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Abstract. We give one parameter deformation of level £ free field realization

of the screening current of the elliptic algebra U, ,(sl5). By means of these
free field realizations, we construct infinitely many commutative operators,
which are called the nonlocal integrals of motion associated with the elliptic

algebra U, ,, (gf;) for level k. They are given as integrals involving a product
of the screening current and elliptic theta functions. This paper give level &
generalization of the nonlocal integrals of motion given in [1].

1. Introduction

One of the results in Bazhanov, Lukyanov and Zamolodchikov [4] is construction
of field theoretical analogue of the commuting transfer matrix T(z), acting on the
highest weight representation of the Virasoro algebra. Their commuting transfer
matrix T(z) is the trace of the image of the universal R-matrix associated with the
quantum affine symmetry U, (5/[\2) This construction is very simple and the com-
mutativity [T(z), T(w)] = 0 is direct consequence of the Yang-Baxter equation.
They call the coefficients of the Taylor expansion of T(z) the nonlocal integrals
of motion. The higher-rank generalization of [4] is considered in [5,6]. The ellip-
tic deformation of the nonlocal integrals of motion is considered in [1]. Bazhanov,
Lukyanov and Zamolodchikov [4] constructed the continuous transfer matrix T(z)
by taking the trace of the image of the universal R-matrix associated with U, (5/[\2)

*Reprinted from JGSP 14 (2009) 35-49.
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However, it is not so easy to calculate the image of the elliptic version of the univer-
sal R-matrix, which is obtained by using the twister [10]. Hence the construction
method of the elliptic version [1] should be completely different from those in [4].
Instead of considering the transfer matrix T(z), the authors [1] give the integral
representation of the integrals of motion directly. The commutativity of the inte-
grals of motion is not consequence of the Yang-Baxter equation. It is consequence
of the commutative subalgebra of the Feigin-Odesskii algebra [11]. The higher-
rank generalization of [1] is considered in [2,3]. This paper is a continuation of
[1-3]. This paper give level k generalization of the nonlocal integrals of motion
given in [1].

The organization of this paper is as following. In Section 2 we give one parameter
“s” deformation of the level £ free field realization of the screening current of the
elliptic algebra U, , (5/1\2) In Section 3 we construct infinitely many commutative
operators, which are called the nonlocal integrals of motion associated with the
elliptic algebra U, ,, (5/1\2) for level k. In Section 3 we state main theorem and give
conjecture. In appendix we summarize the normal ordering of basic operators.

2. Elliptic Current

[Tl

In this section we give one parameter “s” deformation of the level & free field

realization of the elliptic algebra U, ,,(sl2). We fix complex numbers z, r, r*, s,
(|z| < 1, Re(r), Re(r*) > 0, s # 2),and k = r — r* # 0, —2. We use symbols

-n
— n

[n]:—x—x—l ; [n]y =2 + 27"
We set the parameters 7, 7*

e—wﬁ/rr _ e—ﬂﬁ/T*T*. (1)

xr =

Let us use parameterization z = x%*. The symbol [u], stands for the Jacobi elliptic
theta function

'LL2 1J.2
[y =25 0, (2), [l = 270, (2) @)
where we have used

Op(2) = (2;P)oc(P/ 25 P)oo (P P)oos (zp)eo = [JA—0"2). (3
n=0

The theta function [u], enjoys the quasi-periodicity property

[u+rl, = —[ul, [u+r7], = —e_”mT_hrﬁu[u]r. 4)
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2.1. Bosons

