PART III. INTEGRAL CALCULUS

CHAPTER XI
ON SIMPLE INTEGRALS

118. Integrals containing a parameter. Consider

$ (@)= f "t (@, ayda, S

a definite integral which contains in the integrand a parameter a. If
the indefinite integral is known, s in the case

™ m
1. 2 1. 7 1
cos axdx = - sin ax, cos axdr = —sin ax| = -
a o a a

10
it is seen that the indefinite integral is a function of z and «, and that
the definite integral is a function of a alone because the variable x
disappears on the substitution of the limits. If the limits themselves
depend on a, as in the case

a

f cos axdx = 1 sin ax| = 1 (sin @® — 8in 1),
. : a a™

1
a a

the integral is still a function of .

In many instances the indefinite integral
in (1) cannot be found explicitly and it then
becomes necessary to discuss the conti-
nuity, differentiation, and integration of the
function ¢ («) defined by the integral with-
out having recourse to the actual evaluation
of the integral; in fact these discussions
may be required in order to effect that 4
evaluation. Let the limits 2 and 2, be taken
as constants independent of a. Consider the range of values )=z ==,
for x, and let a, = a = a, be the range of values over which the func-
tion ¢ («) is to be discussed. The function f(z, «) may be plotted as
the surface z = f(x, @) over the rectangle of values for (x, ). The
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value ¢ (;) of the function when @ = «; is then the area of the section
of this surface made by the plane @ = a;. If the surface f(x, @) is con-
tinuous, it is tolerably clear that the area ¢ («) will be continuous in a.
The function ¢ (@) is continuous if f(x, a) is continuous in the two varia-
bles (x, ).

To discuss the continuity of ¢ (a) form the difference
@+ A= ¢(@) = [ /@ a+Aa)—f@, @)]d. @
o

Now ¢ (a) will be continuous if the difference'¢ (a« + Aa) — ¢ (@) can be made as
small as desired by taking Aa sufficiently small. If f(z, y) is a continuous func-
tion of (z, ), it is possible to take Ar and Ay so small that the difference

|f(.t+AJ:,y+Ay)—f(x,y)|<e, IAZI<69 IA?/|<6

for all points (z, ¥) of the region over which f(z, y) is continuous (Ex. 3, p. 92).
Hence in particular if f(z, a) be continuous in (z, @) over the rectangle, it is pos-
sible to take Aa se small that

|f@, a+ Aa) — f(z, a)| <e, |Aax| < &
for all values of ¢ and a. Hence, by (65), p. 25,

L7 @ a+ Aa)— f@, @)ldz|< [en = @, — z,).

It is therefore proved that the function ¢ (a) is continuous provided f(z, ) is con-
tinuous in the two variables (z, a); for €(x, — ;) may be made as small as desired
if ¢ may be made as small as desired.

As an illustration of a case where the condition for continuity is violated, take

1 ade T
¢(a) = . m: tan—1—

|¢(a+ Aa) — ¢(a)| =

1
=cot-la if a0, and ¢(0)=0.
o

Here the integrand fails to be continuous for (0, 0); it becomes infinité when
(z, @) = (0, 0) along any curve that is not tangent to @ = 0. The function ¢ (a) is
defined for all values of =0, is equal to cot—la when a # 0, and should there-
fore be equal to + w when a = 0 if it is to be continuous, whereas it is equal to 0.
The importance of the imposition of the condition that f(x, a) be continuous is
clear. It should not be inferred, however, that the function ¢ (a) will necessarily
be discontinuous when f(z, «) fails of continuity. For instance

1 dr 1 1

)= [ ——=-(Va+1=Va), =
@)= [ ===y (Vari-Va).  s0=;
This function is continuous in « for all values «=0; yet the integrand is dis-
continuous and indeed becomes infinite at (0, 0). The condition of continuity
" imposed on f(z, @) in the theorem is sufficient to insure the continuity of ¢ («)
but by no means necessary; when the condition is not satisfied some closer exami-
nation of the problem will sometimes disclose the fact that ¢ («) is still continuous.

In case the limits of the integral are functions of «, as

2, =9,(2)
¢ (@) =f ’ f(x, a)dz, ‘a=a=a, 3)
o=

go(@)
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the function ¢(a) will surely be continuous if f(x, @) is continuous
over the region bounded by the lines @ = «,, @ = @, and the curves
x, = g,(@), 2, = g,(@), and if the functions g («) and g,() are continuous.

For in this case

$(a + Ad) — ¢(a>=ftf+“ f@, @ + A)dz

\ R \\“‘

AI\\\ \\\\I
\\\\\\\ WY

fy‘( f@, @)do= f”"( ). S @ at sa)iz

o(a + Aa)

v,(«r+A a)
+ T, @ + Aa)ds
S T@atia)

+ [l a + 8a) = 1(a, @)
9o(a)

The absolute values may be taken and the dnte-
grals reduced by (65), (65%), p. 25.

[¢(a + Aay— ¢(a)|<elg(a) — go(@) | + | (&, @ + A)||Agy|+] [ (£, @ + Aa) || Agyl,

where £, and £, are values of z between g, and g, + Ag,, and g, and g, + Ag;. By
taking A small enough, g,(a + Aa) — g,(a) and g,(a + Aa) — g,(a) may be made
as small as desired, and hence A¢ may be made as small as desired. ’

119. To find the derivative of a function ¢ (@) defined by an integral
containing a parameter, form the quotient

Ab_ ¢(a+Ad)— ¢(a)

Aa Aa
1 g, (a + Aa) 9, (@)
=K—[f Sz, a+Aa)dx— S (z, a)dw]
@ go(a + Aa) go(@)
Ad _ N Lir @ + Ad) — Sz, @) da +f Sflx, @ + Aaz da
Az @ ' Ag 90+ Ag,

+f01+A91f(x, a+ Aa! da
Aa )

The transformation is made by (63), p.25. A further reduction may
be made in the last two integrals by (65"), p. 25, which is the Theorem
of the Mean for integrals, and the integrand of the first integral may be
modified by the Theorem of the Mean for derivatives (p. 7, and Ex. 14, )
p.10). Then

A¢ g, () go
20 = | el ot Ordydr — f(&, w+ Ba) 0P+ f(fl, o+ Ag) 20
go (@)
d J,(a) pi
and d—:l; = oZ f(go’ (t) + f( 715 ) (4)

9 (@)
A critical examination of. this Work shows that the derivative ¢'(a)
exists and may be obtained by (4) in case f; exists and is continuous
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in (x, ) and g,(«), g, (@) are differentiable. In the particular case that
the limits g, and g, are constants, (4) reduces to Leibniz’s Rule

(;i’ f (z, a)dx f o d.l', "
o
which states that the derivative of a function defined by an integral
with fized limits may be obtained by differentiating wnder the sign of
integration. The additional two terms in (4), when the limits are varia-
ble, may be considered as arising from (66), p. 27, and Ex. 11, p. 30.
This process of differentiating under the sign of integration is of
Jrequent use in evaluating the function ¢ () in cases where the indefi- -
nite integral of f(x, @) cannot pe found, but the indefinite integral of
f+ can be found. For if

¢ (@) = f Ilf(ac, @)dr, then ‘;—Z = f xlf.;a’w =y(a).

Now an integration with respect to @ will give ¢ as a function of «
with a constant of i1 ‘egration which may be determined by the usual
method of giving @ some special value. Thus

_ d¢ _ (tatlogx , [P
¢ f logw d, da ™~ ), logw dx—f).zcdx.

! 1
a+1 — —
Hence da a+1 P ¢ (a) =log (a + 1)+ C.
1
But ¢(O)=f 0dr=0 and ¢(0)=1logl+ C.
0

Taer—1
Hence  ¢(2) = f o do = log (a + 1),

In the way of comment upon this evaluation it may be remarked that the func-
tions (2 — 1)/log x and z« are continuous functions of (z, a) for all values of x in
the interval 0 =x =1 of integration and all positive values of « less than any

. assigned value, that is, 0= a = K. The conditions which permit the differen-
tiation under the sign of integration are therefore satisfied. This is not true for
negative values of @. When a <0 the derivative x* becomes infinite at (0, 0). The
method of evaluation cannot therefore be applied without further examination.
As a matter of fact ¢(a)=log(a + 1) is defined for ‘@>—1, and it would be
natural to think that some method could be found to justify the above formal
evaluation of the integral when —1<a =K (see Chap. XIII).

To illustrate the application of the rule for differentiation when the limits are
functions of «, let it be required to differentiate

2 pa ] de ? . a2a — 1 ar —1
= de. 2= [T —a-T 2,
#(@ »/; log da Ja el + log a “ log a
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+1
or . dp _ac [a“+1— 1]+
da a+1

[a“—a“—a+1]-

log «

This formal result is only good subject to the conditions of continuity. Clearly «
must be greater than zero. This, however, is the only restriction. It might seem at
first as though the value x =1 with log # = 0 in the denominator of (x* — 1)/log
would cause difficulty ; but when & = 0, this fraction is of the form 0/0 and has a
finite value which pieces on continuously with the neighboring values.

120. The next problem would be to find the integral of a function
defined by an integral containing « parameter. The attention will be
restricted to the case where the limits 2; and «, are constants. Consider

the integrals a e
f ¢ () da =f f lf(ac, a@)dx - da,

where @ may be any point of the interval a, = « = «a, of values over
which ¢ (@) is treated. Let )

®(7)= f " f *f, @yda- o

x, a vy 11 .
Then @'(e) =f %f S, @) da - dx =f S(x, a)yde = ¢ (a)

by (4"), and by (66), p. 27; and the differentiation is legitimate if f(x, @)
be assumed continuous in (x, @). Now integrate with respect to a. Then

f% B0y = @ () — () = f (@)

But ® ()= 0. Hence, on substitution,

® (@)= f f (e, @) dar- dos — [ "6 (@) da = f " fx j:f(;;, @)dz - da. (5)

Hence appears the rule for integration, namely, integrate wunder. the
sign of integration. The rule has here been obtained by ‘a trick from
the previous rule of differentiation; it could be proved directly by
considering the integral as the limit of a sum.

