IX. Fields and Galois Theory, 452-552

DOI: 10.3792/euclid/9781429799980-9

from

Basic Algebra

Digital Second Edition BASIC

ALGEBRA

Anthony W. Kna
y pp Digital Second Edition

Full Book DOI: 10.3792/euclid/9781429799980
ISBN: 978-1-4297-9998-0

Anthony W. Knapp
|

! d Distributed by Project Euclid.

For copyright information, see the following page.


https://doi.org/10.3792/euclid/9781429799980
https://doi.org/10.3792/euclid/9781429799980-9

Anthony W. Knapp

81 Upper Sheep Pasture Road

East Setauket, N.Y. 11733-1729, U.S.A.

Email to: aknapp@math.stonybrook.edu
Homepage: www.math.stonybrook.edu/~aknapp

Title: Basic Algebra
Cover: Construction of a regular heptadecagon, the steps shown in color sequence; see page 505.

Mathematics Subject Classification (2010): 15-01, 20-01, 13-01, 12-01, 16-01, 08-01, 18A05,
68P30.

First Edition, ISBN-13 978-0-8176-3248-9
¢ 2006 Anthony W. Knapp
Published by Birkhduser Boston

Digital Second Edition, not to be sold, no ISBN
¢ 2016 Anthony W. Knapp
Published by the Author

All rights reserved. This file is a digital second edition of the above named book. The text, images,
and other data contained in this file, which is in portable document format (PDF), are proprietary to
the author, and the author retains all rights, including copyright, in them. The use in this file of trade
names, trademarks, service marks, and similar items, even if they are not identified as such, is not
to be taken as an expression of opinion as to whether or not they are subject to proprietary rights.

All rights to print media for the first edition of this book have been licensed to Birkhduser Boston,
c/o Springer SciencetBusiness Media Inc., 233 Spring Street, New York, NY 10013, USA, and
this organization and its successor licensees may have certain rights concerning print media for the
digital second edition. The author has retained all rights worldwide concerning digital media for
both the first edition and the digital second edition.

The file is made available for limited noncommercial use for purposes of education, scholarship, and
research, and for these purposes only, or for fair use as understood in the United States copyright law.
Users may freely download this file for their own use and may store it, post it online, and transmit it
digitally for purposes of education, scholarship, and research. They may not convert it from PDF to
any other format (e.g., EPUB), they may not edit it, and they may not do reverse engineering with it.
In transmitting the file to others or posting it online, users must charge no fee, nor may they include
the file in any collection of files for which a fee is charged. Any exception to these rules requires
written permission from the author.

Except as provided by fair use provisions of the United States copyright law, no extracts or quotations
from this file may be used that do not consist of whole pages unless permission has been granted by
the author (and by Birkhduser Boston if appropriate).

The permission granted for use of the whole file and the prohibition against charging fees extend to
any partial file that contains only whole pages from this file, except that the copyright notice on this
page must be included in any partial file that does not consist exclusively of the front cover page.
Such a partial file shall not be included in any derivative work unless permission has been granted
by the author (and by Birkhduser Boston if appropriate).

Inquiries concerning print copies of either edition should be directed to Springer Science+Business
Media Inc.



CHAPTER IX

Fields and Galois Theory

Abstract. This chapter develops some general theory for field extensions and then goes on to
study Galois groups and their uses. More than half the chapter illustrates by example the power
and usefulness of the theory of Galois groups. Prerequisite material from Chapter VIII consists
of Sections 1-6 for Sections 1-13 of the present chapter, and it consists of all of Chapter VIII for
Sections 14—17 of the present chapter.

Sections 1-2 introduce field extensions. These are inclusions of a base field in a larger field.
The fundamental construction is of a simple extension, algebraic or transcendental, and the next
construction is of a splitting field. An algebraic simple extension is made by adjoining a root of an
irreducible polynomial over the base field, and a splitting field is made by adjoining all the roots of
such a polynomial. For both constructions, there are existence and uniqueness theorems.

Section 3 classifies finite fields. For each integer ¢ that is a power of some prime number, there
exists one and only one finite field of order ¢, up to isomorphism. One finite field is an extension of
another, apart from isomorphisms, if and only if the order of the first field is a power of the order of
the second field.

Section 4 concerns algebraic closure. Any field has an algebraic extension in which each
nonconstant polynomial over the extension field has a root. Such a field exists and is unique up
to isomorphism.

Section 5 applies the theory of Sections 1-2 to the problem of constructibility with straightedge
and compass. First the problem is translated into the language of field theory. Then it is shown that
three desired constructions from antiquity are impossible: “doubling a cube,” trisecting an arbitrary
constructible angle, and “squaring a circle.” The full proof of the impossibility of squaring a circle
uses the fact that 7 is transcendental over the rationals, and the proof of this property of  is deferred
to Section 14. Section 5 concludes with a statement of the theorem of Gauss identifying integers n
such that a regular n-gon is constructible and with some preliminary steps toward its proof.

Sections 68 introduce Galois groups and develop their theory. The theory applies to a field
extension with three properties—that it is finite-dimensional, separable, and normal. Such an
extension is called a “finite Galois extension.” The Fundamental Theorem of Galois Theory says in
this case that the intermediate extensions are in one-one correspondence with subgroups of the Galois
group, and it gives formulas relating the corresponding intermediate fields and Galois subgroups.

Sections 9-11 give three standard initial applications of Galois groups. The first is to proving the
theorem of Gauss about constructibility of regular n-gons, the second is to deriving the Fundamental
Theorem of Algebra from the Intermediate Value Theorem, and the third is to proving the necessity
of the condition of Abel and Galois for solvability of polynomial equations by radicals—that the
Galois group of the splitting field of the polynomial have a composition series with abelian quotients.

Sections 12—13 begin to derive quantitative information, rather than qualitative information, from
Galois groups. Section 12 shows how an appropriate Galois group points to the specific steps in
the construction of a regular n-gon when the construction is possible. Section 13 introduces a tool
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1. Algebraic Elements 453

known as Lagrange resolvents, a precursor of modern harmonic analysis. Lagrange resolvents are
used first to show that Galois extensions in characteristic O with cyclic Galois group of prime order p
are simple extensions obtained by adjoining a p' root, provided all the p' roots of 1 lie in the base
field. Lagrange resolvents and this theorem about cyclic Galois groups combine to yield a derivation
of Cardan’s formula for solving general cubic equations.

Section 14 begins the part of the chapter that depends on results in the later sections of Chap-
ter VIIL Section 14 itself contains a proof that 7 is transcendental; the proof is a nice illustration of
the interplay of algebra and elementary real analysis.

Section 15 introduces the field polynomial of an element in a finite-dimensional extension field.
The determinant and trace of this polynomial are called the norm and trace of the element. The
section gives various formulas for the norm and trace, including formulas involving Galois groups.
With these formulas in hand, the section concludes by completing the proof of Theorem 8.54 about
extending Dedekind domains, part of the proof having been deferred from Section VIII.11.

Section 16 discusses how prime ideals split when one passes, for example, from the integers to
the algebraic integers in a number field. The topic here was broached in the motivating examples
for algebraic number theory and algebraic geometry as introduced in Section VIII.7, and it was the
main topic of concern in that section. The present results put matters into a wider context.

Section 17 gives two tools that sometimes help in identifying Galois groups, particularly of
splitting fields of monic polynomials with integer coefficients. One tool uses the discriminant of the
polynomial. The other uses reduction of the coefficients modulo various primes.

1. Algebraic Elements

If K and k are fields such that k is a subfield of K, we say that K is a field
extension of k. When it is necessary to refer to this situation in some piece of
notation, we often write K /k to indicate the field extension. In this section we
shall study field extensions in a general way, and in the next section we shall
discuss constructions and uniqueness results involving them.

If K and K’ are two fields and if ¢ is a ring homomorphism of K into K’ with
¢(1) = 1, then ¢ is automatically one-one since K has no nontrivial ideals. We
refer to ¢ as a field map or field mapping.' If K and K’ are both field extensions
of a field k and if the restriction of a field map ¢ to k is the identity, then ¢ is
called a k field map or a field map fixing k. The terminology “k field map” is
consistent with the view that K and K’ are two R algebras for R = k in the sense
of Examples 6 and 15 in Section VIII. 1, and that the isomorphism in question is
just an R algebra isomorphism.

If a field map ¢ : K — K’ is onto K’, then ¢ is a field isomorphism; it is a
k field isomorphism if K and K’ are extensions of k and ¢ is the identity on k.
When K = K’ and ¢ is onto K/, ¢ is called an automorphism of K; if also ¢ is
the identity on a subfield k, then ¢ is called a k automorphism of K.

IThis is the notion of morphism in the category of fields.
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Throughout this section we let K/k be a field extension. If xj, ..., x, are
members of K, we let

k[x1, ..., x,] = subring of K generated by 1 and xy, ..., x,,

k(xy, ..., x,) = subfield of K generated by 1 and xy, ..., x,.

The latter, in more detail, means the set of all quotients ab~! with a and b in
k[xy, ..., x,] and with b £ 0. Itis referred to as the field obtained by adjoining
X1, ..., Xy to k. Because of this description of the elements of k(x, ..., x,), the
field k(xy, ..., x,) can be regarded as the field of fractions F of k[xy, ..., x,]. In
fact, we argue as follows: let n : k[xy, ..., x,] — F be the natural ring homo-
morphism a > class of (a, 1) of k[xy, ..., x,] into its field of fractions; then the
universal mapping property of [ stated in Proposition 8.6 gives a factorization of
the inclusion ¢ : k[x1, ..., x,] — k(x1, ..., x,) as t =7, and the field mapping
Thas to be onto k(xy, ..., x,) since the class of (a, b) maps to the member ab~!
of k(xy, ..., xy,).

As in Chapter IV and elsewhere, we let k[X] be the ring of polynomials in
the indeterminate X with coefficients in k. For each x in K, we have a unique
substitution homomorphism ¢, : k[X] — k[x] carrying k to itself and carrying
X to x. We say that x is algebraic over k if ¢, is not one-one, i.e., if x is a root
of some nonzero polynomial in k[X], and that x is transcendental over k if ¢,
is one-one.

EXAMPLES.

(D Ifk = R, if K = C, and if x is the usual element i = +/—1, then
@;(X?> 4 1) =0, and i is algebraic over R.

2)Ifk =Q,if K = C, and if 6 is a complex number with the property that
0" 4+ cp_10" ' + -+ 10 + co = 0 for some 1 and for some coefficients in Q,
then 6 is algebraic over Q. This situation was the subject of Proposition 4.1, of
Example 2 in Section IV.4, and of Example 10 in Section VIIL.1.

(3) Letk = Q and K = C. For 7 equal to the usual trigonometric constant,
given as the least positive real such that ¢’™ = —1 when e = Yoo o2 /nl, it will
be proved in Section 14 that there is no polynomial F(X) in Q[ X] with F (7)) =0,
and 7 is consequently transcendental over Q.

@) If k = Z/27 and K is the 4-element field constructed in Example 3 of
fields in Section IV.4, then any element of K is algebraic over k.

B) Ifk = C(X) and if K = C(X)[/(X — DX (X + 1)] as with the ring R’
in Section VIII.7 and as in Example 3 of integral closures in Section VIIL.9, then
V(X —1)X(X + 1) is algebraic over C(X).
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Suppose that x in K is algebraic over k. Then
kerg, = {F(X) € k[X] | F(x) =0}

is an ideal in k[X] that is necessarily nonzero and principal. A generator is
determined up to a constant factor as any nonzero polynomial in the ideal that has
lowest possible degree, and we might as well take this polynomial to be monic.
Thus ker ¢, is of the form (Fy (X)) for some unique monic polynomial Fy(X), and
this polynomial Fy(X) is called the minimal polynomial of x over k. Review of
the example at the end of Section VIII.3 may help motivate the first five results
below.

Proposition 9.1 If x € K is algebraic over k, then the minimal polynomial of
x over k is prime as a polynomial in K[X].

PROOF. Suppose that F'(X) factors nontrivially as F(X) = G(X)H (X). Since
F(x) = 0, either G(x) = 0 or H(x) = 0, and then we have a contradiction to
the fact that F has minimal degree among all polynomials vanishing at x. O

Theorem 9.2. If x € K is algebraic over k, then the field k(x) coincides with
the ring k[x]. Moreover, if the minimal polynomial of x over k has degree n,
then each element of k(x) has a unique expansion as

Ca1 X"V ey 4 eix + ¢ with all ¢; € k.

PROOF. Since the substitution ring homomorphism ¢, carries k[ X] onto k[x],
we have an isomorphism of rings k[x] = k[X]/ ker ¢, = k[X]/(Fo(X)), where
Fy(X) is the minimal polynomial of x over k. Since Fj is prime, (Fp(X)) is a
nonzero prime ideal and hence is maximal. Thus k[x] is a field. Consequently
k(x) = k[x].

Any element in k[x], hence in k(x), is a polynomial in x. Since Fy(x) = 0,
we can solve Fy(x) = O for its leading term, say x”, obtaining x" = G (x), where
G(X) = 0ordegG(X) < n — 1. Thus the expansions in the statement of the
theorem yield all the members of k[x]. If an element has two such expansions,
we subtract them and obtain a nonzero polynomial H (X) of degree at most n — 1
with H(x) = 0, in contradiction to the minimality of the degree of Fy(X). [

Corollary 9.3. If x € K is algebraic over k, then the field k(x), regarded as
a vector space over k, is of dimension 7, where 7 is the degree of the minimal
polynomial of x over k. The elements 1, x, x2, ..., x"! form a basis of k(x)
over k.

PROOF. This is just a restatement of the second conclusion of Theorem 9.2. [
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We say that the field extension K/k is an algebraic extension if every element
of K is algebraic over k.

Proposition 9.4. If the vector-space dimension of K over k is some finite r,
then K is an algebraic extension of k, and each element x of K has some nonzero
polynomial F'(X) in k[ X] of degree at most n for which F(x) = 0.

PROOF. This is immediate since the elements 1, x, x2, ..., x" of K have to be
linearly dependent over k. 0

When K/k is a field extension, we write [K : k] for the vector-space dimension
dimy K, and we call this the degree of K over k. If [K : k] is finite, we say that
K is a finite extension of k, or finite algebraic extension of k, the condition
“algebraic” being automatic by Proposition 9.4.

Corollary 9.5. If x is in K, then x is algebraic over k if and only if k(x) is a
finite algebraic extension of k. In this case the minimal polynomial of x over k
has degree [k(x) : k].

PROOF. If x is algebraic over k, then [k(x) : k] is finite and is the degree of the
minimal polynomial of x over k, by Corollary 9.3. Proposition 9.4 shows in this
case thatk(x) is a finite algebraic extension. If x is transcendental over k, then the
substitution homomorphism ¢, is one-one, and dimy k(x) > dimy k[X] = +o0.

O

Theorem 9.6. Let k, K, and IL be fields with k € K C L, and suppose that
[K : k] = n and [IL : K] = m, finite or infinite. Let {w, wy, ...} be a vector-
space basis of K overk, and let {£|, &, . . . } be a vector-space basis of /K. Then
the mn products w;&; form a basis of L. over k.

PROOF OF SPANNING. If & isin L, write § = ) ja ;&; with each g; in K and
with only finitely many a;’s not 0. Then expand each a; in terms of the w;’s, and
substitute. (]

PROOF OF LINEAR INDEPENDENCE. Let Zi’ j Cijwi &; = 0 with the ¢;;’s in k.
Since the members &; of L are linearly independent over K, >, ¢;jw; = 0 for
each j. Since the members w; of K are linearly independent over k, ¢;; = 0 for
all i and j. O

Corollary 9.7. If k, K, and IL are fields with k C K C L, then

[L:k]=[L:K][K:Kk].

PROOF. This is immediate by counting basis elements in Theorem 9.6. O
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Theorem 9.8. If K/k is a field extension and if xy, ..., x,, are members of K
that are algebraic over k, then k(xy, ..., x,) is a finite algebraic extension of k.

REMARK. If a finite algebraic extension of k turns out to be of the form k(x)
for some x, we say that the extension is a simple algebraic extension.

PROOF. Since x; is algebraic over k, it is algebraic over k(x, ..., x;—1). Hence
[k(xy, ..., x;) : k(xg, ..., xj—1)]is finite. Applying Corollary 9.7 repeatedly, we
see that k(xy, ..., x,) is a finite extension of k. Proposition 9.4 shows that it is a
finite algebraic extension. ([l

EXAMPLE. The sum /24 +/2 is algebraic over Q, as a consequence of Theorem
9.8. This fact suggests Corollary 9.9 below.

Corollary 9.9 If K/k is a field extension, then the elements of K that are
algebraic over k form a field.

PROOF. If x and y in K are algebraic over k, then k(x, y) is a finite algebraic
extension of k, according to Theorem 9.8. This extension contains x £ y and xy,
and it contains x ! if x # 0. The corollary therefore follows from Proposition
9.4. O

For the special case of Corollary 9.9 in which K = C and k = Q, this subfield
of Cis called the field of algebraic numbers, and any finite algebraic extension of
Q within C is called a number field, or an algebraic number field. The seeming
discrepancy between this definition and the definition given in remarks with
Proposition 4.1 (that in essence a “number field” is any simple algebraic extension
of Q) will be resolved by the Theorem of the Primitive Element (Theorem 9.34
below).

2. Construction of Field Extensions

In this section, k denotes any field. Our interest will be in constructing extension
fields for k and in addressing the question of uniqueness under additional hy-
potheses. We begin with a kind of converse to Proposition 9.1 that generalizes the
method described in Section A4 of the appendix for constructing C = R(y/—1)
from R and the polynomial X2 + 1 .

Theorem 9.10 (existence theorem for simple algebraic extensions). If F (X) is
a monic prime polynomial in k[ X], then there exists a simple algebraic extension
K = k(x) of k such that x is a root of F'(X). Moreover, F(X) is the minimal
polynomial of x over k.
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PROOF. Define K = k[X]/(F (X)) as aring. Since F(X) is prime, (F (X)) is
a nonzero prime ideal, hence maximal. Therefore K is a field, an extension field
of k. Define x to be the coset X + (F(X)). Then F(x) = F(X) + (F(X)) =
0+ (F (X)), and x is therefore algebraic over k. It is immediate that K = k[x],
and Theorem 9.2 shows that K = k(x). If G(x) = 0 for some G(X) in k[ X],
then G(X) is in (F(X)). We conclude that F'(X) has minimal degree among all
polynomials with x as a root, and F(X) is therefore the minimal polynomial. [J

Theorem 9.11 (uniqueness theorem for simple algebraic extensions). If F(X)
is a monic prime polynomial in k[X] and if K = k(x) and K’ = k(y) are two
simple algebraic extensions such that x and y are roots of F(X), then there exists
a field isomorphism ¢ of K onto K’ fixing k and carrying x to y.

EXAMPLE. The monic polynomial F(X) = X* — 2 is prime in Q[X], and
x = ~/2 and y = €¥/33/2 are roots of it within C. The fields Q(x) and Q(y)
are subfields of C and are distinct because Q(x) is contained in R and Q(y) is
not. Nevertheless, these fields are Q isomorphic, according to the theorem.

PROOF. In view of the proof of Theorem 9.10, there is no loss of generality
in assuming that K = Kk[X]/(F(X)). Since y is algebraic over k, we can
form the substitution homomorphism ¢, : k[X] — k(y). This is a k alge-
bra homomorphism. Its kernel is the ideal (F (X)) since F(X) is the minimal
polynomial of y, and ¢, therefore descends to a one-one k algebra homomorphism
@y : k(x) — k(y). Since dimk(x) and dimk(y) both match the degree of F'(X),
@y is onto k(y) and is therefore the required k isomorphism. O

We say that a nonconstant polynomial F (X) in k[ X] splits in a given extension
field if F'(X) factors completely into degree-one factors over that extension field.
A splitting field over k for a nonconstant polynomial ' (X) ink[X]is an extension
field IL of k such that F'(X) splits in I, and such that L is generated by k and the
roots of F(X) in L.

EXAMPLES. Letk = Q. Then Q(+/—1) is a splitting field for X2 + 1, because
+./—1 are both in Q(v/—1) and they generate Q(v/—1) over Q. But Q( J2) is
not a splitting field for X* — 2 because Q(~/2) does not contain the two nonreal
roots of X3 — 2.

Theorem 9.12 (existence of splitting field). If F(X) is a nonconstant polyno-
mial in k[ X], then there exists a splitting field of F(X) over k.

PROOF. We begin by constructing a certain extension field K of k in which
F(X) factors completely into degree-one factors in K[ X]. We do so by induction
onn = deg F(X). For n = 1, there is nothing to prove. For general n, let G(X)
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be a prime factor of F'(X), and apply Theorem 9.10 to obtain a simple algebraic
extension k; = k(x;) over k such that G(x;) = 0. Then F(x;) = 0, and the
Factor Theorem (Corollary 1.13) gives F(X) = (X — x;) H(X) for some H (X)
in k; (X) of degree n — 1. Since deg H(X) = n — 1 < deg F'(X), the inductive
hypothesis produces an extension K of k; such that H(X) is a constant multiple
of (X —x3)---(X — x,) with all x; in K. Then F(X) factors into degree-one
factors in K[ X], and the induction is complete.

Within the constructed field K, let I be the subfield L. = k(x1, ..., x,). Then
F(X) still factors completely into degree-one factors in L(X), and L is generated
by k and the x;. Hence L is a splitting field. (]

EXAMPLES OF SPLITTING FIELDS.

()k = Qand F(X) = X?—2. The proof of Theorem 9.12 takes k| = Q(2)
and writes X3 — 2 = (X — ¥/2)(X? + /2 X + (3/2)?). Then the proof adjoins
one root 6 (hence both roots) of X2 + /2 X + (/2)2, setting K = Q(V/2, 0).
With this choice of K, the splitting field turns out to be . = K. In fact, to see that
IL is not a proper subfield of K, we observe that 6 = [K : k] = [K : L] [L : Q] by
Corollary 9.7 and that the proper containment L 2 Q(*/2) implies [L : Q] > 3.
Since [IL : Q] is a divisor of 6 greater than 3, [ : Q] = 6. Thus [K : L] = 1,
and K = L.

2k =Qand FIX) = X> - X — % Application of Corollary 8.20c to
the polynomial G(X) = —3X?F(1/X) = X? 4 3X? — 3 shows that G(X)
has no degree-one factor and hence is irreducible over Q. Then it follows that
F (X) is irreducible over Q. The proof of Theorem 9.12 takes k; = Q(r), where
r—r— % = 0. Then division gives
X-X-1=X-nX*+rX+@¢*-1).

The discriminant b*> — 4ac of the quadratic factor is

r2

2 2 2
4ty =4-32=
re-4rt -1 T U

the right-hand equality following from direct computation. This discriminant is
a square in k; = Q(r), and hence X2 4+ rX + (r> — 1) factors into degree-one
factors in Q(r) without passing to an extension field. Therefore . = Q(r) with

[L:Q]=23.

Theorem 9.13 (uniqueness of splitting field). If F(X) is a nonconstant poly-
nomial in k[ X], then any two splitting fields of F(X) over k are k isomorphic.
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The idea of the proof is simple enough, but carrying out the idea runs into a
technical complication. The idea is to proceed by induction, using the uniqueness
result for simple algebraic extensions (Theorem 9.11) repeatedly until all the roots
have been addressed. The difficulty is that after one step the coefficients of the
two quotient polynomials end up in two distinct but k isomorphic fields. Thus
at the second step Theorem 9.11 does not apply directly. What is needed is the
reformulated version given below as Theorem 9.11, which lends itself to this kind
of induction. In addition, as soon as the induction involves at least three steps, the
above statement of Theorem 9.13 does not lend itself to a direct inductive proof.
For this reason we shall instead prove a reformulated version Theorem 9.13" of
Theorem 9.13 that is ostensibly more general than Theorem 9.13.

Recall from Proposition 4.24 that a general substitution homomorphism that
starts from a polynomial ring can have two ingredients. One is the substitution
of some element, such as x, for the indeterminate X, and the other is a homo-
morphism that is made to act on the coefficients. If the homomorphism is o,
let us write F°(X) to indicate the polynomial obtained by applying o to each
coefficient of F(X).

Theorem 9.11'. Let k and k' be fields, and let 0 : k — k' be a field
isomorphism. Suppose that F(X) is a monic prime polynomial in k[ X] and that
K = k(x) and K’ = k’(x’) are simple algebraic extensions such that F(x) = 0
and F?(x") = 0. Then there exists a field isomorphism ¢ : k(x) — k’(x’) such
that (p‘k =0 and p(x) = x'.

PROOF. The argument is essentially unchanged from the proof of Theorem
9.11. We start from the substitution homomorphism G(X) — G°(x’) that
replaces X by x’ and that operates by o on the coefficients. This descends to
a field map of k[x] into k’[x'], and the homomorphism must be onto k'[x'] by a
count of dimensions. O

Theorem 9.13'. Let k and k' be fields, and let 0 : k — Kk’ be a field
isomorphism. If F(X) is a nonconstant polynomial in k[X] and if L. and I
are respective splitting fields for F (X) over k and for F° (X) over k/, then there
exists a field isomorphism ¢ : . — L’ such that (,o|[K = o and such that ¢ sends
the set of roots of F'(X) to the set of roots of F?(X).

PROOF. We proceed by induction on n = deg F(X), the case n = 1 being
evident. Assume the result for degree n — 1. Let G (X) be a prime factor of F'(X)
over k. Then G? (X) is a prime factor of F°(X) over k’. The polynomials G (X)
and G° (X) have roots in I and I, respectively. Fix one such root for each, say x;
and x|. By Theorem 9.11’, there exists a field isomorphism o7 : k(x;) — k'(x})
extending o and satisfying o (x;) = x{. Write F(X) = (X — x1)H(X) with
coefficients in k(x;), by the Factor Theorem (Corollary 1.13). Applying o; to
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the coefficients, we obtain F° (X) = (X —x|) H?' (X) with coefficients in k'(x}).
Then L and " are splitting fields for H(X) and H'(X) over k(x;) and k/(x}),
respectively. By induction we can extend o to an isomorphism ¢ : L. — I/, and
the theorem readily follows. O

3. Finite Fields

In this section we shall use the results on splitting fields in Section 2 to classify
finite fields up to isomorphism. So far, the examples of finite fields that we have
encountered are the prime fields I, = Z/pZ with p elements, p being any prime
number, and the field of 4 elements in Example 3 of fields in Section IV.4. Every
finite field has to contain a subfield isomorphic to one of the prime fields FF,,, and
Proposition 4.33 observed as a consequence that any finite field necessarily has
p" elements for some prime number p and some integer n > 0.

Theorem 9.14. For each p" with p a prime number and with n a positive
integer, there exists up to isomorphism one and only one field with p” elements.
Such a field is a splitting field for X?" — X over the prime field F,.

If g = p", it is customary to denote by I, a field of order g. The theorem
says that [, exists and is unique up to isomorphism. Some authors refer to finite
fields as Galois fields.

Some preparation is needed before we can come to the proof of the theorem.
We need to carry over the simplest aspects of differential calculus to polynomials
with coefficients in an arbitrary field k. First we give an informal definition of
the derivative of a polynomial; then we give a more precise definition. For any
polynomial F(X) = Z?:o ;X Jin k[X], we informally define the derivative to
be the polynomial

n . n—1 .
F'(X)=Y je;X/7' =3 (j+ Dejp XV
j=1 j=0

The more precise definition uses the definition of members of k[X] as infinite
sequences of members of k whose terms are 0 from some point on. In this notation
if = (co,c1,...,¢4,0,...) with ¢; in the jth position for j < n and with O in
the jth position for j > n, then F' = (cy, 2¢2, ..., nc,, 0, ...) with (j 4+ 1)cjq
in the j™ position for j < n — 1 and with 0 in the j" position for j > n — 1. In
any event, the mapping F +> F’ is k linear from k[X] to itself. The operation is
called differentiation.
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Proposition 9.15. Differentiation on k[ X ] satisfies the productrule: F = GH
implies F = G'H + GH'.

PROOF. Because of the k linearity, it is enough to prove the result for monomi-
als. Thus let G(X) = X™ and H(X) = X", so that F(X) = X"*". Then
F'(X) = (m +n)X"™" !, G(X)H(X) = mX™™" !, and G(X)H'(X) =
nX™"=1 Hence we indeed have F'(X) = G'(X)H(X) + G(X)H'(X). O

Corollary 9.16. If n is a positive integer, if  is in k, and if F(X) = (X —r)"
in k[ X1, then F/(X) = n(X —r)" L.

PROOF. This is immediate by induction from Proposition 9.15 since the deriv-
ative of X —r is 1. g

Corollary 9.17. Let r be in k, and let F(X) be in k[X]. If (X — r)? divides
F(X), then F(r) = F'(r) = 0. Conversely if F(r) = F'(r) = 0, then (X — r)?
divides F (X).

PROOF. Write F(X) = (X — r)>G(X). If we substitute r for X, we see that
F(r) = 0. If instead we differentiate, using Proposition 9.15 and Corollary 9.16,
then we obtain F'(X) = 2(X —r)G(X) + (X —r)>G’(X). Substituting r for X,
we obtain F/(r) =0+0=0.

For the converse, let F(r) = F'(r) = 0. Proposition 4.28a shows that F'(X) =
(X — r)G(X). Differentiating this identity by means of Proposition 9.15 gives
F'(X) = G(X)+(X—r)G'(X). Substitutingr for X yields0 = F'(r) = G(r)+0
and shows that G(r) = 0. By Proposition 4.28, G(X) = (X —r)H(X). Hence
F(X)= (X —r)*H(X). O

Lemma 9.18. If k is a field of characteristic p # 0, then the map ¢ : k — k
given by ¢(x) = x? is a field mapping.

REMARK. The map x — x? is often called the Frobenius map. If k is a finite
field, then it must carry k onto k since one-one implies onto for functions from a
finite set to itself; in this case the map is an automorphism of k.

