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1. Introduction
Let {RA: X > O} be a family of continuous linear operators on a Banach space
such that
(1)

IRRR + (X - )RxR
~xRA

O}

for

X,

>O.

Suppose that, for some a > 0, aRa is quasi-compact; that is, there exist a positive integer m, a linear D with IIDII < 1, and a compact K such that (CiRa)m =
K + D. Then we shall show that XRx is quasi-compact for all X > 0. (In the
special case where {RA} is the resolvent family of a strongly continuous Markov
semigroup on tA, the result is proved in the accompanying paper by David
Williams [1].)
2. A lemma on pseudo-resolvents

LEMMA. Suppose {Sx: X > 0} is a family of elements of a Banach algebra with
identity (of norm 1) such that

IIXSxIJ

(2)

<

1

for A, , > O.

Then for all X, IA > 0,
(i) the points ZA in a(SA) (the spectrum of SA) are precisely those points of the form

ZA =

(3)

where

A

z, a(S,),
e

and (ii) 0(MSM) C {z: Iz -21 < 2}.
PROOF. By repeated substitution of Sx = (1 + (,U- X)Sx)S, into itself, we
get
N

(4)

Sx
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n=O
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Therefore, provided that (,u (5)
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In particular, since r(S,) (the spectral radius of S,) does not exceed 1/4, the
result holds for 1X - A < ,u/2.
Now consider f(z) = E n=o (u _ Xi)nzn+1. For any X satisfying Ix - 4 < ,u/2,
f is holomorphic in {z: lzl < 21} which is an open set containing the spectrum
of S,. Hence, provided IX- AI <,u/2, the spectral mapping theorem implies
that the points zx in a(Sx) are precisely those points of the form

(6)

(

zx

I

for some z, e 0(SM).

However, substituting z,, = z/(1- (v - A)z,) in zx = z/(1 - (u - X)z,) gives
ZA, = z,(l- (v - X)z,). Hence, for any fixed X, A > 0, the proof of (i) may be
completed in a finite number of steps.
If the point 0 E a(oS,), then it satisfies (ii). Suppose ,uz, is a nonzero point
in a(AS,). Put ,uz, = aei, and let X = Iu + a (-, < a < oo). Then
zx = e/(Aa-1 + beil)
(7)
must be in o-(Sx), and so
(8)
IZxI . 1/X = (A + 6)Hence,
2
a~
(9)
( + 6)2.<Ila-l+6e@|2 =ay2+7ayCOS8+
62.
Since this is true for arbitrarily large 6, we must have cos 0/a > 1, or a < cos 0,
and so (ii) again holds.
3. Proof of the main result
The set of compact operators forms a closed two-sided ideal in the algebra of
operators. Consider the quotient algebra. Its elements are equivalence classes
(under the equivalence relation A B if and only if A - B is compact), and
the norm of an equivalence class is the infimum of the norms (in the original
algebra) of its members. Provided that the identity of the original algebra is not
a compact operator (and if it is, then each element of the algebra has this property, and the XRA's are trivially quasi-compact), the quotient algebra has the
equivalence class containing the identity of the original algebra as an identity
of norm 1 (the norm of an identity cannot be strictly less than 1, and the norm
of the identity of the original algebra is equal to 1).
Let Sx denote the equivalence class containing RA. Then {Sx: X > 0} satisfies
the hypotheses of the lemma. Moreover, XRX is quasi-compact in the original
algebra if and only if there is a positive integer n such that I (XSX)Il < 1, and
hence, if and only if r(XSx) < 1. Thus, from part (ii) of the lemma and the fact
that a(XSx) is closed, it follows that XRX is quasi-compact if and only if 1 t o(XSx).
Suppose that XRx is not quasi-compact. Then 1/X E o(SX), and hence,
-

(10)

1E- (-

- (SX);
a
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that is, 1/a e o-(Sa), which contradicts the assumption that aRa is quasicompact. This completes the proof of the result claimed in section 1.
I should like to thank Professor D. G. Kendall for bringing this problem to
my notice, and Dr. David Williams who proved the result in a special case and
conjectured that it was true in general.
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