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1. Introduction

Like probability theory, modern time series analysis has the feature that many
of its most elementary theorems are based on rather deep mathematics, while
many of its most advanced theorems are known and understood by research
workers who do not have the mathematical background to understand the proofs.
It is natural to think of the theory of time series analysis as composed of two
parts, foundations (a probabilistic part involving deep mathematics and based
on the unrealistic assumption that one knows the probability law of the time
series) and empirical (in which one considers statistical and computational pro-
cedures). While the probabilistic theory of time series can be pursued for the sake
of its great beauty, it would be a mistake if the statistical theory were to be
developed only for its elegance. The ultimate aim of the statistical theory of time
series analysis must be to provide data-handling procedures for achieving the aim
of time series analysis, synthests of stochastic models which can be used to describe
and perhaps to control the mechanisms generating each time series and relating
various time series. For this reason, one may define a field which may be called
““empirical time series analysis’” with aims such as the following:

(1) to develop the statistical theory in such a way that it provides a philosophy
for judging and interpreting the statistical data reduction which can be provided
by computers;

(2) to develop efficient computer programs for the statistical analysis of
empirical time series;

(3) to obtain experience in the small sample applicability and robustness of
statistical procedures derived from asymptotic theory;

(4) to focus attention on theoretical questions requiring further investigation.

One of my concerns in recent years has been to develop a computer program
for empirical time series analysis. There were several reasons motivating this
concern:

(1) I discovered that when a researcher came to me for advice on time series
analysis, I could do him the most good by (in addition to telling him which
formulas to use) making available to him a computer program for carrying out
the analysis.
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(2) I was curious to see if there were any truth to the proposition that a
statistician interested in data analysis need not be interested in theorems, since
experience with computer output would provide all the insights he needs; my
experience leads me to conclude that a knowledge of relevant theorems is
indispensable if one desires to be able to interpret as many features of the com-
puter output as possible.

(3) I desired to develop an approach to empirical time series analysis. Before
describing this approach, let me quote some recent remarks of John Tukey (who
in my view is “The Father of Empirical Time Series Analysis”). Tukey notes
([30], p. 1284) that, “It is a commonplace of science that where one can, one
learns faster by deliberately reaching in and changing something, by seeing what
happens when something is varied in a controlled way.” Unfortunately, time
series often arise in the field sciences rather than in the laboratory sciences; and
it is nature rather than the observer who determines the conditions under which
the data will be observed. Nevertheless, quoting Tukey again, “How can at least
some of the advantages of reaching in be had when one can only sit and look?”’
One important answer is given by Tukey, ‘“The answer is simple and well known:
look in two [or more] places and try to assess the relationship of the things ob-
served.” He sums up this point of view in the maxim, ‘“Look here, look there,
compare, and interrelate.” I believe there is another way in which to compare
and interrelate; this is by varying the way in which one analyzes the data. One
should consider a variety of models for the observed time series. For each model
one should estimate the parameters which represent the incompletely specified
characteristics of the probability law. Comparing the analyses often provides
rough tests of hypotheses concerning which model provides a better fit to the
data.

As in statistics, so in time series analysis, one may distinguish three main
problems:

(1) estimation of the parameters of a given model for the observed time series
(in particular, in any field where the properties of the phenomenon being studied
can be characterized in terms of its behavior in the frequency domain, one needs
to estimate spectral density functions and other spectral characteristics associ-
ated with stationary multiple time series);

(2) hypothesis testing and hypothesis suggesting (testing the fit of various
models and suggesting possible models to fit); and

(3) description (to provide measurements about a phenomenon, which to-
gether with other kinds of measurements, represent the observational regularities
which it is a purpose of any theory of the phenomenon to explain).

Some techniques for fitting models to single time series have been discussed
in previous papers (see Parzen [22], [24]). Fitting models to multiple time series
seems a much harder problem. While cross-spectral analysis is clearly one of the
main tools for fitting models to multiple time series, it is not yet clear what are
the sample cross-spectral functions which should be routinely computed. To an
observed sample of a multiple time series one can associate a bewildering array
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of cross-spectral density quantities involving such adjectives as ‘“‘co-spectral,”
“quadrature-spectral,”’ “partial cross-spectral,” and such nouns as “amplitude,”
‘““phase,” ‘“‘coherence,” and ‘“‘gain.”

The aim of this paper is to sketch a unified exposition of cross-spectral analysis.
The exposition is not entirely rigorous, but rather attempts to indicate the
theoretical questions which require further investigation. Among the results
believed to be new are those in the section on the asymptotic sampling theory of
partial cross-spectra. Rigorous proofs of all results stated are given in the
Stanford Ph.D. thesis of Grace Wahba, June 1966.

Applied statisticians, actually computing sample spectra, often complain that
papers written on spectral analysis are highly mathematical and offer no guide
on how to proceed in practice. I am willing to grant some merit to this complaint
in general. While this paper is not by itself a guide to how to proceed in practice,
I hope that it will be of value as a discussion of some of the main mathematical
considerations which need to be borne in mind in order to interpret sample
cross-spectra. Excellent introductions to general considerations in empirical time
series analysis are given by Jenkins [12] and Tukey [29].

2. Sample cross-spectra

Observed time series come in a variety of shapes. Economic and social time
series often have the typical shapes shown in figure 1. In analyzing observed time
series, I have found it valuable to distinguish two consecutive stages: (i) time
series transformation and detrending, and (ii) correlation and spectral compu-
tations. In forming sample correlations and covariances, one should not auto-
matically subtract out sample means (or fitted straight lines, and so on); any
such subtractions should be done in the time series transformation and detrend-
ing stage. Consequently, given finite samples of r real time series

2.1) {Xl(t))t': 1,2, "';T}; ,{Xr(t)»t= L2 7T}7

we make the following definitions.
The sample cross-covariance Ry;r(v) of lag v between X,(-) and X;(-) is
defined to be

Rujir(v) = Xa(@®Xi(t + v) for v=0,1,---,T—1,

(2.2)  Ryr(v) =
th;T(”)

l —v
T
1 T
T,. Z Xh(t)Xj(t“'U) for v=-1,—-2,---,—(T"-1),
0

otherwise.
Since

@8 Rwt®) = 1 £ X0X0+0) = 5 = XOX6— 1) = Buia(—0)

it suffices to compute all the cross-covariances for positive lags v to know them
for all ».
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The sample cross-spectral density function between X,(-) and X;(-) is defined
by (writing 7 for V —1)

1 Z . T
(2.4) Jriz(@) = 55 El e X(s) El e~ X (D).
It may be verified that these quantities form a pair of Fourier transforms:
(2.5) Risa®) = [ e“fuiin(@) do,
1 )
(2.6) frjir(w) = o 3 e Ry;r(v).
T ol <T

The sample cross-correlation function pp;,r(v) is defined by

(2.7) prj;r(v) = Rijir(v) + {Run;r(0)Ry5,0(0)} /2

Ficure 1
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The normalized sample spectral density function fy;,r(w) is defined by
(2.8) Fris@) = frir(@) + {Runr(0)Rjjr(0)} /2.