It is interesting to note the interpretation of this integration on the
figure, p. 281. As ¢(a) is the area of a section of the surface, the
product ¢ (a)da is the infinitesimal volume under the surface and
included between two neighboring planes. The integral of ¢(«) is
therefore the volume * under the surface and boxed in by the four

* For the ‘‘volume of a solid with parallel bases and variable cross section’ see
Ex. 10, p. 10, and § 35 with Exs. 20, 23 thereunder.
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planes @ = rr a=a, r=ur, x=u1x. The geometric sxgmh(,ance of
the reversal of the order of mteglatlons as

V=£ j; , a)da~dx=£ f F(x, @) da - da,

is in this case merely that the volume may be regarded as generated
by a cross section moving parallel to the za-plane, or by one moving
parallel to the zz-plane, and that the evaluation of the volume may
be made by either method. If the limits x, and x, depend on «, the
integral of ¢ (a) cannot be. found by the simple rule of integration
under the sign of integration. It should be remarked that integration
under the sign may serve to evaluate functions defined by integrals.

As an illustration of integration under the sign in a case where the method leads
to a function which may be considered as evaluated by the method, consider

1 1 LI b da b+1

= readr = - ’ da = — = lo .

p@= i Jet@da= [T =0 0
1 ga |a=b 1gb — ga

But da = ada - dx = dxr = de
b f ¢(@)da = f fx “ 0 100"5 a=a fo logz

1gb — ga b+

H dr = log = b =0, b=0.
ence ]; Togz L 0°a+1 ¥ (a, b), a -

In this case the integrand contains two parameters a, b, and the function defined
is a function of the two. If a = 0, the function reduces to one previously found.
It would be possible to repeat the integration. Thus

lga — 1 a
=1 1 = — .
j; ogs 4@ =log(a+1), f log (@ + 1)da = (a + 1) log (a + 1) —

a:c“—l Ige —1— aloge
= S ————dr = N1 1)—a
f f log f (log x)2 v = (@t Dlog(a+1)
This is a new form. If here « be set equal to any number, say 1, then
1g—1—
f 2=1-182 5 — 9log2—1.
0 (log x)?

In this way there has been evaluated a definite integral which depends on no
parameter and which might have been difficult to evaluate directly. The introduc-
tion of a parameter and its subsequent equation to a particular value is of frequent use
in evaluating definite integrals.

EXERCISES

1. Evaluate directly and discuss for continuity, 0 = a = 1:

aZde T dx 1 rdr
@ [T e [
+ @ 0 Va? + x2 0 Va2 4 x2
2. If f(z, a, B) is a function containing two parameters and is continuous in
the three variables (z, a, B) whenr, = r =r,, o, = a = «|, B, = B = B, show

j:rlf(.t, a, B)dr = ¢ («, B) is continuous in (a, B).
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3. Differentiate and hence evaluate and state the valid range for « :

T V11— a2
(a)f log(1+acosx)dx=1rlogl+——i—a—,
2
r#lovzr" =1
o —_ 2 — ’
(B)f log(1 —2 acoss + a?)de = 10, ar =1

4. Find the derivatives without previously integrating :

sin—la 1 a? T
() vz tan azdz, 8) j; tan—1 = dz, () f

tan™

- h'1'

5. Extend the assumptions and the work of Ex. 2 to find the partial deriva-
tives ¢, and ¢g and the total differential dg if x, and «, are constants.

6. Prove the rule for integrating under the sign of integration by the direct
method of treating the integral as the limit of a sum.

7. From Ex. 6 derive the rule for differentiating under the sign. Can the com-
plete rule including the case of variable limits be obtained this way ?

(x, @)
8. Note that the integral f e f(z, @) dz will be a function of (z, @). Derive
To

formulas for the partial derivatives with respect to x and a.

. . o o= d r¥z ,
9. Differentiate : (@) a—aﬁ sin (z + a)dx, (B) d—:r,j;

10. Integrate under the sign and hence evaluate by subsequent differentiation :

1 z h1
(@) j; zalog zdx, (8) jo‘ % ¢ sin axdz; ) j; z sec? axdz.

11. Integrate or differentiate both sides of these equations :

1 1 1 n!
adr = ——— to sh 2 (1 mde = (—1)" ————
(a) fa: Tl 0 show f; z< (log x) (=1) (a+1)n+1,
T dx _m1.:3.5...2n—1)
—— to show
(8) f x2+a ova f @+ ap+l 22.4.6. 2n-a"+*’

0 g—ar__ g—px (/3\2+7n2)

® a
—azx maxdr = ——— to show f e —dr = = locr L LI,
™ jc: emTreos a? 4+ m? T secmx 2 a4+ m2

» . ® p—ar__ p— Bx @
(9) f e~ ax sin mxdr = to show f ————dr=tan-! B_ tan—1—,
0 m m

T CSC mMx

" T  b—cosz
(€) f de = il to find f ~——-, f log 2T e,
0 a—cosT /g2 _—1 0 (a—cosz)? Jo a — cosT

' ©gya=ldy  w ® g% —1log xdx o gh—1_—ga-1
to find = ) dz
®) (; 1+z sinma o e f 142 ./,; (1+x)logx

m
a? + m?

Note that in (8)-(5) the integrals extend to infinity and that, as the rules of
the text have been proved on the hypothesis that the interval of integration is
finite, a further justification for applying the rules is necessary; this will be
treated in Chap. XIII, but at this point the rules may be applied formally
without justification.
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12. Evaluate by any means these integrals:

_ 2
() faVaZ—w2cos—1£dx=a2<2+1),

16 4
14 coscosx) 1 /72
;——dI:* = 2 ’
8) f coST 2(4 a)
*) j;glog (a?cos?x 4+ B%sin’x) dxr = wlog a;— '3,

a?— g2
(a? + p7)2’

"v .
(€) leoga-*-bsgf—.dm =1rsin-19, b<a,
0 a—bsinx sinx a

(9) j;w.rc'“-’f cos Brdr =

() f log(lc-(l)-sl;cosz)dm wsin-1k,

0 'f(;llogf(a%-x)d‘l‘:‘/;a log f (z) dz = f lo f(;('kl)da+£llogf(x)dz.

121. Curvilinear or line integrals. It is familiar that

A4 =£bydx=£bf(x)(lx

is the area between the curve y = f(x), the x-axis, and the ordinates
= a, x =0. The formula may be used to evaluate more complicated
areas. For instance, the area between the parabola y*= « and the semi-
cubical parabola 3? = a® is

1 1 13 1 1
A =facfdac——f widw=fg/d.7c—fyda:,
sJo

where in the second expression the subscripts /> and S denote that the
integrals are evaluated for the parabola and semicubical parabola. As
a change in the order of the limits changes the sign of
the integral, the area may be written

| (¢8)]
1 0 0 1 LB i
;l=fydw+fydoc=—f3/d.z—— fydx, ///S'
rJo *sJ1 rJ1 sJo

X

and is the area bounded by the closed curve formed
of the portions of the parabola and semicubical parabola from 0 to 1.
In considering the area bounded by a closed curve it is convenient to
arrange the limits of the different integrals so that they follow the curve
in a definite order. Thus if one advances along P from 0 to 1 and re-
turns along S from 1 to 0, the entire closed curve has been desecribed
in a uniform direction and the inclosed area has been constantly on the
right-hand side; whereas if one advanced along & from 0 to 1 and
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returned from 1 to 0 along P, the curve would have been described
in the opposite direction and the area would have been constantly
on the left-hand side. Similar considerations apply to more general
closed curves and lead to the definition: If a closed curve which
nowhere crosses itself is described in such a direction as to keep the
inclosed area always upon the left, the area is considered as positive;
whereas if the description were such as to leave the area on the right,
it would be taken as negative. It is clear that to a person standing in the
inclosure and watching the description of the boundary, the descrip-
tion would appear counterclockwise or positive in the first case (§ 76).
In the case above, the area when positive is

[ f yda + f de] f yil.r, (6)

where in the last integral the symbol O denotes that the integral is to
be evaluated around the closed curve by describing the
curve in the positive direction. That the formula holds
for the ordinary case of area under a curve may be
verified at once. Here the circuit consists of the con-
tour ABB'A'A. Then

f ydx f ydx + f ydx + f J(Z.L + f ydz.

The first integral vanishes because y = 0, the second and fourth vanish
because x is constant and dx = 0. Hence

A - B
— f ydx = — f ydo: = f yda.
o §2 A

It is readily seen that the two new formulas

A =fwdy and 4= %f(.rrly — ydx) )
o o

also give the area of the closed curve. The first is proved as (6) was
proved and the second arises from the addition of the two. Any one
of the three may be used to compute the area of the closed curve; the
last has the advantage of symmetry and is particularly useful in finding
the area of a sector, because along the lines issuing from the origin
y:x=dy:dx and xdy — ydx = 0; the previous form with the integrand
xdy is advantageous when part of the contour consists of lines parallel
to the x-axis so that dy = 0; the first form has similar advantages
when parts of the contour are parallel to the y-axis.
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The connection of the third formula with the vector expression for
the area is noteworthy. For (p.175)

dA = ] rxdr, A= %frxdr,
. o
and if r=zi+yj, dr=ide+ jdy, ]
then A =frxdr = %kf(xdy — yd).
o o

The unit vector k merely calls attention to the fact that the area lies
in the xy-plane perpendicular to the z-axis and is described so as to
appear positive.

