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Abstract. We find the Legendre curves and a class of integral surfaces in
a 7-dimensional three-Sasakian manifold whose mean curvature vectors are
eigenvectors of the Laplacian or the normal Laplacian and we give the ex-
plicit expression for such surfaces in the sphere s7.

1. Introduction

The class of submanifolds of a (pseudo-) Riemannian manifold, satisfying the con-
dition

AH = AH @
where Alis a constant, H is the mean curvature vector field and A denotes the
Laplace operator, has been studied by many authors. The study of Euclidean sub-
manifolds with this property was initiated by Chen in [4]. In the same paper bi-
harmonic submanifolds of the Euclidean space are defined as those with harmonic
mean curvature vector field.

Results concerning integral submanifolds of a Sasakian manifold of dimension
three or five satisfying (1) were obtained in [6,8,13,14]. In some of these papers
(see [8,13,14]) are studied also the integral curves and surfaces with

AtH = AH o)

where Ax is the normal Laplacian.

On the other hand, curves in the 7-sphere endowed with its canonical three-Sasaki-
an structure, which are Legendre curves for all three Sasakian structures, with con-
stant first curvature  and unit second curvature k2, were classified in [1]. Itis
easy to see that for such curves (1) is verified.
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It seems to be interesting to view if these curves are all curves satisfying (1)
and, moreover, to study the general case of Legendre curves in an arbitrary 7-
dimensional three-Sasakian manifold.

The goals of this paper are to find the Legendre curves (with respect to all three
Sasakian structures on the manifold) and a class of integral surfaces (with respect
to two of the Sasakian structures) in a 7-dimensional three-Sasakian manifold, sat-
istying (1) or (2).

2. Preliminaries

2.1. Sasakian Manifolds

Concerning the Sasakian manifolds let us recall some notions and results as they
are presented in [3].

Let M be an odd dimensional differentiable manifold and let (¢, &, 1) be a tensor
field of type (1,1) on M, a vector field and an one-form, respectively. If p? =
—I+n@¢&andn(&) =1, then (p, £, n) is called an almost contact structure on
M. On such a manifold, one obtains, by some algebraic computations, ¢ = 0,
now =0, 9>+ = 0. If the tensor field S, of type (1,2), defined by S —
Ny+2dn@¢, where Ny (X, Y) = [0 X, 9Y] —p[pX, Y] =0 X, oY | +¢*[X, Y],
is the Nijenhuis tensor field of ¢, vanishes, then the almost contact structure is
said to be normal (for more details see [3]). Let g be a (semi-)Riemannian metric
on M. Then g is called an associated metric to the almost contact structure if
g(pX,0Y) = g(X,Y) — n(X)n(Y), for any vector fields X,Y on M. Let 2 be
the fundamental two-form of the almost contact metric manifold (M, ¢, &, 7, g),
defined by Q(X,Y) = g(X,¢Y). If Q = dn then M is called a contact metric
manifold. A normal contact metric manifold is called a Sasaki manifold. In [3] it
is proved that an almost contact metric structure (@, &, 1, g) is Sasakian if and only
if (Vxp)Y =g(X,Y)¢ —n(Y)X, where V is the Levi-Civita connection of g.
If the manifold M admits three almost contact structures (0o, Eas Mo )s @ = 1,2, 3,
satisfying

Oy = Patps — N3 Do = —PsPa T Na @&s
§y = walp = —0sSas Ny = Na © P8 = —N3 ° Yo

for an even permutation («, 3,) of (1,2, 3), then the manifold is said to have an
almost contact three-structure. The dimension of such a manifold is of the form
4dn+ 3. Itis proved that there exists an associated metric to each of this three struc-
tures. If all structures are Sasakian then we call the manifold A a three-Sasakian
manifold. Note that every three-contact structure is three-Sasakian (see [3]).
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Remark 1. Some authors use a different sign convention in definition of three-
almost contact structures (see for example [1]). However, our results also remains
valid in this case.

