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Abstract. We consider an integrable hierarchy of nonlinear evolution equa-
tions (NLEE) related to linear bundle Lax operator L. The Lax representa-
tion is Zo X Zo reduced and can be naturally associated with the symmetric
space SU(3)/S(U(1) x U(2)). The simplest nontrivial equation in the hier-
archy is a generalization of Heisenberg ferromagnetic model. We construct
the IN-soliton solutions for an arbitrary member of the hierarchy by using
the Zakharov-Shabat dressing method with an appropriately chosen dressing
factor. Two types of soliton solutions: quadruplet and doublet solitons are
found. The one-soliton solutions of NLEEs with even and odd dispersion
laws have different properties. In particular, the one-soliton solutions for
NLEEs with even dispersion laws are not traveling waves while their veloc-
ities and amplitudes are time dependent. Calculating the asymptotics of the
N-soliton solutions for ¢ — +0o we analyze the interactions of quadruplet

solitons.
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1. Introduction

The main object of present paper is the following coupled system of equations

Uy + Ugg + (uu, + voy)ug + (uuy, + vvy)zu =0

)

vy + vgp + (vuy + v} )ve + (uu), + vv})v =0

where the smooth functions u: R? — C and v: R? — C satisfy the algebraic con-
straint |u|2+|v|? = 1. The system (1) is a natural candidate to be a multicomponent
generalisation of the classical Heisenberg ferromagnetic (HF) equation. It is well
known [32] that the Heisenberg ferromagnetic model is integrable in the sense of
inverse scattering method (ISM). It has a Lax pair related to the algebra su(2).
Since the time the complete integrability of HF equations was discovered, many
attempts for its generalization have been made [20-22]. A well known method
[10,12,24,26-31] to obtain new integrable nonlinear evolution equations (NLEE)
is based on imposing certain algebraic reductions on generic Lax operators. Lax
pairs associated to hermitian symmetric spaces represent a special interest in mod-
ern theory of integrable systems is study of NLEEs [1,7,8, 11] since the NLEEs
they produce look relatively simple.

The system (1) is also integrable in the sense of ISM. Its Lax operators are associ-
ated with the symmetric space SU(3)/S(U(1) x U(2)) with a Zy x Zs reduction
imposed on them [13, 15, 16].

The purpose of the present paper is to derive the soliton solutions for the integrable
hierarchy of equations related to (1) and analyse the interactions between them.
That is why this work is a natural continuation of our previous papers [13, 15, 16].

In Section 2 we start with some basic facts to be used further in the paper. Firstly
we describe the hierarchy of nonlinear equations related to (1) in terms of recursion
operators. Then we outline the spectral properties of the relevant Lax operator and
formulate direct scattering problem. The spectrum of scattering operator L consists
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of a continuous and a discrete parts. As a result of the Zy reductions L possesses
two configurations of discrete eigenvalues: generic ones, coming in quadruplets
£k, AL and purely imaginary ones coming as doublets Lix;.

In Section 3 we derive the one-soliton solutions for the NLEESs of the hierarchy. For
this to be done we apply the Zakharov-Shabat dressing method [34-36, 38] with
a rational dressing factor with two simple poles. Due to the action of reductions
we have two types of one-soliton solutions: quadruplet solitons correspondinf to
four eigenvalues and doublet ones corresponding to two eigenvalues respectively.
We present explicit expressions for these two types of one-soliton solutions. In
order to construct general multisoliton solutions we discuss two different purely
algebraic constructions: by using a multiple pole dressing factor and by apply-
ing “one-soliton” dressing factors several times consecutively. It turns out that
the properties of the one-soliton solutions to NLEEs with even and odd dispersion
laws differ drastically. For example, the one-soliton solutions for NLEEs with even
dispersion laws are not traveling waves. Even the doublet soliton of equation (1)
exhibits two maxima (respectively minima) for |u1| (respectively for |v;|) which
first come closer to each other and then move away, one to co and the other to
—o0 as time goes to ¢ — oo. Their velocity, as well as their amplitudes are time
dependent. These properties are similar to the ones of the boomerons and trappons
discovered by Calogero and Degasperis [2-5]. At the same time the soliton solu-
tions to the NLEEs with odd dispersion laws (e.g. the solutions of equation (19))
behave as standard solitons, i.e., they are traveling waves.

Section 4 is dedicated to interactions of quadruplet soliton solutions for the NLEE
with odd dispersion laws. In order to do this we use the classical method of Za-
kharov and Shabat, see the monographs [32,34] for a detailed exposition. Namely,
we calculate the limits of the /N-soliton solutions for ¢ — 400 assuming that all
solitons move with different velocities. In this way we establish that the solitons
preserve their velocities and amplitudes; the only effect of their interaction consists
in shifts of the relative mass center and the phase of solitons. We provide explicit
expressions for these shifts in terms of the poles py of the dressing factors.

In Section 5 we briefly discuss the conservation laws of the NLEE and end up with
some conclusions.

2. Preliminaries

In this section we shall expose in brief some basic facts on Lax operators and direct
scattering problem for the integrable hierarchy of the equation (1). In doing this
we shall use a gauge covariant formulation [14, 17-19].
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2.1. Polynomial Lax Pair Related to SU(3)/S(U(1) x U(2))

The NLEEs under consideration in this paper represent a zero curvature condition
[L, A] = 0 for Lax operators L and A in the form

L(\) = 10, + ALy (z, 1) (2)

N
AN =10+ Y M Ap(x,t) 3)

k=1
where \ € C is the so-called spectral parameter and the functions L; and A, k =
1,..., N take values in s1(3, C). The Lax operators are subject to the following Z»

reductions

LY = -L(y), AT =-4A0) “)
CL(—\)C = L(\), CA(—N\)C = A(N) (5)

where C = diag (1, —1, —1) and the operation ~ is defined as given by the formula
LY (x,t,\) = 00 (x, t, ) — Mp(, £, \) L (£, N).

