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Abstract, In this paper we introduce the notion of a semi-developable sur-
face of codimension two as a generalization of die notion of a developable
surface of codimension two. We give a characterization of the developable
and semi-developable surfaces in terms of their second fundamental forms.
We prove that any hypersurface of conullity two in Euclidean space is locally
afoliation of developable or semi-developable surfaces of codimension two.

1. Introduction

The class of semi-symmetric spaces was first studied by Cartan [3] in connection
with his research on locally symmetric spaces. All locally symmetric spaces and all
two-dimensional Riemannian manifolds belong to this class. In 1968 Nomizu [7]
conjectured that in all dimensions greater or equal to three every irreducible com-
plete Riemannian semi-symmetric space is locally symmetric. His conjecture was
refuted in 1972 by Takagi [11], who constructed a complete irreducible hypersur-
face in E4, which is semi-symmetric but is not locally symmetric, and by Seki-
gawa [8], who gave counterexamples of arbitrary dimensions. In 1982 Szabd [9]
gave a local classification of Riemannian semi-symmetric spaces, dividing them
into three basic classes: trivial, exceptional and typical. Semi-symmetric spaces of
the typical class were studied also by Boeckx et al in [2] under the name Riemann-
ian manifolds of conullily two.

In the present paper we study the class of the typical semi-symmetric hypersurfaces
(hypersurfaces of conullily two) in Euclidean space En+1, considering them with
respect lo their second fundamental form.

In Section 3 we introduce the notion of a semi-developable surface of codimension
two as a generalization of the notion “developable surface” of codimension two
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and give a characterization of the developable and semi-developable surfaces of
codimension two in terms of their second fundamental form.
In Section 4 we prove the following structure theorem:

Each hypersurface of conullity two in E*1 is locally a foliation (one-parameter
system) of developable or semi-developable surfaces of codimension two.

2. Preliminaries

For an n-dimensional Riemannian manifold (M", g) we denote by T, M" the tan-
gent space to M at apoint p € M™ and by XM ™ — the algebra of all vector fields
on M"™. The associated Levi-Civita connection of the metric g is denoted by V,
the Riemannian curvature tensor R of type (1, 3) is defined by

R(X.,Y)Z =|Vx,Vy]Z -Vixyv|Z, XY, ZcXM"
and the corresponding curvature tensor of type (0, 4) is given by

R(X)Y,Z,U)=g(R(X,Y)Z,U), XY, Z,U e XM".

We remark that all manifolds, vector fields, differential forms, functions and sur-
faces are assumed to be smooth (i.e., of differentiability class C™).

A semi-symmetric space is a Riemannian manifold (M", g), whose curvature
tensor R satisfies the identity

R(X,)Y)-R=0

for all X, Y € XM". According to Szabd’s classification (using the terminol-
ogy of [2]) every locally irreducible semi-symmetric space belongs to one of the
following three classes:

1) “trivial” class, consisting of all locally symmetric spaces and all two-dimen-
sional Riemannian manifolds

2) “exceptional” class of all elliptic, hyperbolic, Euclidean and Kihlerian
cones

3) “typical” class of all Riemannian manifolds foliated by Euclidean leaves of
codimension two.

The trivial semi-symmetric manifolds are well-known and the exceptional ones are
described and constructed explicitly in [9] and [10]. For the class of foliated semi-
symmetric spaces Zsabé [10] had derived a system of non-linear partial differential
equations, describing their metrics.

Foliated semi-symmetric spaces were studied by Boeckx er al [2] with respect to
their metrics as Riemannian manifolds of conullity two.
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A Riemannian manifold (M", g) is of conullity two, if at every point p € M" the
tangent space 7),M" can be decomposed in the form

T,M"™ = Do(p) & Aj (p)

where dim Ag(p) = n — 2, dim Az (p) = 2 and Ag(p) is the nullity vector space
of the curvature tensor R, i.e.,

Ag(p) = {X € T,M™; R)(X,Y)Z =0, Y,Z € T,M"}.

The (n — 2)-dimensional distribution Ag : p — Ag(p) is integrable and its inte-
gral manifolds are totally geodesic and locally Euclidean. So, (M™, g) is foliated
by Euclidean leaves of codimension two.