We set the bosons o, &/, j = 1,2, m € Zg

L 1 [2m][rm)] .
[afna@ﬁt] = - m [k‘m][('r — k‘)m] 5m—+—n,Oa J=172
&)
ol a2 = L (w(‘”’@m([sm] (s —2m]) | a*m([sm] + [(s - 2>mn>
meent s m [(r — k)m)] [km)]
X 5m+n,0
R =L LU NEPR R
al a2 = L (W(—[sm} (s —2)m]) | aFm(fsm] + [(s - 2)m1>) (6)
e m [rm)] [km)]
X 5m+n,0
[avjr.naa/%] = - %% m+n,0» Jj=12
o4, 2] = - L™ - ,[f;]_ LT 9
1 9y _ 1 [sm]+[(s—2)m]
[am’an] - E [km] 5m+n,0-
We set the bosons 37, v{,, j = 1,2, m € Z
[/Bgnaﬁ%] = [2m][(]:n+ 2)m] 5m+n,ﬂa Jj=12
8L 2 = — [(k + 2)m]([8mm]+ [(s = 2)m])5m+n’0
m (8)
[f)/;ly’;’l,’ﬁ)/%] = %%&n-&-n,m J=12
[77%% ’77%] = - %[Sm] +[/[€(7'75’L]_ 2)m] 5m+n,0~
We set the zero-mode operators Py, (o, h, a and hg, h1, he, ag, a1, a2
[P,iQo] =1,  [h,a] =2 ©)

[h,o, 040] = [hl,ag] = [hg,al] = (2 — S), [hl,ozl] = [hQ,OZQ] = 0.
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We set the Fock space Fr 1, K,L € Z

n,ng,n1,noE€Z (10)

® |K3 L>n,n0,n1 y N2

where

_ [ 2r 2(r—k)\ .
|K, L)n,no,m,nz = &Xp (L r—k - K ﬁ) lQ (11)

® ena ® engag ® en1a1 ® en2042.

Upon specialization s — 2 simplification occurs

o2 = —al, al = [(r — k)m ]Ofm a2 = — [(r — k)m ]O‘m
[rm] [rm)] (12)
B2 = —Bh, Vo = =Y ho=h1 =hy=ap=a1 =az=0.
1 1

The bosons a,,, are the same bosons which were introduced to construct

m? ’Ym
the elliptic current associated with the elliptic algebra U, ,(sl2) and the deformed
Virasoro algebra Vir, ; [7-9]. In order to construct infinitely many commutative
operators, we introduce one parameter s deformation of the bosons in [7-9]. This

additional parameter s plays an important role in proof of the main theorem.

We introduce the operators C;(z), C';-r (2), j = 1,2, acting on the Fock space F; i

— f—ing — o Pologz
Ci(z) =e VP e Vk( 5 : exXp —Zainz_m :

m#0
2r -
Ca(z) = oV k(r—k)lQOe\/ gy Folog cexp | — Z O‘Enz_m :
m#Q
(13)
2(7‘ k) 2(7‘ k)P 1
CT(Z) =e @oeV 087 exp Z alz—m]
mz0
. 2(r—k) . N 2(7‘ k)P 1 ~
C;r(z) =e 90Ty 087 exp (Z afnz_m) DL
m#0

Here : * : represents normal ordering. We set the operators ¥ ia(z), ¥ j, 11(2),
\If;r.’](z), j’H(z), = 1,2, acting on the Fock space F; g

Tia() = exp ( DY )
m>Q0 +
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T - T k 1 .
X exp (— Z x_kTryj_mZm) exp (_ Z x%w,ﬁnz—m)

m>0 m>0 [m]+
V) = (o) X Lt )
m>0 UTH+
X exp (— Z kam M’ﬂ—mzm) exp (_ Z SL’_kTm’}’g;@Z_m)
m>0 [m]-l- 0
oo 5 )
m>0 +
X exp ( kamny_mzm) exp (Z . [(k ‘[‘;nl])m]Jr i _m)
m>{( m>0

m>0 [m]
X exp (ZO:U o [(K ?;nl]lmh J_mzm) exp (Zokamfygnz_m>
m> m>
(14)

We set the operators ¥; 1(z), ¥, rr(2), \If;f-’l(z), \IJ}JI(z), j = 1,2, acting on the
Fock space F; g

Uy (z) = U, 1(2) petaotar S t+hothy ,— ¢
Uy gr(2) = Uy g(2) p@Faotan = btho—hy ,— 1

Uy 1(2) = ‘Ij2]<2’) a_a0+a2m—%+h0+h22%

U 1(2) = Uy pp(z)e 0T o htho—hs B

‘I’J{J(z) ‘PJ{I(z) —a—agtar b —ho—h1 } (15)
\DLI(Z) 111( )e_a_a”alx—a—hwh .