Due to reduction (4) the matrix coefficients of the Lax pair are hermitian matri-
ces. On the other hand the reduction (5) represents an action of Cartan’s invo-
lutive automorphism which defines the symmetric space SU(3)/S(U(1) x U(2)),
see [23,25]. It induces a Zo-grading in the Lie algebra s1(3, C)

sl(3) =s1°(3) @sl'(3),  sl9(3) ={X €5l(3); CXC = (-1)X}. (6)

It is evident that L1, Ay € sl(3) for k being an odd integer and A, € sl°(3)
otherwise. This means that Ay, for even k are block-diagonal matrices of the form

*00
Ap =10 % %
0 *
while L; and Aj for odd & have the complementary block structure. In particular,
L is written as
0 uv
Li=1u"00|. (7)
v* 00
The potential L is required to obey the following conditions
1. The eigenvalues of L are 0, -1, i.e., the potential satisfies the characteristic
equation L3 = L.
2. The function Li(x,t) — Ly where

0 0 e+
lim Li(z,t)=Le=| 0 0 0 |, ¢reR (8)
z—+o00 e*iibi 0 0
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is a Schwartz type function, i.e., it is infinitely smooth and tends to O faster
than any polynomial when |x| — oc.

The grading (6) means that any function X with values in s[(3) can be split as
follows

X =X+ xt X0 e 5101(3). 9)
Let us define the Killing form for s((3) as follows
(X,Y)=tr(XY), X,Y €sl(3).

Then each component X! splits into a term commuting with L; and its orthogo-
nal complement with respect to the Killing form

2
X0 = X0 4 kLo, Ly=1L%— g11, (X0 Loy=0  (10)
X' = xbt 4 gL, (X4 L)) =o. (11)

As a simple consequence of condition 1 above L and Ly are normalized as follows

2
<L17L1> = 27 <L27L2> = g (12)

Therefore the coefficients xo and «; are given by the following equalities

3 1
Ko = 5<X0,L2>, K1 = 5<X1,L1>. (13)

The zero curvature condition [L, A] = 0 for the pair (2), (3) leads to certain recur-
rence relations for the matrix coefficients of L and A, see [13]. Resolving them
allows one to express Ay in terms of L1 and its z-derivatives of order up to N — k.
Since the maximal order term in the operator A must commute with L there exists
two options

a) AN = CQpLQ, if N = 2p
b) Ay = 02p+1L1, if N=2p+1

where cg;, and cg;,11 are constants. Then a more detailed analysis [13] shows that
the NLEEs look as follows

p p—1
a) dady'Lig+ ) cag(A1A2) Ly + Y cg41(A1A2) A Ly =0
q=1 q=0

(14)

p p
b) iad leLl,t + Z CQq(AlAQ)qLQ + Z 02q+1(A1A2)qA1L1 =0.
q=1 q=0
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The integro-differential operators A; and As appeared above are given by

A= —iadzl1 <7r6x(.) — ;LL;L«@;l(@m(-),Lﬁ)
(15)
3

Ay = —iad <7rax(.) _ §L2,x8;1<8x(. ),L2>>

where projection 7 := ad le ad 1, cuts all L;-commuting parts off. The operator

A1A2 X, X € 51°(3)
AX =
AN X, X € sH(3)
is called a recursion operator. It can be viewed as an adjoint representation of
the operator L. Its existence manifests the hierarchies associated with NLEE (non-

linear equations, integrals of motion, simplectic forms etc) and thus plays a very
important role in the theory of solitons.

Example 1. Consider the simplest case when N = 2. Then the matrix coefficients
of the second Lax operator A read

1/3 0 0 0ab

As =~ 0 [u?-2/3 w*v , Ai=[a*00 (16)
0 viu v —2/3 b* 00

a = iug +i(uuy, + vvy)u, b = ivy +i(uuy, + voy)v. (17)

This L-A pair produces the two-component system

g + Uy + (u), + vv))ugy + (uu) + vv})yu =0
(18)

v 4+ vgp + (vuy + v0})ve + (uuy, + vvy)zv =0
we started our paper with (see (1)).

For completeness here we present another member of the hierarchy (14). It is the
simplest NLEE corresponding to an odd dispersion law.

Example 2. Consider the case when £(\) = —8)\3J, i.e., c3 = —8, ¢ = ¢; = 0,
Then the corresponding two-component system obtains the form

U = 8Ugar + 12(uny, + V05 )Usgs + (U, v)uy + s(u,v)u
(19)
vt = 8Vzzr + 12(uts) + VU vgy + 7(u, v) vy + s(u, v)v

where
r(u,v) = 3 [4(|ug|® + [vg|*) + 5lund + vvi)? + 6(unl + vvl),]

s(u,v) =3 [2(uu; + VU ) gz + 4(|ugc\2 + \vx|2)x + 5(uul + vv;)i] .
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Sometimes it is more convenient to deal with Lax operators written in canonical
gauge. In this gauge the operator (2) looks as follows

L\) =g 'Lg =10, + Uy(x,t) + \J, J = diag(1,0,—1)  (20)
where
V3 1 0 -1

9="5 ut V2o ut . (21)
v* —v2u v*
The second Lax operator (3) is given by
a) AN =10+ Y MNAp(x,t) +en NI, N=2p
k=0
b) AN =i+ > M Ag(x,t) + en AV, N=2p+1
k=0

where I = g1 Ly g = diag (1/3,-2/3,1/3).

(22)

2.2. Direct Scattering Problem

In order to formulate a direct scattering problem for L, one needs to introduce the
auxiliary spectral linear system

LMY (@, t,A) =10:1p(x, T, A) + ALy (2, 1) (z, 1, A) = 0. (23)

Here v denotes a fundamental set of solutions or a fundamental solution for short.
Since the operators (2) and (3) commute v also satisfies

N
AN)Y(z,t,\) = (i&g + Z)\kAk(a:,t)> Yz, t, ) =Pz, t, )E(N)  (24)

k=1

as well. The matrix-valued function

r—+00

N
FA) = lim gi" > NAp(x,t)gs (25)
k=1

is called dispersion law of the nonlinear equation (14). The unitary matrix

1 0 -1

1 .
g+ = lim g(z,t) = — 0 V2% 0
r—=to0 \/§ e*id& 0 e*id&
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diagonalizes the asymptotics L + = lim,_, 4 L1(x,t). It can be proven that the
dispersion law of (14) reads

p—1 P
a)  F(A\) =D eI+ AT
q=0 q=1

; ; (26)
b)  F(A) = caga AT+ N1
q=0 q=1

The dispersion law of the two-component system (18) is —A?I and that of (19) is
—8\3J. It is evident from (26) that f(\) obeys the splitting

f(\) = fo(\) I +f1(N\)J 27

which is a result of the Zy grading (6) of the Lie algebra s[(3).