PROOF. The computation ¢ (uv) = (uv)? = uPv? = @(u)p(v) shows that ¢
respects products. If # and v are in k, then

p—l o

eu+v) = +v)’ =) + 3 (Hur~v/ +9@) = o) + o),
j=1

the last equality holding since the binomial coefficient (5’ ) has a p in the numerator

for1 < j < p— 1. Thus ¢ is a ring homomorphism. Since ¢(1) = 1, ¢ is a field

mapping. O
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PROOF OF UNIQUENESS IN THEOREM 9.14. Let k be a finite field, say of
characteristic p, and let P be the prime field of order p within k. We know that P
is isomorphic to F,, = Z/pZ. Since k is a finite-dimensional vector space over [P,
we know also that k has order ¢ = p” for some integer n > 0. The multiplicative
group k* of k thus has order ¢ — 1, and every x # O in k therefore satisfies
x9~! = 1. Taking x = 0 into account, we see that every member of k satisfies
x9 = x. Forming the polynomial X9 — X in P[X], we see that every member of
k is a root of this polynomial. Iterated application g times of the Factor Theorem
(Corollary 1.13) shows that X¢ — X factors into degree-one factors in k. Since
every member of k is a root of X9 — X, k is a splitting field of X9 — X over PP.
Then the uniqueness of the prime field up to isomorphism, in combination with
the uniqueness of the splitting field of X9 — X given in Theorem 9.13’, shows
that k is uniquely determined up to isomorphism. O

PROOF OF EXISTENCE IN THEOREM 9.14. Let ¢ = p” be given, and define k to
be a splitting field of X¢ — X over F,, = Z/pZ. The field k exists by Theorem
9.12, and it has characteristic p. Since X7 — X is monic of degree ¢, the definition
of splitting field says that we can write

X1 —X=X-u)X —up)--- (X —uy) with all u; € k.

Because of Lemma 9.18, the map ¢(x) = u?, which is the n™ power of the
map u — u”, is a field mapping of k into itself. The members of k fixed by
¢ form a subfield of k, and these elements of k are exactly the members of the
set § = {ur,...,uy}. Therefore § is a subfield of k, necessarily containing
F, = Z/pZ. Since X? — X splits in § and since the roots of X9 — X generate
S, § is a splitting field of X¢ — X over IF,,. In other words, S = k. To complete
the proof, it is enough to show that the elements u, ..., u, are distinct, and then
k will be a field of g elements. The question is therefore whether some root of
X7 — X has multiplicity at least 2, i.e., whether (X —r)? divides X4 — X for some
r ink. Corollary 9.17 gives a necessary condition for this divisibility, saying that
the derivative of X4 — X must have r as aroot. However, the derivative of X7 — X
is gX?~' — 1 = —1, and the constant polynomial —1 has no roots. We conclude
that k has ¢ elements. (]

Corollary 9.19. If ¢ and r are integers with 2 < ¢ < r, then the finite field
IF, is isomorphic to a subfield of the finite field IF, if and only if r = ¢" for some
integer n > 1.

PROOF. If F, is isomorphic to a subfield of IF,, then we may consider I, as a
vector space over [, say of dimension n. In this case, I, has g" elements.

Conversely let 7 = ¢”, and regard F, as a splitting field of X?' — X over the
prime field I, by Theorem 9.14. Let S be the subset of IF, of all roots of X¢ — X.
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Puttinga =g — land k = qq"%ll =q" '+¢"2+---+1, wehave

Xka _ 1 — (Xa _ 1)(X(k—1)a + X(k—2)a + - + l)

Multiplying by X, we see that X9 — X is a factor of X9 — X. Since X' — X
splits in IF, and has distinct roots, the same is true of X¢ — X. Therefore |S| = q.

Letg = p™. The m™ power of the homomorphism of Lemma 9.18 on k = FF,
is x > x?, and the subset of I, fixed by this homomorphism is a subfield. Thus
S is a subfield, and it has g elements. O

4. Algebraic Closure

Algebraically closed fields— those for which every nonconstant polynomial with
coefficients in the field has a root in the field — were introduced in Section V.1, and
it was mentioned at that time that every field is a subfield of some algebraically
closed field. We shall prove that existence theorem in this section in a form
lending itself to a uniqueness result.

Throughout this section letk be a field. We begin by giving further descriptions
of algebraically closed fields that take the theory of Sections 1-2 into account.

Proposition 9.20. The following conditions on the field k are equivalent:

(a) k has no nontrivial algebraic extensions,

(b) every irreducible polynomial in k[ X] has degree 1,

(c) every polynomial in k[ X] of positive degree has at least one root in k,

(d) every polynomial in k[ X] of positive degree factors over k into polyno-
mials of degree 1.

PROOF. If (a) holds, then (b) holds since any irreducible polynomial of degree
greater than 1 would give a nontrivial simple algebraic extension (Theorem 9.10).
If (b) holds and a polynomial of positive degree is given, apply (b) to an irreducible
factor to see that the given polynomial has a root; thus (c) holds. Condition (c)
implies condition (d) by induction and the Factor Theorem. If (d) holds and if
K is an algebraic extension of k, let x be in K, and let F(X) be the minimal
polynomial of x over k. Then F(X) is irreducible over k, and (d) says that F'(X)
has degree 1. Hence x is in k, and we conclude that K = k. O

A field satisfying the equivalent conditions of Proposition 9.20 is said to be
algebraically closed.
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EXAMPLES OF ALGEBRAICALLY CLOSED FIELDS.

(1) The Fundamental Theorem of Algebra (Theorem 1.18) says that C is
algebraically closed. This theorem was not proved in Chapter I, but a proof
will be given in this chapter in Section 10.

(2) Let K be the subset of all members of C that are algebraic over Q. By
Corollary 9.9, K is a subfield of C. Example 1 shows that every polynomial in
Q[X] splits in K, and Lemma 9.21 below then allows us to conclude that K is
algebraically closed.

(3) Fix a prime number p, and start with kg = I, as the prime field Z/pZ.
Enumerate the members of F,,[ X1, letting F},(X) be the n'" such polynomial. We
construct k, by induction on 7 so that k,, is a splitting field for F,,(X) over k,,_;
whenn > 1. Thenky C k; € k, € --- is an increasing sequence of fields
containing IF,,. Let K be the union. Any two elements of K lie in a single k,,, and
it follows that K is closed under the field operations. Any three elements lie in a
single k,, and it follows that any of the defining properties of a field is valid in
K because it is valid in k,. Therefore K is a field. This field is an extension of
IF,,, and every polynomial in F,[ X] splits in K. As in Example 2, Lemma 9.21
below shows that K is algebraically closed.

Lemma 9.21. If K/k is an algebraic extension of fields and if every non-
constant polynomial in k[X] splits into degree-one factors in K, then K is
algebraically closed.

PROOF. Let K’ be an algebraic extension of K, and let x be in K. Let G(X)
be the minimal polynomial of x over K, and write G(X) as

GX)=X"4+coi X" '+ +¢  withall¢g; e K.

Then x is algebraic over k(c,—1, ..., co), which is a finite extension of k by
Theorem 9.8. By Corollary 9.7, x lies in a finite extension of k. Thus Proposition
9.4 shows that x is algebraic over k. Let F(X) be the minimal polynomial of x
over k. By assumption this splits over K, say as

FX)=X—x1)-- (X —xp) with all x; € K.

Evaluating at x and using the fact that F'(x) = 0, we see that x = x; for some j.
Therefore x is in K, and K is algebraically closed. (I

An extension field K/k is an algebraic closure of k if K is algebraic over k
and if K is algebraically closed. Example 2 of algebraically closed fields above
gives an algebraic closure of Q, and Example 3 gives an algebraic closure of IF,,.



466 IX. Fields and Galois Theory

Theorem 9.22 (Steinitz). Every field k has an algebraic closure, and this is
unique up to k isomorphism.

REMARKS. The proof of existence is modeled on the argument for Example 3
of algebraic closures. However, we are not free in general to use a simple union
of a sequence of fields and have to work harder. Because there is no evident set
of possibilities within which we are forming extension fields, Zorn’s Lemma is
inconvenient to use and tends to result in an unintuitive construction. Instead,
we use Zermelo’s Well-Ordering Theorem, whose use more closely parallels the
inductive construction in Example 3.

PROOF OF EXISTENCE. With k as the given field, let S be the set of nonconstant
polynomials s(X) in k[X], and introduce a well ordering into S by means of
Zermelo’s Well-Ordering Theorem (Section A5 of the appendix). Let us write <
for “strictly precedes in the ordering” and = for “equals or strictly precedes.” For
each s € §, let 5 be the successor of s, i.e., the first element among all elements ¢
with s < t. We write s for the first element of S. Without loss of generality, we
may assume that S has a last element s,. The idea is to construct simultaneously
two kinds of things:

(i) an algebraic extension field k,/k for each s € § such that k;, = k and
such that k; is a splitting field for s(X) over k; whenever s < so,
(ii) a field mapping ¢, : k, — k, for each ordered pair of elements ¢ and u
in § having # 3 u, such that ¢,, = 1 for all # and such thatr S u Z v
implies Pvt = PouPut-
These extension fields and mappings are to be such that k, = J,_, ¢ (k/)
whenever s is not a successor and is not sg. If such a system of extension fields
and field homomorphisms exists, then Lemma 9.21 applies to a splitting field
over k;_ of the nonconstant polynomial s, (X) and shows that this splitting field
is algebraically closed; since this splitting field is an algebraic extension of k, it
is an algebraic closure of k.

A partial such system through #p means a system consisting of fields k, with
s 3 1y and field homomorphisms ¢,, with ¢ = u = fy such that the above
conditions hold as far as they are applicable. A partial system exists through
the first member sy of S because we can take k,, = k and ¢,,,, = 1. Arguing
by contradiction, we suppose that such a system of extension fields and field
homomorphisms fails to exist through some member of S. Let # be the first
member of S such that there is no partial system through #.

Suppose that #j is the successor of some element ¢; in S. We know that a partial
system exists through #,. If we let k,, be a splitting field for #; (X) over k;,, and
if we define

_ { Prot, Pyt fort 31,
Por = 1 fort = 1y,
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then the enlarged system is a partial system through fy, contradiction. Thus £y
cannot be the successor of some element of S.

When ¢ is not a successor, at least k; is defined for ¢ < 7y and ¢, is defined
fort = u < ty. We want to form a union, but we have to keep the field operations
aligned properly in the process. Define a “¢-allowable tuple” to be a function
u — x, defined for r =< u < to such that x, is in k, and ¢, (x,) = x, whenever
t 2u 3 v <1 If xisink,, then an example of a ¢-allowable tuple is given by
u > @ x) fort 3u <.

Ift < tpandt’ < 1, then we can apply field operations to the z-allowable tuple
u — x, and to the t’-allowable tuple u +— y,, obtaining max(z, t')-allowable
tuples u — x, + y,, u — —x,, u — x,y,, and x, — xu‘1 as long as x; # 0.
These operations are meaningful since each ¢,, is a field mapping.

Ift <ty andt’ < 1y, we say that the ¢-allowable tuple u — x, is equivalent to
the ¢'-allowable tuple u — y, if x, = y, for max(z,t") 3 u < fg. The result is
an equivalence relation, and the equivalence relation respects the field operations
in the previous paragraph. We define k;, to be the set of equivalence classes of
allowable tuples with the inherited field operations. The O element is the class of
the so-allowable tuple u +— 0, and the multiplicative identity is the class of the
so-allowable tuple # +— 1. It is a routine matter to check that k;, is a field.

If t < 1y is given, we define the function ¢, : k; — k;, as follows: if x is
in k,, we form the ¢-allowable tuple u +— ¢,,(x) and take its equivalence class,
which is a member of ky,, as ¢,,,(x). Then ¢, is evidently a field mapping. It
is evident also that @@y, = @, When u 3 v < fy. Defining ¢, to be the
identity, we have a complete system of field mappings ¢, for k.

The final step is to check that k,, is the union of the images of the ¢;,, for t < 1.
Thus choose a representative of an equivalence class in k;,. Let the representative
be a r-allowable tuple u +— x, fort = u < fy. The element x; is in k,, and the
condition x,, = ¢, (x;) is just the condition that the class of u > x, be the image
of x; under ¢,,. Hence every member of k;, is in the image of some ¢, ; with
t < ty, and we have a contradiction to the hypothesis that a partial system through
to does not exist. This completes the proof of existence. (]

For the uniqueness in Theorem 9.22, we again need a serious application of
the Axiom of Choice, but here Zorn’s Lemma can be applied fairly routinely.
The proof will show a little more than is needed, and in fact the uniqueness in
Theorem 9.22 will be derived as a consequence of Theorem 9.23 below.

Theorem 9.23. Let K’ be an algebraically closed field, and let K be an algebraic
extension of a field k. If ¢ is a field mapping of k into K, then ¢ can be extended
to a field mapping of K into K'.
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PROOF OF UNIQUENESS IN THEOREM 9.22 USING THEOREM 9.23. Let K and
K’ be algebraic closures of k, and let ¢ : k — K’ be the inclusion mapping.
Theorem 9.23 supplies a field mapping @ : K — K’ such that d>|k = @, ie.,
such that ® fixes k. Since K is an algebraic closure of k, so is ® (K). Then K’ is
an algebraic extension of the algebraically closed field @ (K), and we must have
®(K) = K'. Thus @ is a k isomorphism of K onto K'.

PROOF OF THEOREM 9.23. Let S be the set of all triples (I, I, ¥) such
that IL is a field with k € I € K and ¢ is a field mapping of I onto the
subfield I of K’ with 1/f|k = ¢. The set § is nonempty since (k, ¢(k), ) is
a member of it. Defining (L, L}, ¥1) € (Lo, L}, ) to mean that L; C Lo,
that | € L}, and that ¥ as a set of ordered pairs is a subset of 1, as a set
of ordered pairs, we partially order S by inclusion upward. If {(ILy, L, , ¥)} is
a nonempty chain in S, form the triple (|, La. Uy Li» Uy ¥« ), and put ¢ =
Uy Yo Theny (U, Lo) = U, L., and consequently (|, Lo, U, L., U, Vo)
is an upper bound in § for the chain. By Zorn’s Lemma, $ has a maximal element
(Lo, L, ¥0). We shall prove that Ly = KK, and the proof will be complete.

Fix x in K, and let F(X) be the minimal polynomial of x over Ly. The
minimal polynomial of y(x) over Ly is then F¥°(X). Since K’ is algebraically
closed, F¥0(X) has a root x” in K'. By Theorem 9.11’, ¥ : Ly — L’ can be
extended to an isomorphism Wy : Lo(x) — L{(x’) such that ¥(x) = x’. Then
(Lo(x), Li(x"), W) is in S and contains (Lo, Ly, ¥o). This containment, if strict,
would contradict the fact that (Lo, Ly, ¥o) is a maximal element of S. Thus
equality must hold: Lo(x) = Ly. Therefore x is in Ly, and we conclude that
Lo =K. O

The use of algebraic closures allows us to simplify understanding of splitting
fields. If we are working with a field k and is k is a fixed algebraic closure of k,
then the existence and uniqueness of the splitting field of a polynomial F(X) in
k[X] becomes evident; no isomorphisms are involved. Namely let «f, . . ., «, be
the roots of F(X) in k. Then the subfield of k generated by k and oy, ..., o is
the splitting field of F(X), and it is manifestly unique. Henceforth when we refer
to the splitting field of a polynomial over a field k, it is with an understanding of
working within a fixed algebraic closure in this way.

5. Geometric Constructions by Straightedge and Compass

Classical Euclidean geometry attached a certain emphasis to constructions in the
Euclidean plane that could be made by straightedge and compass. These are
often referred to casually as constructions by “ruler and compass,” but one is not
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allowed to use the markings on a ruler. Thus “straightedge and compass” is a
more accurate description.

In these constructions the starting configuration may be regarded as a line with
two points marked on the line. Allowable constructions are the following: to form
the line through a given point different from finitely many other lines through that
point, to form the line through two distinct points, to form a circle with a given
center and a radius different from that of finitely many other circles through the
point, and to form a circle with a given center and radius. Intersections of a line
or a circle with previous lines and circles establish new points for continuing the
construction.

For example a line perpendicular to a given line at a given point can be
constructed by drawing any circle centered at the point, using the two intersection
points as centers of new circles, drawing those circles so as to have radius larger
than the first circle, and forming the line between their two points of intersection.
An angle at the point P of intersection between two intersecting lines A and B
may be bisected by drawing any circle centered at P, selecting one of the points
of intersection on each line so that P and the two new points Q and R describe
the angle, drawing circles with that same radius centered at Q and R, and forming
the line between the points of intersection of the two circles. And so on.

Three notable problems remained unsolved in antiquity:

(i) how to double a cube, i.e., how to construct the side of a cube of double
the volume of a given cube,
(i1) how to trisect any constructible angle, i.e., how to divide the angle into
three equal parts by means of constructed lines,
(iii) how to square a circle, i.e., how to construct the side of a square whose
area equals that of a given disk.

In this section we shall use the elementary field theory of Sections 1-2 to show that
doubling a cube and trisecting a 60-degree angle are impossible with straightedge
and compass. As to (iii), we shall reduce a proof of the impossibility of squaring
the circle to a proof that 7 is transcendental over Q. This latter proof we give in
Section 14.

The first step is to translate the problem of geometric constructibility into a
statement in algebra. Since we are given two points on a line, we can introduce
Cartesian coordinates for the Euclidean plane, taking one of the points to be (0, 0)
and the other point to be (1, 0). Points in the Euclidean plane are now determined
by their Cartesian coordinates, which determine all distances. Distances in turn
can be laid off on the x-axis from (0, 0). Thus the question becomes, what points
on the x-axis can be constructed?

Let C be the set of constructible x coordinates. We are given that O and 1 are
in C. Closure of C under addition and subtraction is evident; the straightedge is
not even necessary for this step. Figure 9.1 indicates why the positive elements
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b d

FIGURE 9.1. Closure of positive constructible x coordinates
under multiplication and division.

of C are closed under multiplication and division. In more detail we take two
intersecting lines and mark three known positive members of C as the distances
a, b, c in the figure. Then we form the line through the two points marking a
and b, and we form a line parallel to that line through the point marked off by
the distance c. The intersection of this parallel line with the other original line
defines a distance d. Then a/b = ¢/d, and so d = bc/a. By taking a = 1, we
see that we can multiply any two members b and c in C, obtaining a result in C.
By instead taking ¢ = 1, we see that we can divide. The conclusion is that C is a
field.

b

FIGURE 9.2. Closure of positive constructible x coordinates
under square roots.

Figure 9.2 indicates why the positive elements of C are closed under taking
square roots. In more detail let a and b be positive members of C with a < b. By
forming a circle whose diameter is a segment of length b and by forming a line
perpendicular to that line at the point marked by a, we determine the pictured
right triangle with a side c satisfying a/c = ¢/b. Then ¢ = +/ab. By taking one
of a and b to be 1, we see that the square root of the other of @ and b is in C. This
completes the proof of the direct part of the following theorem.

Theorem 9.24. The set C of x coordinates that can be constructed from x = 1
and x = 0 by straightedge and compass forms a subfield of R such that the square
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root of any positive element of the field lies in the field. Conversely the members
of C are those real numbers lying in some subfield F, of R of the form

Fi =QWay), Fr=Fi(Jai), ..., F,=F,_1(Ja,—1)
with each a; in F; and with ag, ..., a,—1 all > 0.

PROOF OF CONVERSE. Suppose we have a subfield F = F, of R of the
kind described in the statement of the theorem. The possibilities for obtaining
a new constructible point from F by an additional construction arise from three
situations: the intersection of two lines, each passing through two points of F;
the intersection of a line and a circle, each determined by data from F'; and the
intersection of two circles, each determined by data from F'.

In the case of two intersecting lines, each line is of the form ax + by = ¢ for
suitable coefficients a, b, ¢ in F, and the intersection is a point (x, y) in F x F.
So intersections of lines do not force us to enlarge F'.

For a line and a circle, we assume that the line is given by ax + by = ¢ with
a, b, ¢ in F, that the circle has radius in F and center in F' x F', and that the lines
and the circle actually intersect. The circle is then givenby (x —h)*+(y—k)? = r?
with &, k, r in F. Substitution of the equation of the line into the equation of the
circle gives us a quadratic equation either for x, and x then determines y, or for
v, and y then determines x. The quadratic equation has real roots, and thus its
discriminant is > 0. The result is that x and y are in a field F (/1) for some
[>0in F.

For two circles, without loss of generality, we may take their equations to be

)cz—i—)12=r2 and (x—h)2—}—(y—h)2=s2

withr, h, k, s in F. Subtracting gives 2xh + 2yk = h? 4+ k* — s* 4+ r2. With this
equation and with x> + y? = r2, we again have a line and circle that are being
intersected. Thus the same remarks apply as in the previous paragraph.

The conclusion is that any new single construction of points of intersection by
straightedge and compass leads from F to F(+/1 ) for some [ > 0 in F. Thus
every member of the set C is as described in the theorem. U

To apply the theorem to prove the impossibility of the three never-accomplished
constructions that were described earlier in the section, we observe that [ F; : F;_]
in the theorem equals 1 or 2 for each i. Consequently every member of the
constructible set C lies in a finite algebraic extension of Q of degree 2* for some k.

For the problem of doubling a cube, the question amounts to constructing +/2.
We argue by contradiction. If /2 lies in F, as in the theorem, then Q(~/2) C F,.
With k as the integer < n such that [F,, : Q] = 2k Corollary 9.7 gives

X = [F,: QI =[F, : Q(V2)][Q(¥2) : Q] = 3[F, : Q(¥/2)].
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Thus 3 must divide a power of 2, and we have arrived at a contradiction. We
conclude that it is not possible to double a cube with straightedge and compass.

For the problem of trisecting any constructible angle, let us show that a 60°
angle cannot be trisected. A 60° angle is itself constructible, being the angle
between two sides in an equilateral triangle. Trisecting a 60° angle amounts to
constructing cos 20°; sin 20° is then (1 — cos?20°)'/2. To proceed, we derive an
equation satisfied by cos 20°, starting from

(cos 20° + i sin20°)® = cos 60° + i sin 60° = % + #
We expand the left side and extract the real part of both sides to obtain
cos® 20° — 3 cos 20° sin* 20° = 1.

Substituting sin? 20° = 1 — cos?20° and simplifying, we see that r = cos 20°
satisfies
473 — 3r — % =0.

Arguing with Corollary 8.20 as in Example 2 of splitting fields in Section 2, we
readily check that 4X3 — 3X — % is irreducible over Q. Hence [Q(cos 20°) : Q]
= 3, and we are led to the same contradiction as for the problem of doubling
the cube. Therefore it is not possible to trisect a 60° angle with straightedge and
compass.

For the problem of squaring a circle, let A be the area of the circle, and let
r be the radius. If the square has side x, then x2 = A = nr?, with r given.
Thus x = r./7, and the essence of the matter is to construct /7. However, 7
is known to be transcendental by a theorem of F. Lindemann (1882); we give a
proof in Section 14. Since 7 is transcendental, /7 is transcendental.

A fourth notable problem, which leads to further insights, concerns the con-
struction of a regular polygon of outer radius 1 with n sides. This construction
is easy with straightedge and compass when n is a power of 2 or is 3 times a
power of 2, and Euclid showed that a construction is possible for n = 5. But a
construction cannot be managed with straightedge and compass for n = 9, for
example, because a central angle in this case is 40° and the constructibility of
cos 40° would imply the constructibility of cos 20°. Thus the question is, for what
values of n can a regular n-gon be constructed with straightedge and compass?

The remarkable answer was given by Gauss. By a Fermat number is meant
any integer of the form 22" 4 1. A Fermat prime is a Fermat number that is
prime. The Fermat numbers for N = 0, 1, 2, 3,4 are 3, 5, 17, 257, 65537, and
each is a Fermat prime. No larger Fermat primes are known.? The answer given

ZMany Fermat numbers for N > 5 are known not to be prime, sometimes by the discovery of
an explicit factor and sometimes by a verification that 3 to the power 22" =1 js not congruent to —1
modulo (22N + 1). (Cf. Lemma 9.46.) For example Euler discovered that 641 divides 22 + 1.
Computer calculations have shown that 22V +1 is not prime if 5 < N < 32.
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by Gauss, which we shall prove in stages in Sections 6-9, is as follows.

Theorem 9.25 (Gauss).> A regular n-gon is constructible with straightedge
and compass if and only if 7 is the product of distinct Fermat primes and a power
of 2.

We can show the relevance of Fermat primes right now, and we can give an
indication that if n is a prime number, then a regular n-gon can be constructed if
and only if 7 is a Fermat prime. But a full proof even of this statement will make
use of Galois groups, which we take up in the next three sections.

For the necessity let n be prime, and suppose that a regular n-gon is con-
structible. Returning from degrees to radians, we observe that each central angle
is 27 /n. Thus the constructibility implies the constructibility of cos 2 /n, and it
follows that e>™//" = cos 27 /n +i sin 27w /n is in the field C + iC of constructible
points in the complex plane. We have the factorization

X"—1=X-DX" '+ X" 24+...+X+1.
and e>™/" is aroot of the second factor. The first example of Eisenstein’s criterion
(Corollary 8.22) in Section VIIL.5 shows that the second factor is irreducible.
According to the results of Section 1, Q(e>™/") is a simple algebraic extension
of Q of degree n — 1.

Applying Theorem 9.24, we see that n — 1 must be a power of two. Let us
write n — 1 = 2™. Suppose m = a2 with a odd. If @ > 1, then the equality
n=2%2" 41 =(22")" + 1 exhibits n as the sum of two a™ powers, necessarily
divisible by 22" 4 1. Since n is assumed prime, we conclude thata = 1. Therefore
n =22 41, and n is a Fermat prime.

We do not quite succeed in proving the converse at this point. If # is the Fermat
prime 22" + 1, then the above argument shows that the degree of Q(e2™/") over
Q is 22". However, we cannot yet conclude that Q(e2™/") can be built from Q
by successively adjoining 2V square roots, and thus the converse part of Theorem
9.24 is not immediately applicable. Once we have the theory of Galois groups in
hand, we shall see that the existence of these intermediate extensions involving
square roots is ensured, and then the constructibility follows.

3Gauss announced both the necessity and the sufficiency in this theorem in his Disquisitiones
Arithmeticae in 1801, but he included a proof of only the sufficiency (partly in his articles 336 and
365). A proof of the necessity appeared in a paper of Pierre-Laurent Wantzel in 1837.
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6. Separable Extensions
The Galois group Gal(K/k) of a field extension K/k is defined to be the set
Gal(K/k) = {k automorphisms of K}

with composition as group operation. An instance of this group was introduced in
the context of Example 9 of Section IV.1; in this example the field k was the field
Q of rationals and the field K was a number field Q[6], where 6 is algebraic over
Q. In studying Gal(K/k) in this chapter, we ordinarily assume that dimy K < oo,
but there will be instances where we do not want to make such an assumption.

Beginning in this section, we take up a study of Galois groups in general.
We shall be interested in relationships between fields L with k € I € K and
subgroups of Gal(K/k). If H is a subgroup of Gal(K/k), then

K" ={x e K| () =xforallg € H}

is a field called the fixed field of H; it provides an example of an intermediate
field L and gives a hint of the relationships we shall investigate. We begin with
some examples; in each case the base field k is the field QQ of rationals.

EXAMPLES OF GALOIS GROUPS.

(la) K = Q(+v/—1). If ¢ is in Gal(K/Q), then we must have ¢|Q =1, and
¢(+/—1) must be a root of X> + 1. Thus ¢(/—1) = ++/—1. Since Q and
J=1 generate Q(+/—1), there are at most two such ¢’s. On the other hand,
Q(v/—1) and Q(—+/—1) are simple extensions of Q such that /=1 and —v/—1

have the same minimal polynomial. Theorem 9.11 therefore produces a Q auto-
morphism of Q(+/—1) with ¢(/—1) = —+/—1, namely complex conjugation.
We conclude that Gal(K/Q) has order 2, hence that Gal(K/Q) = C;.

(1b) K = Q(+/2). The same argument applies as in Example 1a, and the
conclusion is that Gal(K/Q) = C,. The nontrivial element of the Galois group
carries v/2 to —+/2 and is different from complex conjugation.

(2) K = Q(~/2). If ¢ is in Gal(K/Q), then go’Q = 1, and ¢(</2) has to be
aroot of X3 — 2. But K is a subfield of R, and there is only one root of X3-2
in R. Hence gp(i/i) = /2. Since Q and /2 generate Q(~/2) as a field, we see
that ¢ = 1. We conclude that Gal(IK/Q) has order 1, i.e., is the trivial group.

(3) K = Q(r), where r is a root of X> — X — % Any ¢ in Gal(K/Q) fixes Q
and sends r to a root of X* — X — % In Example 2 of splitting fields in Section 2,

we saw that all three complex roots of X3 — X — % lie in K. Arguing as in
Example 1a, we see that Gal(IK/Q) has order 3, hence that Gal(K/Q) = Cj.
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4) K = Q(e¥/17).  According to Section 5, this is the field we need to
consider in addressing the constructibility of a regular 17-gon. We saw in that
section that [K : Q] = 16 and that the minimal polynomial of ¢**/17 over Q
is X!'6 + X5 4 ... + X 4 1. The other roots of the minimal polynomial in
C are ¢2™/17 for 2 < | < 16, and these all lie in K. Theorem 9.11 therefore
gives us a Q automorphism ¢; of K sending e>*//!7 into €>™!/17 for each | with
1 <1 < 16. Since Q and e?™/17 generate K, a Q automorphism of K is
completely determined by its effect on e2™//17. Thus the order of Gal(K/Q)
is 16. Let us determine the group structure. Since ¢; sends ¢>™/!7 into e>*/1/17 it
sends e2™"/17 = (27117 into (> 1/17y = ¢27il"/17 1f we drop the exponential
from the notation, we can think of ¢; as defined on the integers modulo 17, the
formula being ¢;(r) = rl mod 17. From this viewpoint ¢; is an automorphism
of the additive group of Fj;. Lemma 4.45 shows that the group of additive
automorphisms of 7 is isomorphic to IFIX7, and it follows from Corollary 4.27
that Gal(K/Q) = Ci¢. For our application of constructibility of a regular 17-
gon, we would like to know whether the elements of K are constructible. Taking
Theorem 9.24 into account, we therefore seek an intermediate field I. of which
K is a quadratic extension. Since we know that Gal(K/Q) is cyclic, we can let
H < Gal(K/Q) = Cj¢ be the 2-element subgroup, and it is natural to try the
fixed field L = K. To understand this fixed field, we need to understand the
isomorphism ]F]X7 = (Cy¢ better. Modulo 17, we have

32=9, 3*=-22 3¥=2t=_1 39=1.

