CHAPTER X
DIFFERENTIAL EQUATIONS IN MORE THAN TWO VARIABLES

109. Total differential equations. An equation of the form
P(x, y, 2)ds + Q(x, y, 2)dy + R (x, y, 2)dz = 0, 1)

involving the differentials of three variables is called a ¢otal differen-
tial equation. A similar equation in any number of variables would
also be called total; but the discussion here will be restricted to the
case of three. If definite values be assigned to x, ¥, 2, say a, , ¢, the
equation becomes :

Ade 4+ Bdy + Cdz=A(x —a)+ By — b))+ C(z—¢)=0, (2)

where z, y, z are supposed to be restricted to values near «a, b, ¢, and
represents a small portion of a plane passing through (a, 4, ¢). From
the analogy to the lineal element (§ 85), such a portion of a plane may
be called a planar element. The differential equation therefore repre-
sents an infinite number of planar elements, one passing through each
point of space.

Now any family of surfaces F(x, y, #) = C also represents an infinity
of planar elements, namely, the portions of the tangent planes at every
point of all the surfaces in the neighborhood of their respective points
of tangency. In fact

dF = Fdx + F,dy + F,dz =0 3)
is an equation similar to (1). If the planar elements represented by

(1) and (3) are to be the same, the equations cannot differ by more
than a factor u(z, y, 2). Hence

F, = pP, F1;=/"‘Q7 F, = pR. .
If a function F(x, y, z) = C can be found which satisfies these condi-
tions, it is said to be the integral of (1), and the factor u (z, y, 2) by
which the equations (1) and (3) differ is called an integrating factor
of (1). Compare § 91.
It may happen that 4 =1 and that (1) is thus an exuct differential.
- In this case the conditions
r,=Qq;, QU=1r,, R, =1r, )]
254
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which arise from F;, = F,,, F,,= F,;, F,,= F,, must be satisfied.
Moreover if these conditions are satisfied, the equation (1) will be

an exact equation and the integral is given by

x y
Fep 9= [ Pa it [ e ndy+ [Reau 9=,
%o Y%

where 2, ,, z, may be chosen so as to render the integration as simple
as possible. The proof of this is so similar to that given in the case of
two variables (§ 92) as to be omitted. In many cases which arise in
practice the equation, though not exact, may be made so by an obvious
integrating factor.

As an example take zxdy — yzdx + z2dz = 0. Here the conditions (4) are not

fulfilled but the integrating factor 1/x%z is suggested. Then
x? z x

is at once perceived to be an exact differential and the integral is y/x + logz = C.
It appears therefore that in this simple case neither the renewed application of the
conditions (4) nor the general formula for the integral was necessary. It often
happens that both the integrating factor and the integral can be recognized at once
as above.

If the equation does not suggest an integrating factor, the question
arises, Is there any integrating factor ? In the case of two variables
(§ 94) there always was an integrating factor. In the case of three
variables there may be none. For

. 3# or_ ... _ @ 3_Q
Foy=Po trg = Fu=Q the B
L ew  9Q ., _ou @R
Fyz— E—I—ya—-——F -—h +/l.a,; P,
v_pomw OR_ ., ,3# op
Fi=Ro_+po =Fi=Po+uyQ

If these equations be multiplied by R, P, Q and added and if the result
be simplified, the condition

0Q OR OR 0P oP  0Q
(Ea)ri@-a)G-a)- o
is found to be imposed on P, Q, R if there is to be an integrating fac-
tor. This is called the condition of integrability. For it may be shown
conversely that if the condition (5) is satisfied, the equation may be
integrated.

Suppose an attempt to integrate (1) be made as follows : First assume
that one of the variables is constant (naturally, that one which will
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make the resulting equation simplest to integrate), say z. Then
Pdx 4+ Qdy = 0. Now integrate this simplified equation with an inte-
grating factor or otherwise, and let F(x, y, 2) = ¢ () be the integral,
where the constant C is taken as a function ¢ of z. Next try to deter-
mine ¢ so that the integral F(x, y, 2) = ¢ (z) will satisfy (1). To do
this, differentiate ;
Fdx + Fydy + Fdz = d¢.

Compare this equation with (1). Then the equations*

"= AP, F, =A@, (F; — AR)dz = d¢
must hold. The third equation (F] — AR)dz = d¢ may be integrated
provided the coefficient § = F; — AR of dz is a function of z and ¢,
that is, of # and F alone. This is so in case the condition (5) holds. It
therefore appears that the integration of the equation (1) for which (5)
holds reduces to the succession of two integrations of the type discussed
in Chap. VIII.