The sample cross-spectral density function is generally complex-valued. The
following notation and terminology, due to Tukey, is used to describe the real
and negative imaginary parts of fa;.r(w):
©.9) cri;r(w) = Refijr(w), sample co-spectral density,

' qriir(w) = —Imfy;r(w), sample quadrature spectral density.

In the foregoing definitions, we are guided by the idea that when the observed
time series are zero mean covariance stationary time series, the sample cross-
spectral quantities should provide sample versions of corresponding population
cross-spectra. However, these quantities can be defined for any sample, and their
statistical characteristics can be investigated for any model that one may want
to consider for an observed set of time series. Consequently, one can interpret
sample cross-spectra without necessarily making the assumption of zero mean
covariance stationarity.

One important class of models for time series for which one desires to under-
stand the properties of sample cross-spectra is the following: forj = 1,2, --- , r

(210) Xj(t) = m.i(t) + ZJ’(O; t = 1’ 2: )
where m;(-) is the mean value function of X;(-),
(2.11) m;(t) = E[X;(#)],

and Z(+) = (Z,(-), - -+, Z,(-)) has zero means, is jointly normal, and is covari-
ance stationary with covariance functions

(2.12) Rii(v) = E[Zi()Z;(¢ + v)]
(forh,j=1,---,r;t=1,2,--- ;andv = 0, £1, &2, - - -), and spectral density

matric
I'fu(w) e fu(w)'l
2.13) =1 . I
I_rniao e f"'<w>J
satisfying

(2.14) Ris(0) = [ i) do

The diagonal element f;;(w) is called the spectral density function of the series
X;(-); the (h, j)-th element fi;j(w) of the spectral density matrix is called the
cross-spectral density of the series X(-) and X;(-). Following the terminology
introduced by Tukey, the real and negative imaginary parts of fi;(w) are called,
respectively, the co-spectral density, denoted cj(w), and quadrature spectral
density, denoted gs;(w).

We do not demand that time series submitted for spectral analysis have
vanishing mean value functions. Therefore, in studying the behavior of sample



310 FIFTH BERKELEY SYMPOSIUM: PARZEN

spectra, we must distinguish two general cases: the observed time series are
jointly covariance stationary with absolutely continuous spectrum and have:

(1) zero means,
(2) possibly nonzero means.

We call the second case the mized spectrum case.

The problem of mixed spectra has been extensively discussed for univariate
time series (see Hext [10] for a history of the problem). The theory of mixed
cross-spectral analysis of multiple time series is not discussed in this paper (which
is already too long) but will be discussed in a separate paper. (In her Ph.D.
thesis, Grace Wahba gives a rigorous derivation of the small sample distribution
theory of sample cross-spectral estimates for jointly stationary normal multiple
time series with bounded nonzero mean value functions.)

In order to study the properties of the sample cross-spectral density function
in the mixed spectrum case, one would introduce the sample cross-spectral
density function of m.(-) and m;(-), defined by

T T
(2.15) frim(@) = 5o & e ma() 2 e tms(0).

1I'Tg=1

The sample cross-spectral density function of the time series Z,(-) is defined
similarly :

1 Z . T .
(2.16) frizr(w) = 55 2 e“'Zi(t) 3o e 'Z;(D).
271'7 t=1 t=1

One use of these expressions is in writing the mean of a sample cross-spectral
density:

(2.17) E[f1;x,r\N)] = E[frj;z,r(N)] + fhjim,rN).

It is important to note that in order to study the properties of sample spectra
it is not necessary to assume that the sample cross-spectral density function of
the mean value functions, defined by (2.15), possesses a limit as T’ tends to «.

3. Windowed sample cross-spectra

As is well known, if one is seeking to estimate the spectral density functions of
covariance stationary time series, one cannot use the sample spectral density
functions but must use windowed sample spectra.

Given a kernel k(») and truncation point M, the windowed cross-spectral
density function, denoted fij,r,u(w), is defined by

1 — 19w ] _v_. .
(31) fhj;T,M(w) = é:r |UI§M € k (M) RhJ;T(U).
Its real and negative imaginary parts, denoted caj;r,3(w) and gaj;r,u(w), are called
respectively the windowed sample co-spectral density function and the windowed
sample quadrature spectral density function. The windowed normalized cross-
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spectral density function, denoted f;.r,u(w), is defined similarly in terms of the
sample cross-correlation function:

(3.2) Funu) = 5= = ek (7) oo

For ease of comparing sample spectra arising from different time series, I believe
it is wisest to compute and plot normalized versions of these functions. Indeed, I
believe that normalization is vital for interpretation and that it facilitates the
exchange of ideas among research workers concerned with time series arising in
quite different fields. It should be noted that the theory of normalized spectra
is more difficult than the unnormalized theory.

There is an extensive literature (in particular, see Technometrics [28] and
Jenkins [12]) concerning the choice of the function k(-), called the lag window,
and the integer M(<T), called the truncation point (since it represents the
number of sample correlations actually used in computing the spectrum). It
should be noted that most methods of computing sample spectra can be es-
sentially represented in the form (3.1) even if a formula of this kind is not
explicitly employed. An extensive comparison of the effects of different choices of
k(-) and M is beyond the scope of this paper (although an empirical comparison
of a few windows is given in the next section).

At this point, let us merely note the choices of k(-) and M we normally make.
In our work we use mainly the following lag window:

3.3) k(u) = 1 — 6u? + 6lul3, lu| < 0.5,
= 2(1 — |u|)? 0.5 < [u] < 1.0,
=0, |u] > 1.