These formulas for the area as a curvilinear integral taken around
the boundary have been derived from a simple figure whose contour
was cut in only two points by a line parallel to the axes. The exten-
sion to more complicated contours is easy. In the first place note that
if two closed areas are contiguous over a part of their contours, the inte-
gral around the total area following both contours, but omitting the part

in common, is equal to the sum of the integrals. For s

St S L S L S ¢
PRSP PQRP PR RSP PQR RP QRSP

since the first and last integrals of the four are in oppo-

site directions along the same line and must cancel. But i

the total area is also the sum of the individual areas and hence the
integral around the contour PQRSP must be the total area. The for-
mulas for determining the area of a closed curve are therefore applicable
to such areas as may be composed of a finite number of areas each
bounded by an oval curve. ’

If the contour bounding an area be expressed in parametric form as z = f({),
y = ¢ (t), the area may be evaluated as

[rawaya=—[e0rna=1[1r0#0-e0OrO1d, ™

where the limits for ¢ are the value of ¢ corresponding to any point of the contour
and the value of ¢ corresponding to the same point after the curve has been
described once in the positive direction. Thus in the case of the strophoid

22 theline y=tz
x

2 =a?

cuts the curve in the double point at the origin and in only one other point ; the

coordinates of a point on the curve may be expressed as rational functions
z=a(l—1t3)/(1+t?), y=at(l—1t3)/(1+ t?)

of ¢ by solving the strophoid with the line ; and when ¢ varies from — 1 to + 1 the

point (x, y) describes the loop of the strophoid and the limits for ¢ are — 1 and + 1,
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122. Consider next the meaning and the evaluation of
x vy
[P(r, y)dz + Q(x, y)dy], where y=f(r). (8)
cJah
This is called « curvilinear or line integral along the curce (' ov y = f(x)
from the point (a, 0) to (x, y). It is possible to eliminate y by the rela-
tion y = f(x) and write

[tre s+ 0 fen s ©

The integral then becomes an ordinary integral in « alone. If the curve
had been given in the form a = f(y), it would have been better to con-
vert the line integral into an integral in y alone. Te method of evaluat-
ing the integral is therefore defined. The differential of the integral
may be written as

Y
d f (Pdx + Qdy) = Pdx + Qdy, 10)
ab

where either x and dx or ¥ and dy may be-eliminated by means of the
equation of the curve C. For further particulars see § 123.

To get at the meaning of the line integral, it is necessary to con-
sider it as the limit of a sum (compare § 16). Suppose that the curve
C between (@, b) and (x, y) be divided into n parts, that Az, and Ay,
are the increments corresponding to the ith part, and that (¢;, #,) is
any point in that part. Form the sum

o =3, [P (&, n) Az + Q& m) Ay a1

If, when n becomes infinite so that Az and Ay each -
approaches 0 as a limit, the sum o approaches a
definite limit independent of how the individual

_ increments Ax; and Ay; approach 0, and of how the
point (§;, 7;) is chosen in its segment of the curve,
then this limit is defined as the line integral

(@y)

lime = f “'IP (@, y)de + Q) 5) dy] 12)

, b
It should be noted that, as in the case of the line integral which gives
the area, any line integral which is to be evaluated along two curves
which have in common a portion described in opposite directions may
be replaced by the integral along so much of the curves as not repeated ;
for the elements of o corresponding to the common portion are equal
and opposite.
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That ¢ does approach a limit provided P and @ are continuous functions of (z, ¥)
and provided the curve (' is monotonic, that is, that neither Az nor Ay thanges its
sign, is easy to prove. For the expression for ¢ may be written

o= [P /() Ani + (/1 (n). ) Ai)

by using the equation y = f(x) or x = f~1(y) of C. Now as

[(r@rena wma Q10 vy

are both existent ordinary definite integrals in view of the assumptions as to con-
tinuity, the sum ¢ must approach their sum as a limit. It may be noted that this
proof does not require the continuity or existence of f/(x) as does the formula (9).
In practice the added generality is of little use. The restriction to a monotonic
curve may be replaced by the assumption of a curve C which can be regarded as
made up of a finite number of monotonic parts including perhaps some portions of
lines parallel to the axes. More general varieties of C are -admissible, but are not
very useful in practice (§ 127).

Further to examine the line integral and appreciate its utility for
mathematics and physies consider some examples. Let

F(x, y)=X(x, y)+ Y (2, y)
be a complex function (§ 73). Then

z=z x,y
f F(x, y)dz = [X(x, )+ iY (x, )] [dx + idy]
CJz=c cJda,b

ry Ny (13)
= f (Xdx — Ydy)+ ¢ f (Ydx + Xdy).
Cda, Cdaq,

b b

It is apparent that the integral of the complex function is the sum of two
line integrals in the complex plane. The value of the integral can be
computed only by the assumption of some definite path C' of integra-
tion and will differ for different paths (but see §124).

By definition the work done by a constant force F acting on a particle,
which moves a distance s along a straight line inclined at an angle 6 to
the force, is IV = Fscos . If the path were curvilinear and the force
were variable, the differential of work would be taken
as d 1V = F cos Ods, where ds is the infinitesimal arc

and 6 is the angle between the arc and the force. 6{ o )F;
Hence dxd_y

x, Yy T
W= |dlW = F cos Ods = F.dr,
ab I, A 0| X

where the path must be known to evaluate the integral and where
the last expression is merely the equivalent of the others when the

.
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notations of vectors are used (p. 164). These expressions may be con-
verted into the ordinary form of the line integral. For

F = Xi + 17, dr = idx + jdy, Feldr = Xdr 4 Yy,
@,y &y
and W= f Fcos Ods = (Xdx + Ydy),
ah “h

where X and Y are the components of the force along the axes. It is
readily seen that any line integral may be given this same inter-
pretation. If

@y
I =f Pdc + Qdy, form F =Pi+ Qj.

b
oY Ty
Then I= f Pdx 4+ Qdy = f F cos Ods.
ab ah

To the principles of momentum and moment of momentum (§80) may now be
added the principle of work and energy for mechanics. Consider

d?r d?r
m-(ﬁ =F and m Et_“’.dr =Fedr=dW.
d (1dr dr 1d% dr  1dr d’r d%r dr
Then . — =) = — - —e—— = ——,
dt \2 dt dt 2dt2 dt - 2 dt dt? ez dt
2.
or d 10“’) = -d_f.dr and d (1 nw2> =dWw.
2 dt? 2
1 1 T
Hence “m? — Zmy? = Fudr=W.
enc 2 3 0 ﬂo

In words: The change of the kinetic energy } mv? of a particle moving under the
action of the resultant force F is equal to the work done by the force, that is, to the line
integral of the force along the path. If there were several mutually interacting
particles in motion, the results for the energy and work would merely be added as
= 1imv? — 2} mwl = W, and the total change in kinetic energy is the‘total work
done by all the forces. The result gains its significance chiefly by the consideration
of what forces may be disregarded in evaluating the work. As dW = F.dr, the
work done will be zero if dr is zero or if F and dr are perpendicular. Hence in
evaluating W, forces whose point of application does not move may be omitted
(for example, forces of support at pivots), and so may forces whose point of appli-
cation moves normal to the force (for example, the normal reactions of smooth curves
or surfaces). When more than one particle is concerned, the work done by the
mutual actions and reactions may be evaluated as follows. Let r,, r, be the vectors
to the particles and r, — r, the vector joining them. The forces of action and re-
action may be written as 4 ¢ (r; — 1,), as they are equal and opposite and in the line
joining the particles. Hence

AW =dW, + dW, = c(r; — 1,)+dr; — ¢ (r; — I,)dr,
=c(r — 1)ed (r, — 1) = Jed [(r; — 1,)+(r, — 1,)] = L edr,,

where 7, is the distance between the particles. Now dW vanishes when and only
when dry, vanishes, that is, when and only when the distance between the particles
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remains constant. Hence when a system of particles is in motion the change in the
total kinetic energy in passing from one position to another is equal to the work done by
the forces, where, in evaluating the work, forces acting at fixed points or normal to the
line of motion of their points of application, and forces due to actions and reactions of
particles rigidly connected, may be disregarded.

Another important application is in the theory of thermodynamics. If U, p, v
are the energy, pressure, volume of a gas inclosed in any receptacle, and if dU and
dv are the increments of energy and volume when the amount dH of heat is added

to the gas, then
dH = dU + pdv, and hence H = de+pdv

is the total amount of heat added. By taking p and v as the independent variables,
oU oU
H = —d, — dv | = d dv].
f[ p+(av+p) v] f[f(p,v)p+g(:o,v) v]

The amount of heat absorbed by the system will therefore not depend merely on
the initial and final values of (p, v) but on the sequence of these values between
those two points, that is, upon the path of integration in the pv-plane.

123. Let there be given a simply connected region (p. 89) bounded by
a closed curve of the type allowed for line integrals, and let P (x, y) and
Q(x, y) be continuous functions of (z, y) over this region. Then if the
line integrals from (a, &) to (x, y) along two paths

x, Yy x, Yy
f Pdx + Qdy = f Pdx + Qdy
cJa,b rJa,b

are equal, the line integral taken around the combined. path

z,y a, b .
f + f =dew+Qdy=0
cJa,b TJay (e}

vanishes. This is a corollary of the fact that if the order of description
of a curvé is reversed, the signs of. Az; and Ay; and hence of the line
integral are also reversed. Also, conversely, if the in-
tegral around the closed circuit is zero, the integrals
from any point (a, b) of the circuit to any other point
(z, y) are equal when evaluated along the two different
parts of the circuit leading from (a, 0) to (x, y).