Consequently 3 is a generator of the cyclic group F1,. Then H = {38, 1} = {£1},
and L = {x € K| ¢_1(x) = ¢41(x) = x}. Since ¢_;(e?™"/17) = ¢=27ir/17 —
e2mir/17 with the overbar indicating complex conjugation, we see that

L=K!={xeK|x=x)

It is not hard to check that indeed [K : L] = 2. Next we need a subfield I of
L with [L : I'] = 2. We try L’ = K" with H’ equal to the 4-element cyclic
subgroup of Gal(K/Q). Here we have a harder time checking whether L is indeed
a quadratic extension of I/, but we shall see in Section 8 that it is.* We continue
in this way, and ultimately we end up with the chain of subfields that exhibits the
members of K as constructible.

We seek to formulate the kind of argument in the above examples as a general
theorem. We have to rule out the bad behavior of Q( Y/2), where one root of the

4 Actually, Section 8 will point out how Corollary 9.36 in Section 7 already handles this step. In
fact, Corollary 9.37 handles this step with no supplementary argument.
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minimal polynomial lies in the field but others do not, and we shall do this by
assuming that the extension field is a “normal” extension, in a sense to be defined
in Section 7. In addition, our style of argument shows that we might run into
trouble if our irreducible polynomials over k can have repeated roots in K. We
shall rule out this bad behavior by insisting that the extension be “separable,” a
condition that we introduce now. The extension will automatically be separable
if K has characteristic O.

For the remainder of this section, fix the base field k. Anirreducible polynomial
F(X) ink[X] is called separable if it splits into distinct degree-one factors in its
splitting field, i.e., if

fX)=a,(X —x1)--- (X —x,) with x; # x; fori # j.

Once this splitting into distinct degree-one factors occurs in the splitting field, it
occurs in any larger field as well.

Lemma 9.26. A polynomial F (X) in k[ X] has no repeated roots in its splitting
field K if and only if GCD(F, F’) = 1, where F’(X) is the derivative of F(X).

PROOF. The polynomial F(X) has repeated roots in K if and only if F(X) is
divisible by (X — r)? for some r € K, if and only if some r € K has F(r) =
F’(r) = 0 (by Corollary 9.17), if and only if some r € K has (X — r) dividing
F(X) and also F'(X) (by the Factor Theorem), if and only if some r € K has
(X — r) dividing GCD(F, F’) when the GCD is computed in K, if and only
if GCD(F, F’) # 1 when the GCD is computed in K (by unique factorization
in K[X]). However, the Euclidean algorithm calculates GCD(F, F’) without
reference to the field, and the GCD is therefore the same when computed in K as
it is when computed in k. The lemma follows. 0

Proposition 9.27. An irreducible polynomial F(X) in k[X] is separable if
and only if F’(X) # 0. In particular, every irreducible (necessarily nonconstant)
polynomial is separable if k has characteristic 0.

PROOF. Since the polynomial F(X) is irreducible and GCD(F, F’) divides
F(X),GCD(F, F')equals 1 or F(X)inallcases. If F'(X) = 0,then GCD(F, F’)
= F(X), and Lemma 9.26 implies that F(X) is not separable. Conversely
if F/(X) # 0, then the facts that GCD(F, F’) divides F’(X) and that deg F’' <
deg F together imply that GCD(F, F') cannotequal F(X). SoGCD(F, F') =1,
and Lemma 9.26 implies that F'(X) is separable. (]

Fix an algebraic extension K of k. We say that an element x of K is separable
over k if the minimal polynomial of x over k is separable. We say that K is a
separable extension of k if every x in K is separable over k.
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EXAMPLES OF SEPARABLE EXTENSIONS AND EXTENSIONS NOT SEPARABLE.

(1) In characteristic 0, every algebraic extension K of k is separable, by
Proposition 9.27.

(2) Every algebraic extension K of a finite field k is separable. In fact, if x is
in K, then [k(x) : k] is finite. Hence k(x) is a finite field. Then we may assume
that K is a finite field, say of order ¢ = p" with p prime. Since the multiplicative
group K* has order g — 1, every nonzero element of K is a root of X¢~! — 1, and
every element of K is therefore a root of X9 — X. The minimal polynomial F (X)
of x over k must then divide X¢ — X. However, we know that X¢ — X splits over
K and has no repeated roots. Thus F (X) splits over K and has no repeated roots.
Then F (X) is separable over k, and x is separable over k.

(3) Letk = IF,,(x) be a transcendental extension of the finite field IF,,. Because
this extension is transcendental, X” — x is irreducible over k. Let K be the
simple algebraic extension k[ X]/(X? — x), which we can write more simply as
k(x'/7). The minimal polynomial of x'/? over k is X”? — x, and its derivative is
pXP~1 = 0 since the derivative of the constant x is 0. By Proposition 9.27, x!/7
is not separable over k.

The way that separability enters considerations with Galois groups is through
the following theorem, explicitly or implicitly. One of the corollaries of the
theorem is that if K/k is an algebraic extension, then the set of elements in K
separable over k is a subfield of K.

Theorem 9.28. Let k € L. C K be an inclusion of fields such that K is a
simple algebraic extension of L of the form K = L(a), let K be an algebraic
closure of K, and let M (X) be the minimal polynomial of & over L. Then the
number of field mappings of K into K fixing k is the product of the number of
distinct roots of M (X) in K by the number of field mappings of L into K fixing k.

REMARKS. An algebraic closure K of K exists by Theorem 9.22. Because K
is known to exist, the present theorem reduces to Theorem 9.11 when L = k.

PROOF. Any field mapping ¢ : K — K is uniquely determined by g0|]L and
o). Ifo=9¢ Lo then the equality M (o) = 0 implies that M (¢(«)) = 0, and
thus ¢(«) has to be a root of M° (X). The number of distinct roots of M? (X)
in K equals the number of distinct roots of M(X) in K; hence the number of
possibilities for ¢(«) is at most the number of distinct roots of M(X) in K.
Consequently the number of such ¢’s fixing k is bounded above by the product
of the number of distinct roots of M(X) in K times the number of field mappings
o of L into K fixing k.

For an inequality in the reverse direction, let o : . — K be any field mapping
of L into K fixing k, put ' = o (L), let x be any root of M?(X), and form the
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subfield ' (x) of K. Theorem 9.11’ shows that there exists a field isomorphism
¢ : L(e) — L'(x) with 90’1L = o and ¢(@¢) = x, and we can regard ¢ as a
field mapping of K into K fixing k, extending o, and having ¢(«) = x. Thus
the number of field mappings ¢ : K — k fixing k is bounded below by the
product of the number of distinct roots of M (X) in K times the number of field
homomorphisms o of L into K fixing k. (|

Corollary 9.29. Let K = k(«y,...,®,) be a finite algebraic extension of
the field k, and let K be an algebraic closure of K. Then the number of field
mappings of K into K fixing k is < [K : k]. Moreover, the following conditions
are equivalent:

(a) the number of field mappings of K into K fixing k equals [K : k],
(b) each «; is separable over k(ay, ..., a;j_1) for1 < j <mn,
(c) each o is separable overk for 1 < j < n.

PROOF. The minimal polynomial of «; over k(«, ..., a;_1) divides the min-
imal polynomial of «; over k. If the second of these polynomials has distinct
roots in its splitting field, so does the first. Thus (c) implies (b).

For 1 < j < n, let the minimal polynomial of «; over k(a, ..., o;_1) be
M;(X), let d; be the degree of M;(X), and let s; be the number of distinct roots
of M;(X) in K. Then s; < d; with equality for a particular j if and only if «;
is separable over k(aj, ..., aj_1), by definition. Also, [K : k] = ]—[;'=1 d; by
Corollary 9.7, and the number of field mappings of K into K fixing k is ]_[;.'=1 s
by iterated application of Theorem 9.28. From these facts, the first conclusion of
the corollary is immediate, and so is the equivalence of (a) and (b).

Condition (a) is independent of the order of enumeration of «, . . ., «,. Since
we can always take any particular «; to be first, we see that (a) implies (¢). [J

Corollary 9.30. Let K = k(«y, ..., o) be a finite algebraic extension of the
field k. If each aj for 1 < j < n is separable over k, then K/k is a separable
extension.

PROOF. Let 8 be in K, We apply the equivalence of (a) and (c) in Corollary
9.29 once to the set of generators {«, ..., «,} and once to the set of generators
{B,ai,...,a,}, and the result is immediate. OJ

Corollary 9.31. If K/k is an algebraic field extension, then the subset L of
elements of K that are separable over k is a subfield of K.

PROOF. If @ and B are given in L, we apply Corollary 9.30 to the extension
k(a, B) of k to see that IL. contains the subfield generated by k and the elements
o and S. O
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Proposition 9.32. If K/k is a separable algebraic extension and if IL is a field
withk C L C K, then K is separable over LL, and L is separable over k.

PROOF. The separability assertion about IL/k says the same thing about el-
ements of [ that separability of K/k says about those same elements, and it is
therefore immediate that IL/k is separable.

Next let us consider K/IL. If x is in K, let F(X) be its minimal polynomial
over k, and let G(X) be its minimal polynomial over L. Since F(X) is in L[ X]
and F(x) = G(x) = 0, G(X) divides F(X). Since K/k is separable, F(X)
splits into distinct degree-one factors in its splitting field IF. The field IF contains
the splitting field of G(X), and thus the degree-one factors of G(X) in F[X] are a
subset of the degree-one factors of F(X) in F[X]. There are no repeated factors
for F(X), and there can be no repeated factors for G(X). Thus x is separable
over L, and K/L is a separable extension. U

In studying Galois groups, we shall be chiefly interested in the following
situation in Corollary 9.29: K is an algebraic field extension K = k(«y, ..., o)
of k for which every field mapping of K into an algebraic closure that fixes k
actually carries K into itself. We seek conditions under which this situation arises,
and then we mine the consequences. As we did in the study begun in Theorem
9.28, we begin with the case of a simple algebraic extension.

Let K = k(y) be a simple algebraic extension of k, and let F'(X) be the
minimal polynomial of y over k. Any member ¢ of the Galois group Gal(K/k)
carries y to another root ' of F(X), and ¢ is uniquely determined by y’ since
k and y generate the field K. An element ¢ of Gal(K/k) carrying y to y’ can
exist only if y’ is in K. If ¥’ is in K, then k(y) 2 k(y’), and the equal finite
dimensionality of k(y) and k(y’) forces k(y) = k(y’). In other words, if y’ is
in K, then the unique k isomorphism k(y) — k(y’) of Theorems 9.10 and 9.11
carrying y to y’ is a member of Gal(K/k). Making a count of what happens to
all the elements y’, we see that we have proved the following.

Proposition 9.33. Let K = k(y) be a simple algebraic extension of k, and let
F (X) be the minimal polynomial of . Then

| Gal(K/k)| < [K : k]

with equality if and only if F'(X) is a separable polynomial and K is the splitting
field of F(X) over k.

EXAMPLE. For K = Q(~/2) with minimal polynomial F(X), we know that
F(X) does not split in K; the nonreal roots of F(X) do not lie in K. Proposition
9.33 givesus | Gal(K/Q)| < [K : Q] = 3, and a glance at the argument preceding
Proposition 9.33 shows that | Gal(KK/Q)| has to be 1.
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It is possible to investigate the case of several generators directly, but it is more
illuminating to reduce it to the case of a single generator as in Proposition 9.33.
The tool for doing so is the following important theorem.

Theorem 9.34 (Theorem of the Primitive Element). Let K/k be a separable
algebraic extension with [K : k] < co. Then there exists an element y in K such
that K = k(y).

PROOF. We may assume that k is infinite because Corollary 4.27 shows that
the multiplicative group of a finite field is cyclic. With k infinite, we can write
K = k(xy, ..., x,), and we proceed by induction on n, the case n = 1 being
trivial. For general n, let L. = k(xy, ..., x,-1), so that K = L(x,). By the
inductive hypothesis, I is of the form . = k(«) for some « in K, and thus
K = k(«, x,). Changing notation, we see that it is enough to prove that whenever
K is a separable algebraic extension of the form K = k(«, 8), then K is of the
form K = k(y) for some y. We shall show this for y of the form y = 8 + ca
for some c in k.

Let F(X) and G(X) be the minimal polynomials of « and 8 over k, and let
K’ be an extension in which F(X)G(X) splits, i.e., in which F(X) and G(X)
both split. Leto; = «, ®,...,0, and B; = B, P2, ..., B, be the roots of
F(X)and G(X) in K, In each case the roots are necessarily distinct by definition
of separability of « and 8. Define L = k(y) with y = B + ca, where c is a
member of k yet to be specified. For suitable ¢, we shall show that « is in L.
Then 8 = y — ca must be in L, and we obtain K C L. Since y is in K, the
reverse inclusion is built into the construction, and thus we will have K = L.

We shall compute the minimal polynomial of & over .. We know that « is a
root of F(X), and we put H(X) = G(y —cX). Then H(X) isin L[X] C K'[X],
and G(B) = Oimplies H («) = 0. Therefore X — « divides both F(X) and H (X)
in the ring K'[X]. Let us determine GCD(F, H) in K'[X]. The separability of
« says that X — « divides F(X) only once. Since F(X) splits in K'[x], any
other prime divisor of GCD(F, H) in K'[X] has to be of the form X — «; with
i # 1. The definition of H(X) gives H(o;) = G(y — ca;). If G(y — ca;) = 0,
then y — co; = B; for some j, with the consequence that 8 + ca — co; = B;
and ¢ = (B — B)(a — a;)~!. Since k is an infinite field, we can choose ¢ in
K different from all the finitely many quotients (8; — 8)(a — a;)~!. For such a
choice of ¢, GCD(F, H) = X — « in K'[ X]. Then GCD(F, H) = X — «, up to
a scalar factor, in IL[X] since F(X) and H(X) are in L[ X] and since the GCD
can be computed without reference to the field containing both elements. The
ratio of the constant term to the coefficient of X has to be in IL independently of
the scalar factor multiplying X — «, and therefore « is in L. This completes the
proof. 0
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7. Normal Extensions

In using Galois groups to help in understanding field extensions, an example to
keep in mind is the extension Q(~/2)/Q. In this case the Galois group is trivial
and therefore gives us no information about the extension. Thus it makes sense
to regard the failure of equality to hold in an inequality | Gal(K/k)| < [K : k] as
an undesirable situation.’

Proposition 9.33 suggests that the failure of equality to hold in the inequality
| Gal(K/k)| < [K : k] has something to do with two phenomena. One is the
possible failure of some polynomials over k to be separable, and the other is the
failure of polynomials over k to split fully in K once they have at least one root
in K. Having examined separability in Section 6, we turn to this question of full
splitting of polynomials.

Accordingly, we make a definition, choosing among several equivalent condi-
tions the one that is usually the easiest to check in practice. A finite® algebraic
extension K of a field k is said to be normal over k if K is the splitting field of some
F(X) ink[X]. The following proposition gives some equivalent formulations of
this condition.

Proposition 9.34A. Let K be a finite algebraic extension of a field k, and regard
K as contained in a fixed algebraic closure K. Then the following conditions on
K are equivalent.

(a) Kis the splitting field of some F(X) in k[ X], i.e., K is normal over k,

(b) every irreducible polynomial M (X) in k[ X] with a root in K splits in K,
i.e., K contains the splitting field for each such M (X),

(¢) every k isomorphism of K into K carries K into itself.

REMARK. Although (a) is often the easiest of the conditions to check, (b) is
often the easiest to disprove. It is therefore quite handy to know the equivalence.

PROOF. Suppose that (a) holds. Let F(X) be as in (a), and let its roots be
Y1, -+ Vu. Let M(X) be an irreducible polynomial in k[ X] with a root « in K,
and let IL be the splitting field of M (X) over K. Let 8 be any root of M(X) in
LL. Since M (X) is irreducible over k, Theorem 9.11 produces a k isomorphism
o of k() onto k(B) with o (o) = B. The isomorphism o leaves F(X) fixed,
since the coefficients of F'(X) are in k. Now the splitting field of F(X) over k()

3We obtained this inequality in Proposition 9.33 only when K has a single generator over k, but
we take this case as indicative of what to expect more generally.

%Many books do not restrict the definition to finite extensions. The additional generality of
infinite algebraic extensions will not be of benefit for our current purposes, and thus we restrict to
finite extensions for now. But in Section VIIL.6 of Advanced Algebra, we shall enlarge the definition
of “normal” to allow infinite algebraic extensions.
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is K, since the roots of F(X) are in K and generate K over k(c). Similarly the
splitting field of F(X) over k(B) is K(B8). Application of Theorem 9.13’ yields
a field isomorphism ¢ of K onto K(8) such that <p|k(a) = o and such that ¢
carries the roots of F(X) to the roots of F(X). We can express « as a rational
expression in yy, ..., y, with coefficients in k, and then 8 = ¢(«) is the same
rational expression in ¢(y1), ..., ¢(¥,), which themselves are members of K.
Therefore § is in KK, and the conclusion is that M (X) splits in K.

Suppose that (b) holds. Let ¢ be a k isomorphism of K into K, and let « be
any element of K. The minimal polynomial M (X) of « over k is irreducible and
has « as a root in K. By (b), M (X) splits in K. The element ¢(«) has to be a
root of M (X) since ¢ fixes the coefficients of M (X), and all the roots of M (X)
are assumed to lie in K. Therefore ¢(«) lies in K, and (b) implies (c).

Suppose that (c) holds. Since K is a finite algebraic extension of k, we can

write K = k(ai, ..., a,) for suitable elements oy, ..., o, of K. Let P;(X) be
the minimal polynomial of «; over k, and put F(X) = ]_[7:1 P;(X). Since the
roots o, . . ., o, generate K over k, it is enough to show that every root of F'(X)

lies in K, i.e., each root of each P;(X) lies in K. Let 8 be a root of P;(X) in K.
We know from Theorem 9.11 that there is a k isomorphism ¢ of k(«;) onto k(8)
with ¢(a;) = B. Theorem 9.23 shows that ¢ extends to a field mapping of K into

K, and (c) shows that the extended ¢ sends K into itself. Therefore 8 = ¢(a;)
lies in K, and all the roots of F(X) in K lie in K. Thus (c) implies (a). ]

Now we can put together the properties of normal and separable extensions.
It will be convenient to be able to refer in this context to the equivalence of (a)
and (b) that was proved in Proposition 9.34A, and thus we repeat the statement
of that equivalence here.

Proposition 9.35. Let K be a finite separable algebraic extension of a field k,
so that | Gal(K/k)| < [K : k]. Then the following are equivalent.

(a) K is the splitting field of some F(X) in k[X], i.e., K is normal over k,

(b) every irreducible polynomial M (X) in k[ X] with a root in K splits in K,
i.e., K contains the splitting field for each such M (X),

(©) |Gal(K/k)| = [K : kI,

(d) k =K for G = Gal(K/k).

REMARKS. The equivalence of (a) and (b) is part of Proposition 9.34A, and
the fact that they are equivalent with (c) follows from Proposition 9.33 and the
Theorem of the Primitive Element (Theorem 9.34). We prove that the equivalent
(a), (b), and (c) imply (d), and that (d) implies (b).

PROOF. Suppose that the equivalent (a), (b), and (¢) hold for K/k. We prove
(d). Write G = Gal(IK/k), and let k' = K. Since every member of Gal(K/k)
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fixes k/, Gal(K/k) € Gal(K/k'). Meanwhile, (a) for K/k implies (a) for K/k’,
and K is separable over k' by Proposition 9.32. Since (a) implies (c), (c) holds
for both k’ and k, and we have

[K : k] = | Gal(K/k)| < | Gal(K/k')| = [K : K'].

Since k’ D k, the inequality of dimensions implies that k' = k. Thus (d) holds.

Suppose (d) holds. We prove (b). Let M(X) be an irreducible polynomial
in k[ X] having a root r in K. The polynomial M (X) is necessarily the minimal
polynomial of r over k. Define

J(X) =[] (X = o). ()

peCG

If o is in G, then F'? is given by replacing each ¢(x) by ¢o@(r), and the product
is unchanged. Therefore J(X) = J#(X), and J(X) is in K¢[X]. From the
assumption in (d), K¢ = k. Therefore J(X) is in k[X]. Since J(r) = 0 and
since M (X) is the minimal polynomial of r over k, M (X) divides J(X). Over
K, J(X) splits because of its definition in (). By unique factorization in K[X],
M (X) must split too. Thus M (X) splits in K[ X], and (b) holds. ]

Corollary 9.36. If K is a finite normal separable extension of k and if L is a
field withk € I C K, then K is a finite normal separable extension of L, and the
subgroup H = Gal(K/L) of Gal(K/k) has

|H|-[L : k] = | Gal(K/k)]| .

PROOF. The field K is a separable extension of the intermediate field L by
Proposition 9.32, and it is a normal extension by Proposition 9.35a. Therefore
Proposition 9.35c gives | Gal(K/LL)| = [K : L], and we have

|H|-[L: k] =|Gal(K/L)|-[L : k] = [K: L]-[L : k] = [K : k] = | Gal(K/k)]|,
the last two equalities holding by Corollary 9.7 and Proposition 9.35c. (]

Corollary 9.37. Let K/k be a separable algebraic extension, and suppose that
H is a finite subgroup of Gal(K/k). Then K/K* is a finite normal separable
extension, H is the subgroup Gal(K/K#) of Gal(K/k), and [K : K] = |H]|.

PROOF. Proposition 9.32 shows that K is separable over K”. For an arbitrary
element x of K, form the polynomial in K[X] given by

FX) =[] (X = o).

peH
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If gg is in H, then F% is given by replacing each ¢(x) by ¢p¢ (x), and the product
is unchanged. Therefore F(X) = F%(X), and F(X) is in K“[X]. Thus F(X)
is a polynomial in K¥[X] that has x as a root and splits in K. The minimal
polynomial M (X) of x over K/ must divide F(X), and it too has x as a root.
By unique factorization in K[X], M (X) must split in K. Thus K/K” will be a
normal extension if it is shown that [K : K] < oo.

The element x has [K¥ (x) : K] = degM(X) < deg F(X) = |H|, and
the claim is that [K : K”] < |H|. Assuming the contrary, we would at
some point have an inequality [K”(x,...,x,) : K”] > |H| because every
element of K is algebraic over k. By the Theorem of the Primitive Element
(Theorem 9.34), K (xy, ..., x,) = K¥(z) for some element z, and therefore
(KA (x1,...,x,) : KI] = [K¥(z) : K] < |H|, contradiction. We conclude
that [K : K] < |H|. From the previous paragraph, K/K” is a finite separable
normal extension.

The definition of K shows that H < Gal(K/K#), and Proposition 9.35¢
gives | Gal(K/K#)| = [K : K/]. Putting these facts together with the inequality
[K : K¥] < |H| from the previous paragraph, we have

|H| < | Gal(K/K")| = [K: K"] < |H|

with equality on the left only if H = Gal(K/K*). Equality must hold throughout
the displayed line since the ends are equal, and therefore H = Gal(K/K). O

8. Fundamental Theorem of Galois Theory
We are now in a position to obtain the main result in Galois theory.

Theorem 9.38 (Fundamental Theorem of Galois Theory). If K is a finite
normal separable extension of k, then there is a one-one inclusion-reversing
correspondence between the subgroups H of Gal(KK/k) and the subfields I of K
that contain k, corresponding elements H and L being given by

L=KY and H =Gal(K/L).

The effect of the theorem is to take an extremely difficult problem, namely
finding intermediate fields, and reduce it to a problem that is merely difficult,
namely finding the Galois group. For example the finiteness of Gal(K/k) implies
that there are only finitely many subgroups of Gal (KK /k), and the theorem therefore
implies that there are only finitely many intermediate fields; this finiteness of the
number of intermediate fields is not so obvious without the theorem.
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As a reminder of the availability of Theorem 9.38, Proposition 9.35, and
Corollary 9.36, it is customary to refer to a finite normal separable extension
as a finite Galois extension.

Before coming to the proof of the theorem, let us examine what the theorem
says for the examples in Section 6. In each case the field k is the field Q of
rationals. The extensions are separable because the characteristic is O.

EXAMPLES.

(la) K = Q(+/—1). This is the splitting field’ for X> 4+ 1. Proposition
9.33 gives | Gal(K/Q)| = [K : Q] = 2. Thus Gal(K/Q) = C,. There are no
nontrivial subgroups, and there are consequently no intermediate fields. We knew
this already since there cannot be any intermediate Q vector spaces between Q
and K. Thus the theorem tells us nothing new.

(1b) K = Q(+/2). Similar remarks apply.

(2) K = Q(~/2). This extension is not normal, as a consequence of (b)
in Proposition 9.34A. (Namely X> — 2 has a root in K but does not split in K.)
Theorem 9.38 does not apply to K. If we adjoinr to K withr2 (/2 )r+(/2)? =
0, we obtain the splitting field K’ for X> — 2 over Q. Then K’ is a normal
extension of Q, and the theorem applies. Since each element of Gal(K'/Q)
permutes the three roots of X — 2 and is determined by its effect on these roots,
Gal(K'/Q) is isomorphic to a subgroup of the symmetric group &3. The Galois
group Gal(K'/Q) has order [K’ : Q] = 6 and hence is isomorphic to the whole
symmetric group G3. The group &3 has three subgroups of order 2 and one
subgroup of order 3. Therefore K’ has three intermediate fields of degree 3 and
one of degree 2. The intermediate fields of degree 3 are the three fields generated
by Q and one of the three roots of X> — 2. The intermediate field of degree 2
corresponds to the alternating subgroup of order 3 and is the subfield generated
by Q and the cube roots of 1. It is the splitting field for X> 4+ X + 1 over Q.

(3) K = Q(r), where r is a root of X* — X — 1. We know from Section 2
that X3 — X — % is irreducible over Q and splits in K, and K by definition is
therefore normal. Proposition 9.33 tells us that Gal(IK/Q) has order 3 and hence
is isomorphic to C3. There are no nontrivial subgroups, and Theorem 9.38 tells
us that there are no intermediate fields. We could have seen in more elementary
fashion that there are no intermediate fields by using Corollary 9.7, since the
corollary tells us that the degree of an intermediate field would have to divide 3.

4) K = Q(e*™/17). We have seen that [K : Q] = 16 and that Gal(K/Q) =
[}, = Cie. Let ¢ be a generator of the cyclic Galois group. Let H, = {1, 8y,

71t is customary to regard the algebraic closure of Q as a subfield of C, and thus there is no
ambiguity in referring to the splitting field.
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Hy ={1,c* 8 ¢'?},and Hg = {1, 2, c*, ¢, cB, ¢'0, ¢'2, ¢'%}. Then put
L, =K%,  Ly=K",  Lg=K"*.
The inclusions among our subgroups are
{1} € H, € Hy C Hg € Gal(K/Q),

and the theorem says that the correspondence with intermediate fields reverses
inclusions. Then we have

KoL, 2Ls 2L 2 Q.

Applying Corollary 9.36, we see that each of these subfields is a quadratic ex-
tension of the next-smaller one. Theorem 9.24 says that the members of K are
therefore constructible with straightedge and compass. Consequently a regular
17-gon is constructible with straightedge and compass. The constructibility or
nonconstructibility of regular n-gons for general n will be settled in similar fashion
in the next section. In Section 12 we return to the question of using Galois theory
to guide us through the actual steps of the construction when it is possible.

PROOF OF THEOREM 9.38. The function . — Gal(K/L) has domain the
set of all intermediate fields and range the set of all subgroups of Gal(K/k),
since an element in Gal(KK/L) is necessarily in Gal(KK/k). Each such exten-
sion K/IL is separable by Proposition 9.32 and is normal by Proposition 9.34A.
Thus Proposition 9.35d applies to each K/LL and shows that L. = K%(&/L),
Consequently the function L +— Gal(K/L) is one-one. If H is a subgroup of
Gal(K/k), then Corollary 9.37 shows that . = K¥ is an intermediate field for
which H = Gal(K/L), and therefore the function L — Gal(K/L) is onto.

It is immediate from the definition of Galois group that I, C I, implies
Gal(K/L;) 2 Gal(K/L,), and it is immediate from the formula L. = K%&/L)
that Gal(K/LL;) 2 Gal(K/L,) implies L; € IL,. This completes the proof. [

Corollary 9.39. If K is a finite Galois extension of k and if I is a subfield of
K that contains k, then L is a normal extension of k if and only if Gal(K/L) is
a normal subgroup of Gal(K/k). In this case, the map Gal(K/k) — Gal(L/k)
given by restriction from K to IL is a group homomorphism that descends to a
group isomorphism

Gal(K/k) / Gal(K/L) = Gal(L/k).
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PROOF. Let L correspond to H = Gal(IK/L) in Theorem 9.38, so that L. = K.
If ¢ is in Gal(K/k), then

KeH¢' — (k e K | phg (k) = k forall h € H}
={pk) e K| ph(k') = (k") forallh € H}
= (oK) e K | h(k') = k forall h € H}

= p(K") = p(L).

Since the correspondence of Theorem 9.38 is one-one onto, g Hp~' = H if and
only if (L) = L. Therefore H is a normal subgroup of Gal(K/k) if and only if
o(L) = L for all ¢ € Gal(K/k).

Now suppose that H is a normal subgroup of Gal(K/k). We have just seen that
¢(L) = L for all ¢ € Gal(K/k). Then each ¢ defines by restriction a member
¢ = <,0|IL of Gal(L/k), and ¢ +— ¢ is certainly a group homomorphism. The
kernel of ¢ — @ is the subgroup of Gal(K/k) given by

{p € Gal(K/k) | o], =1},

and this is just Gal(K/L). Thus ¢ +— @ descends to a one-one homomorphism
of Gal(K/k) / Gal(K/L) into Gal(IL/k), and we have

| Gal(K/k)[/| Gal(K/L)| < | Gal(IL/k)|.

We make use of Corollary 9.7 relating degrees of extensions. Applying Proposi-
tion 9.35¢ to K/k and K/L, as well as Proposition 9.33 to I /k, we obtain

[L:k]=[K:k]/[K:L]
= | Gal(K/k)|/| Gal(K/L)]
< |Gal(lL./k)| < [L: k],

with equality at the first < sign only if ¢ — @ is onto Gal(IL/k) and with equality
atthe second < sign only if L is the splitting field over k of the minimal polynomial
of a certain element y of L. Equality must hold in both cases because the end
members of the display are equal, and we conclude that ¢ — @ is onto and that
LL/k is a normal extension.

We are left with proving that if L /k is a normal extension, then H is a normal
subgroup of Gal(K/k). Thus let L/k be normal. In view of the conclusion
of the first paragraph of the proof, it is enough to prove that (L) = L for all
¢ € Gal(K/k). By definition of normal extension, L is the splitting field of some
polynomial F(X) in k[X]. We may assume that F (X) is monic. Let us write

FX)=X—x1)--- (X —xp) with all x; in L.



