it follows that Z, has a density ¥ (||u|?) for u € R? where ¢ is given by

v(v) = {c(l — )" g<p<l
0 otherwise

where ¢ = T'(n/2)/n?/*T((n — p)/2). Therefore h(T) =
JrrLp(Tu)y(ul|*)du = (det T)~furI(u)$(IT~"ul*)du. Now, let B
shrink to the point u, to get that (det T) " W(IT 'uy)|?) is the MVUE
for (vV2m )77 |2| "/ %exp[ — Jup= ™ "ug).

CHAPTER 8

1.

Make a change of variables to r, x, = s,,/0,, and x, = s,,/0,,, and
then integrate out x, and x,. That p(r|p) has the claimed form follows
by inspection. Karlin’s Lemma (see Appendix) implies that ¥ (pr) has
a monotone likelihood ratio.

Fora=1/2,....,(p = 1)/2, let X,..., X, be iid. N(O, [,) with r =
2a. Then S = X, X has ¢, as its characteristic function. For a > (p —
1)/2, the function p,(s) = k(a)|s|*exp[— 3 trs] is a density with
respect to ds/|s|?* /2 on &, . The characteristic function of p, is ¢,.
To show that ¢,(2A4) is a characteristic function, let S satisfy
&exp(i(4, S)) = ¢,(A4) = |1, — 2i4|*. Then 2'/2SZ"/? has ¢,(24) as
its characteristic function.

£(8) = £(I'ST") implies that 4 = &S satisfies4 = T'AT" forallT' € 0,.
This implies 4 = cI,, for some constant c. Obviously, ¢ = &s,,. For (11)
var(tr DS) = var(Xfd;s;) = Lfd?var(s;) + LX,. d,d,cov(s;, s;).
Noting that £(S§) = £(I'ST") for ' € 0,, and in parucular for permu-
tation matrices, it follows that y = var(sii) does not depend on i and
B = cov(s;;, s;;) does not depend on i and j (i = j). Thus var(D, S) =

i
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YZfd? + BEL,.dd; = (y — B)LPd} + B(Xfd;)>. For (iii), write 4 €
5, as I'DI” so var(A Sy = var(I'DI", §) = var(D, I'"ST) =
var(D SY =(y— B)Lfd? + BZpd)* = (y — B)tr 4> + B(tr4)* =
(Y — B)XA4, A + B{I, A)*. With T = (y — BI,eI,+pI,01, it
follows that var{4, S)= (A4, TA), and since T is self-adjoint, this
implies that Cov(S) = T.
5. Use Proposition 7.6.
. Immediate from Problem 3.

7. For (i), it suffices to show that £((4S4) ™) = W(AAA) L r,v+r
— 1). Since (S~ 1) = W(A~!, p, v + p — 1), Proposition 8.9 implies
that desired result. (ii) follows immediately from (i). For (iii), (i)
implies § = A~'/2SA~'/%is IW(I,, p, v) and £(8) = £(TST") for all
I'€0,. Now, apply Problem 4 to conclude that &8 = cl, where
c= 8s” That ¢ = (v — 2)"! is an easy application of (1) Hence
(»=2)7',=68=A"XES)AT'? 50 &S = (v — 2)7'A. Also,
CovS = (y - B)I,® 1, + BI,01, as in Problem 4. Thus Cov(S) =
(A% ® AV/?)(CovS)A/? ® A‘/Z) =(y—B)A® A+ BAOA. For
(iv), that £(S),) = IW(A,,, ¢, v), take A = (I, 0) in part (i). To show
L(Sp')=W(AL ,r,v+q+r—1), use Proposmon 8.8 on S,
which is W(A~', p,v + p — ).