A special type of fundamental solutions are the so-called Jost solutions )1 which
are normalized as follows

lim Yy (z,t, Ne Mgt = 1. (28)

T—F00

Due to (25) one can show that the asymptotic behavior of )1 do not depend on
time and thus the definition is correct. The transition matrix

T(t7 )‘) = [1/1+ (I7 t, A)]ilw— (x, 2 )‘) (29)

is called scattering matrix. It can be easily deduced from relation (24) that the
scattering matrix evolves with time according to the linear differential equation

i0,T +[f(\), T] =0 (30)
which is integrated straight away to give
T(t,\) = FNT(0, X)e NV, (31)

From now on the parameter ¢ will be fixed and we shall omit it to simplify our
notation. Due to reasons of simplicity we set ¢4 = ¢_ = 0 as well.

The action of Zs-reductions (4), (5) imposes the following restrictions

[l X)) = ey, [rfon)] T =T
Cl/)i(l‘, _)‘)C = w:l:(x7 )‘)7 CT(_)‘)C = T()‘)

(32)

on the Jost solutions and the scattering matrix.

The continuous spectrum of L fills up the real axis in the complex A-plane. Thus
the A-plane is divided into two regions denoted by C (the upper half plane) and
C_ (the lower half plane). These regions represent the domains for the funda-
mental solutions x T (z,\) and Y~ (x, \) to be analytic functions in C, and C_
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respectively [16]. The fundamental analytic solutions (FAS) can be constructed
by using Gauss factors in the decomposition of the scattering matrix
T(A) = TTA)D*(N)(S*(A) . (33)
The matrices ST and T'" are upper triangular, S~ and 7'~ are lower triangular and
D7 are diagonal ones. Then xT and x~ are expressed as follows
X (@A) = ¢ (2, A)ST(N) = by (2, )TT(A)DH(N). (34)

Due to relations (34) the FAS can be interpreted as solutions to a local Riemann
problem

V@) = @ NG, GO = (ST )TIST). 39)

The established interrelation between the inverse scattering method and the Rie-
mann problem plays an important role in constructing solutions to NLEEs through
dressing method.

It can be shown that the reduction conditions (32) and equation (33) lead to the
following demands on the Gauss factors

(st =[5~ CSE(-N)C = 5T(N)
[T+ o) = [ CT*(-\)C = T7(\) (36)
(D (9] = (D~ ()], CD*(—\)C = D¥())
where
001
C=1010
100

Finally, combining all this information we see that the FAS obey the symmetry
conditions

X)) =X (@M, CxT(z,-ANC=x"(z,2). (37

3. Dressing Method and Soliton Solutions

As we mentioned in the previous section the inverse scattering method is tightly
related to Riemann-Hilbert problem. The Riemann-Hilbert problem possesses two
types of solutions: regular ones (without singularities) and singular ones. Singular
solutions can be generated by dressing regular solutions with a factor which has
prescribed singularities. The simplest types of singularities are first order poles and
zeroes. It can be proven that they correspond to poles of the resolvent of L. Hence
they are discrete eigenvalues of the Lax operator (2). The discrete eigenvalues of
L form orbits of the reduction group Zs X Zso. There exist two types of orbits:
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generic orbits containing quadruplets of eigenvalues {+x, £1*} and degenerate
orbits consisting of two imaginary eigenvalues +ix (doublets).

There is a very deep connection between singular solutions to Riemann-Hilbert
problem and soliton solutions to the corresponding nonlinear problem. In the
present section we are going to analyze the soliton solutions to the system (14).
For this to be done, we are going to apply the dressing method proposed in [38]
and developed in [28, 29, 35,36]. We demonstrate that the NLEE (14) has two
types of one-soliton solutions: doublet soliton to be connected with two imaginary
discrete eigenvalues of L and quadruplet soliton connected to four eigenvalues.

3.1. Rational Dressing

The dressing method is an indirect method for solving a NLEE possessing a Lax
representation. This means that it allows one to generate a solution to the NLEE
starting from a known one. Let us assume we know a solution

OUO’UO
L= w0 0
v 00

of (14) and a fundamental solution y(z, t, \) of the auxiliary linear problems

LO (M) = i0,100 + ALy = 0

Y k 4(0) (38)
AL (M) = 10430 + Z APA; 4o = 0.
k=1

Then one constructs another function ¢ (z,t,\) = ®(x,t, \)po(z,t,\) to be a
common solution to

LOW)y = i0,101 + ALYy =0

N (1) 39)
AD Ny =i0apr + Y N4 Yy =0
k=1

where the potential

Oulvl
LV ={wuo o0
v 0 0
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is to be found. From (38) and (39) it follows that the dressing factor ®(x,t, \)
satisfies the following equations

i0,® + ALY® — 2oL =0 (40)
N N

10,0+ > A Ao — oY akAY =0 (41)
k=1 k=1

We also assume that the dressing factor is regular at |A\| — 0, co. Then from (40)
one can derive the following relation between Lgl) and Lgo)

LW (z,t) = ®(z,t,00) L\ (2, 1)1 (2, 1, 00). (42)

This equation will play a central role in our further considerations since it allows

one to generate a new solution to (14) from the given one Lgo)'

Due to the reduction conditions (4), (5) the dressing factor obeys the symmetries

Cd(z,t,—\)C = B(x,t, ) (43)
O(x,t, N (2,,17) = 1. (44)

In order to obtain a nontrivial dressing we choose ®(z, ¢, A) as a rational function'
of A with a minimal number of simple poles. At first we shall consider the case
when these poles are generic complex numbers. Hence the dressing factor looks as
follows

AM (z,t)  ACM(x,t)C

+
A—p A+
where Ru # 0, Sp # 0. It is evident that the reduction condition (43) is fulfilled.
On the other hand (44) leads to the conclusion that
AMT(z,t)  ACM'(x,t)C

Oz, t,\) =1+ + : 46
(z,8,2) g Py (46)

Oz, t,\) =1+

(45)

The identity ®(\)®~1()\) = 1l must hold for any \. Therefore after equating the
residue at A = p* to 0 one gets the equation
*M(x,t *CM(z,t)C
(14 £0000) | prOMe.)
= A
The rest of algebraic relations can be reduced to (47) due to the symmetry condi-
tions (4), (5).