488 IX. Fields and Galois Theory

Applying a given member ¢ of Gal(KK/k) to the coefficients, we obtain
F(X) =X —@x1) - (X —o(xn)),

and here the ¢(x;)’s are known only to be in K. By unique factorization in K[ X1,
@(x;) = xj(;) for some j = j(i). Therefore ¢(x;) is in IL for all i. Since LL is the
splitting field of F(X) over k, L = k(x, ..., x,). Thus ¢ maps L into L. [l

The examples of Galois groups given in Section 6 all involved fields that are
finite extensions of the rationals Q. As we shall see in Section 17, itis important for
the understanding of Galois groups of finite extensions of QQ to be able to identify
Galois groups of finite extensions of finifte fields. This matter is addressed in the
following proposition.

Proposition 9.40. Let K be a finite extension of the finite field F,, where
g = p® and p is prime, and suppose that [K : F,] = n. Then K is a Galois
extension of I, the Galois group Gal(K/IF, ) is cyclic of order n, and a generator
is the a™-power Frobenius automorphism x — x9 = x?*.

PROOF. Theorem 9.14 shows that K is a splitting field for X" — X over F,.
Hence it is a splitting field for X" — X over F,;, and K/F,, is a normal extension.
The polynomial X7 — X has no multiple roots, and it follows that K/F, is a
separable extension.

Define ¢ by ¢(x) = x9. Lemma 9.18 shows that ¢ is an automorphism of K.
Since every member of I/ has order dividing g — 1, every nonzero element of Fy
is fixed by ¢. The map ¢ certainly carries O to 0, and thus ¢ is in Gal(K/F,). By
a similar argument, ¢" fixes every element of K, and hence ¢" = 1. Corollary
4.27 shows that K* is cyclic, hence that there exists an element y in K> such
that y/ % 1for 1 <1 < g" — 1. This y has y/ # y for2 <1 < ¢" — 1. Then
<pk (y) = qu cannot be 1 for | < k < n — 1, and ¢ must have order exactly n.
This shows that ¢ generates a cyclic subgroup of order n in Gal(K/F,). Since
n is an upper bound for the order of Gal(K/F,) by Proposition 9.33, this cyclic
subgroup exhausts the Galois group. (]

EXAMPLE. Suppose that we are given a polynomial with coefficients in I,
and we want to find the Galois group of a splitting field. Since there are efficient
computer programs for factoring the polynomial into irreducible polynomials,
let us take that factorization as done. The Galois group will be cyclic of some
order with generator the Frobenius automorphism x +— x”. For an irreducible
polynomial of degree n, a splitting field has degree n, and the smallest power of
x > xP that gives the identity is the n'™ power. The conclusion is that the Galois
group is cyclic of order equal to the least common multiple of the degrees of the
irreducible constituents, a generator being the Frobenius automorphism.
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9. Application to Constructibility of Regular Polygons

In this section we use Galois theory to give a proof of Theorem 9.25 concerning
the constructibility of regular n-gons. Let us recall the statement.

THEOREM 9.25 (Gauss). A regular n-gon is constructible with straightedge
and compass if and only if # is the product of distinct Fermat primes and a power
of 2.

PROOF OF SUFFICIENCY. First suppose that n is a Fermat prime n = 22" 1.
Let K = Q(e?™/™). We saw in Section 5 that the degree [K : Q] is 22N, hence is
a power of 2. Furthermore we know that K is a separable extension of QQ, being
of characteristic 0, and it is normal, being the splitting field for X" — 1 over Q.
In Section 6 we saw that the Galois group Gal(K/Q) is cyclic of order 22" Let
¢ be a generator of this group. For each integer k with 0 < k < 2V, let Hy be

N_
the unique cyclic subgroup of Gal(K/Q) of order 2*. For this subgroup, P
is a generator. Put Ly« = K¢, Then we have inclusions

{1} CHC H22 c--- sz c---C H22N71 - H22N = Gal(K/Q),

the index being 2 at each stage. Theorem 9.38 says that the correspondence
with intermediate fields reverses inclusions and that the degree of each consec-
utive extension of subfields matches the index of the corresponding consecutive
subgroups. The intermediate fields are therefore of the form

KQLZQLZZQ"']LT‘2"'2L22N—l 2L22N=Q,

and the degree in each case is 2. In view of the formula for the roots of a
quadratic polynomial, each extension is obtained by adjoining some square root.
By Theorem 9.24 the members of K are constructible with straightedge and
compass. In particular, e>™//" is constructible, and a regular n-gon is constructible.

Next suppose that ¢>™//" and ¢>™!/* are both constructible and that GCD(r, s) =
1. Choose integers a and b with ar + bs = 1, so that { + ? = % Then the
equality (e271/9)@(e?71/m)b = ¢7/() shows that ¢>™/") is constructible. This
proves the sufficiency for any product of distinct Fermat primes. Bisection of an
angle is always possible with straightedge and compass, as was observed in the
third paragraph of Section 5, and the proof of the sufficiency in Theorem 9.25 is
therefore complete. ([l

REMARKS. The above proof shows that the construction is possible, but it gives
little clue how to carry out the construction. We shall address this matter further
in Section 12.
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We turn our attention to the necessity —that n has to be the product of distinct
Fermat primes and a power of 2 if a regular n-gon is constructible. For the moment
let n > 1 be any integer. Let us consider the distinct n'™ roots of 1 in C, which
are ek27i/" for 0 < k < n. The order of each of these elements divides n, and the
order is exactly n if and only if GCD(k, n) = 1. In this case we say that ek>7i/"
is a primitive n™" root of 1. Define the cyclotomic polynomial ®,(X) by

e,(X)= [] x-em,

GCD(k,n)=1,
0<k<n

Each such polynomial is monic by inspection. The splitting field Q(e?*/") in C
is called a cyglotomic field. Since the complex roots of X" — 1 are exactly the
numbers €527/ we have

x"—1=[]e«x),

dln

the product being taken over the positive divisors d of n.

Lemma 9.41. Each cyclotomic polynomial &, (X) lies in Z[ X ], and the degree
of ®,(X) is ¢(n), where ¢ is the Euler ¢ function defined just before Corollary
1.10.

PROOF. We know that ®,,(X) is in C[ X], and we begin by showing by induction
on n that ®,(X) is in Q[X]. For n = 1, we have ®;[X] = X — 1, and the
assertion is true. If it is true for all d with 1 < d < n, then the formula
X"—1= ndm ®,(X) and induction show that X" — 1 = ®,,(X) F(X) for some
F(X) in Q[X]. By the division algorithm, X" — 1 = F(X)Q(X) 4+ R(X) for
polynomials Q(X) and R(X) in Q[X] with R(X) = O ordeg R(X) < deg F(X).
Subtraction gives F(X)(®,(X) — Q(X)) = —R(X) in C[X]. If R(X) is not
0, then deg R(X) < deg F'(X) gives a contradiction. Therefore R(X) = 0 and
F(X)(®,(X)— Q(X)) = 0. Since C[X] is an integral domain, ®,(X) = Q(X).
Thus ®,,(X) is in Q[ X], and the induction is complete.

To see that @, (X) is in Z[ X ], we again induct, the case n = 1 being clear. The
formula X" — 1 = Hdln ®,(X) and induction show that X" — 1 = &,(X) F(X)
for some F(X) in Z[X]. Since &, (X) is known to be in Q[X], Corollary 8.20c
shows that ®,(X) is in Z[X], and the induction is complete. ]

Lemma 9.42. Each cyclotomic polynomial ®,(X) is irreducible as a member

of Q[X].
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PROOF. Let ¢ be a primitive n™ root of 1, let p be a prime number not dividing
n, let F(X) be the minimal polynomial of ¢ over QQ, and let G (X) be the minimal
polynomial of ¢”. The main step is to show that F(X) = G(X).

To carry out this step, we observe that F () = G(¢?) = 0 and that F(X)
and G (X) must divide ®,(X). Arguing by contradiction, suppose that F'(X) #
G(X). Then GCD(F, G) = 1 since F(X) and G(X) are irreducible over Q, and
therefore F(X)G(X) divides @, (X). Hence we can write

X"—1=FX)GX)H(X),

and H(X) is a monic member of Z[X] by Lemma 9.41 and Corollary 8.20c.
Since ¢ is a root of G(X?), we must have G(X?) = F(X)M(X) for some
monic polynomial M (X) in Z[X]. We apply the substitution homomorphism to
Z|X] — F,[X] that carries X to X and reduces the coefficients modulo p; the
mapping on the coefficients will be denoted by a bar. Then we have

X"—-1=FX)G(X)H(X) and G(X)? =G(XP)=FX)M(X),

the equality G(X)? = G(XP?) following from Lemma 9.18. If Q(X) is a prime
factor of F(X), then Q(X) divides G(X)? and therefore must divide G (X). So
O(X)? divides X" — 1. Therefore X" — 1 has multiple roots in its splitting field,
in contradiction to Corollary 9.17 and the fact that the derivative of X” — 1 is
nonzero at each nonzero member of I, (since GCD(p, n) = 1 by assumption).
We conclude that F(X) = G(X).

Now suppose that r is a positive integer with GCD(r, n) = 1. Then we can
writer = pp - -- p; with each p; not dividing n, and we see inductively that £ has
F(X) as minimal polynomial. Thus F(X) has at least ¢(n) roots. Since F(X)
divides ®,(X), we must have F(X) = ®,(X). Therefore ®, (X) is irreducible
over Q. O

PROOF OF NECESSITY IN THEOREM 9.25. Theorem 9.24 shows that the degree
[Q(e?™i/™) : Q] must be a power of 2 if a regular n-gon is constructible. Since
€2™i/" is a root of @, (X) and since Lemma 9.42 shows ®,,(X) to be irreducible
over Q, ®,(X) is the minimal polynomial of ¢?*/" over Q. By Lemma 9.41 the
degree in question is given by [Q(e*"/") : Q] = ¢(n), where ¢ is the Euler ¢
function. Corollary 1.10 shows that if n = p]f '... pk is a prime factorization of
n into distinct prime powers with each k; > 0, then

k-1
pm)=1]p/ (pj—D.
Jj=1
For constructibility this must be a power of 2. Then each p; dividing n must be 1

more than a power of 2, i.e., must be 2 or a Fermat prime, and the only p; allowed
to have pjg dividing n is p; = 2. (|
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10. Application to Proving the Fundamental Theorem of Algebra

In this section we use Galois theory to give a proof of the Fundamental Theorem
of Algebra. Let us recall the statement.

THEOREM 1.18 (Fundamental Theorem of Algebra). Any polynomial in C[X]
with degree > 1 has at least one root.

We begin with a lemma that handles three easy special cases.

Lemma 9.43. There are no finite extensions of R of odd degree greater than 1,
the only extension of R of degree 2 up to R isomorphism is C, and there are no
finite extensions of C of degree 2.

PROOF. If K is a finite extension of R of odd degree and if x is in K, then
[R(x) : R] is odd, and consequently the minimal polynomial F(X) of x over
R is irreducible of odd degree. By Proposition 1.20, which is derived from the
Intermediate Value Theorem of Section A3 of the appendix, F(X) has at least
one root in R. Therefore F (X) has degree 1, and x is in R.

If F(X) is an irreducible polynomial in R[ X] of degree 2, then F(X) splits in
C by the quadratic formula, and hence the only extension of R of degree 2 is C,
up to R isomorphism, by the uniqueness of splitting fields (Theorem 9.13).

Let G(X) = X? + bX + ¢ be a polynomial in C[X] of degree 2. Then G(X)
has a root x in C given by the quadratic formula since every member of C has
a square root® in C, and G(X) cannot be irreducible. Since any finite extension
of C of degree 2 would have to be of the form C(x), with x equal to a root of an
irreducible quadratic polynomial over C, there can be no such extension. O

PROOF OF THEOREM 1.18. First let us show that every irreducible member
F(X) of R[X] splits over C. Let K be a splitting field for F(X). Say that
[K: R] =2"N with N odd. Then K is a Galois extension of R, and | Gal(K/R)|
= 2" N. By the Sylow Theorems (particularly Theorem 4.59a), let H be a Sylow
2-subgroup of Gal(K/R). This H has |H| = 2™. The field L = K# that
corresponds to H under Theorem 9.38 has [IL : R] = N with N odd, and the
first conclusion of Lemma 9.43 shows that N = 1. Thus | Gal(K/R)| = 2™.
Corollary 4.40 shows that Gal(K/R) has nested subgroups of all orders 2"~*
with 0 < k < m, and Theorem 9.38 says that the corresponding fixed fields are
nested and have respective degrees 2¢ with 0 < k < m. The extension field of
R for k = 1 is necessarily C by Lemma 9.43, and Lemma 9.43 shows that there

8To see that every member of C has a square root in C, let ¢ + di be given with ¢ and d real and
with d # 0. Let a and b be real numbers with % = %(c + /2 +d?), b2 = %(—c + 2 +d?),
and sgn(ab) = sgnd. Then (a + bi)? = ¢ + di.
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are no quadratic extensions of C. Therefore m = 0 or m = 1, and the possible
splitting fields for F(X) are R and C in the two cases.

To complete the proof, suppose that K is a finite algebraic extension of C of
degree n. Then K is a finite algebraic extension of R of degree 2n. The Theorem
of the Primitive Element allows us to write K = R(x) for some x € K, and
the minimal polynomial of x over R necessarily has degree 2n. The previous
paragraph shows that this polynomial splits in C. Thus x is in C, and K = C.
This completes the proof. U

11. Application to Unsolvability of Polynomial
Equations with Nonsolvable Galois Group

The quadratic formula for finding the roots of a quadratic polynomial has in
principle been known since the time of the Babylonians about 400 B.C.” The
corresponding problem of finding roots of cubics was unsolved until the sixteenth
century, and Cardan’s formula was discovered at that time. The original formula
assumes real coefficients and was in two parts, a first case corresponding to
what we now view as one real root and two complex roots, the second case
corresponding to what we view as three real roots.! There is a similar formula,
but more complicated, for solving quartics. Further centuries passed with no
progress on finding a corresponding formula for the roots of a polynomial of
degree 5 or higher. The introduction of Galois theory in the early nineteenth
century made it possible to prove a surprising negative statement about all degrees
beyond 4.

Suppose that we are given a polynomial equation with coefficients in the field
Q@ or a more general field k of characteristic 0. In this section we use Galois
theory to address the question whether the roots of the equation in a splitting field
can be expressed in terms of k and the adjunction of finitely many n'" roots to the
field, for various values of n. For the moment let us say in this case that the roots
are “expressible in terms of the members of k and radicals.” We shall make this
notion more precise shortly.

Recall from Section IV.8 that with a finite group G, we can find a strictly
decreasing sequence of subgroups starting with G and ending with {1} such

9The Babylonians did not actually have equations but had an algorithmic method that amounted
to completing the square.

10Cardan’s name was Girolamo Cardano. The solution in the first case of the cubic seems to
have been discovered by Scipione dal Ferro and later by Nicolo Tartaglia. Dal Ferro died in 1526
and passed the secret method to his student Antonio Fior. In 1535 Fior engaged in a public contest
with Tartaglia at solving cubics, and he lost. Cardano wheedled the solution method in the first case
from Tartaglia, published it in 1539, and discovered and published the solution in the second case.
Cardano’s student Lodovico Ferrari discovered how to solve quartics, and Cardano published that
solution as well. See “St. Andrews” in the Selected References for more information.
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that each subgroup is normal in the next larger one and each quotient group is
simple. Such a series was defined to be a composition series for G. The Jordan—
Holder Theorem (Corollary 4.50) says that the respective consecutive quotients
are isomorphic for any two composition series, apart from the order in which they
appear. We define the finite group G to be solvable if each of the consecutive
quotients is cyclic of prime order, rather than nonabelian. It is enough that the
group have a normal series for which each of the consecutive quotients is abelian.

Examples of solvable and nonsolvable groups are obtainable from the calcula-
tions in Section I'V.8: abelian groups and groups of prime-power order are always
solvable, the symmetric group &4 and each of its subgroups are solvable, and the
symmetric group Gs is not solvable since a composition series is S5 2 s D {1}
and the group s is simple (Theorem 4.47).

Modulo a precise definition for a field k of the words “expressible in terms of
the members of k and radicals,” the answer to our main question is as follows.

Theorem 9.44 (Abel, Galois).!! Let k be a field of characteristic 0, let F(X)
be in k[ X], and let K be a splitting field of F'(X) over k. Then the roots of F (X)

are expressible in terms of the members of k and radicals if and only if the group
Gal(K/k) is solvable.

EXAMPLE. With k = Q, let F(X) be the polynomial F(X) = X°> —5X + 1 in

Q[ X]. We shall show that
(i) F(X) isirreducible over Q,
(i) F(X) has three roots in R and one pair of conjugate complex roots in C,

(iii) the splitting field K over QQ of any polynomial of degree 5 for which (i)

and (ii) hold has Galois group with Gal(K/Q) = Gs.
We know that from Theorem 4.47 that S5 is not solvable, and Theorem 9.44
therefore allows us to conclude that the roots of X> — 5X + 1 are not expressible
in terms of the members of Q and radicals.

To prove (i), we apply Eisenstein’s criterion (Corollary 8.22) to the polynomial
F(X —1) = X° —5X* +10X? — 10X? 4 5 and to the prime p = 5, and the
irreducibility is immediate.

To prove (ii), we observe that F(—2) < 0, F(0) > 0, F(1) <0, F(2) > 0.
Applying the Intermediate Value Theorem (Section A3 of the appendix), we see
that there are at least three roots in R. Since F/(X) = 5(X* — 1) has exactly the
two roots =1 in R, F(X) has at most three roots in R by an application of the
Mean Value Theorem.

To prove (iii), label the roots 1,2, 3,4, 5 with 1 and 2 denoting the nonreal
roots. Each member of the Galois group permutes the roots and is determined

1T Abel proved that there is no general solution via radicals that gives the roots of polynomials
of degree 5. Galois found the present theorem, which shows how to decide the question for each
individual polynomial of degree 5.
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by its effect on the roots. Thus Gal(K/Q) may be regarded as a subgroup of Gs.
Since F(X) is irreducible over Q, 5 divides [K : Q] and 5 divides | Gal(K/Q)|.
By the Sylow Theorems, Gal(K/Q) contains an element of order 5, hence a 5-
cycle. Some power of this 5-cycle carries root 1 to root 2. So we may assume
that the 5-cycleis (1 2 3 4 5). Also, Gal(K/Q) contains complex conjugation,
which acts as (1 2). Then Gal(K/Q) contains

(123450212345 '=223),
(1234523123457 '=@34),
(123453 4H12345'=@5).

Since the set {(1 2), (2 3), (3 4), (4 5)} of transpositions is easily shown from
Corollary 1.22 to generate S5, Gal(K/Q) = Gs.

Let K’ be a finite extension of the given field k. A root tower for K’ over k is
a finite sequence of extensions

k=K, cK|,<---CK_, cK =K

such that for each i with 0 < i <[ — 1, there is a prime number n; > 1 and there
isanelementr; in K| | witha; = r{' in K] and r; not in K. Then it follows that
k

ri is not in K for any k with 0 < k < n;.

(If we write a; = r{", then we might think of writing K/, = K/("{/a; ), but
this formulation is less precise at the moment since it does not specify precisely
which choice of "/a; is to be used.)

With “root tower” now well defined, we can make a precise definition and
thereby complete the precise formulation of Theorem 9.44. Let k be the given
field of characteristic 0, let F(X) be ink[X], and let K be a splitting field of F'(X)
over k. We say that the roots of F'(X) are expressible in terms of members of
k and radicals if there exists some finite extension K’ of K having a root tower
over k.

The statement of Theorem 9.44 is now completely precise, and the remainder
of the section will be devoted to the proof of one direction of the theorem: if the
roots are expressible in terms of members of k and radicals, then the Galois group
is solvable. The proof of the converse direction of the theorem is postponed to

Section 13. We begin with a lemma.

Lemma 9.45. Let k be a field of any characteristic, and let p be a prime
number. If a is a member of k such that X?” — a has no root in k, then X? — a is
irreducible in k.
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PROOF. First suppose that p is different from the characteristic. Let IL be a
splitting field for X? — a. The derivative of X? — a, evaluated at any root of
X? — a in L, is nonzero, and Corollary 9.17 shows that X” — a splits as the
product of p distinct linear factors in IL. The quotient of any two roots of X? —a
is a p" root of 1. Fixing one of these two roots of X” — a and letting the other
vary, we obtain p distinct p™ roots of 1. Thus LL contains all p of the p™ roots
of 1. Proposition 4.26 shows that the group of p'" roots of 1 is cyclic. Let ¢ be a
generator. If a'/? denotes one of the roots of X” — a in L, then the set of all the
roots is given by {a'/P¢¥ |0 <k < p — 1}.

Now suppose that X? — a has a nontrivial factorization X” —a = F(X)G(X)
in k[X]. Possibly by adjusting the leading coefficients of F'(X) and G(X), we
may assume that F'(X) and G(X) are both monic. Unique factorization in IL[ X]
then implies that there is a nonempty subset S of {k | 0 < k < p — 1} with a
nonempty complement S¢ such that

FX)=[] (X —¢%a'/?)  and  GX)= [] (X —¢ka'/P).
keS keS¢

If S has m elements, then the constant term of F(X) is (—a'/?)"w, where w
is some p™ root of 1. Thus x = (a'/?)"w is in k. Since GCD(m, p) = 1,
we can choose integers ¢ and d with cm + dp = 1. Since x is in k, so is
x¢a® = (a'/Pymetdr ¢ = q'/P ¢, Buta'/Pw® is aroot of X? —a, in contradiction
to the hypothesis that no root of X? — a lies in k. Hence X? — a is irreducible.

If p equals the characteristic of k, then Lemma 9.18 gives the factorization
XP —a = (X —a'/P)P wherea'/? is one root of X” —a in K. Then we can argue
as above except that ¢ and w are to be replaced by 1 throughout. This completes
the proof of the lemma. O

PROOF OF NECESSITY IN THEOREM 9.44 THAT Gal(K/k) BE SOLVABLE. We
are to prove that if some finite extension K’ of K has a root tower over k, then
Gal(K/k) is solvable.

Step 1. We enlarge each field in the given root tower to obtain a root tower
1 1 4 1 1"
kcKycKic---CK_, <K/ =K

of a finite extension K” of K’ in such a way that K{] is the normal extension of k
obtained by adjoining all n'" roots of 1 for a suitably large n and such that each
K, | is the normal extension of K} for 0 < i < /— 1 obtained by adjoining all nih
roots of the member ¢; of K. Using Theorem 9.22, choose an algebraic closure
K’ of K. Let n be the product of the integers ng, ny, ..., n;—1. Let &1, ..., &—1
be the n'M roots of 1 in K’ other than 1 itself, define subfields of K’ by

K/ =K:(¢1y -y Enm1) forO0 <i </,
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and put K” = K. The field K{; is a splitting field for X" —1 over k and is therefore
anormal extension. The field K/, is given by K, | = K (r;), where r; is a root
in K7 of the polynomial X" — a; in K/[X]. Here n; is prime. Lemma 9.45
shows that either 7; is in K[ X] or X" — g; is irreducible in K”[X]. In the first
case, K/, | = K, and we have a normal extension. In the second case, K, is
a splitting field for X" — a; over K/ because it is generated by K and one root
of X" — a; and because all n?h roots of 1 already lie in K{J; thus again we have a

normal extension.

Step 2. The Galois group of K over k is abelian. In fact, Proposition 4.26
shows that the group of n roots of 1 in K{ is cyclic. Let ¢ be a generator, and
let U = {;k}z;(l). The map of Gal(K{/k) into AutU given by ¢ (p|U is a
one-one homomorphism, and Aut U is isomorphic to (Z/nZ)*. Since (Z/nZ)*
is abelian, it follows that Gal(K{ /k) is abelian.

Step 3. The Galois group of K, over K is trivial or is cyclic of order
n;. In fact, the Galois group is trivial if K7, ;| = K}. The contrary case is that
[KY, | : K/] = n;, and then Gal(K7, , /KY) has order n;, which is prime. Every
group of order n; is cyclic, and hence Gal(K7, | /KY) is cyclic.

Step 4. We extend the root tower to a larger field . O K” that is a normal
extension of k. The resulting root tower of I will be written as

kCcLy=Kj <L =K/ <---
Cli =K, CL=K'ClLi; S---CL, =L.

As it is, we cannot say that K” is the splitting field over k for the product of the
minimal polynomials used in Step 1, because the elements a; are not assumed to
lie in k. To adjust the tower to correct this problem, write K” as

K// = k(r()? rl’ . "?rl_l’ é‘) = k(-x()? .. "xl)’

with ¢ as in Step 2. Here rg, ..., r;—; are the given elements that define the
original root tower, and we define x; = ¢ and x; =r; for0 < j < /. Since K" is
a finite extension of k, each x; has a minimal polynomial G;(X) over k. Define
G(X) = Hj'zo G;(X), and let L. be the splitting field of G(X) in the algebraic
closure K’. The field L is a normal extension of k. The roots of G(X) are the
members of L that are roots of some G, (X). Each x; is a root of its own G;(X).
If xj’. is another root of G;(X), then there is a k isomorphism of k(x;) onto Il{(xj’.),
and we know by the uniqueness of splitting fields (Theorem 9.13')!? that this

12The theorem is to be applied to o : k(x;) — k(x)) with F(X) = F°(X) = G(X) and with
L'=L1.
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extends to a k isomorphism of I onto .. Hence to each root 6 of G(X) in L
corresponds some x; and some ¢ € Gal(K/k) with ¢(x;) = 6. Thus

L =k({¢(x;) |0 < j <land ¢ € Gal(L/k}).

For any ¢ in Gal(IL,/k) and any j </ — 1, the element ¢ (x;) of LL satisfies
()" = o) = p(ay),

and the element on the right is in (K ]’./ ). Any element ¢(¢) is an n root of 1
and hence is already in K{j; such elements are redundant for ¢ # 1. Enumerate
Gal(L/k) as ¢y, ..., ¢ with ¢; = 1. The tower for K” is to be continued with
the fields obtained by adjoining one at a time the elements

(PZ(”O)’ LRI (p2(rl—1)9 @3("0)1 LIRS §03(rl—1)7 L) (pS(rO)i LRI (ps(rl—l)'

The final field is L, and then we have an enlarged tower as asserted.

Step 5. Gal(IL/k) is a solvable group. In fact, first we prove by induction
downward on i that Gal(IL/L;) is solvable, the case i = ¢ being the case of
the trivial group. Leti < t be given. We have arranged that L;;; is a normal
extension of ;. Since LL is normal over all the smaller fields by Step 4, Corollary
9.39 therefore gives Gal(LL;1/L;) = Gal(]L/IL,-)/ Gal(LL/LL;41). The group on
the left side is cyclic by Step 3 or the analogous proof with some r; replaced by
a suitable ¢(r;), and thus a normal series with abelian quotients for Gal(IL,/IL; ;)
may be extended by including the term Gal(IL/L;), and the result is still a normal
series with abelian quotients. Thus Gal(IL/L;) is solvable. This completes the
induction and shows that Gal(IL/LLg) is solvable. To complete the proof we use the
isomorphism Gal(ILy/k) = Gal(IL/k) / Gal(IL/Ly) given by Corollary 9.39. The
group on the left side is abelian by Step 2, and thus a normal series with abelian
quotients for Gal(L/LLy) may be extended by including the term Gal(L /k), and the
result is still a normal series with abelian quotients. Thus Gal(LL/k) is solvable.

Step 6. Gal(K/k) is asolvable group. Wehave L. © K 2 k with I /k normal by
Step 4 and with K/k normal since K is a splitting field of F(X) over k. Applying
Corollary 9.39, we obtain an isomorphism Gal(K/k) = Gal(LL/k) / Gal(L/K).
Then Step 6 will follow from Step 5 if it is shown that any homomorphic im-
age of a solvable group is solvable. Thus let G be a solvable group, and let
¢ : G — H be an onto homomorphism. Write G = G; 2 --- 2 G, = {1}
with abelian quotients, and define H; = ¢(G;). Passage to the quotient gives
us a homomorphism ¢; carrying G; onto H;/H;;;. Since ¢(Giy1) S Hiyi,
¢ induces a homomorphism @; of G;/G;4; onto H;/H;1;. As the image of
an abelian group under a homomorphism, H;/H;4 is abelian. Therefore H is
solvable. This completes the proof. (]
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12. Construction of Regular Polygons

Theorem 9.25 proved the constructibility of regular n-gons when 7 is the product
of a power of 2 and distinct Fermat primes, but it gave little clue how to carry
out the construction. In this section we supply enough further detail so that one
can actually carry out the construction. It is enough to handle the case that n is a
Fermat prime, n = 22" 4+ 1, and we shall suppose that z is a prime of this form.
Let ¢ = */"  The field of interest is Q(¢), with [Q(¢) : Q] = n — 1. The
usual basis of Q(¢) over Qis {1, ¢, ¢%, ..., "2}, but we shall use the basis

€. ¢% % ...

instead, in order to identify the Galois group Gal(Q(¢)/Q) more readily with IF)*,
where IV, = Z/nZ is the field of n elements. In more detail we associate the addi-
tive group of IF,, with the additive group of exponents of the members of the cyclic
group{l, ¢, ;2, {3 yees € n—l }, and members of the Galois group correspond to the
various multiplications of these exponents by F,* = {1, 2, ..., n —1}. The group
< is known to be cyclic of order n — 1, and thus the isomorphic Galois group
is cyclic. If a generator o of the Galois group is to correspond to multiplication
by a generator g of ), then o (¢*) = ¢4° for all s. With the prime n of the form

22" 4 1, let us note for the sake of completeness why we can always take g = 3.

Lemma 9.46. The number 3 is a generator of IF,* when n is prime of the form
2N .
2 +1with N > 0.

REMARKS. We verified this assertion for n = 17 in Section 6, and in principle
one could verify the lemma in any particular case in the same way. Here is a
general argument using the law of quadratic reciprocity, whose full statement and
proof will be given in Chapter I of Advanced Algebra. For a prime number n
that is congruent to 1 modulo 4, quadratic reciprocity implies that 3 is a square
modulo » if and only if n is a square modulo 3. Since

2 1=+ )@+ )+ R -

and 22' — 1 = 3, 3 divides 22" — 1. Thus n is congruent to 2 modulo 3, n is
not a square modulo 3, and 3 is not a square modulo n. The nonsquares modulo
n=2"41are exactly the generators of I, and therefore 3 is a generator.