A kernel widely used in existing spectral analysis programs is one suggested by
Tukey (see Blackman and Tukey [5], p. 14):

(3.4) k(w) = 3(1 + cos 7u), lu} < 1,
=0, otherwise.

This lag window is not used in our work because the corresponding windowed
spectrum is not necessarily nonnegative (and the corresponding estimates of
coherence are not necessarily between 0 and 1).

Two other kernels which might be considered are one generally known as the
Bartlett kernel,

3.5) k(uw) = 1 — |ul, lul < 1,
= 0, otherwise,

and one which we call the Bohman kernel (after Bohman [6] who introduced it
in connection with the numerical inversion of characteristic functions to compute
distribution functions),
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(3.6) k() = (1 — u) cos 7u + }rsin i, 0<u<l,
=0, u>1,
= k(—w), u < 0.

The spectral window of a windowed sample spectrum of the form of (3.2) is
defined to be the function

1 — 10w i .
(3.7) K@) = 5= %, e (57);
the speciral window generator is defined to be the Fourier transform
3.8) K@) = = f ek () du.
21!' —
Tor the lag window (3.4), it may be shown that
3 sin (Mw/4) |+ o\2
= o —2fsin®Y\,
(3.9) Kule) = g pein® {1 §(sm 2)}
_ 3 [sin (w/4) ‘
(3.10) K(w) = 871 o/t

It may be shown that a windowed sample spectral density function fa;,7,m(w)
is the convolution of the sample cross-spectral density function f;;r,(w), and
the spectral window Ky (w),

(3.11) friizar@) = [T Balo = N fusiz(3) d.
Therefore, its mean is also a convolution,
(3.12) Elfujiza @] = [7 Kulo — NEi;r()] d\.

While it is more difficult to justify universal advice on the choice of the
truncation point, my experience leads me to believe that it is necessary and
sufficient to use three truncation points, M, M,, M3, satisfying a condition of the
following kind:

Mcr0w,  10%<<osq, o< X
T T T
I have several justifications for this advice: (1) in general, if one is in doubt as
to which of two ways to perform an analysis, one should do it both ways and
decide by a comparison of results which way was right; (2) the three truncation
points given in (3.13) span the range of possible truncation points, and not too
much additional information can be obtained by using additional truncation
points; and (3) the presence of peaks and the smoothness of spectra can be
determined by comparing spectra corresponding to different truncation points.

Given finite samples of r time series, for brevity we often denote by fri(w) the

windowed normalized cross-spectral density function defined by (3.2). We let

(3.13) 5% < < 75%.
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Fuw) -+ furlw)
(3.14) f@=| - :
1(@) -+ Frele)

denote the windowed sample cross-spectral density matrix. A variety of derived
spectral quantities may be computed which hopefully will provide insight into
the relations among the observed time series. For two series X3(-) and X;(-),
one can form the following derived sample spectral quantities: the sample
regression transfer function

) Broi(w) = Ji(w) _ b)) _ Qh:(w) = Gni(w Bas(w),
G Bl T T R T e T ) B
the sample residual spectral density function
(3.16) i) = Fun(@) {1 — Waj(w)}
where W;;(w), called the sample coherence between series k and series 7, is defined
by

Frs@)? _ &hw) + gh(w)

3.17 i(w
(3.17) W) = Fn@fi@ ~ Fu@) i)

The regression transfer function may be written as

(3.18) Byj(w) = Ghjlw)e=iéni@
where
‘f hj (w)l
(3.19) éh ]( ) fn(‘*’)
called the sample gain at frequency w of the predictor of Xx(-) given X;(-), and
ons(o) = tan (247) it (o) > 0,
(3.20) A
ons(@) = {tan~t (248) + 7 sign 01} it o) <0,

called the sample phase difference between the two series at frequency w. Inter-
pretations and generalizations of these quantities are given in section 7; their
sampling theory is discussed in section 8.

4. A comparison of spectral windows

In interpreting windowed sample cross-spectra of observed time series, it is
valuable to compare them with similarly computed windowed sample cross-
spectra of artificially generated time series. We present here examples of sample
cross-spectra for a few simple artificial time series. Our aim is first to gain some
idea of what sample cross-spectra look like, and second, to see some of the ways
in which the choice of lag window affects the results.
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A time series identically equal to 1,
(4.1) X@ =1

has as its sample covariance function

1 Z v
(4.2) Rr(w) = 5 2 X)Xt +v) = (1 —75)
T = T
The corresponding windowed sample spectral density is
— 1 —~ 10w lvl ( v >
(4.3) Ky r(w) = 5 Mzde (1 T) k i
For many purposes it can be verified that approximately
(4.4) Ky r(w) = Ky(w).
ERITE Vs e VT AT\ . e e e
o PORTRN S EEaeE I PEATOD VAL TUE,
A e
ﬁ “‘ &t it J..:_i_ Ad i T,
; T S
1oh A T a5 T i
b SO\ e, HHE :
i: L6031 185 ik - =an
Bs
HHibida
A :
- ;"'ﬁ]‘ —— e H i_; HiT13 Sl anni

Ficure 2
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Figures 2-5 plot (in the top half) the function Ky r(w) for T = 180, M = 90,
64, 36, and for the four lag windows we have mentioned. The bottom half of
each of these figures plots the windowed sample spectral density funetion of the
time series
4.5) X() = eos 2,

The horizontal axis of these figures measures frequency on an axis from 0 to
0.5, representing » (cycles per unit time) rather than « (radians per unit time).
The function plotted is not the windowed sample spectral density f(w), but

rather
(4.6) 1000 log, (%)
S ‘m' g
ees | ReE ant ot
e
bk
:::j;-ij A\
S
::j]i;itg'“
I £553 ]
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By white noise we mean any time series of uncorrelated random variables with
zero means; it is covariance stationary with covariance function

Ry =1 if v=20,
R@) =0 if v 50,

when normalized to have unit variance. The corresponding spectral density
function is

4.7

(4.8) flw) = %r —r <0<
Now

1
(4.9) 1000 log. 5= = 5.07.
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Therefore, in figures 2-5 the normalized windowed sample spectral density func-
tions are plotted on a scale that goes from 1 to 10. A sample of white noise would
be expected to oscillate about the middle of the graph.