As an example take (222 + 22y + 2222 + 1)de + dy + 22dz = 0. The condition
(222 + 2y + 2222 +1)0 4+ 1(— 4x2) + 22(22) =0
of integrability is satisfied. The greatest simplification will be had by making x
constant. Then dy + 2zdz =0 and y + 22 = ¢ (r). Compare
dy + 22zdz =d¢ and (222 + 2xy + 2222 + 1)de + dy + 22dz = 0.

Then A=1, — (222 + 2ay + 2222 + 1)dx =do ;
or — (222 4+ 14+ 2z¢)de =d¢p or d¢ + 2xpdr =— (222 + 1)dx.
This is the linear type with the integrating factor e¢=*. Then

er(dp + 2apdr) = — e*(222 + 1)dz  or ev'p =— f e(2a? + 1)dz + C.

Hence y + 22 + e—w’feﬁ@m? + 1)dz = Ce=** or e2*(y + 22) +j‘eﬂ¢2(2a:2 +Ndz=C
is the solution. It may be noted that e+* is the integrating factor for the original
equation :
eP[(222 + 2xy + 2222 + 1)de + dy + 22dz] = d[ex’(y +2%) + few2(2x2 + l)d:c].

To complete the proof that the equation (1) is integrable if (5) is satisfied, it is
necessary to show that when the condition is satisfied the coefficient S = F, — AR
is a function of z and F alone. Let it be regarded as a function of «, F, z instead

of x, y, z. It is necessary to prove that the derivative of S by « when F and z are
constant is zero. By the formulas for change of variable

G G € - M G I
or/y, » ox/F, . oF, 533, oy a‘,z_ oF xz OY

* Here the factor \ is not an integrating factor of (1), but only of the reduced equation
Pdx+ Qdy =0,
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But  F,=\P and F, = \@, and hence Q (6_S> —-P (a—S> =Q (a_S) .
Y o. x, 2 oz, F,z

0 oF ?F  oAR _ oAP 67\R
Now — —\R)=—— =
or/y, - aa: oz ozox  ox oz or

Hence ) = (ﬁ_ﬁ>+P.__R_,
ox/y, » ox 0z

&
and (

0Q oR
8_11)1,2: x(az ay) + Q& _Ra'
o) - (E) {2 o) -o[iE 02
and Q<%¢§>F,z= X[Q(Z—IZ - %g) + P(% — %2>+ R (%_%gﬂ
_R[%_ a"_P]
ox oy

where a term has been added in the first bracket and subtracted in the second.
Now as \is an integrating factor for Pdz + Qdy, it follows that (A\Q),, = ()\P); ; and
only the first bracket remains. By the condition of integrability this, too, vanishes
and hence S as a function of z, F, z does not contain « but is a function of F and
z alone, as was to be proved.

110. It has been seen that if the equation (1) is integrable, there is
an integrating factor and the condition (5) is satisfied ; also that con-
versely if the condition is satisfied the equation may be integrated.
Geometrically this means that the infinity of planar elements defined
by the equation can be grouped upon a family of surfaces F(x, y, z) = C
to which they are tangent. If the condition of integrability is not satis-
fied, the planar elements cannot be thus grouped into surfaces. Never-
theless if a surface G (z, y, 2) = 0 be given, the planar element of (1)
which passes through any point (x,, y,, #,) of the surface will cut the
surface G = 0 in a certain lineal element of the surface. Thus upon the
surface G (x, y, 2) = 0 there will be an infinity of lineal elements, one
through each point, which satisfy the given equation (1). And these
elements may be grouped into curves lying upon the surface. If the
equation (1) is integrable, these curves will of course be the intersections
of the given surface ¢ = 0 with the surfaces F = C defined by the
integral of (1).

The method of obtaining the curves upon G (x, y, 2) = 0 which are
the integrals of (1), in case (5) does not possess an integral of the form
F(x, y, z) = C, is as follows. Consider the two equations

Pdx 4+ Qdy + Rdz =0, Gidx + G,dy + G,dz =0,

of which the first is the given differential equation and the second is
the differential equation-of the given surface. From these equations
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one of the differentials, say dz, may be eliminated, and the correspond-
ing variable z may also be eliminated by substituting its value obtained
by solving G (x, y, z2) = 0. Thus there is obtained a differential equa-
tion Mdx + Ndy = 0 connecting the other two variables « and y. The
int:,egral of this, F(x, y) = C, consists of a family of cylinders which cut
the given surface ¢ = 0 in the curves which satisfy (1).

Consider the equation ydx + zdy — (x + y + z)dz = 0. This does not satisfy the
condition (5) and hence is not completely integrable ; but a set of integral curves
may be found on any assigned surface. If the surface be the plane z = & + y, then

yde +zdy —(x+y +2)dz=0 and dz=dzr +dy
give @+2)dr+(y+2)dy=0 or Rz+y)dr+ (2y+x)dy=0
by eliminating dz and z. The resulting equation is exact. Hence
24+ay+y2=C and z=zx+vy

give the curves which satisfy the equation and lie in the plane.