8. For (i), let p,(x) p,(s) denote the joint density of X and S with respect
to the measure dx ds/|s|(?* /2, Setting T = XS~'/? and V = S, the
joint density of T and V is p,(t'/?)p,(v)|v|”? with respect to
dt dv/|v|(P*V/2—the Jacobian of x — t'/? is |v]|"/?—see Proposition
5.10. Now, integrate out v to get the claimed density. That £(7T') =
£(T'TA’) is clear from the form of the density (also from (ii) below).
Use Proposition 2.19 to show Cov(T') = ¢,I, ® I,. Part (ii) follows by
integrating out v from the conditional density of T to obtain the
marginal density of T as given in (i). For (iii) represent T as: T given V'
is N0, I, ® V') where Vis IW(1,, p, v). Thus T}, given V'is N(0, I, ®
V,1) where V,, is the g X q upper left-hand corner of V. Since
E(Vy) = IW(1,, g, v), the claimed result follows from (ii).

9. With V= 8;'/25,8;!/2 and § = S; !, the conditional distribution of
V given S is W(S, p, m) and £(S) = IW(I,, p, v). Since V is uncon-
ditionally F(m, », 1,), (i) follows. For (i), £(T) = T(v, I,, I,) means
that £(T) = B(XS‘/Z) where £(X)=N(0,1,®I,) and B(S)—
IW(1,, p,v). Thus £(T'T) = E(S‘/ZX’XSVZ) Smce L(X'X)=
W(I,, p,r), (i) follows by definition of F(r,, I,). For (iii), write
F= T’T where £(T)=T(», I, I ), which has the densuy given in (i)
of Problem 8. Since r > p, Proposition 7.6 is directly applicable to
yield the density of F. To establish (iv), first note that £(F) = £(TFI”)
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forall T € (‘)p. Using Example 7.16, F has the same distributions as
YDy’ where ¢ is uniform on 0, and is independent of the diagonal
matrix D whose diagonal elements A, > --- > A are distributed as

the eigenvalues of F. Thus A,,..., A, are distributelzl as the eigenvalues
of S;'S, where S, is w(l,, p, r) and S; ! is IW(1,, p, v). Hence
L(F Y= B(\pD ‘4/) = B(\}/D\{/) where the diagonal “elements of D,
say A,'> > A!, are the eigenvalues of S;'S,. Since S, is
w(l, p, v + D - l), it follows that Dy’ has the same distribution as
an F(V +p— 1, r—p+1,1,) matrix by just repeating the orthogo-
nal invariance argument given above. (v) is established by writing
F = T'T as in (ii) and partitioning Tas T, : r X gand T,: r X (p — q)
)

. ( TT, T.'Tz).

T, TT,

Since £(T,) = T(», I,, I,) and F,, = T|T), (ii) implies that £(F};) =
F(r,», I,). (vi) can be established by deriving the density of XS~ D¢
directly and using (iii), but an alternative argument is more instructive.
First, apply Proposition 7.4 to X’ and write X = V''/%)’ where V € §*,
V=XX is W(I,r,p) and is independent of ¢: p X r, which
is uniform on J .. ,- Then XS™'X' = V'2W~'V'/? where W =
(¢S~ %)~ ! and is independent of V. Proposition 8.1 implies that
W)= W(,,r,m—p+r).Thus C(W )=IW{,,r,m—p+1).
Now, use the orthogonal invariance of the distribution of XS~'X’ to
conclude that £( XS~ 'X") = £(I'DI") where T and D are independent,
T is uniform on 0,, and the diagonal elements of D are distributed as
the ordered eigenvalues of W~ !V. As in the proof of (iv), conclude that
R(I'DTY=F(p,m—p+ 1,1).