The chief value of these observations arises in their application to
the case where P and Q happen to be such functions that the line inte-
gral around any and every closed path lying in the region is zero. In
this case if (@, 0) be a fixed point and (z, y) be any point of the region,
the line integral from (a, b) to (x, ) along any two paths lying within
the region will be the same; for the two paths may be considered as
forming one closed path, and the integral around that is zero by hy-
pothesis. The value of the integral will therefore not depend at all on
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the path of integration but only on the final point (x, ) to which the
integration is extended. Hence the integral

ax

Y Y
[P, y)de + Qr, ) dy]=F(z, y), (14)
a, b
extended from a fixed lower limit (a, 4) to a variable upper limit (z, ¥),
must be a function of (x, y).
This result may be stated as the theorem: 7%he necessary and suffi-
clent. condition that the line integral

fw, y[P (x, y)dx + Q(x, y)dy]

b

define a single valued function of (x, y) over a simply connected region
is that the circuit integral taken around dny and every closed curve in
the region shall be zero. This theorem, and in fact all the theorems on
line integrals, may be immediately extended to the case of line integrals
in space, )
X, Y, 2
f [P(x, ¥, 2)dx + Q(x, y, 2)dy + R (x, y, z)dz]. (15)
a, b, c
If the integral about every closed path is zero so that the integral from
a fixed lower limit to a variable upper limit

x,y
F(z, y) =f P(x, y)de + Q(x, y)dy
a,b

(leﬁzzes a function F(x, y), that function has continuous first partial
derivatives and hence a total differential, namely,

oF oF

To prove this statement apply the definition of a derivative.

x+ Az, y xy
Pdx + Qdy — f Pdx + Qdy
oF AF _ f e !

. . ,b \b
— = lim = lim -
ox Bx=0 AX Az =0 Az

Now as the integral is independent of the path, the integral to
(x + Ax, y) may follow the same path as that to (z, y), except for
the passage from (z, ) to (x + Az, y) which may be taken along the
straight line joining them. Then Ay = 0 and

. AF 1 r+ Az, y

1
Az = Az ., P(x, y)dx—EP(E, y)Aac:P(S,, Y),
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by the Theorem of the Mean of (65"), p.25. Now when Ar = 0, the
value ¢ intermediate hetween « and x 4 Az will approach » and P (€, y)
will approach the limit P(x, y) by virtue of its continuity. Hence
AF/Az approaches a limit and that limit is P (x, y) = 6F/0x. The other
derivative is treated in the same way.

If the integrand Pdx + Qdy of « line integral is the total differential
dF of a single valued function F(x,y), then the integral about any closed
circuit is zero and

Yy Yy
f Pdx + Qdy. =f dF = F(x, y)— F(a, D). an

b b
If equation (17) holds, it is clear that the integral around a closed path
will be zero provided F(x, y) is single valued; for F(x, y) must come
back to the value I'(«, b) when (r, y) returns to (a, b). If the function
were not single valued, the conclusion might not hold.

To prove the relation (17), note that by definition

f aF = f Pdr + Qdy = 1im2 [P (&, m0) Axi + Q (&, 13) Ayi)

and AF; = P (&, 1) Ax; + Q (&, mi) Ayi + € Ax; + €,Ay;,

where ¢, and ¢, are quantities which by the assumptions of continuity for P and @
may be made uniformly (§25) less than e for all points of the curve provided Ax;
and Ay; are taken small enough. Then

|3 (P + Qi) — 3 AR < €3 (1Azi|+ 8

and since ZAF; = F(z,y) — F(a, b), the sum ZP;Ar; + Q;Ay; approaches a limit,
and that limit is

1imz (PiAz; + QiAyi] = f “;ypdx + Qdy = F(z, y)— F(a, b).

EXERCISES
1. Find the area of the loop of the strophoid as indicated above.

2. Find, from (6), (7), the three expressions for the integrand of the line inte-
grals which give the area of a closed curve in polar codrdinates.

3. Given the equation of the ellipse £ = a cost, y = bsin¢. Find the total area,
the area of a segment from the end of the major axis to a line parallel to the minor
axis and cutting the ellipse at a point whose parameter is ¢, also the area of a sector.

4. Find the area of a segment and of a sector for the hyperbola in its parametric
form ¢ = a cosht, y = bsinht.

5. Express the folium x® 4+ y3 = 8 azy in parametric form and find the area of
the loop.

.

6. What area is given by the curvilinear integral around the perimeter of the
closed curve r = asin33¢ ? What in the case of the lemniscate 72 = a2 cos2¢
described as in making the figure 8 or the sign o ?
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7. Write for y the analogous form to (9) for z. Show that in curvilinear
codrdinates & = ¢ (1, v), ¥y = ¢ (u, v) the area is

1 o Y o ¢l ]
A== d “de |-
2f[!¢.2 N PR

8. Compute these line integrals along the paths assigned :

L1
(a) f r2ydxr + yidy, y*=a or y=z or y=a?
Jo,0 .
1,1
8) foo @+y)de+ @+ 9)dy, vi=z or y=z or yd=a?
'e,ly
(v) f 5dz+dy, y=logx or y=0 and z=e,
1,0
Xy Y
(8) f z sinydx + y coszdy, y=mz or =0 and y=y,
0,0
1+
(e)f (x—iy)dz, y=2 or =0 and y=1 or y=0 and xz=1,
z2=0

z=1
($) f (22— (1 + i)zy + ¥°)dz, quadrant or straight line.
z=1

9. Show that f Pdx + Qdy = f V P? 4+ @? cos fds by working directly with the
figure and without the use of vectors.

10. Show that if any circuit is divided into a number of circuits by drawing
lines within it, as in a figure on p. 91, the line integral around the original circuit is
equal to the sum of the integrals around the subcircuits taken in the proper order.

11. Explain the method of evaluating a line integral in space and evaluate :
1,1,1

() zvdx + 2 ydy + zdz, ¥ =z, 2=z or y=z=u,
0,0

T Yy 2 €
, ylogzda:+y2dy+gdz, y=z—1, z=a2 or y=1logz, z==x.

» 0y

12. Show that f Pdx + Qdy + Rdz = f VT? ¥ 2 + R? cos 4ds.

13. A bead of mass m strung on a frictionless wire of any shape falls from one
point (z,, ¥,, Z,) to the point (z,, ¥,, z;) on the wire under the influence of gravity.
Show that mg(z, — #,) is the work done by all the forces, namely, gravity and
the normal reaction of the wire.

14. If 2 = f (1), v = g (t), and f’(¢), g’(t) be assumed continuous, show

@y tode dy
P(z, y)d ndy= [ (PE+ %) at
[ e vt ew = [(PU Q)

where f(t,) = @ and g (t,) = b. Note that this proves the statement made on page 290
in regard to the possibility of substituting in a line integral. The theorem is also
needed for Exs. 1-8.

15. Extend to line integrals (15) in space the results of §123.

16. Angle as a line inlegral. Show geometrically for a plane curve that
d¢ = cos(r, n)ds/r, where r is the radius vector of a curve and ds the element of



298 INTEGRAL CALCULUS
arc and (r, n) the angle between the radius produced and the normal to the curve,
is the angle subtended at r = 0 by the element ds. Hence show that

cos(r, n) 1dr dlogr
= — T ds = _— d =
¢ f r g rdn y dn

ds,

where the integrals are line integrals along the curve and dr/dn is the normal
derivative of r, is the angle ¢ subtended by the curve at » = 0. Hence infer that

dlogr .rdlogr dlogr
ds =2 ds=0 — 2 ds =
j(; n ] T or L Tn K] or j; Tn s =6

according as the point r =0 is within the curve or outside the curve or upon
the curve at a point where the tangents in the two directions are inclined at the
angle 4 (usually 7). Note that the formula may be applied at any point (¢, ) if
r2 = (¢ — )2 + (n — y)? where (z, ¥) is a point of the curve. What would the inte-
gral give if applied to a space curve ?

17. Are the line integrals of Ex. 16 of the same type f P(z, y)dr + Q(z, y)dy

as those in the text, or are they more intimately associated with the curve ? Cf. §155.

0,1 0,1
18. Compute (a) f (@ —y)ds, (B) f xyds along a right line, along a quad-
1,0 -1,0

rant, along the axes.

124. Independency of the path. It has been seen that in case the
integral around every closed path is zero or in case the integrand
Pdx + Qdy is a total differential, the integral is independent of the
path, and conversely. Hence if

Y oF
F(x, y)= Pdx + Qdy, then o P, —=Q,
a b ¢

*F  0Q 0°F  opP or 0Q

and dxoy  or ~ oyox oy oy o

provided the partial derivatives P, and Q] are continuous functions.*
It remains to prove the converse, namely, that: If the two partial
derivatives P, and Q; are continuous and equal, the integral

Y
f Pdx + Qdy with P, =Q; (18)
a, b
is tndependent of the path, is zero around a closed path, and the quantity
Pdx + Qdy is a total differential.

To show that the integral of Pda + Qdy around a closed path is zero
if P, = Q;, consider first a region R such that any point (x, v) of it may

* See § 52. In particular observe the comments there made relative to differentials
which are or which are not exact. This difference corresponds to integrals which are
and which are not independent of the path.
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be reached from («, ) by following the lines y =& and x=&. Then
define the function F(x, y) as

F(x, y) =fo(w, b)dux +[yQ(x, ydy (19)

for all points of that region R. Now

oF oF 0 ¥
§?;=Q(w,3/), Pl A C b)+a[ Q(z, y)dy.

o (Y " 9Q Yep
But gi Q(w,y)d?/~f6 %d?/—fb @d:'/—P(w,y)

This results from Leibniz’s rule (4") of §119, which may be applied
since Q; is by hypothesis continuous, and from the assumption Q;= P;.
Then oF

Pl P(x,0) + P(x, y) — P(x, ) = P(x, y).
Hence it follows that, within the region specified, Pdx + Qdy is the
total differential of the function F(x, y) defined by (19). Hence along
any closed circuit within that region R the integral of Pdx + Qdy is
the integral of dF and vanishes.