If the equation (1) were integrable, the integral curves may be used to obtain
the integral surfaces and thus to accomplish the complete integration of the equa-
tion by Mayer’'s method. For suppose that F(x, v, z) = C were the integral surfaces
and that F(z, y, 2)= F(0, 0, 2,) were that particular surface cutting the z-axis at z,.
The family of planes y = Ax through the z-axis would cut the surface in a series
of curves which would be integral curves, and the surface could be regarded as
generated by these curves as the plane turned about the axis. To reverse these
considerations let y = Az and dy = Adx ; by these relations eliminate dy and y from
(1) and thus obtain the differential equation Mdzx + Ndz = 0 of the intersections
of the planes with the solutions of (1). Integrate the equation as f(x, 2z, \) = C and
determine the constant so that f(z, z, \) = f(0, 2y, \). For any value of \ this gives
the intersection of F(x,y,z) = F(0, 0, z,) with y =\r. Now if X be eliminated by
the relation A = y/x, the result will be the surface

f (:c, 2, f—i) =f (O, 2 g), equivalent to  F(z, y, z) = F(0, 0, z,),

which is the integral of (1) and passes through (0, 0, z,). As z, is arbitra.fy, the
* solution contains an arbitrary constant and is the general solution.

It is clear that instead of using planes through the z-axis, planes through either
of the other axes might have been used, or indeed planes or cylinders through any
line parallel to any of the axes. Such modifications are frequently necessary owing
to the fact that the substitution f(0, z,, \) introduces a division by 0 or a log 0 or
some other impossibility. For instance consider

y2dx + 2dy — ydz = 0, y = \z, dy = Nz, N222dx + Nedx — A\edz = 0.

zde — xdz
z2

Then Adx + =0, and A& — i =f(x, 2, \).

But here £(0, z,, \) is impossible and the solution isillusory. If the planes(y—1)=2X\z
passing through a line parallel to the z-axis and containing the point (0, 1, 0) had
been used, the result would be

dy =Mz, (14 )2z + Nzdz — (14 \z)dz = 0,
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Aedr — (1 + Ar)dz z

or dx =0, and x— =f(, 2, N).
T e , = @ s
Hence z——Z =—z, Or z—iz-—zO:C,

14+ Nz Yy

is the solution. The same result could have been obtained with € =Xz ory =\ (z — a).
In the latter case, however, care should be taken to use f(x, 2, A\) = f(a, 2y, N).

EXERCISES

1. Test these equations for exactness ; if exact, integrate ; if not exact, find an
integrating factor by inspection and integrate:

(@) W+2)de+(z+2)dy + @ +y)de =0, (B) y2de 4 2dy — ydz =0,

(y) adx + ydy — Va® — 2% — y2dz = 0, (8) 22z (de — dy) + (& — y) dz = 0,

(e) Cx+ ¥*+ 2x2)de + 2xydy + x2dz =0, (¢) zyde = zady + y2de,

mMae@y—1)E—Nde+y@—1@E—-1dy+z@&—1)(y —1)dz=0.

2. Apply the test of integrability and integrate these:

() (@2 —y? —2%)dx + 2xydy + 222dz = 0,

(B) @+ 92+ 22+ 1)dx + 2ydy + 22dz =0,

(v) (v + a)?dx + zdy = (y + a)dz,

(8) (1— 2% — 2y%)dz = 2xzdr + 2 y22dy,

(€) x2da? + y2dy? — 2%dz? + 2 zydrdy = 0,

($) z(@de + ydy + 2dz)? = (22 — 22 — y?) (zdx + ydy + zdz)dz.

3. If the equation is homogeneous, the substitution z = uz, y = vz, frequently
shortens the work. Show that if the given equation satisfies the condition. of inte-
grability, the new equation will satisfy the corresponding condition in the new
variables and may be rendered exact by an obvious integrating factor. Integrate :

(@) (¥2 + y2)dx + (xz + 22)dy + (¥® — 2y)dz = 0,
(B) (x%y — y® — y%)de + (xy? — a2z — «3)dy + (xy? + x%y)dz = 0,
(v) @+ yz + 22)de + (22 + 2z + 22 dy + (22 + 2y + y?)dz = 0.

4. Show that (5) does not hold ; integrate subject to the relation imposed :

(@) ydx + ady — (x + y + 2)dz = 0, r+y+z=k or y=ka,

(B) ¢ (zdy + ydy) + V1 — a%x? — b2y%dz = 0, aZx? + b2y? + 22?2 =1,

(v) dz = ayde + bdy, y=kr or x24+y?+22=1 or y=f(2).