The function § = §'Zon §; to &, satisfies (TST")"/* = TS'/?I" for
r'e0, With B(S,,S;)= (S + Sz) 1728,(8, + $,) 12, it follows
that B(TS,I[, TS,I") = TB(S,, S,)I". Since £(I'S,I'") = £(S,),i = 1,2
and S, and S, are independent, the above implies that £(B) = £(I'BI")
for T € 0,. The rest of (i) is clear from Example 7.16. For (ii), let
B, = SI‘/Z(Sl +8,)7',/% so £(B,)=E£(IBI) for T €0,. Thus
£(B,) = L(yDY’) where ¥ and D are independent, y is uniform on 0,.
Also, the diagonal elements of D, say A, > --- > A, > 0, are distrib-
uted as the ordered eigenvalues of S,(S;, + S,)”' so B, is
B(m,, m,, I). (iii) is easy using (i) and (ii) and the fact that F(I +
F)~! is symmetric. For (iv), let B = X(S + X’X)"'X’ and observe
that £(B)=R(IBI"), T €0,. Since m>p, S™' exists so B =
XS“/Z(IP + §~12x'xS~1/2)718~1/2X" Hence T = XS~ /2 is T(m
—p+ 1,1, ). Thus £(B) = £(yDy’) where y is uniform on 0, and
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is independent of D. The diagonal elements of D, say A,..., A,, are
the eigenvalues of T(1, + T'T)"~ IT". These are the same as the eigen-
values of TT'(I, + T T’) ! (use the singular value decomposmon for
T). But R(TT) = L(XS™'X")= F(p,m — p + 1, 1,) by Problem 9
(vi). Now use (iii) above and the orthogonal invariance of £(B). (v) is
trivial.
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Let B have rows »1,..., 7, and form X in the usual way (see Example
4.3) so &X = ZB with an appropriate Z:n X k. Let R:1 X k have
entries a,,..., a,. Then RB = Lfa,u; and H, holds iff RB = 0. Now
apply the results in Section 9.1.
For (i), just do the algebra. For (ii), apply (i) with §; = (Y — XBy(Y
— XB) and S, = (X(B — B)Y(X(B — B)), s0 ¢(S,) < ¢(S, + Sz) for
every B. Since 4 > 0, tr A(S, + S,) = tr AS, + tr A4S, > tr AS, since
tr A4S, > 0 as S, > 0. To show det(4 + §) is nondecreasing in S >0,
First note that{d + S, < 4 + S; + S, in the sense of positive definite-
ness as S, > 0. Thus the ordered eigenvalues of (4 + S, + S,), say
Apeeos Ay, satisfty A, >p,, i=1,...,p, where py,..., pn, are the
ordered eigenvalues of 4 + S,. Thusdet(4 + S, + S,) > det(4 + ).
This same argument solves (iv).
Since £ (Ey’4’) = £(EA’) for ¢ € 0, the distribution of EA’ depends
only on a maximal invariant under the action 4 —> Ay of ¢ on G/,.
This maximal invariant is AA4’. (ii) is clear and (iii) follows since the
reduction to canonical form is achieved via an orthogonal transforma-
tion ¥ = T'Y where T € O,. Thus ¥ = I'n + TEA". T is chosen so T'u
has the claimed form and H, is B, = 0. Setting E = TE, the model has
the claimed form and £(E) = £(E) by assumption. The arguments
given in Section 9.1 show that the testing problem is invariant and a
maximal invariant is the vector of the ¢ largest eigenvalues of
Y,(Y;Y;)"'Y;. Under H,, Y, = E\A’, Y, = E;A’ so Y, (Y3Y;)"'Y| =
E\(E;E;)"'E{ = W. When B(I‘E) =L(E)forall T €0,, write E =
YU according to Proposition 7.3 where ¢ and U are mdependent and ¢
is uniform on &, . Partitioning ¢ as E is partitioned, E, = ¢,U,
= 1,23, 50 W=y U(UY$U) ™ 'UY) = 91 (P3d3) Y0 The rest
is obvious as the distribution of W depends only on the distribution
of Y.
Use the independence of Y; and Y; and the fact that &(Y;Y;) ! = (m
—-p—17I=7L
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Let T’ € O, be given by
- 1 1
F=02) (—1 1)

and set ¥ = YT. Then £(¥)= N(ZBT, I, ® I'ST). Now, let BT
have columns B8, and B,. Then H, is that 8, = 0. Also I"2T is
diagonal with unknown diagonal elements. The results of Section 9.2
apply directly to yield the likelihood ratio test. A standard invariance
argument shows the test is UMP invariant.