Various numerical measures for comparing properties of various spectral
windows have been introduced in previous papers [see Parzen [21], [23]). Here,
taking an empirical attitude, we study the computer output one obtains from an
empirical time series analysis of various series. Comparing in figures 2-5 the
window sample spectra of a pure sine wave, one sees that figure 3 (the Tukey
kernel) is more oscillatory than figure 4 (the Bohman kernel), which in turn is
slightly more oscillatory than figure 2 (the Parzen kernel). Figure 5 (the Bartlett
kernel) shows strong oscillations as well as a very unsatisfactory failure to damp
down. These differences in behavior hold more for small truncation points than
for large truncation points.
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T'igures 6-9 present windowed sample spectra of time series N (¢) 4 cos (2r/4)¢
and N (t), where N(¢) is a “sample of white noise” internally generated by the
computer. For these time series the differences between the various windows is
much less pronounced than in figures 2-5.

However, there seems to be much difference between the graphs of the sample
coherence, plotted in figures 10-13 for the various windows. Figure 10 (the
Parzen window) seems to have the smoothest behavior.

Although spectral distribution functions are not discussed in this paper, plots
of windowed sample distribution functions are given in figure 14.

5. Sampling theory of sample cross-spectra

In this section we outline the properties of the windowed sample cross-spectra
when the observed time series are jointly covariance stationary with absolutely
continuous spectrum and have zero means.
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We first consider the mean of a windowed sample cross-spectral density

6. B = 5= %, ek (5) (1= ) Ra

= f; Ky r(w — N fui(N) dN,

where Ky r(w) is defined by (4.3). Assuming that (4.4) holds, we obtain the
following approximation for the mean of a sample cross-spectral density

(5:2) Elfi(@)] = [ Ku — Nfu®) d.

To evaluate this integral it is often assumed that, in the neighborhood of w,
the real and imaginary parts fi;(\) are both varying slowly compared to
Ku(w — \); then approximately

1T 10, o - R SR S T T T
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6.3 [T Kulo = Nfu®) dh = fis(@) [ Kulo = N A\ = fus(w).

It is thus implied that to a first-order approximation (as M — «), the windowed
sample cross-spectral density is an unbiased estimate of the true cross-spectral
density (when the observed time series is zero mean covariance stationary).
While this is a correct statement from the asymptotic point of view, for finite
samples there is a bias in cross-spectral estimates not present in auto-spectral
estimates; this bias is discussed in section 9 since in order to discuss it, we need
to first introduce the notions of gain and phase. A comprehensive and rigorous
discussion of bias in cross-spectral estimates is given by Nigel Nettheim in his
1966 Stanford Ph.D. thesis.

Much of the mathematical literature on cross-spectral analysis has been con-
cerned with variability rather than bias. One can investigate the sampling theory
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of sample cross-spectra from an asymptotic point of view or from a small sample
point of view in the case that the observed time series are assumed to be zero
mean, normal, jointly covariance stationary, and possessing spectral density
functions.

The basic formula of the asymptotic point of view is (under suitable conditions
on the kernel k(u) and assuming that the same kernel and truncation are used in
every estimate)

(5.4) oV [fuj(@), fin(@)] = Cfu(@)fin(w), 0<w<m,

writing z to denote the complex conjugate of a complex number z and defining
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To prove (5.4) let us first note, without proof, that (compare Rosenblatt [27])
(5.6) cov [fu(w), faa(w)] = C|fu(w)[?, 0<w<m.

From (5.6) one derives (5.4) as follows: consider arbitrary linear combinations
of the observed time series Z;(f),

(5.7) i) = ; a;Z;(t), Y,(t) = % biZ ().

Their sample spectra can be written (using jfi;(w) with two meanings, as the
windowed sample spectral density of both Y (¢f) and Z;(t); similarly for fa
and f12)

(5.8) Ju= X aafu@s,  Jo= T bifiabn;
hi ko
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consequently,

5.9) cov [f u(w),fn(w)] = h]}:k” ax@; cov [fhj(w),f kn("’)]Bkbm
= Clfu(@)?,
= Clhzk anfne(w)bi?,

=C . Zk ahd,-fh,, (w)f-j,. (w) Bkb,,.

One may now infer (5.4).

matrix of the estimates fi1(w), fa(w), frz(@), far(w).

1040 4

1.00

«001

COHERENCE (X)s PHRSE YD
9001 NOISE ONE

1/2/65

NOIGE AND PERIDD 4

LENGTH 180
TRUNC. F18. &%

ol «2 FREQUENCY IN GYQL  E8 PER UNIT TIHE o4 &5
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The meaning of (5.4) is best understood by writing out the variance-covariance

18:0

1.00 1

Dal0 1

0a01 1
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(5.10)

FIFTH BERKELEY SYMPOSIUM: PARZEN

Fu(w) fn(w) Jia(w) Ju(w)
Fu@) | Cliu@I? | Clfe@)|? | Clu()fi(w) | Cfu(w)fu(w)
Ju(w) Clfe@)|? | Cfa(w)fie(w) | Cfulw)falw)
Jia(w) Clu(@)fe(@) | C{fu(w)}*
Fn() Cfu(w) fz(w)

From (5.10) one obtains the covariances of fi(w), feu(w), éu(w) = Refi(w),
and ¢i(w) = —Imfi2(w). In writing the following table we have omitted from
every entry the factor C defined by (5.5).
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COHERENCE (X, PHI 0)

9001 NOJGE ONE
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1
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(5.11)

Fu(w) Fer(w) () Gr2(w)
Fuw) | |fu(w)|? | cla(w) + gi2(w) Ju(w)en(w) —fu(w)gqiz(w)
Foa(w) | faa(w) |2 Jaa(w)erz(w) —faa(@)qr2(w)
N 3{fu(w) far(w)
C12(w) + che) — (@) C12(w) qiz(w)

3 {f 11(w) faz(w)

() + gh(w) — ch(®))

] o1 »2 FREQUENCY IN CYCL  ES PER UNIT TIME 03 6

Ficure 13
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One approach to the “small sample” distribution theory of sample cross-
spectra is due to Goodman [9] who uses an analogy between windowed sample
cross-spectra and a sample covariance matrix