U} ,(2) = B} (2)erto0t02g g_ho_mz_%

‘I’;H(z) 2]1(2') e tantaz 5 —hoths

Definition 1. We set the operators E;(z), Fj(z), j = 1,2, which can be regarded
as one parameter deformation of the level k elliptic currents associated with the
elliptic algebra U, ,(sl3) [7,9]

Ej(z) = Ci(2)¥;(2),  Fi(2)=Cl()¥i(z), =12 (16
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where we have set

1
Vj(2) = —=7(¥1(2) = ¥;1(2))
t -1 ot t (7
‘Dg(z) = m(qjjj(z) - ‘I’j,u(z)), J=12

We have following as direct consequence of the normal orderings of the basic op-
erators summarized in appendix.

Theorem 1. The elliptic currents Ej(z), j = 1,2, satisfy the following commuta-
tion relations
[u1 — uglr—pur — uz — 1], _ Ej(21) Ej(22)
= [ug — wi]r—pfug — w1 — 1),k Ej(22)Ej(21), j=1,2

[Ul — ug + §:| [Ul — U9 — f + 1} El(zl)Ez(Zg) (18)
2 r—k 2 r—k
S S
= [uz — U]+ 2 [’M2 —up — 5 + 1} E3(z2)E1(21).
r—k r—k

The elliptic currents Fj(z), j = 1,2, satisfy the following commutation relations
[ur — ualr[ur — ug + 1] F3(z1) Fj(22)
= [ug — u1]r[ug — w1 + 1] Fj(22) Fj(21), j=1,2

[ul — Ug — %} [Ul — Uuo + g — 1} Fl(Zl)FQ(ZQ) (19)
s s
= [uz —up — 5} [Uz —up + 5~ 1} Fy(z2) F1(21).
The currents E;(z) and F;(z) satisfy
(=1)7(s-2) k
x x¥z
|Ej(21),Fj(22)] = ————— <= Cj(21)CH(22) W1 (21) W] f(22) 1 6 ( le)

<1

.T_kZQ (20)
— 1 Ci(20))CH(22)W,11(21) U]y (22) 1 6 ( )) . j=12

Here we have used the delta-function §(z) = 3,7 2™

Upon specialization s = 2 the currents F(z), F' (z) degenerate to elliptic currents
in [9]. We set EPV (2) = Ej(2)|s=2, FV (2) = Fj(2)]s=2.7 = 1,2.

3. Integrals of Motion

In this section we construct infinitely many commutative operators G, G, m €
N, which we call the nonlocal integrals of motion for level k.
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3.1. Nonlocal Integrals of Motion
Let us set the theta function 9% (u), 94 (u), @ € C, by

9 (u + 1) = 9% (u)

' 2/ —1 [2rr *
P (u+r*7*) = exp | 27y 17" — T ” (2u - TZ Py — %h)] 9 (u)
r

Bu+1) = 9(u) 1)

Y(u+r7) =exp |—2rV—17 — rv—1 (2U - 27;: Py — £h>] I(u).
r

()
Let us use the parameterization zj(-t) = 2% ,t=1,2,7=1,2,...,m

Definition 2. We define the operator G, for the regime Re(r) > k and 0 <
Re(s) < 2 by

m (1) m (2)

dz dz

:// 1:[ A H iS Ey(z{)Eu(4") - E1(z)
><E2<z1 >E2<z§2>)---E2<z£%>> (22)

0, Tl =] =] o
9 ( > () - u§-”>)

t=1,21<i<j<m

X
1 _ .2 s 2 _, 1) _ s =
1S’i1,;[3m [uz uJ 2:|7"—k |:u3 i 2 + 1:| r—k 7
where the integral contour C* encircles A = 0,t=1,2 45 =1,2,...,m, in

J
such a way that

2Pl=1, t=12  j=12..m

We define the operator G, for the regime Re(r) > 0 and 0 < Re(s) < 2 by

m (1) m (2)
dz dz
/ /H 0 H A Fi(z{) () - Fu(z)
x Fy(z @)) U”) Fy(z2) (23)

00 u® ) [u;.w_ugt)_l]
7" o (o)

t=1,21<i<j<m
7=1

0 =7 o] P77,

1<i,j<m

X
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where the integral contour C* encircles zj(-t) =0t=1,2 35 =1,2,...,m, in
such a way that
=1, t=12 j=12..m

We call the operators G, and G, the nonlocal integrals of motion for level k.