Taking Lemma 9.46 into account, we suppose for the remainder of this section
that the generator o of the Galois group corresponds to multiplication of exponents
of £ by 3. Theno (¢) = ¢? and o (¢*) = ¢°. These formulas and Q linearity tell
us explicitly how o operates on all of Q(¢).
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The fixed fields that arise within Q(¢) correspond to subgroups of the group
Gal(Q()/Q) = {0/ |0<j < 22N}, and there is one for each power of 2 from
20 t0 22" Fix attention on the subgroup H; of order /, and write 22" = kI, with
k and [ being powers of 2. A generator of this subgroup is ¥, and the subgroup
is H = {1,0%, 0%, ..., 00Dk}, Let K; be the fixed field of this subgroup, or
equivalently of its generator o*; this has dimension k over Q.

We shall determine a basis of K; over Q. Since o (¢°) = ¢3°, wehave o¥(¢%) =
§3kS. For 0 <r < k — 1, the k elements

3r+2k 3r+k(/—l)

3 3k
="+ T g

are linearly independent over Q because they involve disjoint sets of basis vectors
of Q(¢) as r varies. The computation

O—k(nr) — Gk(§3r + é_3r+k + é_3r+2/c + L + é_31‘#»/((/—1))
3r+k 3r+2k 3r+3k 3r+kl
A S S
_ §3r + é'3r+k + é_3)'+2k + L + é_3r+l\'(lfl)
=N
shows that each of these vectors is in K;. Hence {1, ..., nx—1} is a basis of

K; over Q. The elements of this basis are called the periods of / terms of the
cyclotomic field.

The extreme cases for the periods are (k,[) = (22N, 1), for which 0 < r <
22" _ 1 withn, = ¢, and (k, 1) = (1,2%"), for which r = 0 with

2N _
’70253()+{3]+§32+"'+§32 1={+§2+§3+.__+§n71=_]'

Two facts enter into determining how to write ¢ in terms of rationals and square
roots. The first is that at stage k for k > 2, the sum of certain pairs of 7,’s is
an 7 for stage k — 1. The second is that the product of two n,’s at stage k is an
integer combination of 1’s from the same stage and that the sum formulas express
this combination in terms of ’s from earlier stages. The result is that at the k"
stage we obtain expressions for the sum and product of two 7,’s in terms of ’s
from earlier stages. Therefore the two 1, ’s at stage k are the roots of a quadratic
equation whose coefficients involve n’s from earlier stages. Consequently we
can compute the 7, ’s explicitly by induction on k. To proceed further, we need
to know the formula for the product of two 7, ’s, which is due to Gauss.

To multiply two 7,’s, we need to multiply various powers of ¢, and the expo-
nents get added in the process. This addition is not readily compatible with terms
like ¢¥ and ¢¥, and for that reason Gauss introduced new notation. Define

77(t) — {t + §t3k + §t32" 4oy {t3k(1_1> _ Z ngk”

v mod/
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forO0 <t <n—1. Thenn©® =1, and for0 <t < n — 1, n¥ is the 7, in which
¢! occurs. Gauss’s product formula is given by
ku kv
n(S)n(t) — Z ( Z é-s3 +13 )

umod! vmod!

= Y (X &) withves utw
umod/ wmodl/

— Z ( Z é-(s+t3k"')3k“)

wmod! umod/

— Z n(s+t3k“’)‘

w mod /

In words, this says that to multiply two n’s, we add the n’s for the exponents
obtained by multiplying the first term of *) by all the terms of n®.

At this point it is more illuminating to work some examples than to try for a
general result.

EXAMPLE 1. n =5, N =1, 22" — 4. The relevant pairs (k, ) to study in
sequence are (k,l) = (1,4), (2,2), (4, 1), and the case (k,[) = (1, 4) is trivial
since the only subscripted 1 is Y0_; ¢¥ = —1.

FIGURE 9.3. Construction of a regular pentagon. The circle with center (% }—1)

and radius % meets the line from (% %) to the origin at a point at distance

cos(2m/5) from the origin.

For k = 2, i.e., for the case that there are 2 periods of 2 terms each, we go
back to the definition of the 1’s and find that

30+2-0 30+2- 1

="'+t
=+

no=7¢ +¢
31+2-0

m==< +¢

31+2-1
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We form those sums of pairs of n’s that yield an 5 from the previous step. Here
there is only one pair, and the sum is given by
no+m=-1
Next we form the elements n), remembering that for ¢+ > 0, n is the 7, in
which ¢! occurs. Then
n® =2 nW=n. ¥ =n., 1P =n. ¥ =no
We apply Gauss’s product formula to compute the product of the two 1n’s whose
sum we have identified. The formula gives
nom =n"n® =n® 40P =ng+n = -1,

the second equality following since the rule for the indices is to extract a power
of ¢ appearing in n‘") and add that index to all the powers of ¢ appearing in n®.
Since 1o and 7; have sum —1 and product —1, they are the roots of the quadratic
equation

¥ 4+x—1=0, namely%(—l:i:\/g).

Deciding which root is 5o and which is 7, involves looking at signs. The two
roots of the quadratic equation are of opposite sign because the constant term of
the quadratic equation is negative. Since gy = ¢ + ¢! = ¥/  ¢72/5 =
2 cos(2m/5) is positive, we obtain

no=%(-1++5) and g =3(=1-+/5).

The computation can in principle stop here, since knowing cos(27/5) gives
us sin(27r/5) and therefore e?*/5. See Figure 9.3. But it is instructive to carry
out the algorithm anyway. We are thus to treat k = 4. The periods of 1 term are

b=t &=0, =" &=
The corresponding objects with superscripts are

§0=1, V=g P=5 D=5 Y-p

The relevant sums of pairs are

& + & = no,
&1 +& =6

We again use Gauss’s product formula, and this time we obtain

bk =550 =50 =@ = 1.
Hence &; and &; are the roots of the quadratic equation

#:ﬁ:i 4_(#)2

Y —noy+1=0, namely 5

The root y involving the plus sign is 27/,
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EXAMPLE 2.3 n =17, N =2, 22" = 16. The relevant pairs (k, [) have
kl = 16, and the case (k,l) = (1, 16) is trivial since the only subscripted 7 is

15 s
Zs:O §3 = -1

For k = 2, the 2 periods have 8 terms each, and

30+2-0 30+2:1 30+22

no=¢"  + +8 T+ +5T 4y
A S S S S S S L A e S
m=0" T R T T
:§3+§IO+§.5+§11_{_4.14_{_{7_‘_{12_‘_{6‘

30+2:3 30+2:4 30+2:5 30+2:6 30+2.7
+¢

+¢

31+2~1 31+2~2 31+2‘3 31+2-4 31+2-5 31+2-6 31+2-7
+¢ +¢ +¢

We form those sums of pairs of ’s that yield an n from the previous step. Here
there is only one pair, and the sum is given by

no+mn =—1

Next we form the elements n), remembering that for ¢+ > 0, n is the 7, in
which ¢! occurs. Then n© = 2,

nO = p©@ = 13 = (19 — p1O _ &) — p@ — O —

3 0 5 4 2 6
n® = (10 — p® — p(D — p1H _ D — p1D _ © —

To compute 191, by means of Gauss’s product formula, we use 7o = n" and
m = n®. Then
noni = 77(1)77(3) — 7,’(4) 4 77(11) 4 ’7(6) 4 77(12) + n(15) 4 77(8) + 77(13) 4 77(7)1

the indices on the right side being the indices for 7, plus one. Resubstituting in
terms of 7y and 7, we obtain

nom = 4no + 4n = —4.
Therefore g and 7; are the roots of the quadratic equation
X>4+x—4=0, namely%(—l:i:«/ﬂ).

Deciding which root is ng and which is n; involves looking at signs. The two
roots of the quadratic equation are of opposite sign. Since

="+ H+C+H+C+H+E+™
= 2(cos(27/17) + cos(4m/17) + cos(87/17) + cos(167/17))
>2(3+3+0+(=1)=0,

13The discussion of this example closely follows that in Van der Waerden, Vol. I, Section 54.
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no is the positive root, and we have
m=%(-1++17) and n =1i(-1-V17).

For k = 4, the 4 periods have 4 terms each, and

0-+4-0 0+4-1 0442 0+44-3
$0=§3+ +g.3+ +§3+ +§3+ I O
1+4-0 1+4-1 1+4-2 1+4-3
$1=§3+ +§3+ +§'3+ +§3+ T e
2440 2441 2442 2443
L=+ AT AT =0+ 0+ 8+
3+4.0 33+4-1 33+4-2 33+4-3 10 11 7 6
=0 40 T+ =0 T
The sums of pairs of these that yield n’s are
§o+& =m0
&1 +&=mn.
We can read off superscripted &’s from the exponents on the right sides of the
formulas for &, . . ., &3, and the results are

~i_-(l) — 5(13) — 5(16) — 5(4) = &,
5(3) — 5(5) — 5(14) — 5(12) =&,
5(9) — 5(15) — 5(8) — 5(2) =&,
%-(10) — g_-(”) — %-(7) — 5(6) = &.

Then the relevant products are

G052 =660 =610 4519 160 160 =gH 1+ H+H+ 6 =1,
55 =060 =W e 1010 g1 5 16+ 5H = -1
Thus &j and &, are the roots of the quadratic equation
y> —my—1=0,
while & and &; are the roots of the quadratic equation
y —my—1=0.
Since £y&, and &,&; are negative, these equations each have roots of opposite
sign. We observe that & = 2(cos(2n/17) + cos(87r/17)) > 0 and that & =
2( cos(14m/17) + cos(12n/17)) < 0, and we conclude that the signs are
§0>0 and §2<0,
& >0 and & <0O.
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FIGURE 9.4. Construction of a regular 17-gon. The small circle has center ( )
and radlus <. Two circles are drawn tangent to it with center (0, 0); their radn
are 1o /4 and |n1|/4. Their x intercepts and helght determine the dashed box.

The diameter of the large solid semicircle is &y/2, and its heavy part is Ao /2.
The separate semicircle at the left constructs +/&; /4 from & /2, and the chord
in the large semicircle is at distance /& /4 from the diameter.

For k = 8, the 8 periods have 2 terms each, and the two with sum &, are

0+-8-0 0+8-1
ho=¢"" T =t
44-8-0 4+4-8-1
=047 =Pt
Their sum and their product are given by
Ao + Aq = &o,

rora =M+ P+ 40 =k
Thus Ag and A4 are the roots of the quadratic equation
2 — &z +& =0.
Since Ay = 2cos(2x/17) > 2cos(8xw/17) = A4, Ao is the larger of the two roots

of the equation.
In summary, we have successively defined

——(—1—|—\/_) and m:%(—l—«/ﬁ),
& =1(no+md+ and & = 1(no—\/n3 +4),

1)
sl=é(m+ n+4) and &= 50n—yni+4).
(

= 1(50 + /& — 4&1).
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Since Ag = 2cos(27/17), these formulas explicitly point to how to construct a
regular 17-gon. See Figure 9.4.

13. Solution of Certain Polynomial
Equations with Solvable Galois Group

In this section we investigate what specific information can be deduced about a
finite Galois extension in characteristic O when the Galois group is solvable.
The tool is a precursor of modern harmonic analysis'* known as “Lagrange
resolvents.” The argument of the previous section could be regarded as an instance
of applying the theory of Lagrange resolvents, but Lagrange resolvents give only
the simpler formulas of the previous section, not the Gauss product formula.

Proposition 9.47. Let K be a finite normal extension of a field k of charac-
teristic 0, suppose that Gal(KK/k) is cyclic of order n with ¢ as a generator, and
suppose that X" — 1 splits in k. Fix a generator o of Gal(K/k) and a primitive
n™ root w of 1 ink. For 0 < r < n, define k linear maps E, : K — K by

E.x =n"" Z o ¥ okx for x € K.

k mod n

Then

(a) E,Eequals E; ifr = s and equals 0 if » = s mod n, so that the E,’s are
commuting projection operators whose images are linearly independent,

®) Y, modn Er = 1, so that the direct sum of the images of the E,’s is
all of K,

(¢c) o(x) = & x for all r and for all x in image E,,

(d) image Ey = k.

REMARKS. The integers k and r depend only on their values modulo 7, and the
summation indices “k mod »” and “r mod n” are to be interpreted accordingly.
The operators E, are known classically as Lagrange resolvents, apart from
the constant n~'. The proposition says that the k linear map o has a basis of
eigenvectors, that the eigenvalues are a subset of the powers ", and that each E,
is the projection operator on the eigenspace for the eigenvalue «” along the sum
of the remaining eigenspaces.

14Lagrange resolvents give a certain specific Fourier decomposition relative to a cyclic group.
Similar formulas apply whenever a cyclic group acts linearly on a vector space over k and the relevant
roots of 1 lie in k. For the corresponding decomposition of a vector space over C when a finite group
G acts linearly, see Problems 47-52 at the end of Chapter VII. The decomposition in those problems
can be seen to work for any field k of characteristic O for which the values of all irreducible characters
of G lie in k. The values of the characters are sums of certain roots of 1, and thus it is enough that
k contain a certain finite set of roots of 1.
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PROOF. For x in K, we compute

E,Ex=n"? Y oo Y oox)
k mod n I modn
:n—Z Z Z a)—kro_kw—ms-i-ksam—kx
kmodn m modn

:n—2 Z ( Z wk(s—r))w—mso_ x.
mmodn kmodn

The expression in parentheses on the right side is the sum of a finite geometric
series. If s = r mod n, then every term in the sum is 1, and the sum is n. If
liwn(x—r)

s & r mod n, then the sum is — = 0. Thus (a) follows.

Next we calculate

> Ex= Y n' Y ofotx= Y n'( Y o F)okx

r mod n r mod n k mod n k mod n r mod n

-’

As in the previous paragraph, the sum in parentheses is n if k = 0 and it is O if
k # 0 mod n. Therefore only the k = 0 term on the right side contributes, and
the right side simplifies to x. This proves (b).

The computation

o(E,x)=n"! Y ookl
k mod n
—pn! Z W Or gl
[ mod n
=o'n ! Y o "ox =0 Ex
I modn
shows thato (y) = o’y forevery y of the form E, x, and these y’s are the members
of the image of E,. This proves (c).

Combining (b) and (c), we see that o (x) = x if and only if x is in image Ej.
Since Gal(K/k) is cyclic, the members of K fixed by o are the members fixed
by the Galois group, and these are the members of k by Proposition 9.35d. This
proves (d). O

Corollary 9.48. Let K be a finite normal extension of a field k of characteris-
tic 0, suppose that Gal(KK/k) is cyclic of prime order p, and suppose that X? — 1
splits in k. Then there exist a in k and x in K such that x” = a and K = k(x).

REMARKS. In other words, a finite normal extension field in characteristic 0
with Galois group cyclic of prime order p is necessarily obtained by adjoining a
p™ root of some element of the base field, provided that the base field contains
all the p™ roots of 1. Once the extension field contains one p™ root of an element
of the base field, it has to contain all p" roots, since the base field by assumption
contains a full complement of p™ roots of 1.
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PROOF. We apply Proposition 9.47 with n = p. Since [K : k] = p > 1, (d)
shows that E|) is not the identity. By (b), some E, withr # 0 is not the 0 operator.
Let x be anonzero element in image E,. Since the generator o of the Galois group
is a field automorphism, o (x?) = o (x)? = (0" x)P = &'"PxP = xP. Since x? is
fixed by the Galois group, x” lies in k. Then the element a = x” has the property
that x” =g and K D k(x) 2 k. Since [K : k] is prime, Corollary 9.7 shows that
there are no intermediate fields between K and K. Therefore K = k(x). U

We shall apply Corollary 9.48 to prove the converse statement in Theorem
9.44 —that solvability of the Galois group for a polynomial equation in charac-
teristic O implies that the solutions of the equation are expressible in terms of
radicals and the base field. We begin with a lemma that handles a special case.

Lemma 9.49. Let k be a field of characteristic 0, let n > 0 be an integer,
and let K be a splitting field for []'_, (X" — 1) over k. Then K/k is a Galois
extension, the Galois group of Gal(K/k) is abelian, and K has a root tower over k.

PROOF. Being a splitting field in characteristic 0, K is a finite Galois extension
of k. For1 <r < n, let w, be a primitive r root of 1 in K. The primitive
r' roots of 1 are parametrized by the group (Z/rZ)* once some ;, is specified,
the parametrization being k +—> a)f. If o is in Gal(K/k), then o (w,) = a)f for
some such k. This correspondence respects multiplication in (Z/rZ)* since if
o(w,) = of and o' (w,) = @, then o’ (0(w,)) = o' (@) = o' (w,)* = .
Thus for each r, we have a homomorphism of Gal(KK/k) into the abelian group
(Z/rZ)*. Putting these homomorphisms together as r varies and using the fact
that the w,’s generate K over k, we obtain a one-one homomorphism of Gal(K/k)
into the abelian group [["_, (Z/rZ)*. Consequently Gal(K/k) is isomorphic to
a subgroup of an abelian group and is abelian.

It follows from Corollary 9.39 that every extension of intermediate fields is
Galois and has abelian Galois group. For 1 < r < n, we introduce the interme-
diate field K, = k(w;, wa, ..., w;). Here K| = k(1) =k. For1 <r < n, K, is
generated as a vector space over K,_; by o, @?, ..., @/~ since Z;;(l) b =0
forr > 1, and thus [K, : K,_;] < r — 1. Since Gal(K, /K,_;) is abelian, it has
a composition series whose consecutive quotients are cyclic of prime order, the
prime order necessarily being < [K, : K,_;] <r — 1. Applying Galois theory,
form the chain of intermediate extensions between K, _; and K,. The degree of
each extension is some prime p with p < r — 1, the prime depending on the two
fields in the chain. The p' roots of unity are in the smaller of any two consecutive
fields because they are in K,_;. By Corollary 9.48, such a degree-p extension
between K,_; and K, is generated by the smaller field and the p™ root of an
element in the smaller field. Since K; = k, we see inductively that K, has a root
tower over K, _; for each r. Since K = K,,, K has a root tower over k. O
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PROOF OF SUFFICIENCY IN THEOREM 9.44 THAT Gal(K/k) BE SOLVABLE. Let
F(X) be in k[X], and suppose that K is a splitting field of F(X) over k. Under
the assumption that Gal(K/k) is solvable, we are to prove that there exists a finite
extension K’ of K having a root tower.

Since G = Gal(K/k) is solvable, we can find a finite sequence of subgroups
of G, each normal in the next larger one, such that the quotient of any consecutive
pair is cyclic of prime order. We write

G=Hy2H 2 2 H1 2 H = {1}
with H;/H; cyclic of prime order p; for 0 < j < k. Let

k=KoCK) S - CKy—1 SKy =K
be the corresponding sequence of intermediate fields given by the Fundamen-
tal Theorem of Galois Theory (Theorem 9.38). Here K; = K/, and H; =
Gal(K/K;).

According to Corollary 9.39, K, is a normal extension of K; if and only if
Gal(K/K;4) is a normal subgroup of Gal(K/K;), and in this case we have a
group isomorphism Gal(K/Kj)/Gal(K/Kj+1) = Gal(K;41/K;). Since Hj 1 is
a normal subgroup of H; with quotient cyclic of order p;, it follows that K, /K;
is indeed normal and the Galois group is cyclic of order p;.

Let us use Theorem 9.22 to regard K as lying in a fixed algebraic closure K.
Let n be the product of all the primes p;, and let K, be the splitting field over
k for [T/, (X" — 1) within K. For I < j < k, let K/ be the subfield of K
generated by K; and K{;. We define K’ = K. Then we have

kCKyCK C---CK,_, CK; =K'
Lemma 9.49 shows that K, has a root tower over K'. To complete the proof, it is
enough to show for each j > 0 that either K’ | = Kj orelse [K}, : Ki] = p;
and K; 41 18 generated by K} and the pjt.h root of some member of K}.

For each j > 0, suppose that K;; = K;(x;). Let F;(X) be the minimal poly-
nomial of x; over K. Since K, /K;isnormal, K, is the splitting field of F; (X)
over K;. Then K}H = K; (x;) is the splitting field of F;(X) []'_, (X" — 1) over
K’, and consequently K, /K’ is a normal extension. If g is in Gal(K}  ; /K}),
then g sends x; into a root of F;(X) and is determined by this root. The restriction
8lk,,, therefore carries K;; into itself and is in Gal(K;;/K;). Since g is

determined by g(x;), the group homomorphism g + g|K+] is one-one. The
J

image of this homomorphism must be a subgroup of Gal(K;/K;) and therefore
must be trivial or have p; elements. In the first case, K} = K}, and in the
second case, [K} 41 K’]] = p;. In the latter case, K; contains all p; of the p}h
roots of 1 since these roots of 1 are in K{j; by Corollary 9.48, K} 41 18 generated

by K’ and a p]‘.h root of some member of K. This completes the proof. a
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We turn now to apply our methods to irreducible cubics over a field k of char-
acteristic 0. In effect we shall derive Cardan’s formula,'> which was mentioned
at the beginning of Section 11.

The Galois group of a splitting field of a cubic polynomial has to be a subgroup
of the symmetric group &3, and irreducibility of the cubic implies that the Galois
group has to contain a 3-cycle. Therefore the Galois group has to be either G5 or
the alternating group 23 = Cs.

Let the cubic be X>+a> X +a; X +ay, the coefficients being ink. Substituting
X=Z7Z- %az converts the polynomial into

(Z = 30)’ +axZ - 30 + al(Z = 30) + ao
=2+ (a1 — 38D Z + (a0 — 30102 + %a3),

and therefore we can assume whenever convenient that the given polynomial has
a) = 0.
Suppose for the moment that the Galois group is G = G3. A composition
series is
G=G63;2% 2 ({1},

and we can write the corresponding sequence of fixed fields as
kCcLCK,

where K is the splitting field and L is K%3. The dimensions satisfy [L : k] = 2
and [K: L] = 3.

Let the roots in K of the given cubic be ry, r;, r3. Since G is solvable, Theorem
9.44 tells us that the roots are expressible in terms of radicals and members of
k. To derive explicit formulas for the roots, the idea is to use a two-step process
with Lagrange resolvents, arguing as in the proof of Corollary 9.48 at each step.

The first step involves passing from k to L. The square roots of 1 are already
in k, and LL is to be obtained from k by adjoining one of the square roots of
some element of k. In Proposition 9.47 the Galois group Gal(IL/k) is a 2-element
quotient group, the sum is over members of the quotient group, and the element x
isin L. Itis alittle more convenient to pull the sum back to one over the 6-element
symmetric group, taking w to be the sign function on G3 and taking x to be any
element of K. The formulas for the projection operators Ey and E| are then

Eox :% > o(x),

0663

Eix = % > (sgno)o(x),

0663

I5We discuss only Cardan’s cubic formula, omitting any discussion of the corresponding quartic
formula, which often bears Cardan’s name and which can be handled with the same techniques. See
Van der Waerden, Vol. I, Section 58, for details.
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with x in K, and the proof of Corollary 9.48 tells us to adjoin to k the square root
of any element of image E, i.e., any element with o (x) = (sgnx)x for all o in
Gs.

The only elements of K for which we have good control of the action of the
Galois group, apart from the elements of k, are the elements that are expressed
directly in terms of the roots ry, r,, 3 of the polynomial. By renumbering the
roots if necessary, we may assume that the roots are permuted by G5 according to
their subscripts. An example of a polynomial function of ry, r;, r3 that transforms
according to the sign of the permutation played a role in Section 1.4 in defining
the sign of a permutation. It is the difference product of the polynomial, namely

(rj —ri).
1<i<j<3

This is a square root of the discriminant D of the polynomial, which is given by

D = l_[ (rj—r,-)z.

1<i<j<3

We shall compute D in terms of the coefficients of the cubic shortly. In the
meantime, the proof of Corollary 9.48 thus tells us that L. = k(+/D ). Here /D
is given by

VD = (r3 —r)(rs —r1)(r2 — 11)
= (2 +ror +r3rd) — 2y + r2rs 4 r2r).

The second step is to pass from L to K. Corollary 9.48 says to expect K
to be obtained by adjoining the cube root of something if the cube roots of 1
are already present in L. The proof of the second half of Theorem 9.44, which
follows Corollary 9.48, indicates how we can incorporate the cube roots of 1 into
the fields in order to have a root tower. What we can do is to replace k at the start
by a splitting field for [[,_,_; (X" — 1). Since %1 are already in k, we are to
adjoin the nontrivial cube roots of 1, i.e., the roots of X 24X +1,if they are not
already present. In other words, what we do is replace k at the start by k(v/—3).
Changing notation, we assume that /=3 lies in k from the outset.

We can now use Lagrange resolvents. Let o be the generator (1 2 3) of s,
sending ry to rp, rp tors, and r3 tory;. Let w = %(—1 + +/=3) be a primitive
cube root of 1. Then we have

Eox = %(x +ox + crzx),

Eix = %(x + o lox + o %0%x),

E)x = %(x +o %ox + aflozx).
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Again we can use any x, but the roots of the cubic are the simplest nontrivial
elements for which we know the action of o. Corollary 9.48 shows that K =
L(Ex) if Eyx # 0. Proposition 9.47 says that (E x)? is fixed by o, and it
therefore lies in L. Hence K is identified as obtained from IL by adjoining a cube
root of the element (E;x)3 of L.

Taking x = r|, we have ox = r; and o2x = r3. Also, 0*! = %(—1 +./-3).

Using the formula for E;x and substituting for v/D and w*! then gives

(3E1}"1)3 = 1”13 +I"; + 7”32 + 61"17‘2}"3
30~ (2 2 2 2 2 2
+ 3w (riry +ryr3 +rir) + 3w (riry +rory +r3ry)
= z:rl.3 + 6r11or3 — % > rizrj + %\/—_3«/D.
i i#]

To proceed further, we shall want to substitute expressions involving the co-
efficients of the cubic for the above symmetric expressions in the roots.'® These
expressions will be considerably simplified if we assume that the coefficient of
X? in the cubic is 0. We know that this assumption involves no loss of generality.

Thus we assume for the remainder of this section that the cubic is X* + pX +¢.
The relevant formulas relating the roots and the coefficients are

ri+r+r3=0,
riry +rir3 +ror3 = p,
rirri3 = —(q.

Aiming for the right side of the displayed formula for (3E7)?, we have

0=(r1+r2+7r3)° =312 +33 rlrj + 6rirars,
i

i#]
_ __9 2 27
0= (ry +ra+r3)(riry+rirs +rar3) = —5 Y rirj — Srirars,
=y
27 27
—34 = Frirnrs.

Addition of these three lines and comparison with the expression for 3(E;r)3
yields

_27751 = Zr? — % Z rizrj + 6ryror; = (3E1r1)3 — %«/ —3\/5
i i#j
Consequently

BEir)’ =—-Fq+3v-3VD.

16problems 36-39 at the end of Chapter VIII assure us that this rewriting is possible. For our
derivation this assurance is not logically necessary, since we will be producing explicit formulas.
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Similarly

BEr)’ = —Fq — 3v/-3VD.

Since 3Egr; = r; 4+ rp + r3 = 0, we have expressions for Egry, Er1, and Epry,
apart from the choices of the cube roots. Proposition 9.47b says that we recover
r1 by addition: r; = Egr; + Er; + E,r;. Thus we have found a root explicitly
as soon as we sort out the ambiguity in the choices of cube roots and determine
the value of D in terms of the coefficients p and g.

Theorem 9.50 (Cardan’s formula). Let k be a field of characteristic O con-
taining +/—3, and let X> + pX 4 ¢ be an irreducible cubic in k[X]. For this
polynomial the discriminant D is given by

D = —4p> —274°.

The Galois group of a splitting field of the cubic is G5 if D is a nonsquare in k
and is 3 if D is a square in k. In either case, fix a square root of D, denote it by
/D, and let 0*!' = %(—1 + /=3) be the primitive cube roots of 1. Then it is
possible to determine cube roots of the form

3Eir =+-Fq+ %\/—3\/5 and 3Ey=-%q— %4/_3\/5

in such a way that their product is (3E17r;)(3E1r2) = —3p, and in this case the
three roots of X3 4+ pX + ¢ are given by

ry = Eyry + Eory,
rp = wE1r1 + CU2E27’1,
r3 = w2E1r1 + wkEsr.
PROOF. Define o} = r{‘ + rf + ré‘ for 1 < k < 4. By inspection we have
2

1 1 1 I r 3 o1 oy
r r, r 1 rm r22 =|oy o o3].
r2 2 g2 1 2 oy 03 O

1 2 3 r3 r3 2 03 04

Taking the determinant of both sides and applying Corollary 5.3, we obtain

3 op 02
D=det| oy o, o3| =30204 — 023 — 3032.
03 03 O4

The given cubic shows that oy = r| + r, + r3 = 0. For the other o;’s, we have
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oy = r12 + r22 + r32 =1 4+r+m)=20rra+rirs +rar) = —2p,
03 =r13 —|—r23 —I—r;’ = (r; —|—r2+r3)(r12+r22+r32)
— (r12r2 + r12r3 + r22r1 + r22r3 + r32r1r32r2)
= —(r1 +r2+r3)(rira +rirs +rar3) + 3rirars = =34,
oy =1} 1y 4rd = F i) =20 + il £ i)
= (=2p)* = 2(rir2 + rirs + rar3)’
+4rirars(rn +r2 +13) = (=2p)* = 2(p)* = 2p”.
Substituting, we obtain D = —12p° +8p°* —27¢* = —4p> —274¢>. This proves
the formula for D. In particular, it confirms that D lies in k.
The Galois group of the splitting field of the polynomial must be G3 or Us. If
it is &3, then we saw above that L. = k(\/ﬁ) and that [IL : k] = 2. Hence D is a
nonsquare in k. If the Galois group is s, then (r3 —rp)(r3 —r1)(ry —ry) is fixed
by the Galois group and lies in k. The square of this element is D, and hence D
is a square in k.

With either Galois group the calculations with the cubic extension that precede
the statement of the theorem are valid. If ; is one of the roots, then we know that

r1 = Eory + Evry + Epry = Ery + Eory,
GBEin)® = -%q+ 3v/-3VD,
(BExr)® = -Zq — 3v=3VD.