- 5 1a - .
(012) Kjk = ;—L tgl Xi(t)Xk(t)) Js k= 17 e, T
where for t = 1,2, --- ,n {X;{),j =1, ---, r} are independent complex ran-

dom vectors identically distributed as the vector {X;,7 = 1, --- , r} which is as-
sumed to (1) be normally distributed, (ii) have zero means, and (iii) satisfy the
conditions for any indices j and k,

(513) E[X]XL] = 0, E[X]XL] = Kjk.
One important case in which the first equation in (5.13) holds is when
(514) Xj = Uj + iVj, Xk‘-_= Uk:-l" in,
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where U;, V;, Ui, Vi are jointly normal random variables with zero means and
covariances

(5.15) u, v, Ue Ve
U;[o7 0 e Bk
Vil 0 af =Bk o |,
Uk Ok - B ik g % O
Vi LBk e 0 a2

From (5.15) it follows that

(5.16) cov [X0X;, XiXn] = E[ XX, XiXn] — E[XoX;1E[X: X ),
= E[X,\XJE[X;X,] + E[X,X.]E[X,;X4],
= KuKm.

We thus obtain a basic formula for the covariances of the sample covariance
function (true for every n, and not only asymptotically):

(.17) cov [, Ren] = }LK,L,K,-,,,.

This formula is reminiscent of (5.4), identifying 1/» with C.

To illustrate the application of this result, let us consider two time series of
length T = 180 whose windowed sample cross-spectra are computed for a
truncation point M = 64. Then

(5.18) n=1+C=T+M f_: k2 (u) du

5.21 for Parzen window,

3.75 for Tukey window,

since
(5.19) / * 0.54 for Parzen window,

2 ==
® k() du 0.75 for Tukey window.

From Goodman’s small sample approximation to the sampling theory of win-
dowed sample cross-spectra, one can derive significance levels for the sample
coherence. For T/M approximately 3, the 959, significance levels to test the
hypothesis that true coherence at a given frequency is zero are, respectively,
0.464 (for Parzen window) and 0.632 (for the Tukey window); these values are
obtained from Amos and Koopmans [4]).

6. Prediction filters and partial cross-spectra

Increasingly, techniques of regression analysis, correlation analysis, and multi-
variate analysis are being applied by research workers in various disciplines as a
means of studying the relations between various variables. A lucid discussion of
the basic methodology is given by Kendall and Stuart [13]. The aim of this section
is to indicate how these ideas generalize to time series. Rigorous developments
of some of these ideas have been given by Koopmans [14], [15].
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The notions introduced in multivariate analysis to describe the relations be-
tween a family of random variables may be generalized in two ways to time
series, depending on whether one uses two-sided or one-sided prediction filters.
The generalization using two-sided prediction filters (which for technical reasons
is the one most often considered) is discussed in detail. The generalization using
one-sided prediction filters is briefly mentioned.

Let Xi(-), -+, X.(-) be r time series. Let P be a subset of the set D =
{1,2, ---, r} of indices, and let 7 be any index in D. We define a new time series,
denoted

(61) XJ';P(t); t=0,%£1,---,

and called the minimum mean square error linear predictor of X;(t), given
{Xi(s),s =0, 1, --- , k € P}, as follows: X;»(f) is a linear combination of
the predictor random variables, which we write

(6.2) Xip® = L 5 bl — 9Xule)

whose mean square prediction error as an estimate of X;(¢) is a minimum (that
is, does not exceed the mean square prediction error of any other predictor of
X;(t) which is a linear combination of {Xi(f),¢t=0, %1, ---,k € P}). It
should be noted that in general X;.p(t) cannot be written as an infinite series;
this assumption is made only for ease of exposition. As shown by Koopmans [15],
the conclusions given may be shown to hold under somewhat more general
conditions using the Hilbert space theory of time series.

The coefficient bjz,p(t — s) is a function only of the time difference ¢t — s
because of the joint stationarity; similarly, the mean square prediction error is
independent of ¢. We call b;.p(t — s) the partial regression coefficient of X;(t)
on X;(s) given {Xi(-), k € P}. These coeflicients are determined by the con-
ditions
(6.3) E[X;p(0)X1(w)] = E[X;$)Xn(u)], for w=0,+1,.--,h€P,

which lead to the normal equations
(6.4) kép C_L:w bik;p(t — )E[Xx(s) Xa(w)] = E[X;() Xa(w)],
which may be written in terms of covariance functions

(6.5) Y Y bur®)Ruw + v — 1) = Ralu — 1),
kEeP ©

v=—

and in terms of spectral density functions

w

et=0f4(w) dw.
L

60 T 5 bar) [ esorpu@ o= |

8= — -

The Fourier transform of the partial regression coefficients is called the partial
regression transfer function and denoted
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6.7 Bixp(w) = iw bik;p(v)e=";

its interpretation is discussed in section 7. Writing (6.6) in the form

(6.8) f_: dw e”"‘“(““){ké:P Bik.p(@) fin(w) — f jh(w)} =0,

we obtain a system of normal equations for the regression transfer functions.
Foreachwin —7# < w < 7mand hin P,

(6.9) Y Birp(@) fin(w) = fin(w).
KEP

The partial covariance function between two time series X5(-) and X,(-), given

predictors {Xi(t), t = 0, &1, --- , k € P}, is denoted by Kj;;p(v) and is de-
fined by

(6.10) Kiujip(ts — 1) = Elenp(t)ej;p(t)]
where
(6.11) enp(t) = Xa(t) — Xn;p(8)

is the residual series of X;(-) given the predictors. We next show that the partial
covariance function depends on £, and ¢, only through the time difference t; — #
by a method which also obtains a speciral representation for the partial covariance
function E[en.p(t)e;;p(t)] = Elen,p(81) X ;(f2)]. This is equal to

(6.12) E[Xyt)X;(1)] — E[ kép a;i_“ barp(8) Xn(ts — 8)}Xj(t2)]
= Rplla — ) — 2 i bar;p(8)Brj(ts — 1 + 8)
kEP 8= —w

= / : dw gi(t:—t) {fhj(w) — kEP 8;‘,_“ bhk;P(s)fki("’)eiw}

= [ : dow gie—t) {fhj(w) - kgp Bhk:P("’)fkj(‘-")}'

The partial spectral density function of two series Xi(-) and X;(-) given
predictors {Xi(t),¢ = 0, &1, -+ , k € P}, denoted fij;r(w), may be defined by
the condition that it provides a spectral representation for the partial covariance
function

(6.13) Kyjp(ts — 1) = /:' giolt—if, . p(w) do.
From (6.12) we obtain the basic formula

(6.14) Trizp(w) = fri(w) — k‘ép Bi;p(w) fii(w).