5. Show that if an equation is integrable, it remains integrable after any change
of variables from z, y, z to u, v, w.

6. Apply Mayer’s method to sundry of Exs. 2 and 3.

7. Find the conditions of exactness for an equation in four variables and write
the formula for the integration. Integrate with or without a factor:
(a) 2z + y% + 2x2)dx + 2xydy + 2%z + du =0,
(B) yzudx + zzudy + xyudz + xyzdu =0,
(V) @tztwdz+@+z+0dy+@+y+uwdz+ @ +y+2)du=0,
) u@+2)de+u(y+ 2+ 1)dy + udz — (y + 2)du = 0.
8. If an equation in four variables is integrable, it must be so when any one of

the variables is held constant. Hence the four conditions of integrability obtained
by writing (5) for each set of three coefficients must hold. Show that the conditions
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are satisfied in the following cases. Find the integrals by a generalization of the
method in the text by letting one variable be constant and integrating “the three
remaining terms and determining the constant of integration as a function of the
fourth in such a way as to satisfy the equations.

(@) 2y +2)dz+2(u—a)ydy +y(@—wdz+y @y +2)du=0,

(B) uyzdx + uzzx log xdy + uxy log xdz — xdu = 0.

9. Try to extend the method of Mayer to such as the above in Ex. 8.

10. If G(z, ¥, 2) = @ and H (z, y, z) = b are two families of surfaces defining a
family of curves as their intersections, show that the equation

(61, — GLH}) da + (GLH, — GLH) dy + (GLH, — GH])dz = 0
is the equation of the planar elements perpendicular to the curves at every point
of the curves. Find the conditions on G and H that there shall be a family of sur-

faces which cut all these curves orthogonally. Determine whether the curves below
have orthogonal trajectories (surfaces) ; and if they have, find the surfaces:

(@) y=z+a,z=2+b, B y=ax+1, z=1lr,
(7)m2+y2=a2,z=b, (0) 2y =a, zz =0,
() 2+ 92+ 22=0a?% xy =0, (§) 224+ 2y2+322=aqa, 2y +2=0,

(m) logey =az, e +y+2z=09, @) y=2ar + a?, z=2bx + V2.

11. Extend the work of proposition 8, § 94, and Ex. 11, p. 234, to find the normal
derivative of the solution of equation (1) and to show that the singular solution may
be looked for among the factors of u—1 = 0.

12. If F = Pi+ Qj + Rk be formed, show that (1) becomes F.dr = 0. Show
that the condition of exactness is VxF = 0 by expanding VxF as the formal vector
product of the operator V and the vector F (see § 78). Show further that the condi-
tion of integrability is F.(VxF) = 0 by similar formal expansion.

13. In Ex. 10 consider VG and VH. Show these vectors are normal to the sur-
faces ¢ = a, H = b, and hence infer that (VG)x(VH) is the direction of the inter-
section. Finally explain why dr«(VGxVH) = 0 is the differential equation of the
orthogonal family if there be such a family. Show that this vector form of the family
reduces to the form above given.

111. Systems of simultaneous equations. The two equations

dy _ dz _
de Sy, 2), de g(x, ¥, %) (6)

in the two dependent variables y and # and the independent variable x
constitute a set of simultaneous equations of the first order. It is more
customary to write these equations in the form

dux _ dy de %)
= = 9
Xz y,2) Y9, z) Z(z, ¥, %)

which is symmetric in the differentials and where X:¥:Z =1:f:g4.
At any assigned point x, y,, z, of space the ratios dx:dy:dz of the
differentials are determined by substitution in (7). Hence the equations
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fix a definite direction at each point of space, that is, they determine a
lineal element through each point. The problem of integration is to
combine these lineal elements into a family of curves F(x, y, 2) = c,,
G (, y, #) = C,, depending on two parameters €, and C,, one curve pass-
ing through each point of space and having at that point the direction
determined by the equations.

For the formal integration there are several allied methods of pro-
cedure. In the first place it may happen that two of

dx _dy dy dz dx _dz
x v v zZ' X z
are of such a form as to contain only the variables whose differentials
enter. In this case these two may be integrated and the two solutions
taken together give the family of curves. Or it may happen that one
and only one of these equations can be integrated. Let it be the first
and suppose that F(z, y) = C, is the integral. By means of this inte-
gral the variable 2 may be eliminated from the second of the equations
or the variable y from the third. In the respective cases there arises
an equation which may be integrated in the form G (y, 2, C,)=C, or
G (z, z, F) = C,, and this result taken with F(x, ) = C, will determine
the family of curves.
xdx ydy dz
Yz xz Y
wdz = ydy and zdz =dz
y x z