For (i), look at the i, j elements of the equation for Y. To show
M, 1 M;, compute as follows: (auj, u;8’) = tr ozuZBu1 uyBuja =0
from the side conditions on a and 8. The remaining relations M, L M,
and M, 1 M, are verified similarly. For (iii) consider (I,, ® A)(puu,u}
+ auy + u ) = pu(Auy) + a(Auy,) + u(ABY = pyuuy + you,
+6u, 8’ € M where the relations Pu, = u, and Q8 = Bwhenu,8 =10
have been used. This shows that M is invariant under each I, ® 4. It
is now readily verified that i = Y., &, = Y Y. and B Y -Y.
For (iv), first note that the subspace w={x|xeEMa= O} defined by
H, is invariant under each I,, ® A. Obviously, w = M, & M;. Con-
sider the group whose elements are g = (¢, I, b) where ¢ is a positive
scalar, b € M, ® M;, and T is an orthogonal transformation with
invariant subspaces M,, M, ® M,;, and M* . The testing problem is
invariant under x — ¢I'x + b and a maximal invariant is W (up to a
set a measure zero). Since W has a noncentral F-distribution, the test
that rejects for large values of W is UMP invariant.

(i) is clear. The column space of W is contained in the column space of
Z and has dimension r. Let x,,..., X,, X, 15 .5 X Xgy1re--» X, DE
an orthonormal basis for R” such that span{x,,..., x,} = column
space of W and span{x,,..., x,} = column space of Z. Also, let
y,, .5, be any orthonormal basis for R”. Then {x,0 y;|i = 1,.
r,j=1,...,p)is a basis for R(Py, ® [ ), which has dimension rp
Obv10usly, R(Py ® 1) C M. Cons1der XEw so x=ZB with
= 0. Thus (Py ® I,)x = Py,ZB = W(W'W)~ 'wzB =
W(W’W) 'R(Z'Z) l(ZZ)B W(W’W) IRB = 0. Thus (P, ®
I):)w, which implies ® (P, ® I,) C w*. Hence R (P, ® I,) C M
ﬁ @t . That dimw = (k — r)p can be shown by a reduction to
canomcal form as was done in Section 9.1. Since w C M, dim{(M — w)
= dim M — dim & = rp, which entails ® (P, ® I,) = M — ». Hence
P, ® I, — Py, ® I, is the orthogonal projection onto .
Use the fact that T'2T is diagonal with diagonal entries a;, a,, a3, a3, a,
(see Proposition 9.13 ff.) so the maximum likelihood estimators «;, a,,
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and a, are easy to find—just transform the data by T. Let D have
diagonal entries &, &,, a3, @, &, so £ =TDT gives the maximum
likelihood estimators of 02, p,, and p,.

Do the problems in the complex domain first to show that if Z,,. .., Z

are i.id. ¢N(0,2H), then H= (1/2n)}:;'Zij’.". But if Z,=U+iV,
and

then H = (1/2n)Z”(U + V)G = iV) = (1/2n)[(S,, + Syp) +
i(S;, — Sl s0 J= {H ) Th1s gives the des1red result.

Write R = M(I, )T where M is r X r of rank r and T € 0,. With
6 = I'p, the null hypothesis is (I, 0)8 = 0. Now, transform the data by
T' and proceed with the analysis as in the first testing problem
considered in Section 9.6.

First write P, = P, + P, where P, is the orthogonal projection onto e
and P, is the orthogonal projection onto (column space of Z) N
{spane)*. Thus P, =P, ® I, + P, ® I,. Also, write A(p) = yP, +
8Q, wherey =1+ (n — 1)p, 8 =1-p, and 0, = I, — P,. The rela-
tions P\P,=0= Q,P, and P,Q,=Q,P,=P, show that M is in-
variant under A(p) ® 2 for each value of p and 2. Write ZB = eb| +
TAz;b! s0 QY is N(T(Q,2))b}, (0, 4(p)Q,) ® =). Now, 0, 4(p)Q, =
8Q| so Q.Y is N(B¥ (Q:2; )b’, 8Q1 ® 2). Also, P,Y is N(eb}, YP, ® Z).
Since hypotheses of the form RB =0 involve only b,,..., bp, an
invariance argument shows that invariant tests of H, will not involve
P,Y—so just ignore P,Y. But the model for Q,Y is of the MANOVA
type; change coordinates so

o- (% g)