To interpref the partial spectral density function, let us first consider the
properties of the residual series ¢;;p(). Its spectral density function, called the
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restdual spectral density function of the series X;(-) given the predictors
{X(-), k € P}, is given by

(6.15) fiiip(@) = fiiw) = X Bjr;p(w) fis(w),

. = fii(@){1 — W;.p(w)},
defining

, _ 1 _ Jup(w)
(6.16) Wipw) = 1 — 2508,
2. Bix;p(w) fei(w) + fii(w).
kepP

One calls W;,p(w) the multiple coherence function of the series X;(:) given the
predictors {Xi(¢),t =0, &1, ---, k € P}. It is analogous to the squared
multiple correlation coefficient and is a measure of the predictability of the
component of X;(-) at frequency w from the components of {X,(-), k € P} at
frequency . The analogue of the square of the partial correlation coefficient is
called the partial coherence between series X5(-) and X;(+), given {Xi(-), k € P};
it is denoted, and given, by

(6.17) Whip(w) = |fajip(@)|? + funp(w) fiiip(@).

It is instructive to consider the case where only a single series {X;(t), ¢ =
0, 1, - - -} is used as the predictor. The regression transfer function Bjy, ()
will be denoted B;.{w), the partial spectral density function fij)(w) will be
denoted fr;x(w), and the multiple spectral density function W )(w) will be
denoted W;4(w). We obtain the following formulas: Bj.x(w) fir(w) = fir(w), so
that the regression transfer function is given by (assuming fi:(w) never vanishes)

() = T

(618) El;k( ) = fklc(w)
The partial cross-spectral density function is given by
(6.19) Friw(w) = frj(@) — Bra() fij(@),

i) D))

- ch( ) fkk(w)
In particular, the residual spectral density function is given by
(6.20) fi@) = I = 2L — g0y 1 — et
e e
(6:21) Wial) = fﬁ(‘:’)fkk(w).

If one examines the formula for the multiple coherence function of X;(-) given
Xi(+), one sees that the indices j and k play a symmetrical role. We therefore
define the symbol

022 Wa) = £ 52

which is called the coherence between the series X;(-) and X.(+). It is denoted by
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the letter W in commemoration of Norbert Wiener who first introduced the
notion of coherence. The coherence is related to a frequency decomposition of
the residual series when one uses either of the series X;(-) and X:(:) to predict
the other. It remains an open question whether it is more informative to plot the
coherence W;:(w) or the residual spectral density functions fj;.x(w) and fiz;(w).

Inductive formulas. Partial spectral densities and regression transfer functions
are best computed by adding a variable at a time. Let P be an index set. By
P + m we mean the index set {j,j € P or j = m}; it is understood in this case
that m does not belong to P. By P — m we mean the index set {j, j € P and
J # m}; it is understood in this case that m belongs to P.

From innovation theory one obtains the basic formula

6.23)  Xjpim® = Xjip() + X bimpitmlt — $){Xm(s) = Xumip(s)]

The regression coefficients bjm.p+m(t — s) are determined by the conditions (for
u=0,=l1,---)

6.24)  E[X;,0{Xn@) — Xmp(w)}] = E[X;;p4+m() {Xn(u) — Xmp(u)}]
which lead to the formulas

(6.25) Kimplu =) = 5 bimpim(t — ) Kmmp(t — ),

g=—

fim;P(w) = ij;P+m(w)fmm;P(‘-°)'
Thus

5. _ fjm;P(w) 5
(6.26) Bin;pim(w) = Frmer (@)

Similarly, one derives other inductive formulas from (6.23):
Bjk;P+m(w) = Bjk;P(w) - Bjm;P+m("")Bmk;P(w)’

Jrm:P(@) fim;p(—w)

Frsiptm(@) = fuiip(@) = =55 S0

(6.27)

More generally, one can conveniently compute a matrix A p defined as follows.
Fix a subset P of indices, and let @ denote the set of indices in D but not in P.
Define Ap by

\k P Q
¥
inverse matrix of Bij.p(w),
P {fi(w), 4, k € P}, conjugate of regression
(6.28) denoted {gjr.p(w)} transfer function at w
— Bji;p(w), Sikip(w),
Q negative of partial spectral density
regression transfer at w
function
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Given Ap, and an index m not in P, it can be shown that one forms Ap,n =
{@t:p+m; by the formulas

(6.29) Gmm;P4+m = 1 + Qmm;P,
Umj;P4+m = Gmj;P + Omm;P for j #= m,
hjm;}’+m = —Ojm;P + Qmm;P for J #E m,
Gjk;P+m = Qg — Qim;P+mOmk; P for j#=m and k = m.

Similarly, given Ap and an index m in P, the same formulas yield a matrix whose
entries contain the regression transfer functions and partial cross-spectra for the
set of predictors {X, k € P, but k = m}.

To prove (6.29), one needs the following formulas for the inverse matrix
{1j:p+m(@)} = {fri(®), h, j € P + m}~! when one adds an index m to a pre-
dictor set P (the argument w is omitted for ease of writing):

(6.30) Gmm;P4m = 1 + fmmp,
gmh;P+m = Jhm;P+m = — Bmh;p + fum:p for h € P,
B,.pB
GhiP+m = Ghip + —m}im—’P
mm; P
= grj;P — Jhm;P+mBmj;p for h,j€P.

One-sided prediction filters. The predictors considered in the foregoing are
two-sided. One often desires to examine one-sided prediction filters.

