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Abstract. In this paper, we show that the first Bianchi identity is valid 
for a generalized Weyl space having a semi-symmetric ^-connection 
and that the second Bianchi identity is satisfied for a recurrent gen
eralized Weyl space provided that the recurrence vector c’i and the

1. Introduction

An n-dimensional differentiable manifold W* having an asymmetric connec
tion V* and asymmetric conformal metric tensor g* preserved by V* is called 
a generalized Weyl space [1]. For a such a space, in local coordinates, we 
have the compatibility condition

where Tk are the components of a covariant vector field called the comple
mentary vector field of the generalized Weyl space.
The coefficients L'jk of the connection V* are obtained from the compatibility 
condition as [2]

Vranceanu vector Qi are related by v i  =  -------H/.
n  — 1

-  2Tfc*0* =  0 ( 1.1)

or, putting

(1.3)
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we have

L)k = r;-fc +  qjk ' j k (1.4)

where Yl-k and iV-k are, respectively, the coefficients of a Weyl connection and 
the torsion tensor of W* given by

= { -k } -  ( q n  + , (1.5)

and

=  2 1 ^ 1 . a . «

According to Norden [3], if under a renormalization of the fundamental tensor 
g of the form g =  \ 2g, an object A  admitting a transformation of the form 
A  =  APA  is called a satellite with weight {p} of the tensor g. The prolonged 
covariant derivative of the satellite A  relative to the symmetric connection V, 
denoted by VA, is defined by [4]

VkA = VkA - p T kA .  (1.7)

The prolonged covariant derivative of the satellite A  relative to V* will be 
denoted by Vfc*A, is defined by

v fc*A =  v ; a - pt ; a . d .s )

2. Bianchi Identities

Let vl be the contravariant components of vector field v  in W * . For the second 
order co variant derivative of v  relative to V* we have

v;v,v = akatv’ + (akuhl)vh + (akvh)uhl
+ L)kd ^  + UlhL{,vh -  L}k(d,v') -  L>kUhjvh . 

Interchanging the indices k and l in (2.1) we obtain

v;vfcv  = a,akv  + (ô â K  +
+ L],Llkvh -  11,(8^) -  Li,L'hJ, 

Substracting (2.2) from (2.1) we get

\ v h

v ; v / v  -  v ; v fev  =  L \klvh +  n i t V y ,

(2 . 1)

(2.2)

(2.3)

— T h T l^ij^hk

where

L\jk = dj L\k - d kL\j +L^kL lhj (2.4)
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This is the curvature tensor corresponding to the connection V* 
By cyclic permutation of i , j  and k in (2.4)

= dkLlJt -  d%L\k +  L \ l ) hk -  L%fiu ,Jj k i
l

K i ^ d i L ^ - d ^ + L ^ L l - L i ^

and summing (2.4), (2.5) and (2.6) side by side we obtain

L lijk +  L \ki +  L'ki- =  dkFlf +  diü  L +Jj k i Jk i j k j 3 bbik

+  Llhkty i  +  L lhlQkj +  L lhjFlkk

showing that the first Bianchi identity is not satisfied in general. 
If the connection V* is semi-symmetric, i. e. if

1
fT, =

Jk n — 1
( ô p k -  S^Qj),

(2.5)

(2.6)

(2.7)

(2.8)

the identity (2.7) reduces to

1
r i  I T l  _ i _  T l  _

^ i j k  ' n j k i  ' n k i j  f l  —  1 Ôj(Qi,k — &k,i) +  ^k(^j,i ~

+  ^ii^k,j — Qj,k) Tl /  1
(2.9)

where fL =  Ft)- is the Yranceanu vector of the connection V* and Flik = ——- 
J ’ cmfe

From this we obtain the

Theorem 2.1. I f the Vranceanu vector is a gradient then the first Bianchi iden
tity is satisfied.

Definition. The connection V* is said to be a .^-connection if the condition

V2FL -  V*Ofc =  0 (2.10)

holds [5].

Theorem 2.2. For a generalized Weyl space having a semi-symmetric E- 
connection the first Bianchi identity is satisfied.

Proof: The covariant derivative of the Vranceanu vector i l t with respect to the 
coordinates uk is

=
on,
duk - (2.11)
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Substracting from (2.11) the equation is obtained by interchanging the indices 
i and k we find that

K f i ,  -  ^  ■ (2.12)

On the other hand, for the generalized Weyl space W * with semi-symmetric 
ff-connection (2.12) is reduced to

<90, <90 *
duk dui

=  0 .

Using (2.9), from (2.13) we get

L ,ijk T l^ j k i Lkij — 0

(2.13)

so the proof is completed, u
Corollary 2.1. For a generalized Weyl space having a semi-symmetric connec
tion, the Vranceanu vector and the complementary vector are related by

Tl  —  2

L[ik] ~ ^O^/j] (n 1)

where Lik denotes the Ricci tensor ofW *.

Proof: If, in (2.9) a contraction on l and j  is made we have

n i l k L Iki
T l — 
n k i l  —

n

from which we get

L [lk] -  nT£fc] =
n — 2

O i,k] 5n — 1
where we have used the facts that

L i l k  =  L i k  -,

so the proof is completed. □

n — 1 O i k O k . i

<9 T*rp* _ l
i>k ~  -Q̂ k

L ku — Lki

(2.14)

O i k
<90, \
duk '

The prolonged covariant derivative of the curvature tensor L^jk, of weight {0}, 
is

_ o j- h  i t  h  t  m  _ T m  T h  _ j  m  t  h  _ t  m  t  h
^ l ^ i j k  ' -‘- 'm l'^- ' i jk  ^ il ^ m j k  ^ j l ^ i m k  ^ k l ^ i j m  ‘

If the indices j ,  k and l are changed cyclically in (2.15) the equations
V' ’* j  h  _ X7* 7" h  __ a r h  _i_ t  h  t  m  _ r  m  r  h  _ t  m  j  h  _ j  m  r  h

j  n ik l  —  y j  n ik l  —  UJ ^ i k l  “ T  l ^ m j - U i k i l ^ ij l ^ m k l  l j kj l j irnl ±Jtj l j lkrn

(2.15)

(2.16)
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and
j  m, _ t  m  t  h  _ t  m  t  h _ j  m  j  h

m k ^ i l j  ^ I k ^ i m j  ^ j k ^ i l m (2.17)

are obtained respectively.
Summing (2.15), (2.16) and (2.17) we get

+  v *l ?I ■L' i j k ikl
I Y7* t  h  _ o m  T ™“T y kn ilj — I o m I o m Th

' j k 1^  im l  ' ^ ^ k l ^ i m j (2.18)

This shows that the second Bianchi identity is not valid in W*.
The generalized Weyl space W* is called recurrent if its curvature tensor Llljk 
satisfies the condition

v ; 4 fe =  ^L % k (2.19)

where is a 1-form called the recurrence vector of W*.
Let W* be a recurrent generalized Weyl space having a semi-symmetric con
nection. Then, using (2.8) and (2.19), the identity (2.18) is reduced to

O'iL' i jk  +  a j ^ i k i  +  a k L i i j  —  0 . (2.20)

where
2

a i = f i ---------7 ̂ 1 .n — 1
Thus we proved the

Theorem 2.3. For a generalized recurrent Weyl space having a semi-symmetric
connection the second Bianchi identity is satisfied provided that the recurrence

2
vector f i  and the Vranceanu vector f\  are related by ipi — -------Flt, f i  f  Fit-

n — 1
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