Now, the null hypothesis is of the type discussed in Section 9.1.
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Part (i) is clear since the number of nonzero canonical correlations is
always the rank of 2,, in the partitioned covariance of { X, Y. For (ii),
write
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- . 2, 2
Cov(X,Y}=(2121l EZ)

where 2, has rank ¢, and Z,, > 0, =,, > 0. First, consider the case
wheng <r, 2y, =1,2, =1, and

D 0
212=(0 0)
where D > 0 is ¢ X ¢ and diagonal. Set
A=(D]/2):q><t, B=(DI/2):r><t
0 0

so AB’ = Z,. Now, set Ay, =1, — AA", Ay =1, — BB’, and the
problem is solved for this case. The general case is solved by using
Proposition 5.7 to reduce the problem to the case above.

That =, = 8e e} for some § € R is clear, and hence =, has rank
one-hence at most one nonzero canonical correlation. It is the square
root of the largest eigenvalue of 2,'S,35,!'3,, = §22;,'e,e5= 5 ese].
The only nonzero (possibly) eigenvalue is §%12;;'e,e5=5'e,. To de-
scribe canonical coordinates, let

-1/2 -1/2
_ 211/31 _— 222/9'2
I T 17 s-1,2
125 / el 122 / el
and then form orthonormal bases {&,, ©,,..., O, and {W,,..., w,} for

R? and R’. Now, set v, = Z,'/%, w,= 2w, for i=1,..., 4,
Jj=1,...,r. Then verify that X; = v;X and Y, = w/Y form a set of
canonical coordinates for X and Y.

Part (i) follows immediately from Proposition 10.4 and the form of the
covariance for {X, Y}. That 6(B) = tr A(I — Q(B)) is clear and the
minimization of 8( B) follows from Proposition 1.44. To describe B, let
Y : p X thave columns a,,..., a,s0 'y = I, and Q = yy'. Then show
directly that B = ¢/=~'/2 is the minimizer and CBX = ='/2Q=~'/2Xx
is the best predictor. (iii) is an immediate application of (ii).

Part (i) is easy. For (ii), with u; = x; — a,,

A(M, ay) = Xlix; — (P(x; — ag) + a)I* = Lllu; — Pu,l?
1 1

= i”Q“;“z = Xn: tr Quu; = trQiuiu,’- =trS(a,)Q.
1 1 1
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Since S(a,) = S(X) + n(X — ay)(X — a,)’, (ii) follows. (iii) is an ap-
plication of Proposition 1.44.

6. Part (i) follows from the singular value decomposition: For (ii),
{(x€f, Ix=yC,CeL, ,}is a linear subspace of £, , and the
orthogonal projection onto this subspace is (yy’) ® I,. Thus the
closest point to 4 is (Y§") ® I)4 = Yy’4, and the C that achieves

the minimum is C = y’4. For B € ®,, write B = Y C as in (i). Then

4 - B> > lnflanlA yC|? = mfIIA VYA = lnfIIAQII2

The last equality follows as each ¢ determines a Q and conversely.
Since |4Q||? = tr AQ(AQ) = tr AQ?A’ = tr QAA’,

4 — B|? > > inf tr QA4'.

Writing 4 = XfA,u;0] (the singular value decomposition for A), A4’
= Y{A,u;u; is a spectral decomposition for 44’. Using Proposition
1.44, it follows easily that

P
inf trQA4’ = ) N2.
Q k+1

That B achieves the infimum is a routine calculation.
7. From Proposition 10.8, the density of W is

h(w0»=£”m_xwwuV%f00¢4

where p,_, is the density of a noncentral ¢ distribution and f is the
density of a x2_, distribution. For 6 > 0, set v = fu'/? so

0 2
MM®=%Lm4WM4%%M.