Y
b

It remains to remove the restriction on the type of region within which the
integral around a closed path vanishes. Consider any closed path C which lies
within the region over which P, and @ are equal continuous functions of (z, ).
As the path lies wholly within R it is possible to rule R so finely that any little
rectangle which contains a portion of the path shall lie wholly within R. The
reader may construct his own figure, possibly with reference to that of § 128, where
a finer ruling would be needed. The path C' may thus be surrounded by a zigzag
line which lies within B. Each of the small rectangles within the zigzag line is a
region of the type above considered and, by the proof above given, the integral
around any closed curve within the small rectangle must be zero. Now the circuit
C may be replaced by the totality of small circuits consisting either of the perim-
cters of small rectangles lying wholly within C or of portions of the curve C and
portions of the perimeters of such rectangles as contain parts of C: And if C be so
replaced, the integral around C is resolved into the sum of a large number of inte-
grals about these small circuits; for the integrals along such parts of the small
circuits as are portions of the perimeters of the rectangles occur in pairs with oppo-
site signs.* Hence the integral around C is zero, where C is any circuit within R.
Hence the integral of Pdx + Qdy from (a, b) to (x, ¥) is independent of the path
and defines a function F(x, y) of which Pdz + Qdy is the total differential. As
this function is continuous, its value for points on the boundary of R may be defined -
as the limit of F'(x, y) as (z, ¥) approaches a point of the boundary, and it may thereby
be seen that the line integral of (18) around the boundary is also 0 without any fur-
ther restriction than that P, and @ be equal and continuous within the boundary.

* See Ex. 10 above. It is well, in connection with §§123-125, to read carefully the
work of §§44-45 dealing with varieties of regions, reducibility of circuits, etc.
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It shodld be noticed that ¢he line integral

X,y . x y
f Pdx + Qdy =f P(x, b)dx +f Q(x, y)dy, (19)
ab a b

when Pdx 4 Qdy is an exact differential, that is, when P, = Q}, may be
evaluated by the rule given for integrating an exact differential (p. 209),
provided the path along y =0 and = = 2 does not go outside the region.
If that path should cut out of R, some other method of evaluation would
be required. It should, however, be borne in mind that Pdx + Qdy
is best integrated by inspection whenever the function F, of which
Pdx + Qdy is the differential, can be recognized ; if F is multiple valued,
the consideration of the path may be required to pick out the par-
ticular value which is needed. It may be added that the work may be
extended to line integrals in space without any material modifications.
It was seen (§ 73) that the conditions that the complex function

F(z, y)= X (z, y) +i¥ (x, ), z=z+ iy,
be a function of the complex variable z are
h X, =—Y,and X =7, (20)

If these conditions be applied to the expression (13),

xy Y XY
fF(x, %) =f Xdx — Ydy + zf Ydx + Xdy,
a,b a,b

for the line integral of such a function, it is seen that they are pre-
cisely the conditions (18) that each of the line integrals entering into
the complex line integral shall be independent of the path. Hence
the integral of a function of @ compler variable is independent of the
path of integration in the complex plune, and the integral around a
closed path vanishes. This applies of course only to simply connected
regions of the plane throughout which the derivatives in (20) are equal
and continuous.
If the notations of vectors in three dimensions be adopted,

f_\'(/.'l‘ + Ydy + Zdz :—_-fF.dr’

wlhere F =1Xi+ Tj+ 7k, dr = ida + jdy + kdz.

In the particular case where the integrand is an exact differential and
the integral around a closed path 1s zero,

Xdw + Ydy + Zdz = Fedr = U = d1r.VU,
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where U is the function defingd by the integral (for VU see p.172).

When F is interpreted as a force, the function } = — U such that
oV ov .
Feevwy o x=—20, y=_9,  ,__0
ox oy 0z

is called the potential function of the force F. The negative of the
slope of the potentiul function is the force F and the negatives of the
partial derivatives are the component forces along the axes.

If the forces are such that they are thus derivable from a potential function,
they are said to be conservative. In fact if

. d?r .
m-— =F=-VV, Mm——«dr =—dr.vV =—d7V,
ez dz
frlm d?r dr = m d_l’ d_l' 1'1 Sn
and A zdt ,n’
or %L(vf — v(f) =Vy—V1 or -2 v+ T == ”o + Vo

Thus the sum of the kinetic energy 4 mv? and the potential energy V is the same
at all times or positions. This is the principle of the conservation of energy for the
simple case of the motion of a particle when the force is conservative. In case the
force is not conservative the integration may still be performed as

m -
HCEIHE f Fudr =W,

where W stands for the work done by the force F during the motion. The result is
that the change in kinetic energy is equal to the work done by the force; but d W
is then not an exact differential and the work must not be regarded as a function
of (x, y, z),— it depends on the path. The generalization to any number of particles
as in § 123 is immediate.

125. The conditions that I, and @, be continuous and equal, which
insures independence of the path for the line integral of Pdx + Qdy,
need to be examined more closely. Consider th examples :

First dea: + Qdy = f + J_ a;‘ g d1 ,

where e - Q_ yroat
y @B+ IEN (@ + y?)?

It appears formally that P; = Q.. If the integral be calculated around a square of
side 2 a surrounding the origin, the result is

+a 4 ade +aady —« — adr —a — qdy, ta qdr
[ S f e [ f L=
I N TE I PP TLI S T fa 224 +a «* + y* —a L2+«

St aly te ady wmo
+zf_u ﬁ;?k4f_d iy TR
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The integral fails to vanish around the closed path. The reason is not far to seek,
the derivatives P, and Q. are not defined for (0, 0), and cannot be so" defined as
to be continuous functions of (z, ¥) near the origin. As a matter of fact

Y — @y
f“’ﬂ Ly dtan—1Y = tan—-1Y
ab 22492 x4 Y2 a,b T T

Y
’

a,b

and tan—1(y/x) is not a single valued function ; it takes on the increment 2 = when
one traces a path surrounding the origin (§ 45).
Another illustration may be found in the integral

fdz_ fda;+idy_ f:cda:+ydy if——?/dfv+ﬂ6dy

z © + iy 22 + 32 Z2 + y?

taken along a path in the complex plane. At the origin z = 0 the integrand 1/z
becomes infinite and so do the partial derivatives of its real and imaginary parts.
If the integral be evaluated around a path passing once about the origin, the
result is

&y

j;gfz [%10g(x2\+y2)+itan-lg]a,:=21ri. (1)
In this case, as in the previous, the integral would necessarily be zero about any
closed path which did not include the origin; for then the con-
ditions for absolute independence of the path would be satisfied.
Moreover the integrals around two different paths each encircling
the origin once would be equal ; for the paths may be considered
as one single closed circuit by joining them with a line as in the
device (§ 44) for making a multiply connected region simply con-
nected, the integral around the complete circuit is zero, the parts
due to the description of the line in the two directions cancel,
and the integrals around the two given circuits taken in opposite directions are
therefore equal and opposite. (Compare this work with the multiple valued nature
of log 2, p. 161.)

Suppose in general that P (x, y) and Q(x, y) are single valued func-
tions which have the first partial derivatives P, and Q. continuous
and equal over a region R except at certain points 4, B, ---. Surround
these points with small circuits. The remaining portion of R is such
that P, and Q, are everywhere equal and continuous; but the region
is not simply connected, that is, it is possible to draw in the region
circuits which cannot be shrunk down to a point, owing to the fact
that the circuit may surround one or more of the regions which have
been cut out. If a circuit can be shrunk down to a point, that is, if it
is not inextricably wound about one or more of the deleted portions,
the integral around the circuit will vanish; for the previous reasoning
will apply. But if the circuit coils about one or more of the deleted
regions so that the attempt to shrink it down leads to a circuit which
consists of the contours of these regions and of lines joining them, the
integral need not vanish ; it reduces to the sum of a number of integrals
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taken around the contours of the deleted portions. If one circuit
can be shrunk into another, the integrals around the two circuits are
equal if the direction of description is the same ; for a line connecting
the two circuits will give a combined circuit which can be shrunk down
to a point.

The inference from these various observations is that in a multiply
connected region the integral around a circuit need not be zero and
the integral from a fixed lower limit (@, 3) to a variable upper limit
(x, y) may not be absolutely independent of the path, but may be dif-
ferent along two paths which are so situated relatively to the excluded
regions that the circuit formed of the two paths from (a, ) to (z, 7)
cannot be shrunk down to a point. Hence

@,y
F(w, :1/) =f Pdx + Qdy, P; =qQ, (genera,]_]y)’
ab

the function defined by the integral, is not necessarily single valued.
Nevertheless, any two values of F(x, y) for the same end point will
differ only by a sum of the form

Fy(z, y) — Fy(®, y) = myly + moly + - - -

where I, I,, . . . are the values of the integral taken around the con-
tours of the excluded regions and where m,, m,, . .. are positive or
negative integers which represent the number of times the combined
circuit formed from the two paths will coil around the deleted regions
in one direction or the other.

126. Suppose that f(z) = X (=, y) + Y (x, y) is a single valued funec-
tion of z over a region R surrounding the origin (see figure above), and
that over this region the derivative f’(z) is continuous, that is, the

relations X, = —Y; and X =Y, are fulfilled at every point so that
no points of R need be cut out. Consider the integral
f(z) ., (X4 .
j; - dz_fo——-w_*_iy (d + idy) (22)

over paths lying within R. The function f(z)/z will have a contin-
uous derivative at all points of R except at the origin z = 0, where the
denominator vanishes. If then a small circuit, say a circle, be drawn
about the origin, the function f(2)/2z will satisfy the requisite condi-
tions over the region which remains, and the integral (22) taken around
a circuit which does not contain the origin will vanish.