In [2] the metrics of the Riemannian manifolds of conullity two are described by
systems of non-linear partial differential equations. For some classes of manifolds
of conullity two the metrics are determined in explicit form.

We study hypersurfaces of conullity two (or foliated semi-symmetric hypersur-
faces) in Euclidean space E"! with respect to their second fundamental form,
considering them as one-parameter systems of geometrically determined surfaces
of codimension two.

We denote the standard metric in E"*! by ¢ and its Levi-Civita connection by V'.
Let V be the induced connection on a hypersurface M™ in E"™! and h{(X,Y) =
g(AX,Y), X, Y € XM™ be the second fundamental tensor of M™ with corre-
sponding shape operator A.

Foliated semi-symmetric hypersurfaces are characterized in terms of the second
fundamental form as follows [5].

Proposition 1. A hypersurface M™ in E**1 is of conullity two if and only if its
second fundamental form h is

h= Quw+pw®n+nQw)+vn®n, v —p®#0
where w and 1 are unit one-forms; A\, y and v are functions on M"™.

Here the Euclidean leaves of the foliation are the integral submanifolds of the dis-
tribution Ag, determined by the one-forms w and 1

Ao(p) ={X e T,M"; w(X) =0, n(X) =0}, peM"

We denote by A@L the distribution of M", orthogonal to Ag. Since the second
fundamental form h of M™ is symmetric, then locally there exist two mutually
orthogonal unit vector fields &1, &2 € Ag with corresponding unit one-forms 7;
and 79, respectively, such that

h=uvim Qm +rvamp Qna, vivy # 0 ey
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where 1; and 15 are functions on M"™. The vector fields £; and & determine the
principal directions of the shape operator A of M™.

Using the Codazzi equations for a hypersurface with second fundamental form A,
satisfying (1), in Section 4 we obtain all involutive (n — 1)-dimensional distribu-
tions, containing Ag, and prove that the integral surfaces of these distributions are
developable or semi-developable surfaces of codimension two.

3. Developable and Semi-Developable Surfaces of Codimension Two

A (k + 1)-dimensional surface M**! in Euclidean space E"*!, which is a one-
parameter system {E*(s)}, s € J of k-dimensional linear subspaces of E"*!,
defined in an interval J C R, is said to be a ruled (k + 1)-surface [4, 1]. The
planes EF(s) are called generators of M*+1. A ruled surface M**1 is said to
be developable [1], if the tangent space T, M k+1 at all regular points p of an
arbitrary fixed generator E*(s) is the same. A developable ruled hypersurface
M" = {E"1(s)}, s € J in E** is called a torse.

Now we shall consider a ruled (n — 1)-surface M"~1 = {E""2(s)}, s € J (ruled
surface of codimension two). Let {N1, No} be a normal frame field of M"1,
consisting of two mutually orthogonal unit vector fields. We denote by h; and Ao
the second fundamental forms of M"~! corresponding to the vector fields N; and
No, respectively and by 4, and A, their corresponding shape operators, i.e.,

h1<ma§> = g<Alma y)a h2<ma§> = 9<A2ma§>a T,y < %Mn_l'

If D is the normal connection of M™ 1, then the Gauss and Weingarten formulas
imply

Ly =Voy+hi(z,y)Ni + ho(z,y)Na, 2,y € XM

2
VN1 = —A1z + DNy, VN2 = —Asz + D Na. @

Let p be an arbitrary point of M~ and E"~2(s) be the generator of M"~! con-
taining p. We denote by Ag(p) the subspace of T, M" ™1, tangent to E"~?(s) and
by Ag — the distribution Ag : p — Ag{p). The unit vector field on M "™~ !, orthog-
onal to Ag and its corresponding one-form are denoted by W and w, respectively
(W is determined up to a sign). Since the integral submanifolds E"~2(s) of the
distribution Ag are auto-parallel, then V;O yo € Ag for all zg, yg € Ag. Hence,
the first equality in (2) implies

hi(x0, yo) = ha(xo,y0) = 0, Tg, Yo € Ag. 3
Using the unique decompositions

x=xg+w(z) W, y=1yo+wly) W, g, Yo € Ag
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of arbitrary vector fields z,y € ¥M™ 1, from (3) we get
hi(z,y) = pw(@)w(y) + w(@) iy, W) + w(y) ha(zo, W)
ha(z,y) = qu(z) w(y) + w(z) halyo, W) + w(y) ha(zo, W)
where p = hi (W, W), ¢ = ho(W, W).
We denote by 3, and 3, the one-forms on M"™~1, defined by
B1(xg) = hy(z0, W), B (W) =0, 9 € Ag
Ba(zo) = ha(zo, W),  Fo(W) =0.
Let 3; and > be their corresponding unit one-forms, i.e.,
Bi=bip, b=