If D is the contact distribution in a contact manifold (M, p, &, 1), defined by the
subspaces D,, = {X € T,,,M; n(X) = 0}, then an one-dimensional integral sub-
manifold of D will be called a Legendre curve. A curve v : I — M, parametrized
by its arc length is a Legendre curve if and only if (+") = 0. In case of a (4n + 3)-
dimensional three-Sasakian manifold the maximum dimension of an integral sub-
manifold with respect to all three structures is n. Thus, in dimension 7 these would
be Legendre curves.

Let us consider a Sasakian manifold (M, ¢, &, 7, g). The sectional curvature of a
two-plane generated by X and ¢ X, where X is an unit vector orthogonal (o &, is
called @-sectional curvature determined by X. A Sasakian manifold with constant
-sectional curvature c is called a Sasakian space form and it is denoted by M (c).
Note that if one of the three sectional curvatures, for example the third, of a three-
Sasakian manifold is constant then it is equal to one since &; and &2 = s3é, are
orthogonal to &3 and any two-plane containing one of the characteristic vector fields
has sectional curvature one.

The curvature tensor field of a Sasakian space form M (c) is given by

R(X,Y)Z = “F{g(2,Y)X — g(Z, X)Y } + F{n(Z)n(X)Y
—n(Z)n(Y)X + g(Z, X)n(Y)§ — g(Z, Y )n(X)¢
+9(Z, Y )X — g(Z, 0 X )Y +29(X, Y )pZ}.

A contact metric manifold (M, ¢, &, 1, g) is called regular if for any point p € M
there exists a cubic neighborhood of p such that any integral curve of & passes
through the neighborhood at most once, and strictly regular if all integral curves
are homeomorphic to each other.

Let (M, ¢, &,n, g) be a regular contact metric manifold. Then the orbit space M
has a natural manifold structure and, moreover, if M is compact then M is a prin-
cipal circle bundle over M (the Boothby-Wang Theorem). In this case the fibration
7 : M — M is called the Boothby-Wang fibration. A very known example of a
Boothby-Wang fibration is the Hopf fibration 7 : S?**+1 — CP".

We end this section by recalling the following result obtained by Ogiue.

Theorem 1 ([11]). Let (M,p,&,m,9) be a strictly regular Sasakian manifold.
Then on M can be given the structure of a Kihler manifold. Moreover, if (M, ¢, €,
n,q) is a Sasakian space form M (c), then M has constant sectional holomorphic
curvature ¢ + 3.
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2.2. Biharmonic Maps

A biharmonic map ¢ : (N,h) — (M, g) between Riemannian manifolds is a
critical point of the bienergy functional E>(¢) = £ [y ||7(¢)||?vs. This notion is
a generalization of that of harmonic maps, which are critical points of the energy
functional E(¢) = 1 [, [|d¢||*v, and it was suggested by Eells and Sampson in
[5]. Chen defined the biharmonic submanifolds in an Euclidean space as the sub-
manifolds with harmonic mean curvature. If we apply the characterization formula
of biharmonic maps to Riemannian immersions into Euclidean spaces, we recover
Chen’s notion of biharmonic submanifold.

The Euler-Lagrange equation for the energy functional is 7(¢) = 0, where 7(¢) =
trace Vd¢ is the tension field, and the Euler-Lagrange equation for the bienergy
functional was derived by Jiang in [9]

T2(¢) = —AT(¢) — trace RM (¢, 7(¢))d¢ = 0.

Since any harmonic map is biharmonic, we are interested in non-harmonic bihar-
monic maps, which are called proper-biharmonic.

3. Legendre Curves in Three-Sasakian Manifolds

Definition 1. Let (M™, g) be a Riemannian manifold and vy : I — M a curve
parametrized by arc length, that is ||| = 1. Then 7y is called a Frenet curve
of osculating order v, 1 < r < m, if there exists orthonormal vector fields
Ey, Es, ..., E, along v such that

Vrly = ki, Vrly = —kiI +Roliz, ..., Vrlk, = —k,_1F,_
where Ey = ~' =T and k1, . . ., k,_1 are positive functions on I.

Remark 2. A geodesic is a Frenet curve of osculating order one. A circle is a
Frenet curve of osculating order two with k1 = constant, a helix of order r,r > 3,
is a Frenet curve of osculating order » with x1, ..., K, constants and a helix of
order three is called simply helix.