> MT(z,t) = 0. (47)

It is A-independent then it does not depend on z and ¢ either. Thus (42) produces simply a unitary
transformation of L(lo) which is not essential because of U(2) gauge symmetry of the model.
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The residue M ought to be singular since otherwise it should be proportional to 1
and the dressing becomes trivial. It suffices to consider the case rankM = 1. Then
M can be decomposed in the following manner

M =n)(ml,  |n)=(m,n2,n3)",  (m| = (mj,mjm5).  (48)
After substituting this representation into (47) one derives a linear system for the
three-vector |n)

_ wrn){mlm) = Cln)(m|Clm)

=0 49
fm) 2in 2w 9
where we have used the notation w = Ru, k = Su. The solution of (49) reads
1 m|m m|C|m -1
\n)_*<< m) _ {miC] >c> jm). (50)
" 2ik 2w

The vector |m) is an element of the projective space CP?2. Indeed, it is evident that
arescaling |m) — h|m) with any complex i # 0 does not change the matrix M.

Taking into account the ansatz (45) one can rewrite (42) as

LV =@+Mm+cmo) L+ M+ cMmce)t. (51)
Notice that the dressing procedure preserves the matrix structure of L since the
factor 11 + M 4+ CM C is a block-diagonal matrix.
We have expressed all quantities needed in terms of |m) and now it remains to find

|m) itself. For that purpose we rewrite equations (40), (41) in the form

Oz, 1)) (if)x + AL@) oYz, t,\) = ALY

N N (52)

O(z,t,\) (i@t +3 A’“A,S”) Oz, t,\) = Y ARAY.
k=1 k=1

It is obviously satisfied at A = 0. After equating the residues of (52) at A = u* to

0 we obtain a set of the differential equations

‘M p*CMC
(11 TR B > (102 +w{”) fm) = 0
pep ot

(Il—l— WM +u*(jMC) <i8 +i( *)kA(0)> m) =0 (53)
= ot ' k:1“ L
Taking into acount (47) the equations above can be reduced to
(100 + L0, 1)) Im(z, 1)) = ha, ) m(z,1))
(54)

N
(iat + 3 (kA <x,t>> m(z,t)) = h(z,t)|m(z, 1))
k=1
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for some arbitrary function h. At this point we recall that the vectors in the decom-
position (48) are not uniquely determined. Indeed, the operation |n) — B~!|n)
and |m) — BT|m) for any nondegenerate 3 x 3 matrix B produces another decom-
position of M. It is not hard to see that it is always possible to choose B in such a
way that h = 0 is fulfilled. Thus from (54) it follows that |m(x,t)) is proportional
to some fundamental solution 1y (x, t, A) of the bare linear problem, namely

|m(m,t)> = w0($7t7/£*)|m0> (55)

where |mg) € C3\{0} is a constant vector of integration. The new solution Lgl)

of (14) and the solution 9 (z, ¢, \) of the corresponding linear system are param-
eterized by a complex number 1 and a complex three-vector |my).

Thus we have proved the following

Proposition 3. Let L(lo) be a solution of (14) and 1po(x,t, \) be a common solu-
tion to (38). Let also p be a complex number to fulfill Ry # 0, S > 0 and
|mo) € C3\{0}. Then the matrix-valued function Lgl) (x,t) defined by (51) where
M = |n)(m)| is determined by (50) and (55) is a solution to (14) as well. The cor-
responding fundamental solution 11 (z,t, \) of (39) is given by 11 = Py where
O(x,t, \) is determined by (45), (48), (50) and (55).

Let us now consider the case when the poles of the dressing factor are imaginary,
i.e., we have

(56)

P(x,t,\) =1+ X <M($’t) + CM(:U’t)C) , K # 0.

A —ik A+ik

Then ®~! has the same poles as ® and therefore the equality ®® ! = 1 already

contains second order poles. In this case the natural requirement of vanishing of

the matrix coefficients before (A — ix)~2 and (A — ix)~! leads to the algebraic
relations

MCM'=0 (57

CMC M1
(11+M+2> CM'C+ M <n+CMTc+2> =0. (58

As before in order to obtain a nontrivial result M is required to be a degenerate
matrix, i.e., the decomposition (48) holds true. Then relation (57) is rewritten as
(m|C|m) = 0. (59)

The relation (58) in its turn can be easily reduced to the following linear system
for three-vector |n)

<Il + C|n)2(m\C> C|m) =io|n) (60)
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by introducing some auxiliary real function o. That linear system allows one to
express |n) through (m| and o, namely

In) = <io - <m£m> C> 710\771). 61)

In order to find |m) and o we turn back to the equations (52). Vanishing of the
second order poles in (52) leads to the conclusion that

|m(x,t)> = wO(ajvt)_iH)|m0> (62)

where |myg) is a constant nonzero three-vector. After substituting (62) into (59) and
taking into account (4) one convinces himself that the components of the polariza-
tion vector |mg) are no longer independent but satisfy the constraint

(mo|C|mg) =0 & Imo|?* = [moal® + |mos|*. (63)

The vanishing condition of the first order poles leads to some differential constraint
on o(z,t) which is integrated to give

O'(IE, t) = _K‘<m0|d}_1 (l‘, t? iﬁ)¢0($, t, IK)C‘TTL0> + 0o (64)
where oy € R is a costant of integration.
Thus to calculate the soliton solution itself one just substitutes the result for |n) and
|m) into M and uses formula (51). As it is seen the new solution is parametrized

by the polarization vector |myg), the real number o and the pole ix. All this can be
formulated as the following

Proposition 4. Let there be given a solution L) (., t) to (14), a common solution
Yo(x,t, \) to (38), real numbers k > 0, oo and a complex nonzero vector |mg)
satisfying (63). Then the function Lgl)(x, t) determined by (51), (48), (61), (62)
and (64) is a solution of the system (14) too. The solution Y (x,t, \) of the dressed
linear system (39) is given by ¥y = Py where ® is defined by (56), (48), (61),
(62) and (64).

One can apply the dressing procedure repeatedly to build a sequence of exact so-
lutions
L 2 p0 22 2y p ) (65)

More precisely this alternative procedure will be explained in Section 4.

3.2. Soliton Solutions

Let us apply the dressing procedure to the following seed solution

001
L, t)={000 (66)
100
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of equation (14). In this case a fundamental solution to (38) reads

ifg (\)t o ifg (\)t
cos z(x,t)e” 3 0 isinz(z,t)e” s
—2ify (M)t
Yo(z,t,A) = 0 e 3 0 (67)
ifg (A\)t ifg (A)t
isinz(z,t)e” 3 0 cosz(x,t)e” s

where z(x,t) = Az + f1(\)t. We recall that fy(\) and f; (\) are even and odd part
of the dispersion law induced by the Zo grading of s[(3), see (27).