Bo=bafa, b=
Hence, the equalities (4) imply

Gy

hi = pwRuw+b (WG + 51 Qw), ho = quRw+b(wRFh+Hhw). (5)
Let By and Bs be the unit vector fields on M1, corresponding to the one-forms
31 and (o, respectively, i.e.,

81(33} :g<B1’m>’ 82(33} ZQ(BQ,E}, x QXMn_l.

It is obvious that By, Bs € Ag. We denote by 4 the one-form on M n=1 defined
as follows

0(z) = g(V,Na, N1), ze XM

Using that g(V,,N;, N;) = 0, i = 1, 2, the Weingarten formulas and equalities (5),
we obtain

VIN: = —bw(z) By — b1 1) W —pw(z) W — 6(z) N2

6
V;NQ = —bgw(m} By — bgﬁg(m} W — qw(m} W + 9(3:} N;. ©

The developable surfaces of codimension two in E™*! are characterized [6] by

Lemma 1. Let M™ ! be a surface in E™! with normal frame field { N1, Na2}.

Then, M™ 1 is locally a developable surface of codimension two if and only if
VN1 = —pw(z)W — pw(x)Na, re XMt D
VI Ny = —quw(z)W + pw(z)N;

where 1, p and q are functions on M"Y, such that p* + ¢° > 0.

Remark. The planes E"~! of codimension two can be considered as trivial devel-
opable surfaces of codimension two, for whichp = ¢ = 0 [5].
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Now, let M™ ! be a developable ﬂn‘fge of codimension two with normal frame
field { N1, N2}, satisfying (7). If {N1, N2} is another normal frame field of M1,
such that

Ny =cosp Ny +singNo, Ny=—singN; +cospNa, ¢=2(N;,Ny)
then
VN = —puw@)W —mw(z)N,, zeXM"!
VN2 = —qw(z)W + pw(z)N;
where
P = pcosy + gsin p, 7= —psing + gcosp, = p—de(W).
The last equalities imply

7 — darctan %(W’} = p — darctan E%(W’}.

Consequently, the function k = p—d arctan g(W’} does not depend on the choice

of the normal frame field { N1, N2} of M"L.

We call a developable surface A"~ ! in E"*! planar, if there exists a hyperplane
E™ in E"*1, such that A"~ ! lies in E". The planar developable surfaces of codi-
mension two are studied in [5] under the name torses of codimension two and are
characterized as follows:

Lemma 2. A developable surface of codimension two is planar iff k = 0.

It is easily seen that for each developable surface M"~! of codimension two there
exists locally a normal frame field {/1, 2}, with respect to which the equalities (7)
take the form

Vi =—nw@W, Vi=-wmw@W, =zeXM"!

where v; and o are functions on M™ 1. Such a normal frame field is called a
canonical normal frame field of A/"~L. It is determined up to a constant orthog-
onal matrix.

Now we shall consider non-developable ruled surfaces of codimension two. Let
M"™ 1 = {E"2(s)}, s € J be such a surface. If { N1, No} is an arbitrary normal
frame field of M"~!, then the equalities (6) hold good. As a generalization of the
notion developable surface of codimension two we give the following

Definition 1. A ruled surface M"~1 = {E"2(s)}, s € J in E"*! is called
semi-developable, if there exists a unit normal vector field N of M"~! which is
constant along each fixed generator E"~*(s), i.e., V, N = 0, zg € Aq.

We shall prove the following
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Proposition 2. Let M " be a non-developable ruled surface in E*™* with normal
frame field { N1, Na}. Then, M1 is semi-developable if and only if

b
0(zq) = e d arctan 6—2(3:0), T € Ag, b+ B2 £0 8
1
where ¢ = +1.