Since, by definition the mean curvature of v is H = V7T, from the previous
Frenet equations one obtains

AH = —V2H = —Vp(VpH) = =V [Vr(k1 )]
— V(K| Ey — k1T + K1k E3) 3
=3k, T + (=K + Ii? + m/ﬁ%)Eg — (k1K + 2K ko) B3 — Kikaks Ey.
If we claim that AH = \H, for A being a constant, then, from (3), it follows

k1 ER, m/ﬁé =0, K1Koks — 0.
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We can state

Proposition 1. The equation AH = \H holds for a curve v : I — M, where
dimension of M is greater than three, if and only if either -y is a geodesic or

K1 € R\ {O}, Ko € R, Kok = 0. (4)

Moreover, if 7y is not a geodesic then X\ = k3 + k3.

Assume that M7 is a 7-dimensional three-Sasakian manifold with structure tensors
(Pas€arMa)s @ = 1,2,3, and let v : I — M7 be a Legendre Frenet curve of os-
culating order r in M7, with respect to all three Sasakian structures on M7, which
is not a geodesic. Then, using the same notations as above, we have g(7,&,) =
Ne(T) = 0, for a = 1,2, 3, where g is an associated Riemannian metric to the
three-Sasakian structure. Differentiating this equation along v we obtain, from
Vx&a = —0oX, that VT = Fj is orthogonal to &, for any ¢ = 1,2, 3. Now, it
is easy to see that {T", 1T, T, 03T, &1, &2, &3} is an orthogonal basis. It follows
that, in this basis, the expression of V77" is

3
VTT = I€1E2 = Z )\aQOaT
a=1

where A, = Ao (s), a = 1,2, 3, are real valued functions along -y called the relative
curvatures of . Hence, sy = ||[VrT|| = /32 A2 and By = 32, 2—‘11g0aT.
Since M7 is a three-Sasakian manifold, we easily get

VrorT = &1 — MT + ApsT — Asp2T

V1T = & — ApsT — AT + Az T )

VresT = &3+ AT — Ao T — AT

After a straightforward computation, using (5), one obtains

S/ Y A
ViEy = —riT + (—””) I+ 226,
) 1 ;[m ® mﬁ}

If ko = O it follows that A, = 0 forany a = 1, 2, 3, and k1 = 0. So, in this case, v
is a geodesic. Since « is not a geodesic, from the second Frenet equation, we have

3 !
A Aa
Kalls =2 [(a) bl o b

a=1

Again using (5) and the third Frenet equation we have

3
2\ — A (25! !
H3E4 = I{/2E2 + VTES — E : aR1R2 12,2(1{//2{/1/{/2 + /{/1/{/2)£a
172

a=1
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K2 \ K1 R1K2
N _<i (ﬁ)’)' MMM )]
Ko \ K1 R1K2
- , -
N (i (ﬁ)’) PR e e 1 e
i Ko \ K1 R1Rk2 |

Assume that (1) holds for . Since -y is not a geodesic then (4) holds too. Moreover,
since kg # 0, it follows that, in this case, (4) gives

K1, K2 GR\{O}, k3 — 0.

But, if k3 = 0 it is easy to see that \/, = 0 for any ¢ = 1,2, 3. That means \, € R
are constants. From the expression of k2 one obtains ko = 1.

Conversely, suppose that k1 € R\ {0} and x3 = 1. Obviously, using again the
expression of kg, it follows that A, € R are constants. Taking account of that
in the formula of s3Iy, it can be easily verified that k3 = 0 and, then, due to
Proposition 1, «y has the property (1).

Thus, we obtained

Theorem 2. A Legendre Frenet curve of osculating order v, v : I — M”, ina 7-

dimensional three-Sasakian manifold with respect to all three Sasakian structures,
verifies AH — \H if and only if either

i) v is a geodesic. In this case A = 0
or

ii) k1 € R\ {0} and o = 1. In this case A = 1 + k3.
Corollary 1. The mean curvature of a curve vy as in the previous theorem is har-
monic if and only if vy is a geodesic.