We are going to consider the generation of a quadruplet soliton first. In this case
one uses factor (45). It is convenient to decompose the polarization vector |mg)
according to the eigensubspaces of the endomorphism g (67)

1 1 0
lmo) =a | 0 | +0 0]+~ 1 (68)
1 -1 0

where «, 3, are arbitrary complex constants.

If the vector |mg) is proportional to one of the eigenvectors of the endomorphism
19, then the corresponding matrix M does not depend on the variables x and ¢ (due
to the projective nature of the vector |m)) and the corresponding solution (51) is a

simple unitary rotation of the constant solution Lgo).

Thus elementary solitons correspond to vectors |my), belonging to essentially two-
dimensional invariant subspaces of 1/, i.e., they correspond to polarization vectors
with only one zero coefficient in the expansion (68). Let us consider each of these
three cases in more detail.

Casei) a #0,8#0,vy=0
The one-soliton solution is given by

ui(x,t) =0

K cos(2wz + 2R ()t + do — dp) (69)
w cosh(2kz + 2f] (1)t + In |a/ﬁ|)> }

where ¢, = arga, ¢g = arg . Here ff¥(\) and f/(\) are the real and the
imaginary part of the polynomial f; (A) (respectively f1*()) and £ () stand for the
real and imaginary part of fy(\) to be used later on). If the dispersion law of NLEE
is an even polynomial (f;(\) = 0) then the function v; becomes stationary

K cos(2wx + da — Pp)
w cosh(2kz + In |Oé/5|)> } '

A plot of that solution is presented in Fig. 1. It is easy to check that u = 0,
v = exp(if(z)) is an exact solution of (18) for any differentiable function f(x)

vi(z,t) = exp {4i arctan <

vi(z,t) = exp {41 arctan < (70)
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5 10

10 05 00 O

Figure 1. Real and imaginary parts of the component v; in 70 as a
functionof z. Here k = 1L,w =103, a = 1,8 =1 +1i.

tending to 0 when * — $oo. This resembles the case of the three-wave equa-
tion [33] where one wave of an arbitrary shape is an exact solution of the system
and the two other waves are identically zero. The solution (70) has a simple spec-
tral characterisation and an explicitly given analytic fundamental solution of the
corresponding linear problem.

If the dispersion law contains odd powers of A\ as well then the elementary soliton
is no more stationary. For example in the case of equation (19) it reads

ur(e,t) =0, wi(z,t) = exp(4iarctan Coup (2, 1))

K cos 2wz + 8(3k2 — W)t + (o — dp)/2w] (71)
wcosh 2k[z + 8(k? — 3w?)t + In|a/B|/2k] |

Ccub (xa t) -

Caseii) a #0,8=0,7#0
In this case the solution looks as follows

_ 4wk Q ey exp H{wr + (R (u) + R ()t + ¢ — &4}

—j 2
(= 1K) Qe o)

ui(z,t)

Suk?

vi(z,t) =1— 5
gen

(w—ik)
where ¢, = arg o, ¢, = arg~y and

Quen = 206 HE LI/ | (1) | jje)ra— (8 G+ ()iInlor/],
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x

Figure 2. Contour plot of |u1|? (left panel) and |v;|? (right panel) for
a generic soliton solution (73) as a function of x and ¢ where o = v =
K=w=1.

In particular, when f()\) = —\21, i.e., fo(\) = —A2? and f; ()\) = 0 hold, we obtain
a solution to (18)

 AiwkQ* expi{wz + (K2 — W)t + ¢o — By}
- (w—ir)Q?

up(z,t)

8wk (73)

vi(z,t) =1— m

where

Q= 2wen(w—2wt)+ln|a/’y| + (w + i/ﬁ)e_”(x_zw'f)_lnm/'ﬂ,

Contour plots of |u1|? and |v1|? of the solutions (73) are shown in Fig. 2.

When the dispersion law is odd, say f;(\) = —8\3, the quadruplet solution repre-
sents a travelling wave of the form

up(z,t) = 4iwk Q" exp iw[z +(i(?f;;5;)t + (Pa — ¢4)/w]

Swk? 74)

vy (z,t) =1— [Tz

where

Q= 2wen(w+8(n2—3w2)t+ln|a/7\/n) + (UJ + im)e—n(x+8(/$2—3w2)t+ln|oz/'y|//i).

This is an elementary soliton for the cubic flow NLEE (19).
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Caseiii)) a=0,86#£0,7v#0
The solution now can be obtained from the solution in the case (ii), by changing
a— fandr — —z.

In the cases ii) the solution (73) is a soliton of width 1/x moving with velocity 2w.
The corresponding soliton in the case iii) moves with a velocity —2w.

In the generic case, when all three constants are non-zero, the solution represents a
nonlinear deformation of the above described solitons. For x > 0 it may be viewed
as a decay of unstable time independent soliton from the case i) into two solitons,
corresponding to the cases ii) and iii) (see Fig. 2). For x < 0, the solution is a
fusion of two colliding solitons into a stationary one.

Let us now consider dressing by a factor with two imaginery poles (doublet case),
i.e., 4 = ix. There are two essentially different cases.

Casei) a #0,8#0,v=0
From (63) it follows that |mg 1| = |mo3|. It suffices to pick up mp; = 1 and the
third component is mg 3 = exp(ip), ¢ € R. The doublet solution reads

ui(x,t) =0, vi(z,t) = exp(4iarctan Egen (2, 1))
B 00 — 2k(x + f1(irk)t) sin g (75)
 cosh2(kx + £ (ir)t) + sinh 2(kx + £ (ir)t) cos ¢

If the dispersion law of NLEE is even polynomial, i.e., f; (A) = 0, then v, becomes
stationary

- 00 — 2Kx Sin
o L . (76
vi(z,t) = exp { 1 arctan (cosh 2Kz + sinh 2k cos 90) } 7o

Egen(,1)

Figure 3 presents the argument and the imaginary part of v;(x) in the stationary
case as functions of x and the phase (.