are integrable with the results z8 — y® = C,, 2% — 22 = C,, and these two integrals
constitute the solution. The solution might, of course, appear in very different
form ; for there are an indefinite number of pairs of equations F(z, v, 2, C;) =0,
G (z,9, z, C,) = 0 which will intersect in the curves of intersection of z% — y3 = C,,
and z%2 — 22 =C,. In fact (y® + C))? = (22 + C,)? is clearly a solution and could
replace either of those found above.
dz _dy _ dz
—P—2 21y 21z
&y d_z’ with the integral y = Cz,
y 2 .
is the only equation the integral of which can be obtained directly. *If y be elimi-
nated by means of this first integral, there results the equation
de _dz
22— (CF+1)22 22z
This is homogei.eous and may be integrated with a factor to give
x? + (CF + 1)22=Cyz or z24y?+422=0.
Hence y =0z, 22+ Y2+ 22 =Cy2
is the solution, and represents a certain family of circles.

Consider the example —— . Here the two equations

Consider the example

or 2izzdr + [(CE+1)22—a?]dz=0.
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Another method of attack is to use composition and division.
de _dy _dz Mz 4 pdy + vz ' @
X Y Z A +4pY+vZ )

Here A, p, v may be chosen as any functions of (, y, 2). It may be
possible so to choose them that the last expression, taken with one of
the first three, gives an equation which may be integrated. With this
first integral a second may be obtained as before. Or it may be that
two different choices of A, u, v can be made so as to give the two desired
integrals. Or it may be possible so to select two sets of multipliers that
the equation obtained by setting the two expressions equal may be
solved for a first integral. Or it may be possible to choose A, pu, v so
that the denominator AX + pY +vZ = 0, and so that the numerator
(which must vanish if the denominator does) shall give an equation
Mz + pdy + vdz =0 ©)
which satisfies the condition (5) of integrability and may be integrated
by the methods of § 109.
dx _ dy _ dz
24+yPtyz ?4yt-az (24 9)2
as 1, —1, —1; then AX 4+ uY + »Z =0 and dxr — dy — dz = 0 is integrable as

z —y —z = C,. This may be used to obtain another integral. But another choice
of A, u, v as x, ¥, 0, combined with the last expression, gives

Consider the equations . Here take A, u, v

zdx + ydz dz '
= or log(x2 + y2?) =log22 + C,.
@+ E+y) @+y)z 3 ) :
Hence r—y—2z=0C, and 2?4 y?=C,?

will serve as solutions. This is shorter than the method of elimination.
It will be noted that these equations just solved are homogeneous. The substi-
tution = uz, y = vz might be tried. Then

udz +zdu _ vdz4zdv _ dz _ zdu zdv
u2+v2+v~u2+v2-—u_u+v_vQ—uv-*-v—uz—uv—u’

du dv dz
or = = —
—w+v W—w—u 2z

Now the first equations do not contain z and may be solved. This always happens
in the homogeneous case and may be employed if no shorter method suggests itself.

It need hardly be mentioned that all these methods apply equally to
the case where there are more than three equations. The geometric
picture, however, fails, although the geometric language may be contin-
ued if one wishes to deal with higher dimensions than three. In some
cases the introduction of a fourth variable, as

de _dy dz _dt dt
X vz 1T (10)
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is useful in solving a set of equations which originally contained only
three variables. This is particularly true when X, ¥, Z are linear with
constant coeflicients, in which case the methods of § 98 may be applied
with # as independent variable.

112. Simultaneous differential equations of higher order, as

e dx dy &y dx dy
dtz—X<"’J’ dt dt) a2 =\ )

&r de é dr d¢ )2 ¢ @ dr de
e <dt> < *dt’ h) rdt( dt) < ' dt’ dt)
especially those of the second order like these, are of constant occur-
rence in mechanics; for the acceleration requires second derivatives
with respect to the time for its expression, and the forces are expressed
in terms of the coordinates and velocities. The complete integration of
such equations requires the expression of the dependent variables as
functions of the independent variable, generally the time, with a num-
ber of constants of integration equal to the sum of the orders of the
equations. Frequently even when the complete integrals cannot be
found, it is possible to carry out some integrations and replace the
given system of equations by fewer equations or equations of lower

order containing some constants of integration.