The integral (22) taken around a ecircuit which coils once and only
once about the origin will be equal to the integral taken around the
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small circle about the origin. Now for the circle,

o} © @ ©

where the assumed continuity of f(z) makes |5 ()| < e provided the
circle about the origin is taken sufficiently small. Hence by (21)

fLQZ ff<>dz—2mf(0)+s
dz| éefdfw’—‘z"""

Hence the difference between (22) and 2 mif(0) can be made as small
as desired, and as (22) is a certain constant, the result is

with [€|= tl

f< %) dz =2 mif (0). (23)

A function f(2) which has a continuous derivative f'(z) at every
point of a region is said to be analytic over that region. Hence if the
region includes the origin, the value of the analytic function at the
origin is given by the formula

f
F0) =5~ ® g, (23")

2'm z
o

where the integral is extended over any circuit lying in the region and
passing just once about the origin. It follows likewise that if z = « is
any point within the region, then

S )—Olmf f(_)ad (24)
(¢]

where the circuit extends once around the point a and lies wholly within
the region. This important result is due to Cauchy.

A more convenient form of (24) is obtained by letting ¢ = = repre-
sent the value of z along the circuit of integration and then writing
« = z and regarding = as variable. Hence Cauchy’s Integral :

1, r
) =5 fo IO 4y (25)

This states that if any civeuit be drawn in the region over which f(z)
is analytic, the value of f(2) at «ll points within that circuit may be oh-
tained by evaluating Cuuchy’s Integral (25). Thus f(z) may be regarded
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as defined by an integral containing a parameter z; for many pur-
poses this is convenient. It may be remarked that when the values of
f(z) are given along any circuit, the integral

may be regarded as defining f(z) for all points At

within that circuit. V QA
To find the successive derivatives of f(2), it Er

is merely necessary to differentiate with respect a

to z under the sign of integration. The condi- 4
tions of continuity which are required to justify

the differentiation are satisfied for all points z @ 1
actually within the circuit and not upon it. Then

'( ) - 2 rbf@f( )~)2 dt f("—l)(z) 2 T f(tj_(t,)') d.

As the differentiations may be performed, these formulas show that «n
analytic function has continuous derivatives of all orders. The definition
of the function only required a continuous first derivative.

Let @ be any particular value of z (see figure). Then

1 1 1 1
t—z_(t—a)—(.z—w)_t—-ul_z—a
t—a

1

o _ n—1 __ n
= 7 1 —+ ad @ -+ (z (l) + .+ (” (Z) + (t a)
—-rr[ t—a

(t — a)? (t—a)! 1_z—a
t—a

_‘)mf r(f) lifOtrif)a ‘1 2mf( _ )(f())

1 , S 1 St
+—,’j;(z—(l>z<tf 3t>3dt+ +—‘[O<z—tr)'L_l(t——zy'dt+R"’

27

with R, = rl : (z —a): L S () dt.
2w O(t—a) l_z—at—a

t—a

Now ¢ is the variable of integration and # — « is a constant with respect
to the integration. Hence

PO =F@) + = o+ 0
(».' _ tl)" -1
(n—=1)!

This is Taylor’s Formula for a function of a complex variable.

(26)

+ - + f(u D(lt)—*—P
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EXERCISES

1. If P, = @, @ =R,, R, = P, and if these derivatives are continuous, show
that Pde + Qdy + Rdz is a total differential.

2. Show that f ® yP (®, ¥, a)dx + Q(z, ¥, a)dy, where C is a given curve,
CYa,b

J

defines a continuous function of «, the derivative of which may be found by differ-
entiating under the sign. What assumptions as to the continuity of P, @, P,, Q.
do you make ?

Zdz I»!/xda;+ydy %Y — yde + xdy .
3. If logz = —2Z "~~~ be taken as the
o8E= f f; Yy +z~/;.o 7% 4+ y?
definition of log z, draw paths which make log (3 + } V' — 8) = } =i, 2} wi, — 13 mi.

4. Study f

— 1, or both. Draw a closed path surrounding both and makmg the integral vanish.

Wlth especial reference to closed paths which surround + 1,

5. If f(2) is analytic for all values of z and if | f(2)| < K, show that
- 1 Ny . #O
ro-10= [ rol - i|e= £ L9

o(t—2)t

taken over a circle of large radius, can be made as small as desired. Hence infer
that f(z) must be the constant f(z) = f(0).

6. If G(2) = a, + a,2 + - - - + az"is a polynomial, show that f(z) = 1/G (z) must
be analytic over any region which does not include a root of G (z) = 0 either within
or on its boundary. Show that the assumption that G (z) = 0 has no roots at all
leads to the conclusion that f(z) is constant and equal to zero. Hence infer that
an algebraic equation has a root.

7. Show that the absolute value of the remainder in Taylor’'s Formula is
|z —a =

f Fitydt 1 m ML
27 |Jo(t—ay(t—=2)|

2wprp—r

| Ba| =

for all points z within a circle of radius r about « as center, when p is the radius
of the largest circle concentric with @ which can be drawn within the circuit about
which the integral is taken, M is the maximum value of f(¢) upon the circuit, and
L is the length of the circuit (figure above).

8. Examine for independence of path and in case of independence integrate :
(@) f 22ydx + xy?dy, 8) f zy2de + x2ydy, (%) f xdy + ydx,
(9) f (@2 + xy)de + (¥2 + xy)dy, (€) fy cos zdy + } y?sin zdz.

9. Find the conservative forces and the potential :
@x=—""_,y=—11>¥ _z_-_ % |
(I2 + ?/2)'3 (Z2 + y2)‘§ (1}2 + y2)7
B) X=—nr. Y =—ny, (v) X=1/2, Y = y/x.
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10. If R(r, ¢) and &(r, ¢) are the component forces resolved along the radius
vector and perpendicular to the radius, show that d W = Rdr 4 r®dg¢ is the differ-
ential of work, and express the condition that the forces R, ¢ be conservative.

11. Show that if a particle is acted on by a force R = — f(r) directed toward
the origin and a function of the distance from the origin, the force is conservative.

12. If a force follows the Law of Nature, that is, acts toward a point and varies
inversely as the square 7% of the distance from the point, show that the potential
is — k/r.

13. From the results F=—~V 7V or V= — f Fedr = fXdJ: + Ydy + Zdz show

that if V, is the potential of F, and V, of F, then V' =17, 4+ 17, will be the
potential of F = F, + F,, that is, show that for conservative forces the addition of
potentials is equivalent to the parallelogram law for adding forces.

14. If a particle is acted on by a retarding force — kv proportional to the
velocity, show that R = } kv? is a function such that

oR oR oR
— = — kg, — = — kv,, — = — kv,
[ ovy oV,
AW = — kvedr = — k (0,2 + v,dy + v.dz).
Here R is called the dissipative function ; show the force is not conservative.

15. Pick out the integrals independent of the path and integrate :
(a) f yzdz + rzdy + zydz, (B) f ydx/z + ady/z — xydz/2?,

(n [evzda+dy+dn, (@) [log(ey)dz+ady + ydz.

16. Obtain logarithmic forms for the inverse trigonometric functions, analogous
to those for the inverse hyperbolic functions, either algebraically or by considering
the inverse trigonometric functions as defined by integrals as

z dz . 2
tan-1z = , sm-lz:f ...
0 1422 0 /1— 22

17. Integrate these functions of the complex variable directly according to the
rules of integration for reals and determine the values of the integrals by
substitution :

() f e2z’dz ®) «[o. 2icos?’zolz, ) j; _l+i(1+z2)—ldz,
2 dz —2-i dz

o — —_—— —_—

( )f; \/1—z2 (e)f; zVzt—1 ®© jil V1+ 22

In the case of multiple valued functions mark two different paths and give two values.

18. Can the algorism of integration by parts be applied to the definite (or indefi-
nite) integral of a function of a complex variable, it being understood that the
integral must be a line integral in the complex plane? Consider the proof of
Taylor’s Formula by integration by parts, p. 67, to ascertain whether the proof is
valid for the complex plane and what the remainder means.
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19. Suppose that in-a plane at r = 0 there is a particle of mass m which attracts
according to the law F=m/r. Show that the potential is 17 = m log ;*, so that
F = —vT1. The induction or flur of the force F outward across the element ds of
a curve in the plane is by definition — Fcos (I, n)ds. By reference to Ex. 16,
p. 297, show that the total induction or flux of F across the curve is the line integral
(along the curve)

—-chos(F, n)ds =m dlogrds: LV-dg
dn dn
-1 1 av
=—— | Fcos(F, n)ds=— -

and m 2”_./;) (F, n) 3 oo™

where the circuit extends around the point r = 0, is a formula for obtaining the
mass m within the circuit from the field of force F which is set up by the mass.

20. Suppose a number of masses m,, m,, - - -, attracting as in Ex. 19, are situated
at points (§;, n;), (§55 mp), - - - in the plane. Let
F=F +F+--, V=Vi+Vy+-o,  Vi=mlog[(E— )%+ (ni— y)*]t
be the force and potential at (x, ) due to the masses. Show that

chos(F n)ds—2 Zfo‘fi_:ds_z’mFM,

where = extends over all the masses and 2’ over all the masses within the circuit
(none being on the circuit), gives the total mass M within the circuit.