As in the quadruplet case if the dispersion law is an odd polynomial the doublet
solution is time-depending. Let us consider the simplest example fi(\) = —8\3
corresponding to equation (19). Now (75) obtains the form
ui(x,t) =0, vi(x,t) = exp(4iarctan Zcyp (2, 1))
oo — 2k (z + 24Kk%t) sin @ (717)
cosh 2k(x + 8k?t) + sinh 2k (x + 8k2t) cos ¢

Ecub(xa t) -

Case ii) Generic Doublet

Now let us assume mg 2 # 0. For simplicity we fix mg2 = 1. Then the norms of
mo,1 and my 3 are interrelated through the equality

Imoa|? = [mosl® = 1.
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Figure 3. Plots of the argument (left panel) and Im v; (x) (right panel)
for the stationary solution (76 ) as a function of x and p, Kk = 0 = 1.

This is why it proves to be convenient to parametrize them as follows
mo,1 = cosh Hoei(“"”‘ﬁ), mo,3 = |sinh 00|ei(@0_¢) (78)

where 0y, g and ¢ are arbitrary real numbers. Then the doublet soliton solution
reads

2A% g
uy (@, t) = Fel(fo(l’*)HW) [sinh 64 cos ¢ + isinh 6_ sin ¢] )
2(2ic — 1 dio(ioc — 1
on(a ) =1+ (2i0 — 1) N io(ioc — 1)

A A2
where
A(z,t) = cosh? 0, cos® ¢ + cosh? §_sin? p — io
o(z,t) = oo + kL (ik)t + & (m + £, (i/@)t) sinh 26 sin 29
Oi(z,t) = ke + £l (ir)t £ 6.

Let us consider the special case when the dispersion law is —\21. The solution (79)
is significantly simplified if in addition one assumes that mg 3/mg 1 > 0 (¢ = 0).
The result reads
2 (cosh?(kx + 60p) +i(og — 2K%t)) .
uy = ( ( o) +i(o0 )2) ol (R2t+0) sinh(kz + o)
(cosh?(kz + 6p) — i(0g — 2K2t))

o <cosh2(/<cx +6p) +i(og — 2/@%))2
e cosh?(kx + ) — i(og — 2k2t)
2
2 . 2"
(cosh?(kz + 0) — i(00 — 2K3t))

(80)
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Figure 4. Contour plot of R u; (x,t) (left panel) and R vy (x,t) (right
panel) for doublet soliton (81) as functions of x and ¢. Here x = 0,
gy = 5 and 90 =0.

A plot of Ruq(z,t) and Rvy(z,t) is shown in Fig. 4.

It proves to be of some interest to consider the odd dispersion case as well. In the
simplest nontrivial situation when f;(\) = —8)\3 (equation (19)) we have

2 (cosh®(kx + 8k3t + 0g) + iog)
u = (cosh® (ke + 8x 0) 1002) "0 sinh(kx + 8kt + )
(cosh?(kx + 8K3t + ) — i0y)
o (COSh2(I€l‘ + 8k3t + 6) + i00)2
P\ cosh?(kz + 8k3t + fg) — iog
2

(coshz(nx + 8K3t + 6p) — 100)2

81)

We have assumed above that ¢ = 0.

Remark 5. Let us make a few short remarks on the behaviour of doublet soliton
(81). First of all it is evident that this is not a travelling wave solution. Moreover,
as it is seen from Fig. 5 the component |uy(x,t)|? has two symmetric maxima and
one minimum at the origin (respectively |vy(x,t)|? has two symmetric minima and
one maximum at the origin). The value of the maximum of |u1(x,t)|? (respectively
the minimum of |v1(x,t)|?) first increases with time (o (t) > 0) and then decreases
(o(t) < 0). The maxima positions of uy depend on t according to

§0(t)=——+—1 (\/1+\/1+o—2 (t) + /1 + 02(1) ) (82)
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Figure 5. Contour plot of |uy(z,t)|? (left panel) and |v; (z,t)|? (right
panel) for doublet soliton solution (81) as a function of x for several
values of t: t =0, 1, 5, 10, 20, 40.

T T
-20 -10

Figure 6. The soliton velocity v(t) and position of the maxima &y (t)
of solution (81) as a functions of ¢. Here Kk = 09 = 1, 65 = 0 and

% = 0.

where o(t) = oo — 2k?t. The soliton velocity v := d&y/dt is not constant but
changes with t as given by

2k%to(t 1+ o2(t
o(t) = Ko (t) oi(t) 3

REXE0 V1+ VIt 020

Such behavior resembles the boomerons and the trappons [4,5). In Fig. 6 it is
plotted the t-dependence of the soliton velocity.
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3.3. Multisoliton Solutions

As we have already mentioned the dressing procedure can be applied several times
consequently. Thus after dressing the one-soliton solution one derives a two-
soliton solution, after dressing the two-soliton solution one obtains a three-soliton
solution and so on. Of course, in doing this one is allowed to apply either of dress-
ing factors (45) and (56). Therefore the multisoliton obtained will be a certain
combination of quadruplet and doublet solitons. Another way of derivation the
multisoliton solution consists in using a dressing factor with a proper number of
poles

N1 Na
M;. CMkC> < P CHC)
=1+ A . 84
+ Z<)\ Uk A+ g + ; )\—i/{1+>\+il€l 4)

As it follows from (84) the multisoliton solution obtained will be a mixture of /N;
quadruplet solitons and /N2 doublet ones. In order to determine the residues of ®
one follows basically the same steps as in the case of a two-poles dressing factor.
Firstly, the identity ®®~! = 1 implies that the residues of ® and ®~! fulfill some
algebraic restrictions. For example we have

lim (A — )@@~ = M@t =0, k=1,...,Ny (85)
A=
where
N i t Na t t
M CM C P CcP'C
—11+uk§ — ) ) L —1 7,
Pk — [y Mk + Hy = \ Mk Tk g — 1Ry

Apart of this type of constraints we have another one originating from vanishing
of the coefficients before the imaginery poles

lim (A —ir)2@0 ! = (ir))?PCP/ =0, 1=1,...,Ny (86)

A—ikg

lim Oy[(\ — ir))?®® '] = ir;0,CP/C +ir; LCOC = 0 (87)

)\*)ilil

where

Ny
, M, CM,C CP,C
0, =1 P,
: +mlz<i/€z—ﬂk 1/€1+Mk)+ A

No
. P CP,C
ik Z (i(/ﬁ:l — Ks) + i(k + /@S)> '