The most canonical example of a three-Sasakian manifold is the 7-sphere S* =

{z € C*; ||z|| = 1} endowed with a three-Sasakian structure obtained as follows
(see [1]).
Consider the Euclidean space E® with three complex structures,
0 0 0 I
(0 -1 1 0 0 -2 0 o
I<I4 O)’ J = 0 Ib 0 0}’ k=-17
—I, 0 0 O

where I,, denotes the n x n identity matrix. Let 2 denote the position vector of the
unit sphere in £° and define three vector fields on ST by

& = -1z, & =—-Jz, &= —Kaz.
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The dual one-forms 1), are three independent contact structures on S7. We consider
tensor fields ¢,, a = 1,2,3, of type (1,1) given by o1 = soZ, p3 = so J,
w3 = so K, where s : T,E® — T,S7 denotes the orthogonal projection. Then
(0a, Ea, Ma) is a three-almost contact structure on S7. The standard metric on S7, g,
of constant curvature one, is an associated metric for all three considered structures
and S7 becomes a three-Sasakian manifold.

In [1] it is proved the following result
Theorem 3 ([1]). Curves in S7, parametrized by arc length, which are Legendre

curves for all three contact structures with k1 = constant and ko = 1 are either
geodesics or lie in a totally geodesic 3-sphere and are given by

sin p18 COS P18 sin pa s COS P28
v(s) = P 1 — P o+ & 3 — P Cq
Pl 41 P2 P2
where py 2 = %(, k% + 4 & K1) and c; are mutually orthogonal vectors in EB.

Now, assume that M is a three-Sasakian manifold with constant ¢,-sectional cur-
vature equal to one. From the expression of the curvature tensor R one obtains
that the biharmonic equation 7(y) = 0 of a curve v : I — M, parametrized by
arc length, which is a non-geodesic Legendre curve for all three contact structures,
is equivalent to AH = H. By using Theorem 2 we can recover a result from [7].

Theorem 4 ([7]). Biharmonic Legendre curves in a T-dimensional three-Sasakian
space form, with respect to all three Sasakian structures, are only geodesics.

Next, we will look for submanifolds with mean curvature vector fields satisfying
equation (2). Let (M™, g) be a Riemannian manifold, V the Levi-Civita connec-
tion and N™ a submanifold of M. The normal connection V= is given by the
equation of Weingarten

VxV =—-AyX + VxV
for any X € TN and any section V' of the normal bundle 7+ N, where A is the
shape operator.
Denote by AL the Laplacian acting on the space of the smooth sections of the

normal bundle 7+ N. The operator At is called the normal Laplacian and is
given by

n
i 1ol L
At =-3(V.V, - Vone,)
i=1 ¢
where {e;} is a local orthonormal frame on N and V" is the Levi-Civita connec-
tion on N.

Let v : I — M be a Frenet curve of osculating order r. The normal Laplacian is
At = —VFVE.
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We have V&V = VoV — g(VpV,T)T for any section V normal to . Then, a
straightforward computation gives
V%H = HllEQ + K1Kko s
and
ATH = (—sl + Iﬁlﬁ%)EQ — (k1K + 2K ko) B3 — Kikoks Ey.
One obtains also

Proposition 2. A curve v satisfies AYH = NH if and only if

—KY + K1K3 = AR1, K1k + 2K Ko = 0, Kikoks = 0.
Proposition 3. A curve v satisfies A*H = 0 if and only if

—ki + Iﬂlﬁ% =0, K1k + 2K K2 = 0, K1kak3 = 0.

Now, assume that M7 is a three-Sasakian manifold with structure tensors
(Var€asMa), a = 1,2,3,and v : I — M7 is a Legendre Frenet curve of oscu-
lating order r in M7, with respect to all three Sasakian structures on M 7. It is easy
to see that if v is a geodesic we have ALH = 0. In the following suppose that
v is not a geodesic. As we have already seen x5 # 0 in this case. Then, from
Proposition 2, we have that + satisfies AL H = AH if and only if

—KY 4 K1KS = AK1, K1k + 2K Ko = 0, r3 = 0.
From the last two conditions, since V11T — k1o = 22:1 Aapo T where )\, are
the relative curvatures, one obtains that A\, must be constants and x5 — 1.
Actually we have obtained

Theorem 5. A Legendre Frenet curve of osculating orderr, v : I — M, ina 7-
dimensional three-Sasakian manifold, with respect to all three Sasakian structures,
verifies A~ H = \H if and only if either

i) v is a geodesic. In this case A = 0
or

ii) k1 € R\ {0} and k2 = 1. In this case A = 1.