Proof: 1) Let M ! be a semi-developable surface of codimension two with nor-
mal vector field N = cos@ N1 + sinp N2, ¢ = Z(N1, N), which is constant
along each generator and N be the normal vector field on M" !, defined by
N1 = —sing Ny + cos ¢ Na. Then the equalities (6) imply

VLN = — by cospw(z)By — basin pw(z)Ba
— (by cospBi(x) + basin pFa(x) )W
— (pcos ¢ + gsin @) w(z)W — (B(z) — de(x)) N+
V! N+ = by sin pw(x) By — bs cos pw(x)Ba
+ (by sin B (x) — bacos pfBa{z) )W
+ (psinyp — gcos ) w(z)W + (6(z) — dp(z))N.
Using that V), N = 0, 29 € Aq, from the last equalities we get
by cospfh(xg) + basinpfa(zg) =0, O(zo) — dp(xe) =0, 20 € Ag. (9)
If we assume that by = by = 0, then the second equality of (9) implies 6(z) —
do(z) = pw(z), where p = (W) — dp(W). So, we obtain
V!N = —pw@W — pw(z)N*, zeXM"!
VIN® = —gu(@)W + pw(z)N

where p = pcosp-+gsiny, § = —psinp-+gcos . Then, according to Lemma 1,
M 1is locally a developable surface of codimension two, which contradicts the
condition that M™~! is non-developable. Hence, b7 + b3 # 0.

In the case when by = 0 (or b; = 0) the equalities (9) imply

cosp =0 (orsing =0), flxzg) =0, xzg€ Ag.
Hence, the conditions (8) are fulfilled.
In the case when b1bo # 0, the first equality of (9) implies

b
Bi(zo) = —5 tan ¢ Ba(q)

which shows that the one-forms 31 and s are collinear. Since 31 and [3» are unit
one-forms, then 3; = ¢, where ¢ = +1. Hence, tany = —e by /bs. Using the
second equality of (9) we get (8).
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2) Let M™~! be a non-developable ruled surface with normal frame field
{N1, N2}, satisfying (6), such that the conditions (8) hold good. For the curva-
ture tensor R’ of V' from (6) we calculate

R'(z,y,N1,No) = —db(z,y) + b1 b2 (81 A B2)(z, )
+ b1 (81 Aw)(@,y) — bap(B2 Aw)(z,y)

where 2,y € XM"1. Using that R = 0 and df(zq,y0) = 0, zg,50 € Ag,
from (10) we obtain

by b2 1 A B2)(z0, y0) = 0, 2g, Y0 € Ag. 1D

In the case when ba = 0 (or by = 0) we get from (8) that #{xg) = 0, zg € Ayg.
Hence, § = (W )w. Denoting p = #(W), we obtain from (6)

ViNs = —quw(z)W + pw(z)N,  (or VLN = —pw(2)W — pw(z)No)
which implies V), N2 = 0 (or V], N1 = 0), 29 € Ag. Consequently, M Llisa
semi-developable surface.

In the case when by bo # 0, the equality (11) implies (31 A F2)(xzo,y0) = 0,

10

g, ¥g € Ag, which shows that 1 = ¢fs (¢ = £1). Setting ¢ = —¢ arctani—l
and considering the normal frame field {N, N1} of M1, defined by ’
N = cosp Ny +sinp Na, NL:—Sinale-f—coscpNg

we get the formulas
VN = —pw(z)W — pw(z) Nt
VNt = —bw(@)B-b8a)W —quw(@) W + pw(z) N

where 3=, =¢fh, B=B1 =¢cBs, p=pcosp+gsing, §= —psinp +
g cosp, b* = b7 +b3, = (W) —dp(W). Consequently, Vi, N =0, zg € A,
i.e., M"1is a semi-developable surface. O

In the process of proving Proposition 2 we have obtained that for each semi-
developable surface M1 there exists a normal frame field { N, N}, such that

VN = —pw(z)W — pw(z) Nt
VNt = —bw(@)B-b08(x)W — quw(a) W + pw(z) N.
We call such a normal frame field a canonical normal frame field of the semi-

developable surface M"™~! and the normal vector field N we call main normal
vector field of M"~!. The main normal vector field N is determined up to a sign.