127. Some critical comments. In the discussion of line integrals
and in the future discussion of double integrals it is necessary to speak
frequently of curves. For the usual problem the intuitive conception
‘of a curve suffices. A curve as ordinarily conceived is continuous, has
a continuously turning tangent line except perhaps at a finite number
of angular points, and is cut by a line parallel to any given direction in
only a finite number of points, except as a portion of the curve may
coincide with such a line. The ideas of length and area are also appli-
cable. For those, however, who are interested in more than the intuitive
presentation of the idea of a curve and some of the matters therewith
connected, the following sections are offered.

If ¢ (t) and y (¢) are two single valued real functions of the real variable ¢ defined
for all values in the interval {, = { = {,, the pair of equations
T = ¢(t), y=vy(), LW=t=1, (27)
will be said to define a curve. If ¢ and ¥ are continuous functions of ¢, the curve
will be called continuous. If ¢ (¢,) = ¢ (¢,) and ¥ (¢,) = ¥ (t,), so that the initial and
end points of the curve coincide, the curve will be called a closed curve provided
it is continuous. If there is no other pair of values ¢ and ¢ which make both
¢ (t) = ¢ (t') and ¥ (t) = ¢ ('), the curve will be called simple; in ordinary language,
the curve does not cut itself. If ¢ describes the interval from ¢, to ¢, continuously
and constantly in the same sense, the point (i, ) will be said to describe the curve
in a given sense ; the opposite sense can be had by allowmv t to describe the interval
in the opposite direction.
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Let the interval ¢, =% =1¢, be divided into any number n of subintervals
A AL -+, A, There will be n corresponding increments for x and y,

A, Ayr, -y Ay, and Ayl Agy, ceeL Ay
Then A =V (Ar)? + (Awy)? =|Awx| + |Awy|, [Air| = Ay Ay | = A

are obvious inequalities. It will be necessary to consider the three sums

2 :2": Az, Ty =2n[Ai?/|7 Ty :iA[C :i \/(Ai‘t)z + (Aiy)z'
1 1 ! 1

For any division of the interval from ¢, to ¢, each of these sums has a definite
positive value. When all possible modes of division are considered for any and
every value of n, the sums ¢, will form an infinite set of numbers which may be
either limited or unlimited above (§22). In case the set is limited, the upper
frontier of the set is called the variation of x over the curve and the curve is said
to be of limited variation in x; in case the set is unlimited, the curve is of unlimited
variation in z. Similar observations for the sums ¢,. It may be remarked that the
geometric conception corresponding to the variation in @ is the sum of the projec-
tions of the curve on the x-axis when the sum is evaluated arithmetically and not
algebraically. Thus the variation in y for the curve ¥ =sin from 0 to 27 is 4.
The curve y = sin(1/x) between these same limits is of unlimited variation in y.
In both cases the variation in x is 2.

If both the sums ¢, and ¢, have upper frontiers L, and L,, the sum ¢, will have
an upper frontier L; = L, + L,; and conversely if ¢; has an upper frontier, both
o, and o, will have upper frontiers. If a new point of division is intercalated in A,
the sum ¢, cannot decrease and, moreover, it cannot increase by more than twice
the oscillation of « in the interval Ag¢. For if Aj;x + Ag;x = Asxr, then

]Au(l}[ + ]Azj.l)[ = IA,’.IJI, »]Auﬂil + ]Azizl = 2(Mi - m,-).

Here A;;t and Ayt are the two intervals into which Ag is divided, and M; — m; is the
oscillation in the interval A;gf. A similar theorem is true for ¢,. It now remains to
show that if the interval from ¢, to ¢, is divided sufficiently fine, the sums ¢, and s,
will differ by as little as desired from their frontiers L, and L,. The proof is like
that of the similar problem of § 28. First, the fact that L, is the frontier of ¢, shows
that some method of division can be found so that L, — ¢, < }e. Suppose the num-
ber of points of division is n. Let it next be assumed that ¢ (¢) is continuous; it
must then be uniformly continuous (§ 25), and hence it is possible to find a & so
small that when A;t < & the oscillation of  is M; — m; < ¢/4n. Consider then any
. method of division for which A¢ < 8, and its sum ;. The superposition of the former
division with n points upon this gives a sum ¢; = ¢{. But ¢y — 0] < 2ne/4n = }e¢,
and ¢] =¢,. Hence L, — ¢y < }e and L; — ¢{<e. A similar demonstration may
be given for ¢, and L,.

To treat the sum o, and its upper frontier L, note that here, too, the intercalation
of an additional point of division cannot decrease o; and, as

V(Ar)? + (Ay)2 =|Az| + Ay,

it cannot increase o, by more than twice the sum of the oscillations of « and y in
the interval At. Hence if the curve is continuous, that is, if both x and y are con-
tinuous, the division of the interval from ¢, to ¢, can be taken so fine that oy shall
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differ from its upper frontier Ly by less than any assigned quantity, no matter how
small. In this case L; = s is called the length of the curve. It is therefore seen that
the necessary and sufficient condition that any continuous curve shall have a length is
that its Cartesian coordinates x and y shall both be of limited variation. It is clear that
if the frontiers L,(t), L,(t), Ly(t) from ¢, to any value of ¢{ be regarded as functions
of ¢, they are continuous and nondecreasing functions of ¢, and that L4(?) is an
increasing function of ¢; it would therefore be possible to take s in place of ¢ as
the parameter for any continuous curve having a length. Moreover if the deriva-
tives 2’ and ¥’ of  and y with respect to ¢ exist and are continuous, the derivative s’
exists, is continuous, and is given by the usual formula s’ = Vz’2 4+ y’2. This will
be left as an exercise; so will the extension of these considerations to three
dimensions or more.

In the sum x, — z, = SAd of the actual, not absolute, values of Az there may
be both positive and negative terms. Let  be the sum of the positive terms and
» be the sum of the negative terms. Then

T, — Ty =7 —v, g =7+, 27 =2, — x5+ oy, 2v=1u,—, + 0,.
As ¢, has an upper frontier L, when z is of limited variation, and as z, and @, are con-
stants, the sums 7 and » have upper frontiers. Let these be IT and N. Considered
as functions of ¢, neither II (f) nor N(f) can decrease. Write x(t) = x, + II(t) — N(t).
Then the function « (¢) of limited variation-has been resolved into the difference of
two functions each of limited variation and nondecreasing. As a limited non-
decreasing function is integrable (Ex. 7, p. 54), this shows that a function is integrable
over any interval over which it is of limited variation. That the difference x = &7 — &’
of two limited and nondecreasing functions must be a function of limited variation
follows from the fact that |Ax| =|Ax”|+ |Az’|. Furthermore if

e=xy,+ II— N be written == [x,+ II 4 |xy|+ ¢ — t,] ~[N +[zo] + ¢ — t,],
it is seen that a function of limited variation can be regarded as the difference of two
positive functions which are constantly increasing, and that these functions are con-
tinuous if the given function x (t) is continuous.

Let the curve C defined by the equations x = ¢ (f), y =y (), t, =t =1t,, be
continuous. Let P (x, y) be a continuous function of (x, ). Form the sum

D P, m)Aa =D P, m)Ax” — 3, P (&, m) A, @8)

where Az, Az, - - - are the increments corresponding to A,f, Ay, - - -, where (&;, 7;)
is the point on the curve which corresponds to some value of ¢ in A, where « is
assumed to be of limited variation, and where " and &’ are two continuous increas-
ing functions whose difference is . As z” (or z’) is a continuous and constantly
increasing function of ¢, it is true inversely (Ex. 10, p. 45) that ¢ is a continuous and
constantly increasing function of «” (or ¢’). As P(z, y) is continuous in (z, ¥), it
is continuous in ¢ and also in «” and #’. Now let A = 0; then Ax” =0 and
Ax’ = 0. Also

11mZPA Y — f P 7 and llmzPAl.r, —f Pd:c’

The limits exist and are integrals simply because P is continuous in «” or in &’.
Hence the sum on the left of (28) has a limit and

hmEPM— f Pdz = f ' Pde — f Pl
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may be defined as the line integral of P along the curve C of limited variation in x.
The assumption that ¥ is of limited variation and that Q (x, ¥) is continuous would
lead to a corresponding line integral. The assumption that both x and y are of limited
variation, that is, that the curve is rectifiable, and that P and Q are continuous would
lead to the existence of the line integral

Xy
L P@ v+ Qe v)dy.
CYxy, 4,
A considerable theory of line integrals over general rectifiable curves may be con-
structed. The subject will not be carried further at this point.

128. The question of the area of a curve requires careful consideration. In the
first place note that the intuitive closed plane curve which does cut itself is intui-
tively believed to divide the plane into two regions, one interior, one exterior to the
curve; and these regions have the property that any two points of the same region
may be connected by a continuous curve which does not cut the given curve,
whereas any continuous curve which connects any point of one region to a point
of the other must cut the given curve. The first question which arises with regard
to the general closed simple curve of page 308 is: Does such a curve divide the plane
into just two regions with the properties indicated, that is, is there an interior and
exterior to the curve ? The answer s affirmative, but the proof is somewhat difficult —
not because the statement of the problem is involved or the proof replete with
advanced mathematics, but rather because the statement is so simple and elemen-
tary that there is little to work with and the proof therefore requires the keenest
and most tedious logical analysis. The theorem that a closed simple plane curve
has an interior and an exterior will therefore be assumed.