Vanishing of the rest of poles of ®®~! leads to algebraic constraints which coin-
cide with (85)—(87) due to the action of Zs reductions.
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Since My (z,t) and Pj(z,t) must be degenerate matrices one introduces their fac-
torizations My, = |ng)(mg| and P, = |g;)(p;|.- Substituting it into (85)—(87) we
reduce the first and the third constraint to linear systems for |n) and |g;)

N1 N2
|mk> = ZBTk|nr> + ZDsk|qs>
r=1 =1

(88)
Ny No
Clp) = Eulns) + > Falgs)
r=1 s=1
where the matrix coefficients read
|C
B e (k) GelCI) )
Hr — /-‘Lk M + /’Lk‘
C
Dy () Ol )
1Ks — [y, P
C
8rl = _iﬂl <<mr| ‘pl> + ‘<mr‘pl> C> ’ g:ss — iO’S B <ps|ps>c
18] — [k 18] + [ 2

G e <<ps\C!pz> _ (pslp) C> sl

Ks — K] Ks + K
By inverting the linear system (88) we can express |n,) and |qs) through all |my),
|p;) and o; and that way determine the dressing factor in terms of the latter. The
vectors |my) and |p;) as well as the functions o; can be found from the natural
requirement of vanishing of the poles in (52). The result reads
mi (2, 8)) = o, t, i) [mi0)
|pl($7t)> = 1/’0(95% _iKl)|pl,0> (89)
oi(w,t) = —ri(prol ™" (z, t, i) o (2, 8, ik1)Clpro) + 010,

Analogously to the two-poles case the components of |p;) are not independent. As
a result of (86) that the following relations holds true

(pi(z,t)|Clpi(z, 1)) = (P1,0|Clp1,0) = 0. (90)

Thus we have proved that the dressing factor in the multiple poles case is deter-
mined if one knows the initial fundamental solution v (z, ¢, A). The multisoliton
solution itself can be derived through the following formula

Lgl)(x,t) = @(m,t,oo)Lgo)(x,t)CDT(x,t, 00) 1)

where
N1 N2
®(z,t,00) = 1+ »_(My,+ CMC) + > (P + CPC).
k=1 =1
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From all said above it follows that the algorithm for obtaining the multisoliton
solution can be presented symbolically as follows

2O — (N (o012, (o3

1
— )}V a1 — (M (Y — Y.

4. Interactions of Quadruplet Solitons

In this section we aim to study the interactions of solitons we have derived. We
shall restrict ourselves with quadruplet solitons for NLEEs with odd dispersion
laws. This is the simplest case since the solitons are travelling wave-type solutions.
The interactions of the other types of solitons require a special treatment and will
be done elsewhere.

Our study will be based on the Zakharov-Shabat scheme [34] applied to the re-
cursive procedure (65). Their approach consists in calculating the asymptotics of
generic N-soliton solution for ¢ — 400 and establishing the pure elastic character
of the interactions of generic soliton, i.e., solitons travelling at different velocities.
The pure elastic character of the soliton interactions is demonstrated by the fact
that for ¢ — £oo the N-soliton solution splits into a sum of /N one soliton solu-
tions preserving its amplitudes and velocities. The only effect of the interaction
consists in shifting the center of mass and the initial phase of the solitons.

The one-soliton dressing factor corresponding to the quadruplet case with poles at
+u is given by

A
My (z,t) + h\

(I)k xatv)\nu’k =1+
( ) A — i + Lk

CMy(z,t)C.  (92)

The residues My (x,t) = |ny)(my| are determined by the following equalities

1 ((mglm) (g Clm) )\
Ik} = I ( %re | 2w C) )
ag + B ©3)
’mk(ﬂj,t)> = ¢0($,ta /’Lk)|mk0>7 |mk0> = Yk
ag — B

Let us now outline the alternative procedure for constructing the N-soliton solu-
tions of the NLEE (14). The idea is to apply subsequently /N times the the one-
soliton dressing. For simplicity we assume that all NV solitons are of quadruplet
type. As a result the sequence of mappings (65) allows us to constructs a sequence
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of Lax operators with potentials L(k), k=1,..., N and eigenfunctions

Xzi;)(mvt )\> - i)k(xat: Anu'k)q)kfl(xvm )\,,Ltkfl) CIEa (I)l(.f,t, )‘nu’l) (94)

xtpo(x,t, @] (A ). @y (A k1) ®F (A, )

where
Py (A ) = lm Dy (x,t, A, ). (95)

The dressing factors ®(x, t, A, j11;) are constructed in analogy with (92) as follows

Dp(x,t, A\, =1+ My (x,t) + CMj(z,t)C
k(z 1K) p—” k(z,t) Nt k(,t)
1 my|m my|C|m -1
Mk(x,t):*<< k[mg) _ (my|C| k>C> ) (my| 96)
i 2iKp 2wy,

|mk5> = (bk—l(xa t, B, Hk;:l) s (I)l(xv L, P, :Ufl)’mk>
Thus for the N -soliton potential we obtain

N . 0) -
Lg )(x,t) = ,\lggo XE—LN)(x,t,)\)L(l ),X?EN)(:I:,t,)\). (97)

Next we recall that we are considering NLEE with odd dispersion laws (14b).
Their one-soliton solutions are traveling waves and depend on Z;, = z — Vjt,
where Vi, = 1/kyim fi(ug). In particular, for the equation (19) fi(\) = —8\3
and Vj, = 8(3u — k7). Now let us to pick up the trajectory of the N-th soliton:
ZN = x — 2wnt/3 = fixed and evaluate the asymptotics of LgN) (z,t) for t —
+o0 for fixed Zn. This will allow us to see what are the effects of the soliton
interactions on the /N-th soliton.

In what follows we will assume that all solitons move with different velocities, i.e.,
Vj # Vj, for k # j. Itis natural to split the solitons in two groups

i.e., the solitons belonging to M are moving faster than the N-th soliton, while
the ones belonging to M_ are slower.

Now we are able to calculate the limits of ®(z,¢,\) for t — 400 for fixed Zy.
To do this we firstly need to obtain the limits of the one-soliton dressing factor for
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T — Fo0o. It can be verified that

ce(A) 0 —c(A),
O (A, p) = lim Pp(x,t,\) = 0 1 0
T ~c,(N) 0 (V)
99)
ck(A) 0 ¢ (A)
(I)k7+<)\, /J,k) = IILI{:O @k(w, t, )\) = 0 1 0

where

2 2 A gk
ck(A):@A |,Uk2| L dy =t (s /ék)_
pr A — g, i A=

Note that the asymptotics @y, 1 (A, ;) do not depend upon the polarization vectors
|mo) and that they commute for different values of A. This allows us to describe
explicitly the IN-soliton interactions of quadruplet solitons.