4. Integral Surfaces in Three-Sasakian Manifolds

Let us consider the Boothby-Wang fibration 7 : M — M = M /3, where M7
is a three-Sasakian manifold with structure tensors (g, &a, a), @ = 1,2,3, and
of dimension 7, which is strictly regular with respect to the third structure. Let
7 : I — M be a curve parametrized by arc length and the surface S5 = 7=1(7)
the inverse image.

In the following we shall look for surfaces S5 which are integral surfaces of A/ with
respect to the structures (1, &, m1) and (2, &2, 72). For such a surface {&3, T}
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is a global orthonormal frame field, where 77 = 4’ and T is the horizontal lift
of T. The vector fields goaiTH , a = 1,2, 3, are orthogonal to S5. If V is the
Levi-Civita connection on M we have

Vaen Y = (V) — (X7, Y M)g
for any vector fields X, Y € T M and then

3
VT =Y XaXa

where ), are functions defined along 7y and X! = ¢, TH. After a straightforward
computation one obtains

VeT? =0,  Viu& =0, V2&=0, VigTH =0
B(TH, TH) = Z Xapa TR, B(TH,&) = —psTH, B(&3,83) =0

Ve,p1 T = 902TH, VeI = —o1 T, VepsTH = TH
Veno1TH = & = MTH 4 MowsTH — A3
VorpaTH = & — MpsTH — MoTH + N30 TH
VorrpsTH = &3+ MpaTH — Moo TH — XsTH

where V¥ is the Levi-Civita connection of Sy and B is the second fundamental
form of Sy in M. We observe that S is flat.

The mean curvature vector field of S5 is
(VTHT + v€3£3 Z )\aQOaTH
Straightforward computations show also that
1 /3 3 3
VynH = - (Z AT 43" Naba =D AgTH>
a=1 a=1
VinH = (Z XopaTH + A& + )\2§2>

1
Ve, H = —p3H, VéH = 5(—)\1902TH + dopr TH)

and

3 3
VouVeaH = Y N&, — g SN TH
a=1
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ViuVnH =

V53V53H -

o MoAs = Nydo — A (1 + &3 T

SO A — Mg — o1+ &3

|}—\[\3|»—\[\3|»—\

SO+ Xhe = Xoh = Aa(L + AD)aT!
Z Moo + 5( T+ MAs — Modg — A T

(X' + ML — N Az — Ao ) TH

)
1
+5( T4 N — Mod)psTH
1
- H, Ve Ve H = —5()\1901TH + AppaTH)

where V1 is the normal connection and 71 = /> 5_; A2 is the first curvature of

the base curve 7.

The Laplacian and the normal Laplacian are given by

A=—(VouVpn +VeVe,) and At = —(VzuViu + V& Ve,)

respectively. Their explicit forms are

and

AtH =

Now, we can state

3 3 3
— Z N Eo + 3 SoanrH
a=1

N+ Mohs — Medo — M (24 ")) TH

I»—\[\DI»—\

S8 F XA = MAs = Xa(2 + )T

5()\{{ + M2 = MAp = As(2 + &) ps T

Z Ma — X' + MoAz — Mgho — 201 TH

(NS 4 MoA1 — M As — 2X0) o TH

l\DI}—\ml»—k

( + )\I Ay — M\ )\1)g03T
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Theorem 6. A surface Sy in a three-Sasakian strictly regular (with respect to the
third structure) manifold M7, which is an integral surface with respect to the first
two Sasakian structures, satisfies AH — XNH if and only if either

i) Sy is a minimal surface (A = 0)
or

ii) A, are constants such thar 3.2 _| N2 # 0. In this case A = 2 + 30| \2 =
2 + K2, where k1 is the first curvature of the base curve 7.

Corollary 2. The surface S5 has harmonic mean curvature if and only if it is a
minimal surface.