Let Xl(-), .+« , X,(-) be q time series. Let P be a subset of the set D =
{1,2, ---, ¢} of indices, and let j be any index in D. We define a new time series,
denoted XD(@), t =0,+1, --- and called the minimum mean square error
linear predlctor of X;(t) given {Xi(s),s=t—r,t—1r—1, ,k € P} as
follows: X{:() is a linear combination of the predictor random vanables up to
time ¢ — r, "which we write

6.31) Xkt = Z Z biRr(t — ) Xi(s) = Z Z biep(0) Xi(t — v)

whose mean square predlctlon error as an estimate of X;(t), denoted
(6.32) K{@r = E[|X;(t) — X)),

is minimized. The regression coefficients bj2s(t — s) are now determined by the
conditions

(6.33) E[X30)Xa(w)] = E[X;0)Xn(u)] for u<t—r and hinP,
which lead to the normal equations
(6.34) Z Z bRr()E[X(t — 0)Xix(w)] = E[X;(O)Xx(w)]
for u<t—r,
Z Z RrpW)Rw(u — t — v) = Rp(u — t) for v—t< —r,

Z Z bRp(®)Ru(s + v) = Ras(s) for s>

P yo=r
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Solving this system of equations for bjps(v) is the well-known Wiener-Hopf
problem. The regression transfer functions

(6.35) Bfo(w) = 3 bidr)e

can be obtained by a method involving factorization of the spectral density
functions which is difficult to carry out (see Whittle [31]). If one is content with
a numerical solution on a computer, rather than an analytical solution, one can
find the regression coefficients by (v) directly and then compute the regression
transfer function.

7. Gain and phase

Let X, -+, X, be jointly normal random variables. For any subset P of
D = {1, .--,r} and index j not in P, one can form (i) the regression coefficients
{bjk;p, k € P}, (ii) the partial covariances Kj;p and partial correlation coef-
ficients, and (iii) multiple correlation coefficient.

Similarly, for jointly covariance stationary time series X;(-), - -+, X,(-) one
can form (i) the regression transfer functions {Bj.p(w), ¥ € P}, (ii) the partial
spectral density functions fs;.p(w) and partial coherence functions Wj;,p(w), and
(iii) the multiple coherence function W;.p(w).

The regression transfer function Bj.p(w) is best interpreted by regarding it
as the frequency transfer function of a filter and introducing its gain and phase.

A discrete time invariant filter is described by its pulse response sequence
{b,, s = 0, £1, - - -} or its frequency transfer function

(7.1) B) = 3 beie,

8= —o
In terms of pulse response function, the output X (¢) of the filter corresponding to
an input X (¢) is given by
(7.2) 2O = > bX(E—s), s=0, 41, - .

§g=—®

For a sinusoidal input X(f) = e®*, the output is X() = B(w)e®t. Therefore,
for an input which is a superposition of harmonics,

(7.3) X@=ﬁymww,
the output is
(7.4) 20 = [T e“Bw) dZ ().

The frequency response function B(w) of a filter is a complex number which
we can write

(7.5) B(w) = a(w) + iB(w) = G(w)e—ie@
where

(7.6) a(w) = ReB(w), B(w) = ImB(w).
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The gain G(w) and phase o(w) of a filter are defined by

(7.7) Gw) = Var(w) + £*(),
(78) ¢(w) = arctan {—pB(w)/a(w)} if a() >0,
= arctan {—B(w)/a(w)} + = sign {—B(w)} if alw) <O0.
To interpret the gain and phase of a filter, consider an input signal
(7.9) X(t) = f(t)eit

whose frequency spectrum is nonvanishing only in a neighborhood of the fre-
quency wo. Further, assume that in this region the gain of the filter is essentially
constant and the phase is essentially a linear function of w. Then the output signal
will be a delayed but undistorted replica of the original (see Mason and Zim-
merman [16], p. 367):

(7.10) X(t) = Gw)ft — ty)eitt—t0

where

(7.11) ty = ‘D(Tw)— »  carrier delay or phase delay;
(7.12) ti = ¢'(w)|o=wy envelope delay or group delay.

The terminology “carrier delay’” and “envelope delay’’ is used in the com-
munication theory literature (for example, Mason and Zimmerman [16]). The
terminology ‘‘phase delay’’ and “group delay” is used by Robinson ([26], p. 31),
who extensively discusses these concepts.

In summary, one way to describe the relations between time series is by
describing the characteristics of various regression transfer functions. There are
a number of characteristics which need to be looked at: gain, logarithm of gain
(or attenuation), phase, phase delay, and group delay. One of the problems of
empirical multiple time series analysis is to determine which of these character-
istics is most wisely used in routine statistical data reduction of multiple time
series.

8. Sampling theory of sample partial and derived cross-spectra

Given a windowed sample spectral density matrix, one can form estimated
partial regression transfer functions

8.1) Bip(w) = dgp(w) + Bin;p(),
= Gir;p(w) exp [—i@j;p(w)].

This estimate is computed by the methods of section 6; by analogy with (6.25)
the estimates of Bj;p(w) can be explicitly written as

8.2) Bitp(0) = finp-1(w) + furp-i().
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By analogy with results of the usual theory of partial correlation (see Kendall
and Stuart ([13], p. 333)), one might conjecture that for normal stationary time
series with zero means

(8.3) (Bjip(w) — Bjrp(w)) fgcﬁi;k(g;) N

is asymptotically complex normal with mean 0 and variance 1.

To establish the plausibility of (8.3), let us relate it to certain established
results for ordinary cross-spectral analysis (compare Jenkins [11]). In the case
that the prediction set P contains only the predictor k, we write

(8.4) Bia(0) = @ja(w) + 1Bju(w)
for the sample regression transfer function. The estimates are formed by
En(w) (@)
8.5 &, = 2
(8.5) J,Ic("’) flck(w)’ ﬁ] k(w) = fkk( )

The variance of & can be derived by the well-known delta method (compare
Kendall and Stuart ([13], vol. I, p. 231)); writing ¢ and f, respectively, for the
numerator and denominator of &,

_var[e] _2cov[¢fIE[E] | var [f]Ez[c]
®0 - Wl mm T T em YT B

one obtains the asymptotic covariances

@7 var [4a)] = var [Bja(@)] = 3C jfﬁ“? {1 — Wa@)},

(8.8) cov [d4(w), Bia(w)] =
Therefore,

var [Bja(w)] = cf”(“’) {1 - W)},

fu YP(¢'~’)
f kk;P— k("")

8.9)

which agrees with (8.3).