The definition of the operators G , G, for generic s € C, s # 2, should be
understood as analytic continuation. In the limit s — 2, the contour C*, C' pinch
at zj(-t) = zi(tl). Hence the definition of G,, G,,, do not hold for s = 2. We give
modified definition of G,, G, for s = 2, below. We note that parameter s # 2
plays an important role in the proof of Theorem 2.

Definition 3. We define the operator GPV* for the regime Re(r) > k and s = 2

by
m 3,1 m 5.2
dz dz
DV* _ (1) DV (1
Arg_j 1 Z
x EQDV(zf)) - EDV (=52 (24)
(t) () t) _ (t)
wy . — U U +1
t=1_1[,2 1§z‘g§m[ Z ’ ]’"‘k[ ’ ]’"‘k o) (1)
X 9 S (w —uy)
0 [0 @ 1] [0 AT
1Siggm © rek LT ek
where the integral contour C/*\rg encircles zj(.t) =0,t=1,2,5=1,2,...,m, in

such a way that
2?22 2] < |27 < [2?] < |237] < 127 <o < 2] < =),
We define the operator GEV for the regime Re(r) > 0 and s = 2 by
m 3, m 3.(2)
dz dz
DV _ Dv (1) DV /(1
gm _/"'/CA H (1) H (2)F1 (Z )Fl (Za(n))

rgj 1 Z]

x F V(z@) “‘FzDV(Z( )) (25)

m

R B e R e

t=1,21<i<j<m

y o (& W o )
0 [u® =@ 1] [0 (jzl( ;o)

1<i,j<m

where the integral contour Crg encircles zj(.t) =0,t=1,2,7=1,2,...,m, in
such a way that

r 1 2 1 (2
2?21, o272 < 1217 < 147 < 17| <1?) <o < =] <[22,
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3.2. Main Result
The following is the main theorem of this paper.
Theorem 2. For the regime s # 2 and Re(r) > k we have
Gy Gl =0, m,n € N. (26)
For the regime s # 2 and Re(r) > 0 we have
[Gm,Gn] =0, m,n € N. 27)

Let us sketch the proof of Theorem 2. The proof is given as the same manner
as level £ = 1 case in [1, 3] By symmetrization of the screenings F;(z) the
commutation relation G, , G] = 0 is reduced to the following sufficient condltlon
of the theta functions, Wthh is shown by induction as the same manner as [1, 3].

We note that this symmetrization procedure holds only for s # 2

) o (Z UREDY “(1)) o (Zu
KUK*=LUL*={1,2,...n+m} jeEK® jeLe
(K |=|Ll=n | K L =m

< 1T 11 g — ) = 8l—alu” — g — §os
i€K® jeK® [Ugl) - ujgl)]r— [U(Q) l(;rQ)]r—k
pEK® geK*®

1 2 E] 2 1 S
X H H ( | 1U(' | _1§ - HT_k[ugz) - ugz) 27 o
€K jEK® ( ) E ) + 1]7‘—k[u((] ) - u; ) + 1]r—k
pEK® gc K*

-2

jeEK jeEL

(.1))

- vy e(ga-s)r(se-s)

KUK°®=LUL*={1,2,...n+m}
|K|=|L|=n,|K°|=|L¢|=m

jEKe® jeLe jeK

wl® — oM s wlut? (_1)_%] .
z r— ,7 r—
< ]I H u® — @ 2) _ @2
i€ K® jeK® w; Jr—kug —u ok
peEK® ge K*

[u(1) B ug2) sy 1]T_k[u(2) . (1) . j

<11 II = !
i€EK® jEK® [ugl) - uigl) + 1]7"—16[“((]2) ( ) + 1]’!’ k
pEK® gcK*

jeL

(28)

Naively, when we take the limit s — 2, it seems that we have [GPV* gPV*] = 0.
However, very precisely, in order to take the limit s — 2, we have to consider
special treatment which we call “renormalized” limit in [1]. Here we state only
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conjecture on the operator GPV*. Theorem 2 give a supporting argument of the
following conjecture.