Theorem 7. A surface S5 in a three-Sasakian strictly regular (with respect to the
third structure) manifold M”, which is an integral surface with respect to the first
two Sasakian structures, satisfies ALH = \H ifand only if \1 = Ao = 0 and X3
has one of the following expressions

) As=as+b a,beR A=0
ii) A3 = acos(vVAs) + bsin(v/As), a,beR, A >0
i) A3 = aeV™ 4 beVN g be R, A <0,

Assume that M7 is a three-Sasakian space form with constant (s-curvature one.
Then, from the expression of the curvature tensor it is easy to obtain that the bihar-
monic equation of a surface S5 as above is equivalent to AH = 2H. Thus, from
Theorem 6, we have

Proposition 4. In a 7-dimensional three-Sasakian space form there are not proper-
biharmonic surfaces S5 which are integral submanifolds with respect to two of the
Sasakian structures.

Next, in order to find examples of surfaces Sy satisfying equation AH = \H we
will use again the 7-sphere endowed with its canonical three-Sasakian structure.
One obtains

Theorem 8. The parametric equation of a surface S5 as above in (S7, g, £a, Na» ),
a = 1,2,3, with mean curvature vector field H satisfying AH — MNH, A > 2,
thought as a surfaces in (R%, (), is

b b

x=x(u,v) = A+Bcos(Auj:v)61:F A+BSiH(AUiU)/C€1
1 -2 (Bu + v) A Gin(Bu+ )k
A7 g Cos(BuEves F [ sin(Bu L v)Kes

where ey, es are unit constant vector fields and {e1, es,Ze1,Zes, Je1, Jes, Keq,
Kes} is an orthonormal basis in the Euclidean space (RS, (,)), and A, B are
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given by

A=V =1 AV ©
2 ’ V2

A:

Proof: We consider the Boothby-Wang fibration 7 : (S7, g) — CP?, where CP?
is the complex projective space with constant sectional holomorphic curvature 4.
Let us denote by V, V and V the Levi-Civita connections on CP?, (S7,g) and
(R%, (,)), respectively.

Let S5 be an integral surface with respect to the first two Sasakian structures in
(S7,g) with AH = AH, where 5 : I — CP? is the base curve parametrized by
arc length. Using Theorem 6, the first curvature of 7 is given by kK3 = A2
with )\a — constant, a = 1,2,3 and A\ = 2 + &%, where V7T = Y5, )\ aXas
T =7 and X, = o, TH. Assume that 7y is a Frenet curve of osculating order r,
with Frenet frame field {7, Es, ..., E, }.

We recall that [¢3, TH] = 0, therefore we can choose a local chart x = 2(u, v)
such that 7 = z,, and &3 = my.
From the equation of Gauss and Frenet equations we get
VouTH =V T? — (TH THYe = (VT — 0 = 5 EF — 2
6TH€THTH — —(1 + R%)TH + ﬁlﬁgEg + )\353
and finally L N
VouaVpaVeaTH = —(2 4 RV T —
That means

Again using the Gauss equation we have
65353 = Vggfg — X = —T.

Hence
Ty + 2 = 0. (®)
Solving the equation (7) and replacing into (8), we get
x = x(u,v) = cos(AuLv)ey +sin(Au £ v)ey + cos( Bu £ v)es + sin(Bu +v)ey
where A, B are given by (6) and {¢;} are constant vectors in R®. Since
(r,x) =1, (r,24) =0, (g, Ty) = 1, (X, 240) = —1, (T, Tyu) =0
(T, Zuwu) = 0, (Lo, Tuu) = 1+ R%, (T, Tuwu) = 0, (Tu, Tuuu) = —1 — R%
(T Toyuu) = 1+ 3/%% + R‘f

one obtains for (u,v) = (0,0)

c11+2c13 + ez =1 &)
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Acya + Beyg + Acas -+ Besg =0 (10)

Aoy + 2ABeag + Beyy = 1 (11)

A%ciy + (A% + B)eis + Bless = 1 (12)

Acio + AB%coz + A?Beyy + Bc3q = 0 (13)
Aciy + Alcys + Bieyy + Be3y = 0 (14)
A'eyy +2A2B%c15 + B'ess = 1+ &Y (15)

APeyg + APB%cos + A2B3eiy + Boezq = 0 (16)
Alcgs + (AB* + A*B)coy + Blegy = 1 + &2 (7
AScos +2A%B3cos 4+ Bbeyy = 14 352 4+ R} (18)

where ¢;; = (¢, ¢j).