No special or general rules will be laid down for the integration of
systems of higher order. In each case some particular combinations of
the equations may suggest themselves which will enable an integration
to be performed.* In problems in mechanics the principles of energy,
momentum, and moment of momentum frequently suggest combinations
leading to integrations. Thus if

w" — X, y" i Y" z" — Z’
where accents denote differentiation with respect to the time, be multi-
plied by dz, dy, dz and added, the result
o_c”dw + y"dy + 2"dz = Xdx + Ydy + Zdz (11)

contains an exact differential on the left ; then if the expression on the
right is an exact differential, the integration

2?4 Y%+ 2= | Xdx + Ydy + Zdz + C 11
¥ Y ) Yy _

* It is possible to differentiate the given equations repeatedly and eliminate all the
dependent variables except one. The resulting differential equation, say in  and ¢, may
then be treated by the methods of previous chapters; but this is rarely successful except
when the equation is linear.
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can be performed. This is the principle of energy in its simplest form
If two of the equations are multiplied by the chief variable of the other
and subtracted, the result is

yr''—ay'' = yX — Y 12)
and the expression on the left is again an exact differential; if the
right-hand side reduces to a constant or a function of ¢, then

ya! — ay' = f £+ ¢ (12)

is an integral of the equations. This is the principle of moment of
momentum. If the equations can be multiplied by constants as

" + my" + nz" = IX + mY + nz, 13)

so that the expression on the right reduces to a function of ¢, an inte-
gration may be performed. This is the principle of momentum. These
three are the most commonly usable devices.

As an example : Let a particle move in a plane subject to forces attracting it

toward the axes by an amount proportional to the mass and to the distance from
the axes; discuss the motion. Here the equations of motion are merely

dtz dzy d2r azy
mat—2_—-kmx, m@_—-kmy or Pl &ﬁ_—ky.
2 2
Then x(ﬁ +y =— k(xdr + ydy) and (%:g) + (C;—Z:) =— (22 + ¥?) + C.
a2z d %y dx y _
Al — — =0 d y—— ’
50 A A T

In this case the two principles of energy and moment of momentum give two
integrals and the equations are reduced to two of the first order. But as it happens,
the original equations could be integrated directly as

2, 2
P2 3 = — kende, (i’) kg, g
di? dt N T
a2y dy\? - dy

Y gy = — kya WY _ppyre, W
o Q== kydy, (dt) PR, e

The constants C2 and K2 of integration have been written as squares because they
are necessarily positive. The complete integration gives

. Viz =Csin(Vit + C,), Vky = Ksin (Vkt + K,).

As another example: A particle, attracted toward a point by a force equal to
r/m2 4+ h2/r3 per unit mass, where m is the mass and % is the double areal velocity
and r is the distance from the point, is projected perpendicularly to the radius vec-
tor at the distance m; discuss the motion. In polar codrdinates the equations
of motion are

2 2
m[if (d"’)] R M miE _~_< d"’) ®=0.
dt? dt m2 78 rodt dt
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The second integrates directly as r2d¢/dt = h where the constant of integration A
is twice the areal velocity. Now substitute in the tirst to eliminate ¢.

L S A = or d2r r . (dr>2
a3 m2 3

=" 4.
dt +

a2 = m?

Now as the particle is projected perpendicularly to the radius, dr/dt =
start when » =+v'mh. Hence the constant C is A/m. Then

0 at the

. _
dr =di and ﬂ:dt give Vmhdr = dé¢.

\/ﬁ_ﬁ DR
m Jom
} ne
vVmh ¢+C or l__l_:M,

2 hm

mh
Now if it be assumed that ¢ = 0 at the start when r = V' 77»%, we find C = 0.

Hence

Hence r2 = mh is the orbit.
14 ¢2
To find the relation between ¢ and the time,
r2d¢ = hdt or md¢2 =dt or t=mtan-lg,
+¢

if the time be taken as ¢t = 0 when ¢ = 0. Thus the orbit is found, the expression
of ¢ as a function of the time is found, and the expression of r as a function of the
time is obtainable. The problem is completely solved. It will be noted that the
constants of integration have been determined after each integration by the initial
conditions. This simplifies the subsequent integrations which might in fact be
impossible in terms of elementary functions without this simplification.

EXERCISES
1. Integrate these equations :
dr dy dz dz dy _ dz
@ 22 vz az  ay (ﬁ) T o a2’
de _dy _ dz d:c dy __dz
(‘y)a:z_yz—xy’ ()yz w7 Tty
de _dy  dz de  dy dz
() y oz 1422 (r)—l_3y+4z_2y+5z
d d
2. Integrate the equations: (@) i (ia‘cy o —-Z-Iaz v j w
dx dy dz dz dy dz
(ﬁ) I Ayt (7) = = ,
22+ y? 2xy w2 +yz y+z z+2z x4y
@) dr _ dy _ dz (e) _ dy  _ dz
vr—2at 2y —ady  yz (@ —yb) z(y—2) y@E—z) 2@@—Yy)
(5 dax dy dz () de —dy dz
= = ) = = )
z(y2—12%) y(@RZ—a?) z@E—y?) 7 z(@y?2—22) y@R*+2?)  z@?+y?)
dx d, dz dx d dz
(2} d t, (1) == =
Y-z x+y x+z y—z xty+t Tzt
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3. Show that the differential equations of the orthogonal trajectories (curves
of the family of surfaces F (2, y,2) = C areds:dy:dz = F,: F, : F,. Find the curves
which cut the following families of surfaces orthogonally :

(@) a%? + Wy + 22 =C, () zyz =C, () ¥? = Caz,
(8) y=wztan(z + C), (¢) y =z tan Cz, () 2 = Cuxy.