Conjecture 1. For the regime s = 2 and Re(r) > k we have
GGV 1=0, mmueN (29)
For the regime s = 2 and Re(r) > 0 we have

GEV,.gPVi=0, mneN (30)

In this paper we gave one parameter “s” deformation of level k free field realization
of the screening current of the elliptic algebra Uq’p(s@). By means of these free
field realizations, we constructed infinitely many commutative operators, which we
call the nonlocal integrals of motion associated with the elliptic algebra U, (5/1\2)
for arbitrary level k # 0, —2. They are given as integrals involving a product of the
screening current and Jacobi elliptic theta functions. The construction of the local
integrals of motion Z,,, for arbitrary level k is open problem. The construction of
the local integrals of motion Z,,, for level 1 only is summarized in [1-3].
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Appendix

Here we summarize the normal orderings of the basic operators (in all cases the
subscript 7 = 1, 2).
—2+2kZ2/21; IUZT*)oo(fB_QZZ/Zl; :L,Qk)oo
(22 2y [ 215 2277 ) oo (22 22/ 215 229 ) 00
o) Caen) — 5 o= F T 213 0T Yoo 2102 )
o (x7522/ 21522 ) oo (572 20/ 21; 227 ) o
($5+2k22/2’1; $2k)oo($s_2+2kzz/zl; fEQk)oo
(=5+2k 25 [ 215 02F) oo (22572 25 [ 21 12F) o

2 _% ($s+2r* 22/2’1; x2r*)oo($2—s+2r* 22/21; x2r*)oo

Cj(21)Cj(z2) = == 2]

X

Ca(21)C1(22) = = 7" (x_s+2r*z2/21;xzr*)oo(xs_2+2r*22/zu$2r*)oo
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Clz)Cl(z) = =

C’I(zl)Cg(ZQ) =

CH(z1)Cl(2) =

Ci(21)Cl(z2) = =
Cl(21)Cj(z2) = =

Uy r(21) T2 1(22) = =
Uy 1(21) 01 1(22) = =
Uy r1(21)Ug 11 (22) = =

U r1(21) 01 11(22) = =

Ul (20) W) 1 (22) = =

‘T’;J(zl)‘ﬂ,f(@) =«

‘T’I,U(zl)‘pg,u(@) =

‘T’;JJ(ZI)‘I’I,H(Z?) = =

Uy 1 (21) Vg 11(20) =

- I8
D2

(29 /215 2%F) oo (2% 220/ 21; 22F) o

(x=322/ 215 2%F) oo (22 520/ 215 22F) oo
z‘%+%(33_2“’“21/22;93%)00(332”’"21/22;93 o0
1 (222 2 [ 21 22F) oo (2272 25/ 21 22 ) oo

(:L‘S+2k22/21; ka)oo(xs_2+2kZ2/Zl; m2k o

27')

2_2
r k
Zl

(252 2 /21 22F) oo (225 2 25 [ 213 22F) o
(.27_8+2T22/Zl; m2¢)oo(l,s—2+27'22/zl; iL'QT)oo
(T572 29 [ 213 227 ) oo (T2 52 20/ 215 2% ) oo
Qk)oo(xs—2z2/zl; :L.2k)oo
(x=529 /213 0%%) o (22529 [ 215 22F)
(z7%20/ 213 2% ) oo (5220 / 215 % ) o
(2%29/21; 2% ) oo (T2 522/ 21; 2% ) o
Zl_% (.’L'2+k22/zl; l'%)oo
(22 F 2y [ 21 22F)
Zl_% (:L'2+k22/21; m2k)oo
(22 F 2y [ 21 22 o
(7520/ 21; 2%F) o (227572 25/ 213 22F) o
(2572 20 [ 21: 22F) oo (2° 229 21; 2F ) oo
(a:_szz/zl; £E2k)oo($2_s+2kZ2/Zl; $2k)oo
(2572 25 [ 21 22F) oo (25222 [ 215 T2 ) og
2k)oo($2—s+2k 2k)

2_2 (z°zm/21;

(x7%22/2157 29/215 %% ) oo
(@52 25 /213 %) oo (2522 ) 21, 22 ) oo
2— 542k 2k)

(33_522/21;5821")00(33 z9/21; 2% ) o
(2572 25 [ 21; 22F) oo (25222 ) 21; 22F) o
2— s+2k 2k)

($_522/Zl;$2k)oo($ 29/21; 2" ) o
(2572 2y [ 21 22F) oo (25225 [ 215 T2 ) o
2k)oo($2—s+2k Qk)