A semi-developable surface M" ! in E"*! is said to be planar, if there exists a
hyperplane E” in E**, such that A"~ lies in E". It is obvious, that if M~ ! is
a planar semi-developable surface, lying in a hyperplane E® ¢ E"*! with normal

12)
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N, then N is the main normal vector field of M"~1. The planar semi-developable
surfaces of codimension two are characterized by

Lemma 3. Let M~ ! be a semi-developable ruled surface in E*' with a canon-
ical normal frame field { N, N*} satisfying (12). Then, M"1 is planar iff p = 0.

Proof: 1) Let M™~! be a planar semi-developable surface, lying in a hyperplane
E™ with normal vector field N. Then, V,.N = 0, z € XM =1 and the first
equality of (12) implies thatp =0, o = 0.
2) Let M"~! be a semi-developable surface with normal frame field {N, N} and
p = 0. Then, the equalities (12) imply

Rz, y, NNW) =bu(3 Aw)(z,y), x,y € XML
Using that R’ = 0, we get

bp(BAw)(@,y) =0,  zyeXM".

Since M" ! is non-developable, then b # 0 and 3 A w # 0. So, the last equality
gives p1 = 0. Hence, V/,N = 0,z € XM" !, ie., M" ! is planar. O
The non-planar semi-developable surfaces of codimension two are characterized
by

Lemma 4. Let M"™! be a surface in E"! with normal frame field { N1, Na}.
Then, M™! is locally a non-planar semi-developable surface with canonical nor-

mal frame field { N1, N2} if and only if

Vi.N; = —pw(z) W — pw(z) N»

V.Na = —bw(z) B—bp(x)W — qu(z)W + pw(z)N;
where b, p, q and p are functions on M™ 1, such thatb # 0, p # 0.

a3

Proof: 1) It is obvious from the considerations above that for a non-planar semi-
developable surface M™~! with canonical normal frame field {N;, N>} the for-
mulas (13) hold true and b # 0, p # 0.
2) Let M™~! be a surface in E"*! with normal frame field {N1, N2}, satisfy-
ing (13) and b # 0, p # 0. Using that R'(x,y, N1) = 0, from (13) we get
pw(@)V,W — pu(y)V,W

+ (bp(B Aw)(z,y) — dpw)(,y))W — d{pw)(z,y) N2 =0

which implies that dw(zg,y0) = 0, xg,yo € Ag. Hence, the distribution Ay is
involutive. Consequently, for each point p € M" ! there exists a unique maximal
integral submanifold Sg_Q of Ag containing p. With the help of formulas (13)
and (14) we obtain

g<v;0§0aNl> =0, g<v;0§0aN2> =0, g<v;0§0a Y/If" =0, =zg,¥0 € Ag

a4



178 Georgi Ganchev and Velichka Milousheva

which imply that V;O Yo € Ag for all zg,yg € Ay, i.e., the integral submanifold
Sg_Q of Ag is totally geodesic. So, Sg_Q lies on an (n — 2)-dimensional plane
E7~2. Hence, M™! is locally a one-parameter system {E"~*(s)}, s € J of
planes of codimension three, i.e., M n—1 g locally a ruled surface of codimension
two. More over, the first equality of (13) implies V;ON;L =0, xg € Ag. Hence,
locally M ™1 is a semi-developable surface with main normal vector field Ny. [

4. Structure Theorem

In what follows we consider a hypersuface M™ of conullity two with unit normal
vector field N (NN is determined up to a sign). The second fundamental form
h of M™ satisfies (1). The (n — 2)-dimensional distribution, determined by the
one-forms 77 and 79, is denoted by Ag. Applying the Codazzi equations for a
hypersurface with second fundamental form defined by (1), we obtain the equalities

1) V&1 = —v(20) &2

2) Vo =v(x0) &1

3) 9(Ve, &, 20) = dlnwy ()
4) g(Ve,&o, o) = dInwa(zo)

Vo — I/
5) (Ve oy 20) = ———

6) g(Veéi,zg) = o 2167
7) (1 —12)°9(Ve, &1, 8) = (11 — v2) dvi (&)
8) (11 —12)?9(Veéo,&1) = —(v1 — 12) dwn(ér)
where v is a one-form on Ag, defined by v{zg) = g(V,&2,£&1), zg € Ag.