As the functions « (f), ¥ ({) which define the curve are continuous, they are lim-
ited, and it is possible to draw a rectangle with sidesz =a, =0,y =¢,y =d so
as entirely to surround the curve. This rectangle may next be ruled with a num-
ber of lines parallel to its sides, and thus be
divided into smaller rectangles. These little rec-
tangles may be divided into three categories, those
outside the curve, those inside the curve, and
those upon the curve. By one upon the curve is
meant one which has so much as a single point

e e ss

Y i,
% Y.

| |
Y
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of its perimeter or interior upon the curve. Let P~ T4 7’-% -4 g,
A, A;, Ay, A, denote the area of the large rec- ;é {/;; -t ;;’;é - y/%
tangle, t.he sum.of tlfe areas of the small rectan ?% %2;,//{//4 ’//-y///;
gles, which are interior to the curve, the sum of %&,: 2

" VA o a

- the areas of those upon the curve, and the sum of
those exterior to it. Of course A=A4;+ A,+ 4..
Now if all methods of ruling be considered, the
quantities A4; will have an upper frontier L;, the quantities 4. will have an upper
frontier L., and the quantities 4, will have a lower frontier l,. If to any method
of ruling new rulings be added, the quantities 4; and 4, become A} and A, with
the conditions 4; = 4;, A, = A,, and hence 4, = 4,. From this it follows that
A =L; + I, + L.. For let there be three modes of ruling which for the respective
cases A;, A,, A, make these three quantities differ from their frontiers L;, L., l,
by less than }e. Then the superposition of the three systems of rulings gives rise
to a ruling for which A4}, A7, A, must differ from the frontier values by less than




312 INTEGRAL CALCULUS

le, and hence the sum L; +1, + L., which is constant, differs from the constant A
by less than e, and must therefore be equal to it.
1t is now possible to define as the (qualified) areas of the curve

L; = inner area, l, = area on the curve, L; + 1, = total area.

In the case of curves of the sort intuitively familiar, the limit I, is zero and
L; = A — L, becomes merely the (unqualified) area bounded by the curve. The
question arises : Does the same hold for the general curve here under discussion ?
This time the answer is negative; for there are curves which, though closed and
simple, are still so sinuous and meandering that a finite area [, lies upon the curve,
that is, there is a finite area so bestudded with points of the curve that no part of
it is free from points of the curve. This fact again will be left as a statement with-
out proof. Two further facts may be mentioned.

In the first place there is applicable a theorem like Theorem 21, p. 51, namely:
1t is possible to find a number & so small that, when the intervals between the
rulings (both sets) are less than g, the sums 4,, 4;, 4. differ from their frontiers
by less than 2. For there is, as seen above, some method of ruling such that these
sums differ from their frontiers by less than e. Moreover, the adding of a single
new ruling cannot change the sums by more than AD, where A is the largest inter-
val and D the largest dimension of the rectangle. Hence if the total number of
intervals (both sets) for the given method is N and if § be taken less than e¢/NAD,
the ruling obtained by superposing the given ruling upon a ruling where the inter-
vals are less than & will be such that the sums differ from the given ones by less
than e, and hence the ruling with intervals less than & can only give rise to sums
which differ from their frontiers by less than 2e.

In the second place it should be observed that the limits L;, {, have been obtained
by means of all possible modes of ruling where the rules were parallel to the z- and
y-axes, and that there is no a priori assurance that these same limits would have
been obtained by rulings parallel to two other lines of the plane or by covering the
plane with a network of triangles or hexagons or other figures. In any thorough
treatment of the subject of area such matters would have to be discussed. That
the discussion is not given here is due entirely to the fact that these critical com-
ments are given not so much with the desire to establish certain theorems as with
the aim of showing the reader the sort of questions which come up for considera-
tion in the rigorous treatment of such elementary matters as ¢ the area of a plane
curve,’” which he may have thought he ** knew all about.”

It is a common intuitive conviction that if a region like that formed by a square
be divided into two regions by a continuous curve which runs across the square
from one point of the boundary to another, the area of the square and the sum of
the areas of the two parts into which it is divided are equal, that is, the curve
(counted twice) and the two portions of the perimeter of the square form two
simple closed curves, and it is expected that the sum of the areas of the curves is
the area of the square. Now in case the curve is such that the frontiers I, and I,
formed for the two curves are not zero, it is clear that the sum L; 4+ L] for the
two curves will not give the area of the square but a smaller area, whereas the
sum (L; + L) + (L; + 1) will give a greater area. Moreover in this case, it is not
easy to formulate a general definition of area applicable to each of the regions and
such that the sum of the areas shall be equal to the area of the combined region.
But if I, and [, both vanish, then the sum L; + L; does give the combined area.
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It is therefore customary to restrict the application of the term *‘area” to such simple
closed curves as have b, = 0, and to say that the quadrature of such curves is possible,
but that the quadrature of curves for which I, # 0 is impossible.

It may be proved that : If a curve is rectifiable or even if one of the functions x (t)
or y (1) is of limited variation, the limit l, is zero and the quadrature of the curve is
possible. For let the interval ¢, =t =1, be divided into intervals A t, A, --- in
which the oscillations of z and y are e, €, - -+, 7y, 7y, - - - . Then the portion of
the curve due to the interval A;{ may be inscribed in a rectangle ¢m;, and that
portion of the curve will lie wholly within a rectangle 2¢; - 29; concentric with
this one. In this way may be obtained a set of rectangles which entirely contain
the curve. The total area of these rectangles must exceed l,. For if all the sides
of all the rectangles be produced so as to rule the plane, the rectangles which go
to make up A, for this ruling must be contained within the original rectangles,
and as 4,>1,, the total area of the original rectangles is greater than [,. Next
suppose & (1) is of limited variation and is written as x, + II (t) — N (t), the differ-
ence of two nondecreasing functions. Then Z¢; = II(¢,) + N (¢,), that is, the sum
of the oscillations of x cannot exceed the total variation of . On the other hand
as y () is continuous, the divisions A could have been taken so small that »; < 7.
Hence

L<AuED 26 2m<dn X e =4n[IE) + N ().

The quantity may be made as small as desired, since it is the product of a finite
quantity by 5. Hence [, = 0 and the quadrature is possible.

It may be observed that if x () or y(¢) or both are of limited variation, one or
all of the three curvilinear integrals

- f ydx, f zdy, 3 f zdy — ydx

may be defined, and that it should be expected that in this case the value of the
integral or integrals would give the area of the curve. In fact if one desired to
deal only with rectifiable curves, it would be possible to take one or all of these
integrals as the definition of area, and thus to obviate the discussions of the pres-
ent article. It seems, however, advisable at least to point out the problem of
quadrature in all its generality, especially as the treatment of the problem is very
similar to that usually adopted for double integrals (§132). From the present
viewpoint, therefore, it would be a proposition for demonstration that the curvi-
linear integrals in the cases where they are applicable do give the value of the
area as here defined, but the demonstration will not be undertaken.

EXERCISES

1. For the continuous curve (27) prove the following properties:

(«) Lines ¢ = a, = b may be drawn such that the curve lies entirely between
them, has at least one point on each line, and cuts every line z = ¢, « < £< b, in at
least one point ; similarly for y.

(8) From p =z cos a + y sin a, the normal equation of a line, prove the prop-
ositions like those of («) for lines parallel to any direction.

(v) If (£, ») is any point of the xy-plane, show that the distance of (S, 7) from
the curve has a minimum and a maximum value.
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(8) If m(&, ») and M (£, n) are the minimum and maximum distances of (£, n)
from the curve, the functions m (¢, ») and M (¢, n) are continuous functions of (¢, ).
Are the codrdinates z (£, 7), ¥ (¢, ) of the points on the curve which are at mini-
mum (or maximum) distance from (¢, ) continuous functions of (£, ) ?

(e) I t/,t”,---, t®, ... are an infinite set of values of ¢ in the interval t, =t =t¢,
and if 0 is a point of condensation of the set, then z° = ¢ (£°), ¥® = ¥ (t°) is a point
of condensation of the set of points (2/, ¥’), (z”, ¥”), ---, (®®, y®), ... corre-
sponding to the set of values ¢/, ¢ ..., t®) ...,

(¢) Conversely to () show that if (z’, ¥'), (7, ¥”), -+, (z®, y®), ... are an
infinite set of points on the curve and have a point of condensation (2, °), then
the point (x°, y°) is also on the curve.

(n) From (¢) show that if a line = £ cuts the curve in a set of points ¥, v, - - -,
then this suite of y’s contains its upper and lower frontiers and has a maximum or
minimum. :

2. Define and discuss rectifiable curves in space.
3. Are y = 22sin 1 and y = Vi sin 1 rectifiable between x =0, x =1°?
z z
4. If (f) in (27) is of total variation II (¢,) + N (¢,), show that
y
[ P@ e <MIE) + N ),
CYz,

where M is the maximum value of P (z, %) on the curve.

17—y ()
E—a()
the line joining a point (£, #) not on the curve to a point (z, ¥) on the curve. With
the notations of Ex. 1 (8) show that
2 M3
[Ab]| =10 (&, n, t + At) — (&, n, ‘)lfm’

where § > |Az| and § > | Ay | may be made as small as desired by taking At sufficiently
small and where it is assumed that m = 0.

5. Consider the function 6 (¢, 9, t) = tan—1 which is the inclination of

6. From Ex. 5 infer that (¢, », t) is of limited variation when ¢ describes the
interval t, =t = t, defining the curve. Show that 6 (§, #, {) is continuous in (£, )
through any region for which m > 0.

7. Let the parameter ¢ vary from ¢, to ¢, and suppose the curve (27) is closed so
that (z, y) returns to its initial value. Show that the initial and final values of
é (£, m, t) differ by an integral multiple of 27. Hence infer that this difference is
constant over any region for which m > 0. In particular show that the constant is
0 over all distant regions of the plane. It may be remarked that, by the study of
this change of @ as ¢ describes the curve, a proof may be given of the theorem that
the closed continuous curve divides the plane into two regions, one interior, one
exterior.

8. Extend the last theorem of § 123 to rectifiable curves.