The uniqueness of simple extensions (Theorem 9.11) says that we can make any
choice of cube root to determine 3Er;. Then

GBEr)BExw) = (r + o lor + 0 26 r)(r + 0 %or + 0 o)
=1+ 'r o) + o 4o ')
= ({473 +r) 4 (@40 )iy +rirs +rars)
= (r12 + r22 + r32) — (rira +rirs +rar3).

The first term on the right side we calculated in the first paragraph of the proof
as op = —2p, and the second term gives —p. Thus (3Er1)(3E,r;) = —3p as
asserted. Since o operates on image E| as multiplication by @ and on image E,
as multiplication by w?, the fact that r; = Er| + Eary implies that

rp=o0(r)) =wEir + w2E2r1
and r3 = az(rl) = W’ Eir| + wEyr,.

This completes the proof. ([l
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14. Proof That 7 Is Transcendental

In this section and the next three, we combine Galois theory with some of the

ring theory in the second half of Chapter VIII. This combination will allow us to

prove some striking theorems, see how Galois groups can be used effectively in

practice, and develop some techniques for identifying Galois groups explicitly.
The present section is devoted to the proof of the following theorem.

Theorem 9.51 (Lindemann, 1882). The number 7 is transcendental over QQ.

The argument we give is based on that in a book by L. K. Hua.!” For purposes
of having a precise theorem, 7 is defined as the least positive real number such
that e™ = —1. In addition to Galois theory in the form of Proposition 9.35,
the proof here will make use of a few facts about algebraic integers. Algebraic
integers were defined in Section VIII.1 and again in Section VIIL.9 (as well as in
Section VII.4) as complex numbers that are roots of monic polynomials in Z[ X].
The algebraic integers form a ring by Corollary 8.38 (or alternatively by Lemma
7.30), the only algebraic integers in QQ are the members of Z by Proposition 8.41
(or alternatively by Lemma 7.30), and any algebraic number x has the property
that nx is an algebraic integer for some integer n # 0 by Proposition 8.42.

We begin with a lemma.

Lemma 9.52. Let f(X) in C[X] be givenby f(X) =Y ;_, a; X*, and define
F (X) to be the sum of the derivatives of f(X):

FX) =3 rOX).
=0

If Q(z) is defined as Q(z) = F(0)e* — F(z) for z € C, then F(0) = Y, _, axk!
and

10G)] < e 3 Jallzlt.
k=0

PROOF. We calculate directly that

k! n kkl

P TR IR T

akk'

n o n n k
F =
O=ZXa o’ ~Lma-n

7 Introduction to Number Theory, pp. 484—488. In the same pages Hua establishes the earlier
theorem of Hermite that e is transcendental, using a related but simpler argument.
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Evaluation at z = 0 gives F(0) = Y ;_, axk!. Then

n k k!
|0 akZ—Z - ‘
= =0i=0 !
n k!
Ya Y l—,zl]
k=0 I=k+1
I
< Zl a| ioj i since () <1
= 1=k (= K)!
2 |Z|m
= Z lag||z] Z —
< el Jallz)*. O

k=0

PROOF OF THEOREM 9.51. Arguing by contradiction, suppose that  is al-
gebraic over Q, so that « = i is algebraic over Q as well. Let M(X) be the
minimal polynomial of « over @, and let K be the splitting field of M(X) in C.
This exists since C is algebraically closed. We write &y, . . ., &, for the roots of
M(X) in K, with «; = «. These are distinct algebraic numbers, and they are
permuted by the Galois group, G = Gal(K/Q). What we shall show is that

R=T](1+ev) 0.
j=1

This will be a contradiction since 1 + ¢“' =0 for oy = i.
We expand the product defining R, obtaining

— 1+Zeaj +Zeaj+ak+
J Jk
Whenever one of the exponentials has total exponent 0, we lump that term with
the constant 1. Otherwise we write the term as e/, allowing repetitions among
terms e, Thus
R=N+eﬁ‘ +eﬁz+...+eﬁr’

with N an integer > 1, with each §; # 0, and with N 4+ r = 2.

Each member of G = Gal(K/Q) permutes «1, ..., &, and it therefore per-
mutes the §;’s that are single «;’s, permutes the f;’s that are the nonzero sums of
two «;’s, permutes the $;’s that are the nonzero sums of three «;’s, and so on.

Choose an integer a > 0 such that aay, . .., aa,, are algebraic integers, let p
be a prime number large enough to satisfy some conditions to be specified shortly,

and define
(a )P I r n
fX)= ]_[ (aX —app? =) aX".
(p—D! k=0
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The members o of G act on f(X) as usual by acting on the coefficients. Each g;
that is the nonzero sum of a certain number of «;’s is sent into another 8 of the
same kind, and thus o just permutes the factors of the product defining f, leaving
f(X) unchanged. The coefficients of (p — 1)! f(a~'X) are algebraic integers in
K. Being fixed by G, they are in QQ by Proposition 9.35d, and hence they are in
Z. Therefore
Ap_lapflxpfl + ApaPXP + - -

(p — D!
withA,_1, Ay, ... inZ. Since A,_| = lezl (—ap;)?, we can arrange that p does
not divide Ap,]a‘”_1 by choosing p greater than a and greater than | [T @B |
If we look at the /™ factor in the product defining f(X), we see that (X — ;)
divides f(X) in K[X]. Therefore we have further formulas for f(X), namely

Vp (X — BDP + yp10(X — 1) LA
(p— D!

As in Lemma 9.52, we define

fX) =

f(X)=

forl <l <r.

F(X) = Z FOX) and 0(2) = F(0)e* — F(2).
[=0

Then we have F(0) = ZZ:O ark!. For 1 <1 < r, the definition of Q(z) gives
F(0)e? = F(B;) + Q(B;). Substituting from the definition of R, we obtain

FO)R = FO)(N + ,Z eF) = NF(0) + IZ F(B) +li o). ()
=1 =1 =1

A further condition that we impose on the size of p is that p > N. Then the
computation

n
NF©) =N Y atk! = N(Ap_1a”~' + pA,a? + p(p + DA, pa?™ + )
k=0

and the properties of A,_i, A, ... together imply that N F'(0) is an integer and
is not divisible by p.

Let us compute F(f;). The derivatives through order p — 1 of f(X) are O at
B;. For the p™ derivative we have

). (7 1
pyps = fPB) = pAya® + ¥ (P+i)-G+D

= (p _ 1)| Ap+jap+j13[J'
]z :

The coefficient of A, jap+j ,Blj inside the sum equals

(p+j)--(G+Djlp :p<p+j>
p(p—D!j! i)
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and thus

PYoa =P B) =a’(pAy + X p("T) Apsj(app’).
J=

The higher-order derivatives are computed and simplified similarly. For the
(p + k)™ derivative with k > 1, we find that

(p+k) - (p+Dpypers = FPB)

=a’*((p+k) - (p+ DpApk (%)
+ 2 (p+h) - (p+ Dp("TI) Ay jan (@B
j=1

Put Cpp = er:1 Yp+k,1- Summing the left and right members of (xx*) over /
gives
. l .
Cpar = a" M (r A+ 1 (") Apsjn Yo (aBD)).
iz j=1

The sum Zﬁzl(aﬁl)j is an algebraic integer fixed by G, and it is therefore an
integer. Consequently each C is an integer. Summing the left and middle
members of (k) over k and [ gives

li F(B) = T (p+4)-+-(p + DpCpus,
=1 >

and this is an integer divisible by p.
Since N F(0) is an integer not divisible by p, NF(0) + er=1 F(B;) is an
integer not divisible by p, and we have

INF(O)+ Y F(B)| = 1.
=1
In view of (x), we will have a contradiction to R = 0 if we show that

1> 0| < 1.
=1
An easy argument by induction on m shows that if Y " diz" = [j_; (z — ¢)),
then Y 1, |di||z|* < ;:1 (Iz] + Icj1). Applying this observation to the sum and
product defining f(X) and using Lemma 9.52, we see that

n p—1 r p
10 = 3 layljzpt < LT T @l alBDT
k=0 (p— D!
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For each fixed z, the right side is the (p — 1) term of the convergent series for an
exponential function at an appropriate point, and hence the right side is less than
r~'e~l for p sufficiently large, p depending on z. Choosing p large enough to

make the right side less than r ~'e~1?l for z = By, ..., B; and summing over these
z’s, we obtain ‘ Y Q(,81)| < 1, and we have arrived at the contradiction we
anticipated. (]

15. Norm and Trace

This is the second of four sections in which we combine Galois theory with
some of the ring theory in the second half of Chapter VIII. We shall make use
of a little more linear algebra than we have used thus far in this chapter, and we
shall conclude the section by completing the proof of Theorem 8.54 concerning
extensions of Dedekind domains.

Let k be a field, not necessarily of characteristic 0, and let K be a finite
algebraic extension. We take advantage of the fact that K is a vector space over
k. If a is in K, let us write M (a) for the k linear mapping from K to K given by
multiplication by a. The characteristic polynomial det(X ! — M(a)) is called the
field polynomial of ¢ and is a monic polynomial in k[ X] of degree [K : k]. The
norm and trace of a relative to K/k are defined to be the determinant and trace
of the linear mapping M (a). In symbols,

Nk/x(a) = det(M(a)),
Trg/k(a) = Tr(M(a)).

Both Nk and Trgy are functions from K to k. If n = [K : k], then Nk (a)
is (—=1)" times the constant term of det(X/ — M(a)), and Trg i (a) is minus the
coefficient of X"~!. The subscript K/k may be omitted when there is no chance
of ambiguity.

EXaMPLE. k = Q, K = Q(+v/2),a = v/2. If weuse I' = (1,+/2) as an
ordered basis of K over k, then the matrix of M (a) relative to I" is (ﬁ?) =

02
10
the field polynomial of a can be computed in this basis and is given by

. Since characteristic polynomials are independent of the choice of basis,

XI-M@ _ X -2\ _ y2
det( r >_det(_1 x>_X - 2.

We can read off the norm and trace as N (a) = —2 and Tr(a) = 0.
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Proposition 9.53. If K/k is a finite extension of fields with n = [K : k], then
norms and traces relative to K/k have the following properties:

(@) N(ab) = N(a)N(b),

(b) N(ca) =c"N(a) for c € k,

(¢) N(1) =1, and consequently N(c) = ¢" for ¢ € k,

(¢) Tr(a + b) = Tr(a) + Tr(b),

(d) Tr(ca) = cTr(a) for c € k,

(e) Tr(1) = n, and consequently Tr(c) = nc for ¢ € k.

PROOF. Properties (a) and (b) follow from properties of the determinant in
combination with the identities M (ab) = M(a)M(b) and M(ca) = cM(a).
Properties (c) and (d) follow from properties of the trace in combination with the
identities M(a + b) = M(a) + M (b) and M(ca) = cM(a). Since M (1) is the
identity, the norm and trace of 1 are 1 and #n, respectively. The other conclusions
in (c) and (e) are then consequences of this fact in combination with (b) and (d).

O

Proposition 9.54. Let K/k and /K be finite extensions of fields with
[K: k] = nand [L : K] = m, and let a be in K. The element a acts by
multiplication on K and also on L, yielding k linear maps in each case that will
be denoted by My /i (a) and My i (a). Then in suitable ordered vector-space bases
the matrix of My, (a) is block diagonal, each block being the matrix of My /i (a).

PROOF. We choose the bases as in Theorem 7.6. Thus let I' = (wq, w», ...)
be an ordered basis of K over k, and let A = (&1, &, ...) be a basis of L over K.
Theorem 7.6 observes that the mn products &;w; form a basis of IL over k, and we
make this set into an ordered basis €2 by saying that (i1, ji) < (i2, jo) ifi; < i
orifi; =i and j; < jo. Let Mg x(a)w; = Y, cjjo;. Then

My x(a)éiw; = (1; cjw)& = 1;1 z; (kicij)érwy,s

where §;; is 1 when k& = i and is O otherwise. The matrix <Mgk9(a)> has

((k, D), (i, ) entry dy;c;;, and this is O unless the primary indices k and i are
equal. Thus the matrix is block diagonal, the entries of the i™ diagonal block
being ¢;;. O

Corollary 9.55. Let K/k and L/K be finite extensions of fields with
[L : K] = m, and let a be in K. Let Mgk (a) and My, (a) denote multiplication
by a on K and on L, and let Fg x(X) and Fy,/x(X) be the corresponding field
polynomials. Then

Fipe(X) = (Fiepe(X))".

Consequently Ny, /x(a) = (Ngk(a))™ and Try i (a) = m Trg i (a).
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PROOF. Proposition 9.54 shows that the matrix of XI — My, (a) may be
taken to be block diagonal with each of the m diagonal blocks equal to the
matrix of X/ — Mg (a). The determinant of XI — My, (a) is the product
of the determinants of the diagonal blocks, and the formula relating the field
polynomials is proved.

The formulas for the norms and the traces are consequences of this relationship.

In fact, let .
FK/[K(X) = X" + c,,_lX"_ +---+co

and FL/[K(X) = X’"”+dm,,,1X’””_l +---+dp.

Comparing coefficients of Fx(X) and (Fi/x (X))m, we see that dy,,,—1 = mcy—1
and dy = ¢('. Therefore

Npjx(a) = (=1)™"dy = ((=1)"co)" = (Ngk(a))"
and Try k(@) = —dun—1 = —mc,—1 = mTrg i (a).

This completes the proof. g

Corollary 9.56. Let K/k be a finite extension of fields, and let a be in K. Then
the field polynomial of a relative to K/k is a power of the minimal polynomial of
a over k, the power being [K : k(a)]. In the special case K = k(a), the minimal
polynomial of a coincides with the field polynomial.

REMARKS. In the theory of a single linear transformation as in Chapter V,
the minimal polynomial of a linear map divides the characteristic polynomial, by
the Cayley—Hamilton Theorem (Theorem 5.9). For a multiplication operator in
the context of fields, we get a much more precise result—that the characteristic
polynomial is a power of the minimal polynomial.

PROOF. If F(X) is in k[ X], then the operation M of multiplication has
M(F(a))b = F(a)b = F(M(a))b for b € K, (%)

as we see by first considering monomials and then forming k linear combinations.
The minimal polynomial of a over k is the unique monic F (X) of lowest degree
in k[ X] for which F(a) = 0, hence such that M(F (a)) = 0. Meanwhile, the
minimal polynomial of the linear map M (a) is the unique monic F'(X) of lowest
degree such that F'(M(a)) = 0. These two polynomials coincide because of ().

The degree of the minimal polynomial of M (a) thus equals the degree of the
minimal polynomial of a, which is [k(a) : k]. The Cayley—Hamilton Theorem
(Theorem 5.9) shows that the minimal polynomial of M (a) divides the charac-
teristic polynomial of M (a), i.e., the field polynomial of a. When the field K is
k(a), the minimal polynomial of a and the field polynomial of a have the same
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degree; since they are monic, they are equal. This proves the second conclusion
of the corollary.

For the first conclusion we know from Corollary 9.55 that the field polynomial
of a relative to a general K is the [K : k(a)]™ power of the field polynomial of a
relative to k(a). Since we have just seen that the latter polynomial is the minimal
polynomial of a, the first conclusion of the corollary follows. (]

EXAMPLE, CONTINUED. k = Q, K = Q(+/2), a = +/2. We have seen that
the field polynomial of a is X? — 2, that the norm and trace are N (a) = —2 and
Tr(a) = 0, and that the matrix of the multiplication operator M (a) in the ordered

basis ' = (1,+/2) is (Al{(]f)> = (? g) The eigenvalues of (A?(lf)> are ++/2,

namely the roots of the field polynomial. These are not in the field k. Indeed,
they could not possibly be in the field, or we would have M (a)x = Ax for some
x # 0 in K and some A in k, and this would mean that A = a. Since the roots

++/2 of the field polynomial each have multiplicity 1 and lie in K, the matrix

M@\ . .- . . V2 0
( T )1s s1m11arovethothedlagonalmatrlx( o —v3

have the same trace and the same norm, we can compute the trace and norm of
M (a) from this diagonal matrix, namely by adding or multiplying its diagonal
entries. The significance of the diagonal entries is that they are the images of v/2
under the members of the Galois group Gal(K/k). We shall now generalize these
considerations. Additional complications arise when K/k fails to be separable
and normal.'®

) . Since similar matrices

Proposition 9.57. Let k be a field, let k(a) be an algebraic extension of k, and
suppose that the minimal polynomial F(X) of a over k is separable. Let K be a
splitting field of F'(X), and factor F(X) over K as

FX)=X—-a)(X —ay)--- (X —ay)

with all a; € K and with a; = a. Then the matrix of the multiplication operator
M (a)k(q)x of a on k(a) is similar over K to a diagonal matrix with diagonal
entries ay, . . ., a,. Consequently

n n
Ni(ay/x(a) = Haj and Tryay/x(a) = Zaj-
j=1 j=1

18The above argument used a matrix with entries in k and considered the entries as in the larger
field K. The reader may wonder what the corresponding construction is for the k linear map M (a). It
is not to treat M (a) as a K linear map on K, since then M (a) would have just the one eigenvalue V2,
which would have multiplicity 1. Instead, it is to use tensor products as in Chapter VI, knowledge
of which is not being assumed at present. The idea is to extend scalars, replacing K by K ® K and
replacing M (a) by M(a) ® 1. The K linearity occurs in the second member of the tensor product,
not the first, and the operator M (a) ® 1 is the K linear map with eigenvalues +2.
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REMARKS. The elements ay,...,a, of K, with a; = a, are called the
conjugates of a over k. The conjugates of a are the images of a under the
Galois group when k(a) is Galois over k, but they extend outside k when k(a) /k
is not normal.

PROOF. Corollary 9.56 shows that F(X) equals the field polynomial of a
relative to k(a)/k, i.e., is the characteristic polynomial of the multiplication
operator Myq)/k(a). Let A be the matrix of My, (a) in some ordered basis of
k(a) over k. If we regard A as a matrix with entries in K, then the characteristic
polynomial of A splits in K, and the roots of the characteristic polynomial have
multiplicity 1, by separability. Consequently A has a basis of eigenvectors, the
eigenvectors being column vectors with entries in K and the eigenvalues being the
members ay, . .., a, of K. It follows that A is similar over K to a diagonal matrix
with diagonal entries ay, ..., a,. The determinant and trace of this diagonal
matrix equal the determinant and trace of A, and therefore the norm and trace of
a are the product and sum of the members ay, ..., a, of K. OJ

Corollary 9.58. Let K be a finite Galois extension of the field k, let G =
Gal(K/k), let L be an intermediate field withk € I. C K, and let H = Gal(K/LL)
as asubgroup of G. Fix an ordered basis I" of L over k. Then the expression “o (a)
for o € G/H ” is well defined for a in L, and there exists a nonsingular matrix

C of size [LL : k] with entries in K such that every a in L has C~! (erfﬂ;@) c

diagonal with diagonal entries o (a) for o € G/H. In particular, every member
a of L has norm and trace given by

Nyj(a) = ]_[ o(@) and  Trpp(a) = Z o(a).

oeG/H oeG/H

PROOF. Letabeinl, o bein G, and T be in H. Then 7(a) = a, and therefore
ot(a) = o(a). Consequently all members of the coset o H of G/H have the
same value on a, and “o (a) foro € G/H ” is well defined.

Letn = [IL : k] = |G/H|. Fix an ordered basis I" of . over k. Foreacha € L,
let A(a) be the matrix of the multiplication operator M (a)r i relative to I'.

The Theorem of the Primitive Element (Theorem 9.34) shows that . = k(x)
for some x. Proposition 9.57 applies to this element x and to a splitting field
within K for its minimal polynomial, showing that there is a nonsingular matrix
C with entries in K such that C~'A(x)C is a diagonal matrix whose diagonal
entries are the n conjugates x1, ..., x, of x in K, x; being x; the diagonal entries
are necessarily distinct by separability. For each i with 1 <i < n, there exists o;
in G with 0; (x) = x; by Theorems 9.11 and 9.23. Since H fixes L, every member
of the coset 0; H carries x to x;. On the other hand, every ¢ in G must carry x to
some conjugate, hence must have o (x) = o;(x) for some i. Then cri_lo fixes x
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and hence L, and it follows that (fi_lo* isin H. Thus o is in o; H. In other words,

the conjugates xi, ..., x, may be regarded exactly as the images of the n cosets
ojH.

In this terminology the diagonal entries of C ~! A(x)C are the n elements o (x)
foro in G/H. Foreach j withO < j < n—1,wehave A(x/) = A(x)/, and hence
C~'A(x/)C = C7'A(x)/C is diagonal with diagonal entries o (x)/ = o (x/) for
o in G/H. Forming k linear combinations, we see for every polynomial P (X)
in k[ X] of degree < n — 1 that C~' A(P(x))C is diagonal with diagonal entries
o (P(x)). Every element a of K is of the form P(x) for some such P(X), and
the existence of C in the statement of the corollary is proved. The formulas for
the norm and trace follow by taking the determinant and trace. (]

Corollary 9.59. If K is a finite separable extension of the field k, then the
trace function Try  is not identically 0.

REMARKS. This result is trivial in characteristic 0 because Trk /(1) = [K : k]
is not zero. The result is not so evident in characteristic p, and the assump-
tion of separability is crucial. An example for which separability fails and
the trace function is identically 0 has k = [F(x), where [F is a finite field of
characteristic p and x is transcendental, and K = k(x!/?). The basis elements
1, xYp x2/p . xW=D/P ]l have trace 0, and therefore the trace is identically 0.

PROOF. By the Theorem of the Primitive Element (Theorem 9.34), we can
write K = k(a) for some a # 0. Let K’ be a splitting field for the minimal
polynomial of a over k. Then K’'/k is a separable extension by Corollary 9.30
and hence is a finite Galois extension. Proposition 9.57 shows that the matrix of
My x(a) in any ordered basis of K over k is similar over K’ to a diagonal matrix
with entries ay, ..., a,, where ay, ..., a, are the conjugates of a with a; = a.
These conjugates are necessarily distinct by separability. For 1 < k < n, the
matrix of M i (a¥) is similar via the same matrix over K’ to a diagonal matrix
with entries af, ..., ak. If Trgx(a*) = 0 for 1 < k < n, then we obtain the
homogeneous system of linear equations

aix) + axxy + - - - + apxy =0,

2 2 2
ayx; +ayxo +---+a;x, =0,

alxy+ayxo+---+ayx, =0,

with (x1, ..., x,) = (1, ..., 1) asanonzero solution. The coefficient matrix must
therefore have determinant 0. This coefficient matrix, however, is a Vandermonde
matrix except that the j™ column is multiplied by a; for each j. Since ay, ..., a,
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are distinct, Corollary 5.3 shows that the determinant of the coefficient matrix
canbe QO onlyifaja - - -a, = 0. Since a # 0, we have arrived at a contradiction,
and we conclude that Try i (a*) # 0 for some k. ]

With the aid of Corollary 9.59, we can complete the proof of Theorem 8.54 in
Section VIII.11. Let us restate the part that still needs proof.

THEOREM 8.54. If R is a Dedekind domain with field of fractions F and if K
is a finite separable extension field of F, then the integral closure T of R in K is
finitely generated as an R module and consequently is a Dedekind domain.

REMARKS. What needs proof is that 7 is finitely generated as an R module.
It was shown in Section VIII.11 how to deduce as a consequence that T is a
Dedekind domain.

PROOF. Since R is Noetherian (being a Dedekind domain), Proposition 8.34
shows that it is enough to exhibit 7 as an R submodule of a finitely generated R
module in K. Let {u, ..., u,} be a vector-space basis of K over F. Proposition
8.42 shows that we may assume that each u; is in 7'.

Define an F linear map from K into its F vector-space dual K’ by y — £,
where £,(x) = Trg,r(xy) for x € K. This map is one-one by Corollary 9.59,
and the equality of dimensions of K and K’ over F therefore implies that the
map is onto. We can thus view every member of K’ as uniquely of the form ¢,
for some y in K. With this understanding, let {{,,, ..., £, } be the dual basis of
K’ with £y, (u;) = é;; forall i and j. Then we have

Trg/r(uiv)) =§;;  foralliand j.

Applying Proposition 8.42, choose ¢ # 0 in R with cv; in T for all j. We shall
complete the proof by showing that

T C Rc_lul —I—-.-—{—Rc_lun. (%)
Before doing so, let us observe that
Trg,p(t) isinRiftisinT. (k)

In fact, Proposition 9.57 shows that Tr () (¢) is the sum of all the conjugates of ¢,
whether or not they are in K. The conjugates have the same minimal polynomial
over F' that ¢ has, and hence they are integral over R. Their sum Trr ), (t) must
be integral over R by Corollary 8.38, and it must lie in F. Since R is integrally
closed (being a Dedekind domain), Trr ), (¢) lies in R. This proves (xx).

Now we can return to the proof of (x). Let x be givenin T. Since T is aring,
cxv;isin T for each j, and Trg,r(cxv;) is in R by (%*). Since {u, ..., u,}isa



526 IX. Fields and Galois Theory

basis, we can write x = ), d;u; with each d; in F. Since Tr(cxv;) is in R, the
computation

Tr(cxvj) = ¢ Trgyr(xv;) = ¢ Y d; Tr(u;v;) = cd,;

i=l

shows that cd; is in R. Then the expansion x = ), (cd;j)c™'u; exhibits x as in
Rc'uy + -+ Re 'u, and completes the proof of (x). OJ

16. Splitting of Prime Ideals in Extensions

Section VIIL.7 was a section of motivation showing the importance for number
theory and geometry of passing from factorization of elements to factorization
of ideals. The later sections of Chapter VIII set the framework for this study,
examining the notions of Noetherian domain, integral closure, and localization
and putting them together in the notion of Dedekind domain. Only just now
were we able to complete the proof of the fundamental result (Theorem 8.54) for
constructing Dedekind domains out of other Dedekind domains. However, that
proposition does not complete the task of extending what is in Section VIIL.7 to a
wider context. Much of Section VIII.7 concerned the relationship between prime
ideals in one domain and prime ideals in an extension. In the present section we
put that relationship in a wider context, showing how the examples of Section
VIII.7 are special cases of the present theory.

In two of the examples in Section VIII.7, we worked with the ring Z of integers
inside its field of fractions Q and with the ring T of algebraic integers within a
quadratic extension K of Q. In the third example in that section, we worked
with the ring C[x], for transcendental x, inside its field of fractions C(x) and
with a certain integral domain 7" within a quadratic extension of C(x). For all
three examples we saw a correspondence between prime ideals P in 7 and prime
ideals (p) in Z or C[x], and that correspondence was formalized in a more general
setting in Propositions 8.43 and 8.53. The objective now is to understand that
correspondence a little better.

The notation for this section is as follows: Let R be a Dedekind domain, such
as Z or C[x], and let F be its field of fractions.!® Let K be a finite separable
extension of F, and let T be the integral closure of R in K. Theorem 8.54,
including the part just proved in the previous section, shows that 7" is a Dedekind
domain. We make repeated use of the fact about Dedekind domains that every
nonzero prime ideal is maximal.

191t might seem more natural to assume that R is a principal ideal domain, as it is with Z and
C[x]. But that extra assumption will not help us, and it will often not be satisfied when the present
results are used in the proof of the important Theorem 9.64 in the next section.
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Proposition 8.43 shows thatif P is any nonzero primeideal of 7, thenp = RNP
is anonzero prime ideal of R. In the reverse direction Proposition 8.53 shows that
if p is any nonzero prime ideal in R, then pT # T, and there exists at least one
prime ideal P of T withp = RN P. The unique factorization of ideals in 7" (given
as Theorem 8.55) explains this correspondence better. If p is given, then p7 is a
proper ideal, hence is contained in some maximal ideal P. Since “to contain is
to divide” (by Theorem 8.55d), such P’s (and only such P’s) are factors in the
decomposition of pT as the product of nonzero prime ideals. Accordingly let us

write
g
pT = l_[ Piei,
i=1

where the P; are the distinct prime ideals of 7' containing p7', or equivalently the
distinct prime ideals of T satisfying R N P; = p. The e; are positive integers
called the ramification indices.

For each P;, we can form the composition R € T — T/P; of inclusion
followed by passage to the quotient. Since p C P;, this composition descends to
a ring homomorphism R/p — T/ P;. The ideal p is maximal in R, and the ideal
P; is maximal in 7. Thus the mapping R/p — T/P; is in fact a field map. We
regard it as an inclusion. Define

fi=1[T/P;: R/pl,

allowing the dimension for the moment possibly to be +oc0. It will follow from
Theorem 9.60, however, that f; is finite. The integer f; is called the residue class
degree.

Theorem 9.60. Let R be a Dedekind domain, let F be its field of fractions, let
K be afinite separable extension of F with [K : F] = n, and let T’ be the integral
closure of R in K. If p is a nonzero prime ideal in R and p7T = f:l P isa
decomposition of pT as the product of powers of distinct nonzero prime ideals in
T, then the ramification indices ¢; and residue class degrees f; = [T/P; : R/p]

are related by
g
Z e fi =n.
i=1

REMARKS. Consequently each f; is finite. The cases of interest for our earlier
examples have R = Z or R = C[x]. When R = Z, each R/p is a finite field.
However, when R = K[x] for some field K of characteristic 0 like K = C, then
each R/p is a finite extension of K, hence is an infinite field.?’

20When R = C[x], then T/P; = R/p = C since C is algebraically closed. The last example of
the present section will elaborate.
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PROOF. Corollary 8.63 gives a ring isomorphism
T/(pT) = T/P{" x --- x T/Pg". (%)

Recall from the definition of residue class degree that we have a field mapping of
R/pinto each T/P;. Since p C Pf for 1 < e < ¢; and since p C pT, it follows
similarly that we have a one-one ring homomorphism of R/p into each T/ Pf
with 1 < e < ¢; and another one-one ring homomorphism of R/p into T/(pT).
Consequently each 7/P¢ with 1 < e < ¢;, the product 7/P" x --- X T/Pg*,
and 7/(pT) may all be regarded as unital R/p modules, i.e., as vector spaces
over the field R/p. Fix i. For 1 < e < ¢;, let us prove by induction on e that

dimg ), (T/Pf) = ef;, (k)

the case e = 1 being the base case of the induction. Assume inductively that (s:x)
holds for exponents from 1 to e — 1. We know from Corollary 8.60 that Pf‘l/ Pf
is a vector space over the field 7/ P; with

dimz/p, (P /PF) = 1. ()

The First Isomorphism Theorem (as in the remark with Theorem 8.3) gives
T/ Pf*] = (T/P) / (Pf*1 / Pf) as vector spaces over R/p, and it follows that

dimpg,p (T/Pf) = dimg)y (T/PF™") + dimg,p (PF '/ PY)
=(e—Dfi+ fi=efi,

the next-to-last equality following from (1) and the inductive hypothesis for the
cases e — 1 and 1. This completes the induction and the proof of ().