Under the assumptions var [¢] = var [] and cov [&, 8] = 0, the gain G
and phase ¢ defined by

(8.10) Ge—ie = & + if
have asymptotic variances (by the delta method)

(8.11) var [@’] = var [d], var [¢] = =5 var [&]

G2
where Ge=i¢ = a + 8. In view of (8.3) and (8.7), we conjecture that
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var [&jk;p(w)] = var [Bjk-P(w)];

% .f]] P(w)
ka k(w)

kaP w(w)

fup k(@)

? fi.p(w) firp— p(w)
[fitp—a(@)*

= 3C|Gjr;p(w)[? fjj'P(;fI; i pfj;iz) <

= %Clij;p(w)lz{m - 1}'

From (8.11) and (8.12) one obtains expressions for the asymptotic variances of
the partial gain and phase. In particular,

(8.13) var [¢j1,p(w)] = var [log, Gir.r()],

- 1 {pmnw ~

One may interpret (8.13) in words as follows: the variability of the estimated
partial attenuation (log gain) and phase is determined by the partial coherency
Wir.p—#(w); in particular, the variance tends to 0 as the partial coherence tends
to 1. These results provide one interpretation of partial coherency.

To actually compute partial regression functions and their sampling error,
one should use the algorithm (6.21), since using (6.30) one can rewrite (8.3): for
any index k in P, asymptotic variance of Bj.p(w) is Cfy;.p(w) gir;p(w). Stopping
rules for selecting a significant set P of indices remain to be investigated.

(8.12) =

9. Mean and bias of cross-spectral estimates

The behavior and interpretation of windowed sample cross-spectral density
functions cannot be understood on the basis of their variability theory alone.
Their means must be investigated.

To study the means of windowed sample spectra, one needs to consider two
possible assumptions for the observed time series: (i) they are jointly covariance
stationary with zero means, (ii) they are the sum of mean value functions and
jointly covariance stationary zero mean fluctuations. Only case (i) is discussed
in this paper.

We consider separately auto-spectra and cross-spectra. Asymptotm expressions
for the means of windowed sample auto-spectral density functions have been
studied by many writers, especially Parzen [18] and Hext [10]. We consider
only the case that the spectral window satisfies the assumptions Ky i(w) = 0
and KM,z(w) > 0, deﬁning

9.1) Kurp@) = [7 O\ — o) Ku(h — @) d\.
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Then the mean of a windowed sample auto-spectral density function may be
approximated

Elfs@] = [T Ku® = &)f;00 d\,

9.2) .
= (@) — 5 B 0)1" (),

where

©.3) K'(0) = — [ oK (o) do

is the value at 0 of the second derivative of the covariance kernel k(u) =
2« e K(w) dw. We digress for a moment to note that some authors (Daniels
[7], Akaike [1]) have suggested that the spectral window Kir be chosen so that
K ,(w) = 0 for as many values of » as possible. While this reduces the bias, it
necessarily leads to possibly negative estimates which may lead to difficulties of
interpretation of spectral estimates.

In evaluating the mean of a windowed sample cross-spectral density function,

9.4) Blfa@)] = [7 Ku(n — o)fn(\) d\,

it is most convenient to express f;:(A) in terms of the true regression transfer
function

95) Ba) = 220 — G40 exp [iesaV)]
by
(9.6) FieM) = fuMW)Gix(N) exp [ie(N)].

To understand the special sources of bias in cross-spectral estimation, let us first
find the leading term of the mean E[f;i(w)] by assuming that in the region
|0 — A £ B where Ku(w — \) is appreciably nonzero, both the auto-spectral
density fu(-) and the gain are practically constant while the phase is linear;
then approximately

FaQ) = fu(w)Gjn(w) exp [i{ejn(e) + (\ — w)efa(w)}],
= fi(w) exp [N — w)ejx(w)];

recall that the phase derivative ¢fx(w) may be interpreted as a group delay or
carrier delay. From (9.7) it follows that

EIf(@)] = 14(@) [, Kulh — o) exp [ — a)efala)] db,

©.8) = fulw) [, ME(M) exp [inpfa()] du,
= filXe)k(¢fa(w)/ M).

In words, if the truncation point M is not chosen large compared to the group

9.7
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delay, there will be an appreciable bias in estimating the cross-spectral density

function.

A possible method of avoiding this source of bias in cross-spectral density
estimation is to use shifted cross-spectral estimates, which we now define (this
method is due to Akaike {3]).

Let L be an integer (positive or negative). Define the shifted windowed sample
cross-spectral density function with shift L by

©9) fraaa@) = g = oo (37) Rao + D).

T ol <M
One may verify that its mean is approximately given by

(9.10) Elfwrrm(@)] = f_:, AN fix(N)ePM Ky (0 — N),
.10
= f:. A\ Kar(w — N)eMfiu(N)Gip(N)eion® dr,

Using the same approximations as before, one may show that the mean is
approximately equal to

(9.11) Fin(w)eiol [_’ I\ Ku(A — @)ei@—algih—o)ofs@),
Finally, one obtains the following approximation:

012 Blfnrsa@] = e (2H2D) 4 terms in
If L is so chosen that

(9.13) L + ¢fa(w) < M,
then an approximately unbiased estimate of fj(w) is given by
(9.14) e Lm0, (w)-

The question of how to choose L remains; it may vary with » and may have to
be estimated from the sample phase. As a first guess, it could be taken to be the
lag at which the sample cross-covariance function Rj;7(v) achieves its maximum
absolute value.

We do not discuss here the terms in the bias of cross-spectral estimates which
are of the order of 1/M?; they are analogous to the bias of auto-spectral esti-
mates. It should be noted that the foregoing derivations are very heuristic; a
complete and rigorous discussion is given by Nigel Nettheim in his Stanford
Ph.D. thesis.

If one investigates (using the delta method) how the bias in cross-spectral
density estimates propagates into the estimates of derived cross-spectral quanti-
ties, one finds that the bias is present in the estimated coherence but is absent
in the estimated phase. It would seem that corrections for bias could be intro-
duced using the estimated phase derivative. It remains to be investigated
whether it would not be wise to directly estimate the phase derivative (group
delay)
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¢ir(w)

Cin(w)

_ cin(w)gi(w) — Qik(w)c.;k("’)l
ci(w) + gh(w)

by directly estimating the derivatives of the co-spectral and quadrature-spectral
density functions.

The group delay (or phase derivative) should be routinely estimated in cross-
spectral analysis since it seems easier to interpret than the phase. Further, the
phase may be estimated without ambiguities modulo 27 by integrating (by
Simpson’s rule) the phase derivative.

ofe(w) = (% arctan
(9.15)
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