4. Show that the solution of dx:dy:dz = X :Y :Z, where X, Y, Z are linear
expressions in , ¥, 2, can always be found provided a certain cubic equation can
be solved.

5. Show that the solutions of the two equations
j—j+ T(ax + by) =T, %+ T(az + by)=T,,
where T, T, T, are functions of ¢, may be obtained by adding the equation as
%(x+ Wy + AT+ ly)=T, + IT,

after multiplying one by I, and by determining A as a root of
N—(@+ )N+ at —ab=0.

dx dy
. : — —y)=t, t— =12,
6. Solve (a) tdt +2(x—y) i@ +x+ 5y
(B) tdz = (t — 2) dt, tdy = (tx + ty + 22 — by di,
() 12 mdy ndz _dt

mn@y —z) nle—z) Im@—y) ¢

7. A particle moves in vacuo in a vertical plane under the force of gravity alone.
Integrate. Determine the constants if the particle starts from the origin with a
velocity V and at an angle of a degrees with the horizontal and at the time ¢ = 0.

8. Same problem as in Ex. 7 except that the particle moves in a medium which
resists proportionately to the velocity of the particle.

9. A particle movesin a plane about a center of force which attracts proportion-
ally to the distance from the center and to the mass of the particle.

10. Same as Ex. 9 but with a repulsive force instead of an attracting force.

11. A particle is projected parallel to a line toward which it is attracted with
a force proportional to the distance from the line.

12. Same as Ex. 11 except that the force is inversely proportional to the square
of the distance and only the path of the particle is wanted.

13. A particle is attracted toward a center by a force proportional to the square
of the distance. Find the orbit.

14. A particle is placed at a point which repels with a constant force under
which the particle moves away to a distance a where it strikes a peg and is
deflected off at a right angle with undiminished velocity. Find the orbit of the
subsequent motion.

15. Show that equations (7) may be written in the form drxF = 0. Find the
condition on F or on X, Y, Z that the integral curves have orthogonal surfaces.
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~ +113. Introduction to partial differential equations. An equation
which contains a dependent variable, two or more independent varia-
bles, and one or more partial derivatives of the dependent variable
with respect to the independent variables is called a partial differential
equation. The equation

0z
q = @7 (14)

is clearly a linear partial differential equation of the first order in one
dependent and two independent variables. The discussion of this equa-
tion preliminary to its integration may be carried on by means of the
concept of planar elements, and the discussion will immediately suggest
the method of integration.

When any point (x,, y,, #,) of space is given, the coefficients P, Q, R
in the equation take on definite values and the derivatives p and ¢
are connected by a linear relation. Now any planar element through
(x,, ¥, #,) may be considered as specified by the two slopes p and ¢ ;-for
it is an infinitesimal portion of the plane z — 2, =p(x —z) + ¢ (y — ¥,)
in the neighborhood of the point. This plane contains the line or lineal
element whose direction is

de:dy:dz=P:Q:R, 15)

because the substitution of P, Q, R for de =2 —x, dy=y —y,,
dz =2z — z in the plane gives the original equation Pp + Q¢ = R.
Hence it appears that the planar elements defined by (14), of which
there are an infinity through each point of space, are so related that all
which pass through a given point of space pass through a certain line
through that point, namely the line (15).

Now the problem of integrating the equation (14) is that of grouping
the planar elements which satisfy it into surfaces. As at each point
they are already grouped in a certain way by the lineal elements through
which they pass, it is first advisable to group these lineal elements into
curves by integrating the simultaneous equations (15). The integrals
of these equations are the curves defined by two families of surfaces
F(x, y, ) =C, and G (z, y, ) = C,. These curves are called the charac-
teristic curves or merely the characteristics of the equation (14). Through
each lineal element of these curves there pass an infinity of the planar ele-
ments which satisfy (14). Itis therefore clear that if these curves be in
any wise grouped into surfaces, the planar elements of the surfaces must
satisty (14); for through each point of the surfaces will pass one of the
curves, and the planar element of the surface at that point must there-
fore pass through the lineal element of the curve and hence satisfy (14).