We denote by Ag, and Ag, the (n — 1)-dimensional distributions, orthogonal to
the vector fields £; and &3, respectively, i.e.,

A (p) ={x e T,M"; m(z) =0} = Ag & span{és}, pe M"
Ag,(p) = {z € T,M™; na(x) = 0} = Ag S span{li}, pe M™

s

V(o)
1 2] —21/1

In general, A¢, and Ag, are not involutive. We shall find all involutive (n — 1)-
dimensional distributions of M" containing Ag. An arbitrary unit vector field ¢ €
Ag is decomposed in the form & = cos @ £1 +sin p &2, where ¢ = Z(£1,£). Let £+
denotes the unit vector field in Az, orthogonal to £, i.e., £~ = — sin @ £1+cos @ £o.
Then, the distribution Ag, orthogonal to &, is presented by

Aelp) = {z € T,M™; g(¢,2) = 0} = Ag @ span{¢*t}, pe M™

Proposition 3. Let M™ be a hypersurface of conullity two in E"*1 with principal
directions &1, &2 and £ = cos & + sinw&s be a vector field in A@L. Then, the
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distribution A¢, which is orthogonal io &, is involutive if and only if the function
satisfies

1 1
deolzg) = (E cos? ¢ + ksin? cp) v(zg) — z sin ¢ cos @ dk(zg) (16)
.61

where xg € Agand k = —.
2

Proof: Since Ag is an involutive distribution ([zg, yg] € Ag for all zg, yg € Ag),
then the distribution A¢ is involutive if and only if [xq, £ e Ag forall zg € A,
ie.,

g<v;’0£_}_a£> - g<v,§lm0a£> = Oa xg € AO
or equivalently

9Vl 8) + g(Ver&,m0) =0, x0 € Ag.

The vector fields V£ L and V1§ can be expressed as follows
Vil t = (v(20) — dp(0)) €
Veré = sinpcosp (Veg,&a — Ve, 1) — sin? ¢ V¢, & + cos” ¢ Ve, &

+ (cosp dip(6a) — sinp dep(€1)) £T.
Using the last equalities and (15) we obtain that A is an involutive distribution if
and only if  satisfies (16). O

As a corollary we obtain

Corollary 1. Let M™ be a hypersurface of conullity two in E"' with principal
directions {1 and &>. The distributions A¢, and Ag, are involutive if and only if
v =40

Since the distribution Ag of M™ is involutive, then locally there exist parameters

0
w,v,wh, ..., w2 on M"™, such that Ay = span {—a} . We denote
ow a=1,.n-2

J J J
Qa_dp(ﬁﬁ)’ f?‘»a—df?‘»(w>, ’)’a-’)’(@)-

So, the equalities (16) can be written in the form
1 2 .2 1 N
Yo = gcos @+ ksin® @ ’ya—gsmcpcosapﬁca, a=1,...,n-2

or equivalently

1

( cos 2 — ko L+4
Lo = ok Ve 2

2;38111299—%—?7&, a=1,....,.n—=2. 17
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1—k? k 1+ k?
Setting a, = 2—;@7&, b, = —2—;:, Co = ;—?«a%’ we rewrite (17) in the
form
Yo = G 08290 + bysin2p +¢,, a=1,...,n—2. 18

Now, if we fix (u,v) the equalities (18) can be considered as a system of partial
differential equations for the unknown function w(w?, ..., w" 2 u,v), where u
and v are parameters. We shall prove that the integrability conditions

Pap = PBas a,ﬁzl,...,n—2

for the system (18) are fulfilled.
It is easy to calculate that

Pap — Ppa = (aaﬁ — agqy + 2bycg — 26;'36&} cos 2¢
+ (bag — bga + 2caag — 2cga,) sin 2¢p
-+ (Cmg — CBa + 2ba(}:;3 — 255(},&}

0 [1-k? B 3@24—1;@ +1—;@2
aa;{?—& Yo } = oK2 3 Yo ok Yo

7] ke 1 0 1 0
be3 = g0 (%) = =505 (e = ~5 g 1K) = bse

8 (14K k-1 1+ k?
CaB = 53|~ Yo _W;&BT&JFQ—?@T\Q;S

19

o0
Yo = W (’Ya) .