Since p,_,(w|v) has a monotone likelihood ratio in w and v and
f(v%/6?) has a monotone likelihood ratio in v and @, Karlin’s Lemma
implies that A(w|@) has a monotone likelihood ratio. For 8 < 0, set
v = fu~'/2, change variables, and use Karlin’s Lemma again. The last
assertion is clear.
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For U, fixed, the conditional distribution of W given U, can be
described as the ratio of two independent random variables—the
numerator has a x2, , distribution (given K) and K is Poisson with
parameter A/2 where A = p*(1 — p?)~'U, and the denominator is
X%_,- Hence, given U, this ratio is ,,,x ,_,_, with K described
above, so the conditional density of W is

ACTR AR WA O 17
k=0

where {(+]A/2) is the Poisson probability function. Integrating out U,
gives the unconditional density of W (at p). Thus it must be shown
that &, ¢(k|A/2) = h(k|p)—this is a calculation. That f(-|p) has a
monotone likelihood ratio is a direct application of Karlin’s Lemma.
Let M be the range of P. Each R € &, can be represented as R = yy’
where Y isn X s, Y’y = I, and Py = 0. In other words, R corresponds
to orthonormal vectors ¢,,. .., ¥, (the columns of ) and these vectors
are in M+ (of course, these vectors are not unique). But given any two
such sets—say ¢,,..., ¥, and §,,..., 8, thereis a I' € O(P) such that
'y, =396, i=1,...,s This shows O(P) is compact and acts transi-
tively on @, so there is a unique O(P) invariant probability distribu-
tion on %. For (iii), AR,A’ has an O(P) invariant distribution on
% —uniqueness does the rest.

For (i), use Proposition 7.3 to write Z = U with probability one
where ¥ and U are independent, ¢ is uniform on @;,n, and U € G}.
Thus with probability one, rank(QZ) = rank(Qvy). Let S > 0 be inde-
pendent of Y with £(S?) = W(I,, p, n) so S has rank p with probabil-
ity one. Thus rank(Qv) = rank(QvyS) with probability one. But 'S is
N(O, I, ® 1,), which implies that Q¢S has rank p. Part (ii) is a direct
application of Problem 9.

That ¢ is uniform follows from the uniformity of I' on 0,. For
(i), B(¢)=£(Z(Z'Z)""/?) and A = (I, 0)y implies that L(y)=
L(X(X'X + Y'Y)™ ). (iii) is immediate from Problem 11, and (iv) is
an application of Proposition 7.6. For (v), it suffices to show that
[f(x)P,(dx) = [f(x)P,(dx) for all bounded measurable f. The invari-
ance of P, implies that for i = 1,2, [f(x)P,(dx)= [f(gx)P,(dx),
g € G. Let v be uniform probability measure on G and integrate the
above to get [f(x)P;(dx) = [([sf(gx)v(dg))P,(dx). But the function
x = [;f(gx)v(dg) is G-invariant and so can be written f(r(x)) as 7is
a maximal invariant. Since P,(7~'(C)) = P,(7~'(C)) for all measur-
able C, we have [k(T(x))P,(dx) = [k(T(x))P,(dx) for all bounded
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measurable k. Putting things together, we have [f(x)P,(dx)=
Jf(r(x))Py(dx) = [f(T(x))Py(dx) = [f(x)Py(dx) so P, =P, Part
(vi) is immediate from (v).

For (i), argue as in Example 4.4:
tr(Z — TB)="Y(Z - TBY
=t(Z - TB+ T(B - B))="(Z - TB + T(B - B))
=tr(QZ + T(B - B))="Y(QZ + T(B - B))
=tr(QZ)="(QZ) + tr T(B - B)="'(B - B)T
> tr(QZ)=~Y(QZ) = tr2’QZs"".