In view of the decomposition (x) and the formula (x%) when e = e;, the
theorem will follow if it is shown that

dimpg,p(T/(pT)) = n. (i)

To prove (1) we localize. Let S be the complement of the prime ideal p of R.
Corollary 8.48 shows that S™!'R is a Dedekind domain, Corollary 8.50 shows
that S~'p is its unique maximal ideal, and Corollary 8.62 shows that S~'R is a
principal ideal domain.

The composition R € S~'R — S~'R/S~'p descends to a field mapping
R/p — S7'R/S™'p. Let us see that this mapping is onto. If s, 'ro + S~ 'p in
S~'R/S~p is given, then sq is not in p, and the maximality of p as an ideal in
R implies that (so) + p = R. Therefore we can choose r in R and x in p with
rso + x = ro. Under the mapping R/p — S~'R/S™'p, the image of r + p is
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r+Slp=r+ so_lx +S57lp = so_l(rso +x)+ 85 p = so_lro + S~ !p. Thus
our mapping is onto S~!'R/S~!p, and we have an isomorphism of fields

R/p =S 'R/Sp. €3]

Similarly the composition T € S~!T — S~'T/(S~!'pT) descends to a ho-
momorphism of rings T/pT — S~'T/(S~'pT). Let us show that this map too
is one-one onto.

If ¢ + pT is in the kernel, then the member ¢ of T is in S~'p7, and st is in
pT for some s in S. Hence we have (s)(t) C Pf] P;g, and we can write
() = Pf i P;g Q for some ideal Q. Factoring the principal ideals (s) and
(t) and using the uniqueness of factorization of ideals gives

Vg

($)=P"---PQr and (1) =P P Qs

with O = Q10 and with u; + v; = ¢; for all j. If u; > 0, then we must have
(s) € Pjand sR € P; N R = p. This says that s is in p, in contradiction to
the fact that S equals the set-theoretic complement of p in R. We conclude that
uj = 0 forall j. Therefore (t) = P{'--- Pg*Qy C P{'--- Pg* = pT,and ¢ is in
pT. Consequently the kernel consists of the O coset alone.

Let us show that 7/pT maps onto S~'T/(S~'pT). If s; 'ty + S~'pT in
S='T/S~'pT is given, then sy is not in p, and the maximality of p as an ideal
in R implies that (sgp) + p = R. Therefore we can choose r in R and x in p
with rsp + x = 1, hence with rspto + xty = #p. Under the mapping T/pT —
S~'T/(S7'pT), the image of rty + pT is

rto+ ST =rty + sy ' xtg + S~ 'pT
= so_l(rsoto + xty) + S_lpT
= So_ll‘() + S_lpT.

Thus our mapping is onto S~!7/S~!'pT, and we conclude that we have an
isomorphism of rings
T/pT — S7'T/(57'pT). (D)

Since 7 is finitely generated as an R module (Theorem 8.54), S~!T is finitely
generated as an S~! R module with the same generators. Since S~! R is a principal
ideal domain, Theorem 8.25c shows that S~! T is the direct sum of cyclic S~'R
modules. Each of these cyclic modules must in fact be isomorphic to S~! R since
S~!T has no zero divisors, and therefore S~!7 is a free S—' R module of some
finite rank m. If 7, . . ., t,, are free generators, then we have

ST =S"'"Rty +---+ S R,,. )
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Letus see that {#1, ..., t,} is an F vector-space basis of K. Suppose Zi cjti =0
with all ¢; in F. Proposition 8.42 shows that there is an » # 0 in R with
rey,...,rc, in R, Then Zj (rcj)t; = 0, and the independence of 71, ..., t,

over S™' R implies that r¢; = 0 for all j. Thus ¢; = 0 for all j, and we obtain
linear independence over F. If x € K is given, we can choose r # 0 in R with

rx in T by Proposition 8.42. Since #{, ..., t, span S~' T over S~' R, we can find
members di, ..., d, of ST'R with rx = Y, d;t;. Then x = Y, r~'d;z; with
each coefficient r_ldj in F. This proves the spanning. Hence {#1, ..., t,} is an

F vector-space basis, and m = n.

To complete the proof of (§ 1) and hence the theorem, it is enough, in view of the
isomorphisms (f) and (£%), to prove that the cosets #; + S~!'pT in S™!T/(S~'pT)
form a vector-space basis over ST'R/S™'p. If ¢ is in S7!T, then (§) says that
t =Y c;t; with¢; in S™'R. Hence

t+ ST =3 (¢; + S7'p)(t; + S7'pT),

and we have spanning. If )", (c;+S~'p)(t;+S~'pT) = 0+S~'pT, then )_; ¢;1;
isin S™!pT. Thus we can write >¢ity =D ait; witha; € pand 1] € S-IT.
Expanding each ¢/ according to (§), substituting, and using the uniqueness of the
expansion (§), we see for each j that c; is a sum of products of the a;’s by members
of S™'R. Therefore each ¢; is in S~'p. This proves the linear independence and
establishes (7). ]

The case of greatest interest is that K is a finite Galois extension of F'. In this
case the statement of Theorem 9.60 simplifies and will be given in its simplified
form as Theorem 9.62. We begin with a lemma.

Lemma 9.61. Let R be a Dedekind domain, let F be its field of fractions,
let K be a finite separable extension of F', and let T' be the integral closure of R
in K. Suppose that K is Galois over F. If p is a nonzero prime ideal in R and
pT = ]_[f’:l P?" is a decomposition of p7 as the product of nonzero prime ideals
in T, then Gal(K / F) is transitive on the set of ideals { Py, ..., P}.

PROOF. Arguing by contradiction, suppose that P; is not of the form o (Pr)
for some o in Gal(K/F). By the Chinese Remainder Theorem we can choose
an element ¢ of T with t = 0 mod P; and ¢t = 1 mod o (P)) for all o. Every o
in Gal(K /F) carries ¢ to a member of T since ¢ and o (¢) have the same minimal
polynomial over F. Corollary 9.58 shows that N () = [ ], cga(x,r) @ (), and
consequently Ng,r(f)isin TN F = R. Since the factor ¢ itself is in P;, Ng,r ()
is in P;. Therefore Ng,r(f)isin RN P =p C H;"’Zl P{'. The right side is

contained in Py. Since P is prime, some factor o;(t) of Ng,r () is in P;. Then
tisin ol_l (Py), in contradiction to the fact that t = 1 mod o (P;) forallo. [
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Theorem 9.62. Let R be a Dedekind domain, let F be its field of fractions,
let K be a finite separable extension of F with [K : F] = n, and let T be the
integral closure of R in K. Suppose that K is Galois over F. If p is a nonzero

prime ideal in R and pT = le P{" is a decomposition of pT as the product
of powers of distinct nonzero prime ideals in 7', then the ramification indices
have e = --- = e,, and the residue class degrees f; = [T/P; : R/p] have
fi=+--= fg. If e and f denote the common value of the ¢;’s and of the f;’s,
then
efg=n.

PROOF. For o in Gal(K/F), apply o to the factorization pT = f: P

obtaining

g
pT = o (P [ o (P).
i=2
Lemma 9.61 shows that o (P;) can be any P;, and unique factorization of ideals
(Theorem 8.55) therefore implies that e; = e;. With the same o, the fact that o
respects the field operations implies that

T/Pr=0(T)/o(P1)=T/P;,

and thus f; = f;. Substituting the values of the ¢;’s and the f;’s into the formula
of Theorem 9.60, we obtain efg = n. ([

EXAMPLES WITH n = 2 CONTINUED FROM SECTION VIIIL.7.

() R =Zand T = Z[+/—1]. In this case, Z and T are both principal ideal
domains. We found three possible behaviors?! for the prime factorization of a
principal ideal (p)T in T generated by a prime p > 0 in Z:

(@ (p)TisprimeinT if p =4m + 3. Heree =g =1;s0 f = 2.

(b) (p)T = (a+ib)(a—ib)withp =a’>+b*if p=4m+1. Heree = 1
and g =2;s0 f = 1.

() QT =1 +i)> Heree=2and g = 1;s0 f = 1.

(2) R = Zand T = Z[~/—5]. In this case, T is not a unique factorization
domain and is in particular not a principal ideal domain. We gave examples of
three possible behaviors for the prime factorization of a principal ideal (p)T in
T generated by a prime p > 0 in Z:

(@) (INT isprimeinT. Heree = g = 1;s0 f = 2.

) AT =2, 14+/-52,1—+/=5). Heree = land g = 2;s0 f = 1.
(c) 5)T = (+/=5)>. Heree =2and g = 1;s0 f = I.

21The notation here fits with the notation in Theorem 9.62 and is different from the notation in
Section VIIL.7.
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B)R=C[x]and T = C[x, +/(x — I)x(x + 1) ]. In this case, R is a principal
ideal domain, and we saw that T is not a unique factorization domain. We found
two possible behaviors for the prime factorization of a principal ideal (p)7T in T
generated by a prime p in C[x]:

(@) (x—x0)T = (x —x0, ¥y — yYo)(x — x0, ¥ + ¥p) if the equal expressions
yg = (xp — Dxp(xg + 1) are not 0. Heree = 1 and g = 2;s0 f = 1.
(b) (x —x0)T = (x — x0, y)? if xg is in {—1,0,+1}. Here e = 2 and
g=L;sof =1
The third type, with (x — x¢)7T prime in T, does not arise. It cannot arise since
f > 1 would point to a quadratic extension of C, yet C is algebraically closed.

17. Two Tools for Computing Galois Groups

In Section 8 we mentioned that the effect of the Fundamental Theorem of Galois
Theory is to reduce the extremely difficult problem of finding intermediate fields
to the less-difficult problem of finding a Galois group. In the intervening sections
we have seen some illustrations of the power of this reduction, all in cases in
which the Galois group was close at hand.

The problem of finding a Galois group in a particular situation is usually not
as easy as in those cases, and it by no means can be considered as solved in
general. In this section we combine Galois theory with some of the ring theory
in the second half of Chapter VIII in order to develop two tools that sometimes
help identify particular Galois groups.

Let us think in terms of a finite Galois extension K of the rationals Q. The
field K is the splitting field of some irreducible monic polynomial with rational
coefficients, and we can scale this polynomial’s indeterminate (in effect by multi-
plying its roots by some nonzero integer) so that the polynomial is monic and has
integer coefficients. Thus let F'(X) be a monic irreducible polynomial in Z[ X] of
some degree d, and let K be its splitting field over Q. The members of Gal(K /Q)
are determined by their effect on the d roots of F(X), and hence Gal(K /Q) may
be regarded as a subgroup of the symmetric group &,. If ry, .. ., ry4 are the roots
of F(X), then the discriminant of F(X) is the member of K defined by

D= [ j—r)”

I<i<j=d

This was defined in Section 13 in the casesd = 2 andd = 3, and we computed the
value of D in those cases. The discriminant is an integer under our hypotheses,
and it is computable even though the roots 71, . .., r4 of F'(X) are not at hand. In
fact, the proof of Theorem 9.50 indicates that the discriminant D is given by the
determinant
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d a a - aq-
aj a as aq

D = det ap as aq o ddyl |,
dqg—1 4q A4g+1 -+ 4242

where a; = rlj + r2j +- ré . Problems 36-39 at the end of Chapter VIII show

that each of ay, ..., axg— can be expressed as a polynomial in the elementary
symmetric polynomials inry, .. ., ry, i.e., in the coefficients of F(X), and doing
22

so in a symbolic manipulation program is manageable for any fixed degree.

The first of the two tools that sometimes help in identifying particular Galois
groups directly concerns the discriminant: the discriminant is a square if and only
if the Galois group is a subgroup of the alternating group. Let us state the result
in the context of a general finite Galois extension even though we shall use it only
for our Galois extension K /Q.

Proposition 9.63. Let K/k be a finite Galois extension, and suppose that K
is the splitting field of a separable polynomial F(X) in k[X] of degree d. Let
D be the discriminant of F(X), and regard G = Gal(K/k) as a subgroup of the
symmetric group G,. Then D is in k, and G is a subgroup of the alternating
group 2, if and only if D is the square of an element of k.

REMARK. The proof will use Galois theory to show that D is in k, and Problems
36-39 at the end of Chapter VIII do not need to be invoked.

PROOF. Let ry,...,ry be the roots of F(X), and put A = ]_[l-<j (rj —ro).
Under the identification of G with a subgroup of the permutation group &, on
{1,...,d},each o in G has

o(A)= l—[ (o(rj)—o(ry)) = 1_[ (ro(jy—Tsa)) =(sgno) ]—[ (rj—ri) =(sgno)A.

i<j i<j i<j

22For example, whend = 3,let F(X) = X 3 _¢1X% 4+ X — c3. In Mathematica the following

program produces ay, az, as, a4 as output:

el={al==rl+r2+r3, rl+r2+r3==cl, rl r2+r2 r3+rl r3==c2,
rl r2 r3==c3}

Eliminate[el,{rl,r2,r3}]

e2={a2==r1A2+r2A2+r3A2, rl+r2+r3==cl, rl r2+r2 r3+rl r3==c2,
rl r2 r3==c3}

Eliminate[e2,{rl,r2,r3}]

e3={a3==rlA3+r2A3+r3A3, rl+r2+r3==cl, rl r2+r2 r3+rl r3==c2,
rl r2 r3==c3}

Eliminate[e3,{rl,r2,r3}]

e4={ad==r1A4+r2A4+r3A4, rl+r2+r3==cl, rl r2+r2 r3+rl r3==c2,
rl r2 r3==c3}

Eliminate[e4,{rl,r2,r3}]
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In particular, the element D = A? has o(D) = D. By Proposition 9.35d, D is
in k.

If some o in G has sgno = —1, then o does not fix A, and A is not in k.
Since A is a square root of D and since any two square roots of an element in a
field differ at most by a sign, D is not the square of any element of k.

Conversely if every o in G has sgno = +1, then every o fixes A, and
Proposition 9.35d shows that A is in k. Since D = A2, D is the square of the
member A of k. U

The second tool is complicated to prove but simple to state. We reduce the
polynomial F(X) modulo p for each prime number p and form the associated
finite splitting field. The Galois group for a finite extension of finite fields is
cyclic by Proposition 9.40, and we thus obtain a cyclic subgroup of &,. The
second tool is this: if p does not divide the discriminant of F (X), then this cyclic
group as a permutation group is a subgroup of Gal(K /QQ) as a permutation group,
up to a relabeling of the symbols. In other words, the order and cycle structure
of a generator of the cyclic group are the same as the order and cycle structure of
some element of Gal(K /Q).

Let us formulate the result precisely. In the setting of Theorem 9.62, fix a prime
ideal P of T lying in the factorization of p7'. Each member o of G = Gal(K /F)
carries T to itself, but not every ¢ in G carries P toitself. Let G p be the isotropy
subgroup of G at P, ie., let Gp = {0 € G | o(P) = P}. The subgroup
Gp is called the decomposition group at P. Each ¢ in Gp descends to an
automorphism of the field 7/ P that fixes the subfield R/p, since o fixes each
element of R. Thus o defines a member & of G = Gal((T/P)/(R/p)) by the
formula

og(x) =0(x), wherey =y + Pfory e T.

It is apparent that o — @ is a homomorphism of G into G. This homomorphism
turns out to yield the result stated informally in the previous paragraph. It has the
key property given in Theorem 9.64.

Theorem 9.64. Let R be a Dedekind domain, let F be its field of fractions, let
K be afinite separable extension of F with [K : F] = n, and let T be the integral
closure of R in K. Suppose that K is Galois over F'. Letp be anonzero prime ideal
in R, let P = P; be a prime factor in a decomposition p7 = ]_[;7”:1 Pf of pT as
the product of powers of distinct nonzero prime ideals in 7', and suppose that 7'/ P
is a Galois extension of R/p. Let G = Gal(K/F),Gp = {0 € G | 6 (P) = P},
and G = Gal((T/P)/(R/p)). Then the group homomorphism o - & of Gp
into G carries G p onto G.
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REMARKS. In our application with R = Z, T/ P and R/p are finite fields, and
Proposition 9.40 shows that 7/ P is a Galois extension of R/p with no further
assumptions.

PROOF. Let K< be the fixed field of G p within K; Theorem 9.38 shows that
Gal(K/K?) = Gp. Let T be the integral closure of R in K¢ this is a Dedekind
domain, and T is the integral closure of T¢ in K. We are going to apply Theorem
9.62 with R in the theorem replaced®® by T¢.

Proposition 8.43 shows that P = T¢ N P is a nonzero prime ideal of T¢. Since
every member of G p carries P to itself and since Gp is the full Galois group
of K over K, Lemma 9.61 shows that P is the only nonzero prime ideal of T
whose intersection with 7 is P. Therefore PT¢ = P¢ for some integer ¢’ > 1.

As always, we have a field mapping R/p — T<¢/P. Let us show that this
mapping is onto T¢/P. For any given u in T¢, we are to produce r in R with

r =u mod P. (%)

Each o in G that is not in G p has 0 ! P # P, and the previous paragraph shows
that the nonzero prime ideal P, = T¢No~' P of T¢ has P, # T¢N P. Therefore
P, + P = T, and the Chinese Remainder Theorem (Theorem 8.27) shows that
we can find an element v of 7% with

v =u mod P and v =1 mod P,

for all o that lie in G but not G p. The first congruence implies that v — u is in
P=TN P C P, hence that

v =u mod P, (%)

while the second congruence implies thatv — 1 isin P, = TYNo~'P C o' P,
hence that o (v — 1) lies in P. Therefore

o(v)=1mod P for all o in G butnot G p. )

Putr = Nga,p(v). Since the splitting field of the minimal polynomial of v over
F is contained in K, Corollary 9.58 shows that r is the product of the elements
o (v) for o in G/Gp. Each of these is in T, and hence Nga,r(v) isin T. Since
Nga/p(v)isalsoin F,r = Ngap(v) isin T N F = R. If we use 0 = 1 as the
representative of the identity coset of G/G p, then we have

VZNKd/F(U)ZU( I1 o(v)).

some g’’s
notin Gp

23Consequently it would not have been sufficient to prove Theorem 9.62 when the ring R is a
principal ideal domain.
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The factor of v is congruent to # mod P by (*x%), and each factor in parentheses
is congruent to 1 mod P by (). Therefore r = u mod P, and r — u is in P.
Since r —uisin T¢,r —uisin T¢ N P = P. This proves (x). Consequently we
can identify G = Gal((T/P)/(R/p)) with Gal((T/P)/(T¢/P)).

Choose x| in T/P with T/P = (T%/P)[,]; this choice is possible by the
assumed separability of (T/P)/(R/p). Letx; beamemberof T withx; = x|+ P,
and let M(X) be the minimal polynomial of x; over K¢. Since x is in T, the
coefficients of M(X) are in T¢. Let M(X) be the corresponding member of
(T?/P)[X], given by the substitution homomorphism that takes 7% to T¢ /P and
takes X to X. Since K /K¢ is normal, M (X) splits over K. Write x1, ..., x, for
its roots; these are in 7.

Let T be given in G, and suppose that 7(x1) = x;. Since M (X) is irreducible
over K¢, the Galois group Gal(K /K 4y = G p is transitive on its roots. Choose o
in Gp with o (x1) = x;. Then o (x;) = x;. Since & and 7 agree on the generator
%1 of T/P over T?/P, they agree on T/ P. Therefore 7 is exhibited as the image
of o under the homomorphism of the theorem, and the proof is complete. (]

A first consequence of Theorem 9.64 is that we get interpretations of the
integers e, f, and g, and they will be helpful to us. Galois theory gives us
|G| = n, and Theorem 9.62 says that efg = n. The transitivity in Lemma 9.61
says that G acts transitively on the set { Py, ..., P,}, and the isotropy subgroup at
P = P isGp. Hence g|Gp| = |G|, and |Gp| = n/g = ef. Galois theory gives
us |G| = f,and the factthat G p maps onto G says that G p /kernel = G; therefore
[kernel| = |G p|/|G| = (ef)/f = e. We conclude that g is the number of cosets
modulo G p, e is the order of the kernel of the homomorphism in Theorem 9.64,
and f is the order of the cyclic group G.

In the setting of interest for current purposes, we are taking R = Z, F = Q,
and K equal to the splitting field of a given monic irreducible polynomial F'(X) of
degree d in Z[ X]. We will be using Theorem 9.64 for various choices of p = (p)
in Z to make progress on identifying Gal(K /Q). In order to identify G with the
subgroup G p of G, we need the kernel of the homomorphism of G » onto G to
be trivial. From the previous paragraph we know that the condition in question
is that e = 1. We postpone to Chapter V of Advanced Algebra any justification
of the assertion that e = 1 if p does not divide the discriminant of F'(X).

In previous sections we have identified Gal(K/Q) in some cases when the
Galois group is relatively small compared with the degree d of the polynomial.
The method now is helpful when the Galois group is relatively large compared
with d.

Let us be sure when e = 1 that the theorem is telling us not only that G p
is isomorphic to G as an abstract group, but also that the cycle structure of the
elements of G is the same as the cycle structure of the elements of G p. For this
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purpose we ignore the proof of the theorem and concentrate only on the statement.
Assuming that p does not divide the discriminant, let F(X) be the reduction of
F(X) modulo p, letry,...,rs be the roots of F(X) in T, and letr,...,7; be
the images of ry, ..., r4 under the quotient homomorphism 77 — T /P. The
elements rq, ..., ry are distinct since p does not divide the discriminant of F (X).
Any member o of G = Gal(K/Q) permutes ry, ..., ry and is determined by the
resulting permutation since K is assumed to be generated by ry, ..., rs. Under
the assumption that o is in G p, o descends to an automorphism o of 7/ P. This
automorphism & acts on the set of elements 7y, ..., ry, permuting them. Since
the mapping of the r;’s to the 7;’s is one-one, the resulting permutation of the
subscripts 1, ..., d is the same.

When p varies, we cannot match the elements 7y, ..., 7r; for one value of
p with those for another value of p, because we have no direct knowledge of
F1,...,rq. Thus we cannot directly compare the permutation groups G that we
obtain for different p’s. But at least we know their cycle structure.

To apply the theory, we factor F(X) quickly with a symbolic manipulation
program, and we obtain the Galois group of a splitting field of F (X) by inspection,
together with the cycle structure of its elements. Specifically an irreducible factor
of degree m contributes an m-cycle for the element, and the cycles corresponding
to distinct irreducible factors are disjoint. Then we put together the information
from various p’s and see what elements must be in Gal(K /Q), up to a relabeling
of indices.

EXAMPLE 1. F(X) = X° — X — 1. The discriminant is D = 2869 = 19-151.
Thus the method may be used with any prime number other than 19 and 151.
Here is the factorization for a few primes, together with the cycle structure within
&s for a generator of G:

p F(X) Cycle lengths
2 X*+X+DXP+X+1) 2,3

3 XS 4+2X+2 5

17 X+9)X +1D(X3+ 14X* + 12X +6) 1,1,3
23 (X +9)(X*+ 14X3 + 12X*+7X +5) 1,4

For comparison, p = 19 gives F(X) = (X 4+ 6)*(X? 4+ 7X? + 13X + 10), but
we cannot use this prime since it divides the discriminant. It is enough to use
the information from p = 2 and p = 3. The irreducibility modulo 3 implies
irreducibility over Q. From p = 3, we obtain a 5-cycle in Gal(K/Q). From
p = 2, we obtain the product of a 2-cycle and a 3-cycle, and the cube of this
element is a 2-cycle. In the example in Section 11 following the statement of
Theorem 9.44, we saw in effect that the only subgroup of G5 containing a 5-cycle
and a 2-cycle is Gs itself. Therefore Gal(K /Q) = Gs.
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EXAMPLE 2. F(X) = X5 + 10X® — 10X? 4+ 35X — 18. The discriminant
is D = 3025000000 = 2058112, a perfect square. Thus the Galois group is a
subgroup of the alternating group 2s. The method using reduction modulo p
may be used with any prime other than 2, 5, and 11. Here is the factorization for
a few primes, together with the cycle structure within G5 for a generator of G:

p F(X) Cycle lengths
3 XX +2)(XP+X>+2X + 1) 1,1,3

7 X3 4+3X34+4X2+3 5

17 (X + 14)(X? +5X + 14)(X% + 15X + 15) 1,2,2

It is enough to use the information from p = 3 and p = 7. The irreducibility
modulo 7 implies irreducibility over Q. From p = 7, we obtain a 5-cycle in
Gal(K/Q). From p = 3, we obtain a 3-cycle. Any 5-cycle and any 3-cycle
together generate all of 5. In fact, the generated subgroup must have order
divisible by 15, hence must have order 15, 30, or 60. It cannot be of order 15
because every group of order 15 is cyclic and 25 has no elements of order 15. It
cannot be of order 30 because 25 is simple and subgroups of index 2 have to be
normal. Hence it is all of 2s.

EXAMPLE 3. Galois group &,4. Given d > 4, let us see how to form an
irreducible F'(X) for which Gal(K/Q) is all of &,. For any degree d and any
prime number ¢, there exists at least one irreducible monic polynomial of degree
d in ;[ X]; the reason is that the finite field Fy« is a simple extension of F, by
Corollary 9.19. Let H; »(X) be such a polynomial of degree d for £ = 2, and let
H;_13(X) be such a polynomial of degree d — 1 for £ = 3. Then let p be a prime
greater than d, and let H, ,(X) be an irreducible monic polynomial of degree 2
in [F,[X]. We can regard each of Hy>(X), Hy—13(X), and H ,(X) as in Z[X]
by reinterpreting their coefficients as integers. Consider the congruences

F[X] = Hy(X) mod (2),
FIX]= XHg-13(X) mod (3),
d=3

FlX] = (kl:[O (X — k) Ha,p(X) mod (p),

in Z[X]. Since the sum of any two of the three ideals (2), (3), and (p) of Z[X] is
Z[X], the Chinese Remainder Theorem (Theorem 8.27) implies that there exists a
simultaneous solution F'[X] to these congruences in Z[ X ], and we may take F[X]
to be monic of degree d. Let K be a splitting field for F[X] over Q. Our method
applies to the primes 2, 3, and p since none of the three polynomials has any
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repeated factors. The result of applying the method is that Gal(K /Q)) contains
a d-cycle, a (d—1)-cycle, and a 2-cycle. Let us see that the subgroup generated
by these three elements is all of &;. We may assume that the (d — 1)-cycle is
(12 --- d—1). Without loss of generality, the 2-cycle is either (1 j) with j < d
oris (k d) withk < d. Inthe first case some power of the d-cycle is a permutation
7 with 7(1) = d; if o denotes the 2-cycle (1 j), then Lemma 4.41 shows that
tot~ ! is the 2-cycle (d t(j)), and this is of the form (k d) with k < d. Thus
we may assume in any event that Gal(K /Q) contains (1 2 --- d—1) and some
2-cycle (k d) with k < d. Conjugating (k d) by powersof (1 2 --- d—1), we
see that Gal(K /QQ) contains every 2-cycle (k d) withk < d. Forl <k <d—1,
we then find that Gal(K /Q) contains

(k dyk+1 d)tk d)y=(k k+1).

So Gal(K /Q) contains (1 2), (2 3),...,(d—2 d—1), and we have already seen
that it contains (d—1 d). These d — 1 transpositions generate the full symmetric
group, and therefore Gal(K /Q) = &,.

18. Problems

1. Take as known that the polynomial X> — 3X + 4 is irreducible over Q, and let
r be a complex root of it. In the field Q(r), find a multiplicative inverse for
r2+r+1and express it in the form ar? + br + ¢ witha, b, ¢ in Q.

2. Suppose that R is an integral domain and that F' is a subring that is a field, so
that R can be considered as a vector space over F. Prove that if dimg R is finite,
then R is a field.

3. LetK be a subfield of C that is not a subfield of R. Prove that K is topologically
dense in C.

4. LetK = k(x) be a transcendental extension of the field k, and let y be a member
of K that is not in k. Prove that k(x) is an algebraic extension of k(y).

5. What is a necessary and sufficient condition on an integer N > O for the positive
square root of N to be in the subfield Q( J2) of R?

6. The polynomials F(X) = X3+ X +1and G(Y) = Y3 4 Y2 4 [ are irreducible
over [Fp. Let K be the field K = F,[X]/(F (X)), and let L. be the field L =

F2[Y]/(G(Y)). Since K and LL are two fields of order 8, they must be isomorphic.
Find an explicit isomorphism.

7. Can a field of order 8 have a subfield of order 4?7 Why or why not?

8. If K is a finite field, prove that the product of the nonzero elements of K is —1.
(Educational note: When K is IF,, this result reduces to Wilson’s Theorem, given
as Problem 8 at the end of Chapter I'V.)

9. Suppose that K/k is a finite extension of the form K = k(r) with [K : k] odd.
Prove that K = k(rz).
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10.

11.

12.

13.

14.

15.
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Suppose that K/k is a finite extension of fields and that K = k[r, s]. Prove that
if [k(r) : k] is relatively prime to [k(s), k], then

(a) the minimal polynomial of r over k is irreducible over k(s),

(b) [K:k]=[k():k]k():k].

InC,let = V2, 0= 3(-14+/=3), and o« = wp.

(a) Proveforall cinQthaty = S+c« isarootof some sixth-degree polynomial
of the form X¢ + aX> + b.

(b) Prove that the minimal polynomial of 8 + « over QQ has degree 3.

(c) Prove that the minimal polynomial of 8 — « over QQ has degree 6.

Suppose thatk is a finite field and that F (X)) is amember of k[ X ] whose derivative
is the O polynomial. Prove that F (X) is reducible over k.

Letk be a field, let F'(X) be a separable polynomial in k[ X], let K be a splitting

field of F(X) over k, and let r{, ..., r, be the roots of F(X) in K. Regard

Gal(K/k) as a subgroup of the symmetric group &,,.

(a) Prove that Gal(K/k) is transitive on {r{, ..., r,} if and only if F(X) is
irreducible over k.

(b) Show that the cyclotomic polynomial ®g(X) is an example with k = QQ and
n = 4 for which Gal(K/k) is transitive but Gal(KK/k) contains no 4-cycle.

(c) Prove that if n is prime and F(X) is irreducible over k, then Gal(K/k)
contains an n-cycle.

Let ay, ..., a, be relatively prime square-free integers > 2, and define L; =

Q(vat, ..., Jag) for0 <k < n.