(x7%z/ 2152 22/ 215 %% ) oo
(@52 25/ 21; %) o (2522 ) 21, 22 o
2k)oo($2—s—|-2k Qk)

(x™%z0/z1;2 22/21; 2% ) oo
(:L‘S+2k22/z1; l’%)oo(l’s_QZZ/Zl; l’%)oo
(x_SZQ/Zl; $2k)oo($2_s+2kz2/zl; -T2k)oo
(935+2k22/21; l'gk)oo(l's_222/2'1; 12k)oo

($_5+2kZ2/21; $2k)oo(l'2_s+2k22/21§ $2k)oo

(@5 Rz [ ) oo (252 2Ry 2y 2R o
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- (x7%20/21; 22F) o (22 520/ 215 2% ) o

T T = =
2,11(2’1) 1,1(7«'2) (2529 ) 21; x%)oo(:rs‘222/2’1; x2k)oo
© ( )lf/ (22) (LL’_SZQ/Zl;$2k)oo($2_522/21;$2k)00
z 29) =
LII=1) 2,112 (2529/21; 22F) oo (25220 / 21; 22F) o
lfj \T; o (x—s+2k22/zl;$2k)oo($2—s+2k22/zl; $2k)oo
20(2)Vrp(z) = = (x84 2k 2 ) 215 22F) oo (25272 25 [ 215 2% ) o
Bt (o) () = = (x7%29/ 2153 2%F) oo (22 529/ 21; %) oo
1,1 2,11 " @271, 0) oo (25220 21, 22 o
. " (x—s-l-szQ/Zl;ka) (:L'Q_S"'%Zg/zl; xzk)
‘DE,H(ZI)‘DI,I(Z?): stk 2k = s—2+2k 2k =
(2512829 /205 228 ) oo (2572120 25 [ 215 2% ) oo
_ _ ($_s+2k22/21;$2k)oo($2_s+2k22/21; $2k)oo
‘I’J{,U(Zl)qj;l(z?) = stk 2k s—2+2k .2k
(x 29/ 215 T2F) oo (257272 29 [ 215 2%F)
B ()T (z) = (z~%z2/21; 2% oo (2% * 22/ 21; 2% )0
2,1\*1) 71, 11\°2 U (w820/21;22F) oo (25 220/ 215 22F) o
- - (:L’2+2k:z2/z1;x2k)oo
U, (21, = = {1—
#1(21)¥51(22) = = (1= 22/21) (&223) 2 2%
~ ~ ($2+2k22/21;332k)oo
¥ ¥ = ={1-—
3,11(21) 3,11(22) ( z2/71) (m—222/21;x2k)oo
N " ($2+2kz2/2’1;$2k)oo
WU, {21V, r7(20) = =
s Wai(22) = 5 0 7
~ ~ (:U222/Zl;lll2k)oo
[\ v, =
242k 2k
oo ~ 4 o (% 20/ 215 2°% ) oo
‘I]j,I(Zl)\Ijj,](ZQ) = (]. — 22/21) (x_222/21;$2k)00
242k . .2k
=t =t L (.Z’ ZQ/Zl,ZL' )oo
\Pj,H(zl)\I’j,H(ZQ) = (1 —22/z1) (2 225/ 21; 22F) o0
~ " 2 /Z .:B2k)
\DT \DT = (m 2/ >
J,J(Zl) 3,11(22) (2229 /21; 2% ) oo
Ul (2)¥0 (20) = = (225 /21527 o
4,11 g . ($_2+2k2’2/2’1;$2k)oo
~ . 1 ($k_222/21'$2k)0o
¥ \IJT = ’
3,1(2’1) 3,](22) (1 - mkz2/zl) ($3k+2Z2/Zl; :sz)oo
~ - 1 :L’_k_QZQ Zl;:L’Zk
U (20)050(20) = = ( / Je

(1 —xF*29/21) (xFt229/21;2%F)
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i) =

T (200 (22) = = ((xx;ii?//zzll,,miz:o
S
b =+ G
Fan()¥rlea) = 5 77 xizQ/zn (Zcmki;;//f;jto
Ej;n(zn@jﬂ(zg) - xim/ 1) ((92631122252//215;222?)0;'
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