The third equality follows from the relation Q7 = 0 as in the normal
case. Since A is nonincreasing, this shows that for each 2 > 0,

Sl;pf(ZlB, 2) =f(z|B,2)

and it is obvious that f(Z|B, Z) = |Z|”"/?h(tr S~ "). For (ii), first
note that S > 0 with probability one. Then, for S > 0,

sup f(Z|B,Z) = sup f(Z|B,2)
H,UH, 2>0

= sup |Z|""?h(tr S=71)
3>0

= |S|”"/%sup |C|"*h(tr C).
Cc>0

Under H,, we have
supf(Z|B, Z)
Hy
= sup S22 2h(tr 251 + tr 25,1),)

2,;>0,i=1,2

=1Sul7"2ISul™" % sup  |C "R Cyul" PR (e Cyy + tr Cyy).
Cy>0,i=1,2

This latter sup is bounded above by

sup |C|"?h(tr C) = k,
Cc>0
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which is finite by assumption. Hence the likelihood ratio test rejects
for small values of k,|S,,|7"/%|S,,|~"/2|8|"/2, which is equivalent to
rejecting for small values of A(Z). The identity of part (iii) follows
from the equations relating the blocks of = to the blocks of =71,
Partition Binto B,: k X gand B,: k X rso&X = TB, and 6Y = TB,.
Apply the identity with U = X — TB, and V' = Y — TB, to give

f(ZIB,Z) = 2|7 ?|2p.47"?
xh(tr(Y — TB, — (X - TB,)=},'S,,)
XZp (Y - 7B, — (X - TBI)EI—IIEH),
+tr(X — TB,) ' (X - TB,)|.
Using the notation of Section 10.5, write
f(X,Y|B,2) = |2,| "*|Zp.,| 7"
Xh[t(Y = WC)=3' (Y — wCY
+tr(X — TB))=;(X — TB,)'].
Hence the conditional density of Y given X is
A(YIC, By, 24y, 2.4, X)
= 125047 ?h(tx(Y = WC)Z3! (Y = WC) + 1)(n)
where n = tr(X — TB,)Z;,'(X — TB,) and (¢(n)) ' = Je, h(tr uu’ +
n)du. For (iv), argue as in (ii) and use the identities established in
Proposition 10.17. Part (v) is easy, given the results of (iv)—just note
that the sup over 2,; and B, is equal to the sup over n > 0. Part (vi) is

interesting— Proposition 10.13 is not applicable. Fix X, B,, and X,
and note that under H,,, the conditional density of Y is

fz(chz, 2515 Tl)
= 2720 (1(Y — TG) 25 (Y — TG,) + 1) é(n).

This shows that Y has the same distribution (conditionally) as ¥ =
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TC, + EZY? where E € £, has density h(tr EE’ + 1)$(n). Note
that 2(TEA) = £(E) for all T €0, and A €0,. Let t = min(q, r)
and, given any n X n matrix A with real eigenvalues, let A(A4) be the
vector of the ¢ largest eigenvalues of 4. Thus the squares of the sample
canonical correlations are the elements of the vector A(RyR ) where

R, = (QY)Y'QY) " (QY), Ry = OQX(X'QX)™'QX, since

g [X0X xov
_(Y’QX Y’QY)'

(You may want to look at the discussion preceding Proposition 10.5.)
Now, we use Problem 9 and the notation there—P = I — Q. First,
Ry€ %, Ry € P, and O(P) acts transitively on ¥, and F,. Under H,
(and X fixed), £(QY) = £(QEZY?), which implies that £(TR,I") =
£(Ry), T € O(P). Hence Ry is uniform on & for each X. Fix
R, € R, and choose T}, so that I, R,Ij = Ry, Then, for each X,

B(}‘(RYRO)) = B(A(I‘ORYROI‘(;)) = B()\(FORYF(;I‘OROF(;))
= B(A(I‘ORYI‘(;RX) = B(A(RYRX))‘

This shows that for each X, A(RyR ) has the same distribution as
A(RyR,) for R fixed where Ry is uniform on .. Since the distribu-
tion of A(RyR,) does not depend on X and agrees with what we get in
the normal case, the solution is complete.



	CHAPTER 1
	CHAPTER 2
	CHAPTER 3
	CHAPTER 4
	CHAPTER 5
	CHAPTER 6
	CHAPTER 7
	CHAPTER 8
	CHAPTER 9
	CHAPTER 10