Using the fact that the one-form v is closed and taking into account (19) we calcu-
late

99&;3_99;8&5:0, aaﬁzla"'an_2'

So, the integrability conditions for the system (18) are fulfilled. Hence, if ¢q(u, v)
is a given function, then there exists a unique solution @(w', ..., w" 2 u,v) of
(18), defined for each |w®| < &, (u,v) € Dy, where ¢ > 0, Dy C R?, satisfying
©(0,...,0,u,v) = polu,v).

Consequently, locally there exists a vector field £ = cosp &y + sin @&, whose
orthogonal distribution A¢ is involutive. The integral submanifolds of A, deter-
mine M™ locally as a one-parameter system of (n — 1)-dimensional surfaces, i.e.,
locally M™ is a foliation of surfaces of codimension two. Moreover, each func-
tion wo(u, v) determines an involutive distribution A¢ of M, which generates the
corresponding foliation of M™.
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Now we shall prove that the integral submanifolds Mg‘_l of each involutive dis-
tribution A¢ of M™ are developable or semi-developable surfaces of codimension
two.

Theorem 1 (Structure theorem). Each hypersurface of conullity two in E*+1 is
locally a foliation (one-parameter system) of developable or semi-developable sur-
faces of codimension two.

Proof: First we shall consider the case 11 = 1o, Setting v := v; = 1 the
equalities (15) imply

1) V&1 = —v(z0) &2 4) 9(Ve, &2, 20) = dInv(o)

2) Viyéo =v(z0) & 5) 9(Veg &2, 20) =0 20)

3) 9(Ve,&1,m0) = dInvfzo)  6) (V&1 20) = 0.

We denote p = g(V¢, &1,82), ¢ = 9(Ve62,&1). Applying Proposition 3, we get
that the vector field { = cos {1 +sin ¢ & determines an involutive distribution A
ifand only if oo, = Yo, @ = 1,...,n — 2,1ie., de(zg) = v(z0), 2o € Ag. Each
integral submanifold M, g‘_l of Ag is an (n — 1)-dimensional surface with normal
frame field {N,£}. We denote £+ = —sing &) + cosp & and w = —sinpn +
cos @ 9. Using (20) we get

VLN = —vw(@)el,  ViE=-gu(@)et,  aexMp
where § = p sin¢ + ¢ cos ¢ + sin p dp(&1) — cos ¢ dp(&2). Hence, according to
Lemma 1, locally M, g‘_l is a developable surface of codimension two with canon-
ical normal frame field {N,£}. Moreover, since v # 0, the surfaces Mg_l are
non-trivial (Mg‘_l £E ).

Now let us consider the case 11 # ro. Let A¢ be an involutive distribution
of M", where £ = cosp{; + sinpfs. Its integral submanifolds Mg‘_l are

(n — 1)-dimensional surfaces in E"*! with normal frame field { N, £}. Once again
we denote £+ = —singé; + cospés and w = —sinm + cos@no. Then,
A¢ = Ag + span{é1}. Let {e1,...,en_2} be a local orthonormal basis of Ag.
Using (15) we obtain

vélgl =dln V1<€a> €q -+ df/’l<£2> &4+ N
v — s
d
V’@gg =dlnwmleq) en — va(&) {1+ N
Y — Vo
Vo — U dv
v,&& =2 : v(ea) €a — ﬁgl
vy — 12
Vs — U du
,5251 =2 ! ’)’(ea,} €a + ﬁﬁé

Vi =12
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Further, we calculate
Vi€ = (dplea) = 7(ea)) ea — (sinpdp(€r) — cosp dp(€a)) €+

( - dn(&) d(&)

— Sll'lxp _— COSxp—

=12 =12

2D
) £+ 4+ (vs — 1) singpcosp N.

On the other hand, the equation (15) imply

V. &= (dplea) —Y(ea)) €5, a=1,...,n—2. 22)
We denote
d d
= sin p dp(§1) — cos p dp(&2) +sin dnaée) cos dra(&1)
Vi — 12 v — 1

va = dpleq), Yo = v(€a), a=1,...,n—2.
Using the unique decomposition of an arbitrary vector field x € A¢ in the form
z = gz, eq) eq + wlz) &L
we obtain from (21) and (22)
Vil = (Pa = Ya) w(x) €a + 9(x, €a) (Pa — Ya) €
—quw(x) &t + (o — 1) sinpcospw(x) N. @3

From the equality (1) we get

V!N = —(vsin? g + vacos® ) w(x) L — (1a — v)sinpcospw(@) €. (24)