The action of ®;, + (A, py;) on the polarization vectors produces the equalities

ag + B of + 8
O 1 (N, i) Vi = %
ag — B o — /Bk (100)
o _mAEpp B AF g
o pp N Be  Hp AT

Next we have to evaluate the asymptotics of |my(z,¢)) when ¢ — +oo along the
trajectory Zn(x,t) = const. This is done recursively using (99). Skipping all
technical details here we get

m(e0) =TT @stuwomg) TT @ Govomy)lmae, 1)
JEM 4 JEM_

my(z,1), = IT @ (uvomy) TT @+ un, mp)lmn(z,t)).
jery jeM_

(101)
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Then from (100) and (101) one deduces that

X [P T ax, [ B
Oé_ N,]H N,j

k=1 Hi JEM jeEM_
Qo k
FN—HM H Bn,; H ANJ
kjenmy jeEM_
+
Oy _ B A (102)
- H I 2vs IT A
= ]€M+ JEM_
B N
S =100 10 4w 1T o
= ]€M+ JEM_
+ u* — u*
AN,j _ uN MJ’ By, = UN MJ'
BN+ [ BN — My

As a result we obtain that: i) the soliton interactions are purely elastic, and ii) their
effect is shifts of the relative center of mass and the phase dy = arg o — arg 3 of
the solitons

Z]%,:ZN:F Z ZN.,j + Z ZN.,j

JEM 4 jeEM_
SN=0nE > n; F D> ny (103)
JEM 4 JEM_

1
ZNj = %(ln |Anj| —In|Bnjl), ¢n,; = arg(An,;) — arg(Bn,;)-

5. Integrals of Motion

Here we will sketch briefly the direct method for finding integrals of motion, intro-
duced by Drinfel’d and Sokolov [6]. We will apply it to the system (18). In order to
do that it proves to be technically more convenient to deal with the Lax pair (20),
(22). We will use the transformation P(x,t, \) that diagonalises simultaneously
the Lax pair L and A

; L
L:?_ILT:iﬁx+)\J+LO+71+...

A:?*lArP:iaﬁA?HAA_l+Ao+%+---

(104)
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Here all matrix coefficients L, A_; and Ay, k = 0, 1,. .. are diagonal. Using the
asymptotic expansion for P(x, t, A)

?(m,t,)\):ﬂ—i—pl(i’t)+p2(/\x2’t)+-~- (105)

one can get a set of recurrence relations

U+ Jp1 = Lo+ p1J (106)

ip1 +Uopr + Jp2 = L1 +p1Lo + p2J (107)
k—1

ipk.e + Uopk + Jper1 = Lk + Prsrd + Y Pombm (108)
m=0

Here we assume that all coefficients p; (I = 1,2, ...) are off-diagonal matrices.

In order to solve the recursion relations above, we will split each relation into a
diagonal and off-diagonal part. For example, treating this way the first relation
above one gets

Lo=Us,  Uj=-1)p1] (109)
where the superscripts d and f above denote projection onto diagonal and oft-

diagonal part of a matrix respectively. Taking into account the explicit form of Uy
for £ we have

: 100
Lo = 5(uu} +vv}) | 0-20 | (110)
001

Thus as a density of our first integral we can choose: Jy = u*u, + v¥v,. It
represents momentum density of our system. For the stationary solutions (70) and
(76) the momentum density is depicted on Fig. 7. It is evidential, that the integrals
of motion are well localised function of x.

Similarly, for the second integral density one gets
91 = Juul 4+ vuk]? + 4luvy — vug|?.
In general, the k integral of motion can be calculated through the formula
e \d
Ly = (Uopk> . (111)

The matrix py, in its turn is obtained from the following recursive formula

k—1
pr=—ad ;' (ipkm + (Uopr—1)" — Z pklm£m> . (112)
m=0
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Figure 7. Plots of the density of the first integral of motion as a
function of = evaluated on the stationary quadruplet soliton (70) for
a =0 =7v=w=1,§ = 0 (left panel) and for the stationary doublet
soliton (76) for k = 0¢ = 1, ¢ = 0 (right panel).

Note, that the zero curvature representation is gauge invariant, i.e., [£, A] = 0 is
fulfilled. Since [Lg,A;] = 0 the commutativity of £ and A is equivalent to the
following requirements

Oz A1 =0, 0Ly, — 0z A =0, k=0,1,... (113)

Hence £, represent densities of the integrals of motion we are interested in.

6. Conclusions

The soliton solutions for a hirarchy of NLEEs related to the symmetric space
SU(3)/S(U(1) x U(2)) are constructed. In order to obtain the soliton solutions
we have applied the dressing procedure with a two-poles dressing factor. It has
been shown that there exist two types of one-soliton solutions: quadruplet solitons
which are associated with four symmetrically located eigenvalues of L and doublet
solitons which are associated with a pair of purely imaginary eigenvalues. This re-
markable fact is a consequence of the simultaneous action of two Zs reductions
on the Lax pair. The properties of the elementary solitons depend crucially upon
the symmetry properties the dispersion law. For example, if the dispersion law is
an even polynomial then the elementary soliton of the first type will be stationary
(see formula (70)) otherwise it is time-dependent (fomula (71)). In the case of the
doublet type solitons the situation changes significantly — the components of the
polarization vector |mg) are no longer independent, see (63). This is why we have
only two cases possible: generic case and a degenerate case. In the latter case the
doublet soliton is stationary if f() is an even polynomial, otherwise they are time-
depending. In the generic case a new phenomenon arises. When the dispersion law
is an even polynomial the soliton is not a travelling wave. Its behaviour resembles
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that of trapons and boomerons — the soliton velocity is not fixed but varies with
time.

We have described the quadruplet soliton interactions for NLEE with odd disper-
sion laws by calculating explicitly their asymptotics along the soliton trajectories
in the generic case (different soliton velocities). The important result consisted in
the following:

i) the INV-soliton interactions are purely elastic and always split into sequences
of elementary two-soliton interactions

ii) the effect of each two-soliton interaction consists in shifts of the relative
center of mass and relative phases of each of the solitons

iii) the corresponding shifts are different from the ones for the NLS and Heisen-
berg ferromagnetic equations.
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