(a) Show for each k that [Ly : Q] = 2! with0 <[ < k.

(b) Suppose for a particular k that [y : Q] = 2% Exhibit a vector-space basis
of L over Q, and describe the members of Gal(ILg /Q) by telling the effect
of each member on all basis vectors of L, over Q.

(c) Suppose for a particular k < n that [Ly : Q] = 2%, Assume that i1 lies
in [Lg, and let ,/ai1 1 be expanded in terms of the basis of (b). Show that
application of the members of Gal(LLy /Q) leads to a contradiction.

(d) Deduce that [L, : Q] = 2".

Let p be a prime number, and suppose that a is a member of QQ such that X? —a

has no root in Q. If r is a member of C with »? = q, prove that

(a) the cyclotomic polynomial ®,(X) is irreducible in Q(r),

(b) the splitting field K of X? — a over Q has degree [K : Q] = p(p — 1),

(c) the Galois group Gal(K/Q) is isomorphic to a semidirect product of the
multiplicative group of IF,, and the additive group of I, with the action of
a member m of the multiplicative group on the members n of the additive
group being given by m(n) = mn.
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Let F(X) be a polynomial in k[ X] of degree n, where k is a field of character-
istic 0, and let K be a splitting field for F'(X) over k. Prove that [K : k] divides
nl.

Let k be a field, and let K be a quadratic extension k(r), where r> = a is a
member of k.

(a) Ifk has characteristic 0, determine all elements of K whose squares are in k.
(b) What happens differently if the characteristic is different from 0?

Let G be a finite group. Show that there exist two finite extensions k and K
of Q such that K is a Galois extension of k and the Galois group Gal(K/k) is
isomorphic to G.

Let K/k be a finite normal extension. For F(X) in K[ X] and ¢ in Gal(K/k), let
F?(X) be the result of the substitution homomorphism K[X] — K[X] carrying
X to X and extending the action of o on K, i.e., let 7 (X) be obtained by applying
o to the coefficients of F(X). Prove that [ [ g /i) F(X) is in k[ X].

Corollary 9.37 concerns a separable algebraic extension K/k and a finite sub-
group H of Gal(K/k), showing that K/K* is a finite Galois extension with
H = Gal(K/K) and [K : K¥] = |H|. By going over its proof, obtain the
conclusion that if {xq, ..., x,} is the H orbit of x; in K, then

(a) the minimal polynomial of x; over K¥ is ]_[;-;1 (X —xj).

(b) ndivides |H|.

(¢) K =K (x)) if the isotropy subgroup of H at x1 is trivial.

Let K be the transcendental extension C(z) of C.

(a) Prove thatany linear fractional transformation ¢ (z) = ‘C‘jis withad—bc # 0

in C extends uniquely to a C automorphism of K.

(b) Let H be the 4-element subgroup of Gal(K/C) generated by the extensions
of 0(z) = —z and t(z) = 1/z. Show that w = z2 + z 2 is invariant under
H, and conclude that every member of C(w) lies in K,

(c) Applying the previous problem to the element x; = z of K, show that the
minimal polynomial of z over C(w) has degree 4.

(d) Conclude that K = C(z2 + z72).

In characteristic 0, let /K and K/k be quadratic extensions.

(a) Show that there exists an irreducible polynomial F(X) = X* +bX? 4 cin
k[X] such that F'(r) = O for some r in L.

(b) Show that the element r in (a) has . = k(r).

(c) Show that L is a normal extension of k with Galois group C, x C; if and
only if ¢ is a square in k for some polynomial as in (a), if and only if c is a
square in k for every polynomial as in (a).
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
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(d) Show that L is a normal extension of k with Galois group Cj if and only if
¢! (b? — 4c) is a square in k for some polynomial as in (a), if and only if
c~1(b* — 4c¢) is a square in k for every polynomial as in (a).

(e) Give an example of quadratic extensions /K and K/k in characteristic 0
such that L /k is not normal.

Determine Galois groups for splitting fields over Q for the two polynomials
X3 —3X+1land X° + X + 1.

Suppose that F(X) is an irreducible cubic polynomial in Q[X] whose splitting
field K has Gal(IK/Q) isomorphic to G3. What are the possibilities, up to
isomorphism, for the Galois group of a splitting field of (X — 1) F(X) over Q?

Let K/k be a finite Galois extension whose Galois group is isomorphic to S3.
Is K necessarily a splitting field of some irreducible cubic polynomial in k[X]?
Why or why not?

Is Cardan’s cubic formula valid for finding roots of reducible cubics X3+ pX +¢
in characteristic 07

Prove that the discriminant of a real cubic with distinct roots is positive if all the
roots are real, and is negative if two of the roots are complex.

Let F(X) = X? + pX + ¢ be irreducible in Q[ X], and suppose that X — r is a

factor for some r in C.

(a) Show that F(X) factorsin Q(r)[X]as F(X) = (X —r)(X?+rX+(*+D)).

(b) We know that Q(r) is a splitting field for F(X) over Q if and only if
the discriminant —4p3 — 27¢ is a square in Q. On the other hand, it is
evident from the factorization of F'(X) that it splits is Q(r) if and only if the
discriminant 7> —4(r2 + p) is a square in Q(r). Show by a direct calculation
that these two conditions are equivalent.

Let K be a splitting field of an irreducible cubic polynomial F(X) in Q[X]. If
Gal(K/Q) is &3, does it follow that K contains all three cube roots of 1? Why
or why not?

In characteristic O, let K be the splitting field over k of an irreducible polynomial
ink[X] of degree 5. Assuming that the discriminant of the polynomial is a square
in k, what are the possibilities for Gal(KK/k) up to a relabeling of the indices?

Determine the Galois group of a splitting field over Q for the polynomial
X3 4+ 6X3 — 12X%2 4+ 5X — 4. Use of a computer may be helpful for this
problem.

The proof of Theorem 9.64 introduced a positive integer ¢’ in its second paragraph.
Prove that ¢’ equals the integer ¢ in the statement of the theorem.
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Let R be a Dedekind domain, let F be its field of fractions, let K be a finite
separable extension of F', and let L be a finite separable extension of K. Let T
be the integral closure of R in K, and let U be the integral closure of R in L. Let
p, P, and Q be nonzero prime ideals in R, T, and U, respectively, and let the

ramification indices and decomposition degrees for the extensions L /K, L/F,
and K /F be

e(Q|P),e(Plp), e(Qlp) and fOIP), f(PIp), f(QIp).
Prove that

e(Qlp) =e(Q|P)e(Plp)  and  f(Qlp) = f(QIP)f(Plp).

Problems 34-40 concern norms and traces.

34.

35.

36.

37.

Let m be a square-free integer, and let N and Tr denote the norm and trace from

Q(v/m) to Q.

(a) Show that N(a + b/m) = a®> — mb?* and Tr(a + b\/m ) = 2a.

(b) Let T be the ring of algebraic integers in Q(y/m ). It was shown in Section
VL9 that T consists of all @ + by/m with a, b in Z if m = 2 mod 4 or
m = 3mod4, and of all @ + b/m with a,b in Z or a,b in Z + 1 if
m = 1 mod 4. Prove for a + by/m in Q(y/m) thata + b/m is in T if and
only if N(a + by/m) and Tr(a + b./m ) are both in Z.

(¢) Assume thata + b+/m is in T. Prove that N (a + b./m ) is in Z* if and only
ifa+bymisinT*.

(d) For m = 2, give an example of a member of 7 other than +1.

For the extension Q(~/2)/Q, find the value of the norm N and the trace Tr on a
general element a + b2+ c(/2)% of Q(~/2); here a, b, ¢ are in Q.

Let N(-) be the norm relative to the extension Q(¢)/Q, where ¢ is a primitive

n™ root of 1.

(a) Showthat N(1—¢)=®,(1), where ®,(X) isthe n cyclotomic polynomial.

(b) Using the formula [, 4.1 ®a(X) = X1 4 x"=2 4 ... 1 1, show that
N1 —¢) = &,(1) equals p if n is a power of the positive prime p and
equals 1 if » is divisible by more than one positive prime.

Let p > 0 be a prime in Z of the form 4n + 1. It was shown in Problem 31
at the end of Chapter VIII that such a prime is the sum of two squares. This
problem gives a shorter proof. Take as known from Section VIII.4 that the ring
Z[+/—1] of Gaussian integers is a Euclidean domain, and from Problem 30 at
the end of Chapter VIII that x> = —1 mod p has an integer solution x. Carry
out the following steps:
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38.

39.

40.
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(a) Write
xii V-1 = l x =+ l V-1.
p p p

If p were prime in Z[/—11], then it would follow from the divisibility of
x2 4 1 by p that p divides x + +/—1 or p divides x — /—1. Deduce from
the displayed equation that neither alternative is viable, and conclude that p
cannot be prime in ZIv/—1).

(b) Using the conclusion of (a) to write p as a nontrivial product in Z[+/—1]
and applying the norm function, prove that there exist integers a and b such
that p = a® + b>.

Let p > 0 be a prime in Z of the form 8z + 1. Take as known from Problem
13 at the end of Chapter VIII that Z[+/—2 ] is a Euclidean domain, and from the
law of quadratic reciprocity (to be proved in Chapter I of Advanced Algebra)
that x> = —2 mod p has an integer solution x. Guided by the argument for the
previous problem, prove that there exist integers a and b such that p = a® 4 2.

Let p > 0 be a prime in Z of the form 6n 4 1. Take as known from Problem

26 at the end of Chapter VIII that Z[% (1+4/-3 )] is a Euclidean domain, and
from the law of quadratic reciprocity (to be proved in Advanced Algebra) that
x? = —3 mod p has an integer solution x. Guided by the argument for the

previous problem, prove that there exist integers a and b such that p = a® 4 3b°.

Letk C L C I be fields such that I/ /k is a finite separable extension. Using
Corollary 9.58, prove that the norm and trace satisfy

N]L’/k = N]L/lk @) N]L’/]L and Tr]L//k = TrL/k OTI']L//]L .

Problems 41-45 make use of the theory of symmetric polynomials, which was intro-
duced in Problems 3639 at the end of Chapter VIII.

41.

42.

Let k be a field, let F(X) be a polynomial in k[X], let K be an extension field
in which F(X) splits, and let rq, ..., r, be the roots of F(X) in K, repeated
according to their multiplicities. If P(Xy, ..., X,) is a symmetric polynomial
ink[Xy,..., X,], prove that P(ry, ..., r,) is a member of k.

Letk be a field, let F(X) and G (X) be polynomials over k, let K be an extension
field in which F(X) and G(X) both split, and let ry,...,r, and s1,..., s,
be the respective roots of F(X) and G(X) in K, repeated according to their
multiplicities. Deduce from the previous problem that the polynomials

Hl(X)Z ﬁ In—[(X—ri—Sj) and H2(X)= ﬁ ﬁ(X—risj)
i=1j=1 i=1j=1

lie in k[ X].
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44.

45.
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(a) Find a nonzero polynomial with rational coefficients having ~/2 + +/3 as a
root. What is the minimal polynomial of v/2 4+ +/3 over Q?

(b) Find a nonzero polynomial with rational coefficients having +/2 + /2 as a
root. What is the minimal polynomial of /2 4+ /2 over Q?

Let k be a field of characteristic 0, and let K = k(ry, ..., r,) be the field of

fractions of the polynomial ring k[r, ..., r,] in n indeterminates. Show that

any o in the symmetric group &, defines a member of Gal(K/k) such that
o (rj) =714 forall o in G,,. Then define F(X) to be the polynomial

FX)=X—=r1)-(X—rp)
in K[X], and show that
(a) F(X) is irreducible over the fixed field K,
(b) K is a splitting field for F(X) over KS»,
() K®» =k(uj, ..., u,), where uy, ..., u, are given by
u1=Zr1, M2='Z‘Vﬂ’j, un:Hri,
i i<j i
(d) the Galois group of the splitting field of F'(X) over k(uy, ..., u,) is G,.
(Cubic resolvent) This problem carries out one step in finding the roots of an ar-
bitrary quartic polynomial. Letk be a field of characteristic 0, let K = k(p, ¢, r)

be the field of fractions of the polynomial ring k[p, ¢, r] in n indeterminates,
and let LL be a splitting field of the polynomial

F(X)=X*"4pX?>+gX +r

in K[X]. The Galois group Gal(LL/K) is &4 by the previous problem. Let
By = {(1),(1 2)(3 4),( 3)2 4),(1 42 3)}. In the composition series
G4 2 U4 2 B4 2 {(1),(1 2)}(3 4)} > {1}, Proposition 9.63 shows that the
fixed field of 24 is K(+/D), where D is the discriminant. To obtain the fixed
field of B4, we adjoin to K(+/D) an element of L invariant under By but not
under 4. If 51, 52, 53, 54 denote the roots of F(X) in L, then such an element is
(s1 4 52)(s3 + s4). Its three conjugates under 24/ B4 are

01 = (51 + 52)(83 + 54),
0 = (51 + 53)(52 + 54),
03 = (51 + 54) (52 + 53),

which are the three roots of the “cubic resolvent” polynomial
93 - 0192 + 20 — c3,

where c1, ¢2, c3 are the elementary symmetric polynomials in 61, 6>, 63 given by
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Clzzei, 622‘2‘959', C3=H9i.
1 1<y 1
(a) Show that ¢y, 2, c3 are symmetric polynomials in sy, 57, 53, $4, hence are
polynomials in the coefficients p, g, r.
(b) Verify that ¢; = 2p, ¢, = p?> — 4r, and c3 = ¢°.
(c) Show that the discriminant of the cubic resolvent equals the discriminant of
the original quartic polynomial.

Problems 46—50 concern Galois groups of splitting fields of quartic polynomials. Take
as known that the discriminant of a quartic polynomial F (X) = X*+ pX?> +¢X +r
is given by

—4p3q* — 27¢* + 16p*r + 144pg*r — 128p%r? + 256r°.

Let K be a splitting field for F(X) over Q, and let G = Gal(K/Q). Regard G as a
subgroup of the symmetric group Gg4.

46.

47.

48.

49.

(a) Identify all transitive subgroups of the alternating group 24, up to arelabeling
of the four indices.

(b) Identify all transitive subgroups of the symmetric group G4 other than those
in (a), up to a relabeling of the four indices.

Suppose g = 0.

(a) Show that G is a subgroup of 204 if and only if 7 is a square in Q.

(b) Show by solving F(X) = 0 explicitly that [K : Q] is a power of 2, and
conclude that G has no element of order 3.

(c) Deduce whenr isasquarethat G = {(1), (1 2)(3 4), (1 3)(24), (1 4)(2 3)}
if F(X) is irreducible over Q.

(d) Deduce when r is a nonsquare that G is cyclic of order 4 or is dihedral of
order 8 if F(x) is irreducible over Q; in the dihedral case, G is generated by
a 4-cycle and the group listed in (c). (Problem 22 shows how to distinguish
between the two cases.)

For F(X) = X* + X + 1, show by considering reduction modulo 2 and modulo
3 that G = 4.

Let F(X) = X* +8X + 12.

(a) Compute the discriminant of F(X), and verify that it is a square.

(b) Show that F(X) = (1+ X)(2+ X +4X? + X3) mod 5 with the two factors
on the right side irreducible in 5.

(¢) Show from (a) and (b) that if F(X) is reducible over QQ, then it must have a
root that is an integer. Check that there is no such root.

(d) Conclude that G = 24.
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50. For each transitive group G as in Problem 46, find a polynomial F (X) of degree 4
over Q whose splitting field K over Q has Gal(KK/Q) isomorphic to G.

Problems 51-56 continue the introduction to error-correcting codes begun in Problems
63-73 at the end of Chapter I'V and continued in Problems 25-28 at the end of Chapter
VII. The current problems will not make use of the problems in Chapter VII. As in
the problems in Chapter IV, we work with the field F = Z/27Z, with Hamming space
F", and with linear codes C in F”. The minimal distance of C is denoted by §(C).
Problem 72 in Chapter IV introduced cyclic redundancy codes, which are determined
by a generating polynomial G (X) of some degree g suitably less than n. Such a code
C is built from all polynomials G(X)B(X) with B(X) =0ordeg B(X) <n—g—1.
A given polynomial cp + ¢ X + - - - becomes the n-tuple (co, ci, ...) of C; the code
C has dimension n — g. This set of problems will discuss a special class of cyclic
redundancy codes called cyclic codes, and then a special subclass called BCH codes.

51. Alinear code C in " is called a cyclic code if whenever (co, c1, ..., cy—1) isin
C,thensois (¢;—1, €0, Cls -+ -, Cn_2).

(a) Prove that a linear code C is cyclic if and only if the set of all polynomials

co+caX+---+ c,,,lX”_1 corresponding to members (co, €1, ..., Ch—1)

of C is an ideal in the ring F[X]/(X" — 1). (In this case the members of C
will be identified with the set of such polynomials.)

(b) Prove that if C is cyclic and nonzero, then there exists a unique G(X) in
C of lowest possible degree. Moreover, G(X) divides X" — 1 in F[X],
and C consists exactly of the polynomials G (X)F(X) mod (X" — 1) such
that F(X) = 0ordeg F(X) < n —degG(X) — 1, and C has dimension
n —deg G(X). (The polynomial G(X) is called the generating polynomial
of C. A cyclic code C over the field Z/27Z having block length n and
dimension k is called a binary cyclic (n, k) code.)

(c) Prove that if G(X) has degree n — k, then a basis of C consists of the
polynomials G(X), XG(X), X>G(X), ..., X*1G(X).

(d) Under the assumption that C is cyclic and nonzero, (b) says that it is possible
to write X" — 1 = G(X)H(X) for some H(X) in F[X]. Prove that a
member B(X) of F[X]/(X" — 1) lies in C if and only if H(X)B(X) =

0 mod (X" —1).
1001011
52. (a) Show that the row space C of the matrix G = (0 10111 0) is a cyclic
0010111

(7, 3) code with generating polynomial G(X) = 1 + X? + X3 4+ X*.

(b) Show directly from G that C has minimal distance § = 4.

(c) The polynomial H(X) = 14 X? 4 X3 has the property that G(X)H (X) =
X7 —1inF[X]. Find a 4-by-7 matrix H such that the column vectors v € F’
that lie in C are exactly the ones with Hv = 0.
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(d) The matrix H in (c) is called the check matrix for the code. Describe a
procedure for constructing the check matrix when starting from a general
binary cyclic (n, k) code whose generating polynomial G (X) is known and
whose polynomial H (X) with G(X)H (X) = X" — 1 is known. Prove that
the procedure works.

Show that X" — 1 is a separable polynomial over F if n is odd but not if n is even.
Let C be a binary cyclic (n, k) code with generating polynomial G(X), and
suppose that n is odd. Let K be a finite extension field of F in which X" — 1

splits, and let & be a primitive n't root of 1, i.e., a root of X" — 1 in K such that
a™ # 1 for0 < m < n. Suppose that r and s are integers with0 < s < n and

Ga)=G@™H=...=G@@*)=0.
(a) Let P(X) = G(X)F(X) with F(X) # 0 and deg F < k be an arbitrary
nonzero member of C, so that P(o”) = P(a@’t!) = ... = P(@'**) = 0.

Write P(X) = co+c1X + -+ 4+ cp_1 X" 1, and use the values of P(a/)
forr < j <r -+ s tosetup a homogeneous system of s + 1 linear equations
with n unknowns cg, ..., c;—1.

(b) Using an argument with Vandermonde determinants, show that every (s+1)-
by-(s+1) submatrix of the coefficient matrix of the systemin (a) is invertible.

(c) Obtain a contradiction from (b) if s + 1 or fewer of the coefficients of P (X)
are nonzero.

(d) Conclude that the minimal distance §(C) is > s + 2.

(BCH codes, or Bose—-Chaudhuri-Hocquenghem codes) Let n be an odd
positive integer, let e be a positive integer < n/2, let K be a finite extension
field of F in which X" — 1 splits, and let & be a primitive n" root of 1 in
K. For 1 < j < 2e, let Fj(X) be the minimal polynomial of a’ over F, and
define G(X) = (1 + X) LCM(F(X), ..., F2.(X)). Prove that G(X) divides
X" — 1 and that G(X) is the generating polynomial for a cyclic code C in F”
with minimal distance §(C) > 2e¢ + 2. (Educational note: Therefore C has the
built-in capability of correcting at least e errors.)

In the setting of the previous problem, let n = 2" — 1 for a positive integer m,

and let K be a field of order 2™.

(a) Prove that any irreducible polynomial in F[X] with a root in K has order
dividing m, and conclude that the order of the generating polynomial G (X)
in the previous problem is at most 2em + 1.

(b) Prove that there exists a sequence C, of binary cyclic (n,, k) codes of BCH
type such that &, /n, tends to 1 and the minimal distance §(C,) tends to
infinity. (Educational note: The fraction &, /n, tells the fraction of message
bits to total bits in each transmitted block. Thus the problem says that there
are linear codes capable of correcting as large a number of errors as we
please while having as large a percentage of message bits as we please.)
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57. Take as known that Fj(X) = 1 + X 4+ X% is irreducible over F. Let K be the
field F[X]/(F1(X)) of order 16, and let « be the coset X + (F1(X)) in K.
(a) Explain why Fi(X) factors as F1(X) = (X —a)(X —a?)(X —a*)(X —ab)
over K.
(b) Find the minimal polynomial F3(X) of o3,
(c) Show in F!3 that the binary cyclic code C with generating polynomial
GX)=0+X)Fi(X)F3(X) hasdimC = 6 and §(C) > 6.

Problems 58-63 combine Problems 12—13 in Chapter V with the notion of extension
of scalars from Chapter VI and some Galois theory from Chapter IX to prove the
general Jordan—Chevalley decomposition. Let k be a field, and let V be a finite-
dimensional vector space over k. A linear map N : V — V is called nilpotent if
N¥ = 0 for some k. A linear map S : V — V is called semisimple if there is
some finite extension K of k for which the linear map S¥ : VK — VK obtained by
extension of scalars has a basis of eigenvectors. The theoremisthatif L : V — Visa
linear map with the property that every irreducible factor of the minimal polynomial
of L over k is separable, then L has a unique decomposition L = S + N with §
semisimple, N nilpotent, and SN = NS. The theorem applies without restriction
to alinear L : V — V if k is finite or has characteristic O because the separability
condition is automatically satisfied in these cases.

58. Letk be a field, let V be a vector space over k, and let K be an extension field of
k. Extend scalars to form the K vector space given by VX = V ®y K, and let
Gal(K/k) act on VX by saying that o(v ® ¢) = v ® ¢(c) for ¢ in Gal(K/k) and
v ® c in VX, Explain for V = k” that V¥ may be interpreted as K” and that the
action by ¢ reduces to (¢(u)); = @(u;).

59. Let k be a field, let V be a finite-dimensional vector space over k, and let
L : V — V bealinear map. Suppose that every irreducible factor of the minimal
polynomial of L over k is separable. Prove the existence of a Jordan—Chevalley
decomposition of L by following these steps:

(a) Let K be a splitting field of k, so that K is a finite Galois extension of k. Use
Problems 12—13 of Chapter V to show that L ® 1 : VK — V¥ has a unique
decomposition as a sum S 4+ A of K linear maps of VX to itself such that
SN = NS, Nis nilpotent, and S has a basis of eigenvectors.

(b) Prove that any K linear 7: VK — VE such that (1®¢)T= 7T(1 ® ¢) forall
¢ € Gal(K/k) is of the form 7= T ® 1 for aunique k linear 7 : V — V.

(¢) Show that the K linear maps S and N of (a) satisfy (1 ® 9)S = S(1 ® ¢)
and (1 ® )N = N(1 ® ¢) for all ¢ € Gal(K/k), and deduce from (b) that
S and N may be written as S = S ® 1 and N'= N ® 1 for uniquely defined
k linear maps S and N of V into itself.

(d) Show that S is semisimple, N is nilpotent, and SN = NS, and conclude
that L = S 4+ N is a Jordan—Chevalley decomposition of L.
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(e) Show that S and N are polynomials in L.

Let k be a field, let V be a finite-dimensional vector space over k, and let
L : V — V be alinear map. Prove the uniqueness result that there is at most
one decomposition L = § + N with S semisimple, N nilpotent, and SN = N S.

Letk =R, and let L : R* — R* be the linear map defined by the matrix

A=

(= =)

-1 0
0 1
0 0-—
0 1

(== =

The minimal polynomial of L or A is (X2 + 1)?. Calculate the Jordan—Chevalley
decomposition of L in matrix form.

Let IF, be a field of two elements, and let k = F>(x), where x is transcendental
over Fy. Let L : k> — k2 be the linear map defined by the matrix A = ( ? )(; )

The characteristic polynomial of L or A is M(X) = X* — x. This is irreducible

over k and hence is also the minimal polynomial. The quadratic extension

K = k[x!/2] of k is a splitting field for M(X), and M (X) has a double root in

k[x!/2].

(a) Show that A, regarded as a matrix in M,(K), does not have a basis of
eigenvectors. Conclude that L is not semisimple.

(b) Calculate the most general 2-by-2 matrix commuting with A, and show that
it cannot have characteristic polynomial X unless it is the 0 matrix.

(c) Conclude that L cannot have a Jordan—Chevalley decomposition.

Let k be a field, let V be a finite-dimensional vector space over k, and let
L : V — V be an invertible linear map. Suppose that every irreducible factor
of the minimal polynomial of L over k is separable. A linearmap U : V — V
is called unipotent if (U — I)* = 0 for some k. By suitably adjusting the proof
of the Jordan—Chevalley decomposition, prove that there exist linear maps S and
U of V into itself such that S is semisimple, U is unipotent, and L = SU = US.

Problems 6473 introduce ordered fields, formally real fields, and real closed fields.
An ordered field k is a field with a specified subset P of “positive” elements that is
closed under addition and multiplication and is such that each nonzero element of k
is in exactly one of P and — P. The fields Q and R are examples. A formally real
field k is a field in which —1 is not the sum of squares. A real closed field k is a
formally real field such that no proper algebraic extension of k is formally real. The
problems together prove the existence part of the Artin—Schreier Theorem: If k is
an ordered field with P as its set of positive elements and if k is an algebraic closure,
then there exists a real closed field K between k and k that is an ordered field with P
contained in its set of positive elements. Moreover, K is unique up to k isomorphism,
and k is of the form K(v/=1).
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Verify the following properties of an ordered field k when P is the set of positive
elements:

(a) lisin P,

(b) every nonzero square is in P,

(c) whenever a is in P, then so is a!,
(d) kis formally real,

(e) k has characteristic O.

In an ordered field k whose set of positive elements is P, definex > yandy < x
tomean x — yisin P. Leta, b, ¢, d be in k. Check the following:

(a) exactly one the relations a > b, a = b, and a < b holds,

(b) ifa >band b > c,thena > c,

(¢) ifa > b,thena+c > b +c,

(d) ifa > band ¢ > 0, then ac > bc,

(e) ifa>b>0,thenb™! >a1,

() ifa>b>0andc >d > 0, then ac > bd,

(g) ifa > bandc > d,thenac + bd > ad + bc.

Let k be an ordered field with P as its set of positive elements, let k(x) be a
transcendental extension, and define the positive elements of k(x) to be those
for which the quotient of the leading coefficient of the numerator by the leading
coefficient of the denominator is in P. Show that with this definition of the set
of positive elements, k(x) becomes an ordered field in which x > n for every
positive integer n. (Then also 1/n > 1/x for every positive integer n by Problem
65¢.)

(a) Show that Q(+/2) becomes an ordered field in two distinct ways.

(b) If k is an ordered field with P as its set of positive elements and if c is a
member of P that is not a square, show that there are two ways of defining
the set of positive elements P’ of K = k(4/c) so that K becomes an ordered
field with P C P’.

Let k be an ordered field, and let K be the extension that arises by adjoining the

square roots of all the positive elements of K. Prove that K is a formally real

field by carrying out the following steps:

(a) Show that if n is chosen as small as possible so that an equation —1 =

21;1 pjéjz holds in K with all p; positive in k and all &; in an extension

J
k(/c1, ..., /ca) of k with all ¢; positive in k, then writing

K(J/Cls. o) =k(/CT ... e 1) (en)

leads to an equation

k k k
—1= Y pjai + 3 pjeabi +2/cn 3 pjajbj ()
j=1 j=1 j=1

in which a; and b; are ink(\/c1, ..., \/cio1).
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(b) Consider the third term on the right side of (), and show that a contradiction
results if this term is O and a different contradiction arises if this term is not 0.

Let k be a formally real field, and let k be an algebraic closure. Show that there

exist maximal formally real subfields of k containing k, and show that any such
is a real closed field.

Carry out the following steps to show that a real closed field k becomes an ordered

field in one and only one way:

(a) Suppose that ¢ # 0 is not a square, hence that k(,/c ) is a quadratic extension
of k. Why is —1 = Y"7_, (a; +b;j+/c)* for suitable members a; and b; of k?

(b) By expanding the identity in (a), show that ¢ is not a sum of squares. In
other words, every sum of squares in k is a square in k.

(c) Solve for c in the expansion in (b), and conclude that —c is a square.

(d) Conclude from the previous steps that the choice of P as the set of nonzero
squares makes k into an ordered field and that there no other possible defi-
nition for the set P of positive elements that makes k into an ordered field.

Carry out the following steps to show that in any real closed field k, every

polynomial of odd degree has a root:

(a) Show by induction that it is enough to handle irreducible polynomials of
odd degree.

(b) For an irreducible polynomial Q(X) of odd degree n, let k(«) be a simple
algebraic extension of k such that Q («) = 0. Show that an expression of —1
as a sum of squares in k() forces an identity 21;:1 R; (X)?+Q(X)A(X) =
—1 for suitable polynomials R;(X) in k[X] of degree < n — 1 and some
polynomial A(X) in k[X] of odd degree < n — 2.

(c) Ifr is aroot of the polynomial A(X) in (b), show that Zf: 1 Rj r?=-1,
and deduce a contradiction.

By using the results of Problems 70-71 and taking into account the proof of
Theorem 1.18 that appears in Section IX.10, prove that if k is a real closed field,
then k(+/—1) is algebraically closed.

Put the above results together to give a proof of the existence in the Artin—Schreier
Theorem: if an ordered field k has P as its set of positive elements and k as an
algebraic closure, then there exists a real closed field K with k € K C k such
that k = K(\/—_l ) and such that P is contained in the set of squares in Kk, ie.,
such that the set of positive elements in the natural ordered-field structure on k
contains P.