Let us denote B = (74 — ©u) €a (B € Ag) and let B be a unit vector field, such
that B = bB, b= |B|. If 3 is the unit one-form, corresponding to B, then

b3(x) = bg(z, B) = (Ya — ¥a)g(z, €a)-

Hence, setting p = vy sin? ¢ +va cos? ¢, p = (va — 1) sin @ cos @ and using (23)
and (24), we get

VLN = —pw(x) & — pw() ¢
VL& = —bw(z) B-bA(z) & — qu(z) & + pw(x) N

where p # 0. In general, when b # 0, Lemma 4 implies that locally Mg‘_l is
a semi-developable surface of codimension two with main normal vector field N.
In particular, when b = 0, according to Lemma 1 locally Mg‘_l is a developable
surface of codimension two.

Consequently, locally M™ is a one-parameter system of developable or semi-deve-
lopable surfaces of codimension two. O



Geometric Structure of Hypersurfaces of Conullity Two 183

Acknowledgements

The research is financially supported by L. Karavelov Civil Engineering Higher
School, Sofia, Bulgaria under Contract # 133/2006.

References

[11 Aumann G., Zur Theorie verallgemeinerter torsaler Strahlfldchen, Monatsh. Math.
91 (19813 171-179.

[2] Boeckx E., Kowalski O. and Vanhecke L., Riemannian Manifolds of Conullity Two,
Singapore, World Scientific, 1996.

[3] Cartan E., Lecons sur la géométrie des espaces de Riemann, 2nd ed., Gauthier-
Villars, Paris, 1946.

[4] Frank H. und Giering O., Verallgemeinerte Regelflichen, Math. Z. 150 (1976) 261—
271.

[5] Ganchev G. and Milousheva V., Hypersurfaces of Conullity Two in Euclidean Space
which Are One-Parameter Systems of Torses, In: Perspectives of Complex Analysis,
Differential Geometry and Mathematical Physics, §. Dimiev and K. Sekigawa (Eds),
World Scientific, Singapore, 2001, pp. 135-146.

[6] Ganchev G. and Milousheva V., One-Parameter Systems of Developable Surfaces of
Codimension Two in Euclidean Space, In: Geometry, Integrability and Quantization
111, I. Mladenov and G. Naber (Eds), Coral Press, 2002, pp. 328-336.

[7] Nomizu K., On Hypersurfaces Satisfving a Certain Condition on the Curvature Ten-
sor, Tohoku Math. 1. 20 (1968) 41-59.
[8]1 Sekigawa K., On Some Hypersurfaces Satisfying R(X,Y) - R = 0, Tensor, N. S. 25
(1972) 133-136.
[91 Szabé Z., Structure Theorems on Riemannian Spaces Satisfying R{(X,Y)- R = 0,
L The Local Version, I. Diff. Geom. 17 (1982) 531-582.
[10] Szabd Z., Structure Theorems on Riemannian Spaces Satisfying R{X,Y)- R = 0,
II. Global Version, Geometriae Dedicata 19 (1985) 65-108.
[11] Takagi H., An Example of Riemannian Manifolds Satisfying R(X,Y)- R = 0 but not
V R = 0, Tohoku Math. J. 24 (1972) 105-108.



	ON THE GEOMETRIC STRUCTURE OF HYPERSURFACES OF CONULLITY TWO IN EUCLIDEAN SPACE

	1.	Introduction

	2.	Preliminaries

	(1)


	3.	Developable and Semi-Developable Surfaces of Codimension Two


	hi(x,y) =puj(x)uj(y) + uj(x)hl(yQ,W) + uj(y)hl(xQ,W) h2(x, y) = quj(x) uj(y) + üj(x) h2(y0, W) + u{y) h2(x0, W)

	.	(12)

	4.	Structure Theorem


	5) g(y^2,x0) = ———~f(x0)	<'15'>

	8)	(2/1 - 2/2)2ö(v66,Ci) = -iyi - »2) d^2(Ci)

	_ _1 _ö_ __ULn b\

	1)	Va;0Ci = -7(^0) £2

	= (d</>(ea) - 7(ea)) ea - (sin ip dyj(£i) - cos ip d</>(£2)) £J

	Acknowledgements

	References