From (10), (13), (14) and (16) we have c12 = c14 = c23 = ¢34 = 0. From (9),
(12) and (15) it follows that c11 = 25, ¢13 = 0, cas = 2. Finally, from (11),
(17) and (18) one obtains ¢z = %, oy = 0, c4q = ﬁ. Thus, {¢;} are

orthogonal vectors in E® with |e1| = |ea| = ,/AJFB and [c3| = |es| = FAB‘

/| B / / /A
Hence Cl = mel, Cy — A+Be2’ C3 — A+Be3’ [ A+Be4’ where

{e;} are mutually orthogonal unit constant vectors in R®. Imposing that z, = &3 =
—Kx and that S5 be a integral submanifold with respect to the first two Sasakian
structures of S” one obtains the conclusion of the theorem. O

Remark 3. If we take any of the Sasakian structures instead of the third when
consider the Boothby-Wang fibration for a three-Sasakian manifold M7, all results
in this section remain valid.

Acknowledgements

The author was partially supported by the Grant CEEX, ET, 5871/2006, Romania.

References

[1] Baikoussis C. and Blair D., On The Geometry of 7-Sphere, Results in Math. 27 (1995)
5-16.

[2] Baikoussis C., Blair D. and Koufogiorgos T., Integral Submanifolds of Sasakian
Space Forms M7, Results in Math. 27 (1995) 207-226.

[3] Blair D., Riemannian Geometry of Contact and Symplectic Manifolds, Progress in
Mathematics, vol. 203, Birkhiduser, Boston, 2002.

[4] Chen B., A Report on Submanifolds of Finite Type, Soochow J. Math. 22 (1996) 117—
337.



Integral Submanifolds in Three-Sasakian Manifolds 223

[5]

[6]

[7]
(8]

[9]

[10]

[11]

[12]

[13]

[14]

Eells J. and Sampson J., Harmonic Mappings of Riemannian Manifolds, Amer. J.
Math. 86 (1964) 109-160.

Ekmekci N. and Yaz N., Biharmonic General Helices in Contact and Sasakian Man-
ifolds, Tensor N.S. 65 (2004) 103-108.

Fetcu D., Biharmonic Legendre Curves in Sasakian Space Forms, preprint.

Inoguchi J., Submanifolds with Harmonic Mean Curvature in Contact 3-Manifolds,
Colloq. Math. 100 (2004) 163-179.

Jiang G., 2-Harmonic Maps and Their First and Second Variational Formulas, Chi-
nese Ann. Math. Ser. A 7 (1986) 389-402.

Montaldo S. and Oniciuc C., A Short Survey on Biharmonic Maps Between Riemann-
ian Manifolds, Rev. Un. Mat. Argentina 47 (2006) 1-22.

Ogiue K., On Fiberings of Almost Contact Manifolds, Kodai Math. Sem. Rep. 17
(1965) 53-62.

The Bibliography of Biharmonic Maps. http://beltrami.sc.unica.it/
biharmonic/.

Sasahara T., Legendre Surfaces Whose Mean Curvature Vectors Are Eigenvectors of
the Laplacian Operator, Note di Mat. 22 (2003) 49-38.

Sasahara T., Legendre Surfaces in Sasakian Space Forms Whose Mean Curvature
Vectors Are Eigenvectors, Publ. Math. Debrecen 67 (2005) 285-303.


http://beltrami.sc.unica.it/

	INTEGRAL SUBMANIFOLDS IN THREE-SASAKIAN MANIFOLDS WHOSE MEAN CURVATURE VECTOR FIELDS ARE EIGENVECTORS OF THE LAPLACE OPERATOR

	1. Introduction

	3. Legendre Curves in Three-Sasakian Manifolds

	A± = -£ (Vi Vi -vY e> )

	4. Integral Surfaces in Three-Sasakian Manifolds

	1 / 3	3

	Vth H = 2 (y AaTaTH + A16 + A2{2 j

	(6)

	(7)

	Acknowledgements

	References