0z 0z 0z
P(w,y,z)5;+Q(x, Y, z)@=R(w,y,z), .p=5;3’
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To group the curves F(x, y, ) = C,, G(x, y, z) = C, which depend’
on two parameters C,, C, into a surface, it is merely necessary fo intro-
duce some functional relation C,= f(C,) between the parameters so
that when one of them, as C,, is given, the other is determined, and
thus a particular curve of the family is fixed by one parameter alone
and will sweep out a surface as the parameter varies. Hence to integrate
(14), first integrate (15) and then write

G(x, y, 2) =P[F(x,y,2)] or &(F, G)=0, (16)
where & denotes any arbitrary function. This will be the integral of
(14) and will contain an arbitrary function .

As an example, integrate (y — 2)p + (z — )¢ = ¢ — y. Here the equations

de _ dy

= = give 22+y24+22=C,, z+y+2=C,
y—2 22— T—Y

as the two integrals. Hence the solution of the given equation is

. z+y+z2=2@*+9y2+2%) or @2+ y?+22,z+y+2)=0,
where & denotes an arbitrary function. The arbitrary function allows a solution
to be determined which shall pass through any desired curve; for if the curve be
f,y,2) =0, g(x,y, 2) =0, the elimination of z, y, z from the four simultaneous
equations

F(w1 Y, Z) = 017 G(I@ Y, z) = sz f(:l}, Y, Z) = 07 g(a:, Y, Z) =0
will express the condition that the four surfaces meet in a point, that is, that the
curve given by the first two will cut that given by the second two ; and this elimi-
nation will determine a relation between the two parameters C, and C, which will
be precisely the relation to express the fact that the integral curves cut the given
curve and that consequently the surface of integral curves passes through the given
curve. Thus in the particular case here considered, suppose the solution were to
pass through the curve y = z2, z = x ;- then

@2+y2+22=C, @«+y+2=C, y=2% z=z

give . 222 + 2t =C,, 72+ 22 =0C,,
whence (C3+2C,—C)2+8C}—24C,—16C,C, =0.
The substitution of C; =%+ y2 4 2% and C, =z 4 y + z in this equation will
give the solution of (y —z) p 4+ (2 — ) ¢ = * — y which passes through the parabola
y=a2, z==x.

114. It will be recalled that the integral of an ordinary differ-
ential equation f(x, v, ¥, -+, ¥)=0 of the nth order contains » con-
stants, and that conversely if a system of curves in the plane, say
F(x,y, C, -+, C,)=0, contains n constants, the constants may be
eliminated from the equation and its first n derivatives with respect
to x. It has now been seen that the integral of a certain partial
differential equation contains an arbitrary function, and it might be
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inferred that the elimination of an arbitrary function would give
rise to a partial differential equation of the first order. To show
this, suppose F(z, y, 2)=®[G (x, y, 2)]. Then

Fo+Fp=0- (G +Glp), P+ Fq=-(G+Gq)
follow from partial differentiation with respect to z and »; and

(F;G, — FyG)p+ (FiG, — F,G)q = F,G, — F,G,

is a partial differential equation arising from the elimination of &'
More generally, the elimination of » arbitrary functions will give rise
to an equation of the nmth order; conversely it may be believed that

the integration of such an equation would introduce n arbitrary func-
tions in the general solution.
As an example, eliminate from z = & (zy) + ¥ (x + y) the two arbitrary func-
tions & and ¥. The first differentiation gives
p=%-y+¥, qq=%.24+V¥, p—q=Fy-—o?.
2 2
Now differentiate again and let r = oz y 8= o= = oz
ox oroy 6y2
r—s=—®&+ (y—x)®” -y, S—t=®+(y—x)®" -z.

. Then

These two equations with p — ¢ = (y — x) $” make three from which

%z _z+vy (az az)

2
xr— (x S t—— or z— —_—
@+y)s+y (r—9 Pl +y) +y ="

0xoY ay2 r—y

may be obtained as a partlal differential equation of the second order free from
$ and ¥. The general integral of this equation would be z = ® (zy) + ¥ (¢ + ¥).

A partial differential equation may represent a certain definite type
of surface. For instance by definition a conoidal surface is a surface
generated by a line which moves parallel to a given plane, the director
plane, and cuts a given line, the directrix. If the director plane be taken
as z = 0 and the directrix be the z-axis, the equations of any line of
the surface are

z=0C, y=Cgx, with ('1=<I>(Cz)
as the relation which picks out a definite family of the lines to form a
particular conoidal surface. Hence z = ®(y/x) may be regarded as the
general equation of a conoidal surface of which z = 0 is the director
plane and the z-axis the directrix. The elimination of ® gives px 4 ¢y =0
as the differential equation of any such conoidal surface.

Partial differentintion may be used not only to elininate arbitrary func-
tions, but to eliminate constants. For if an equation f(z, %, 2, ¢}, C,) =0
contained two constants, the equation and its first derivatives with respect
to 2 and y would yield three equations from which the constants could
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be eliminated, leaving a partial differential equation F(x, y, z, p, ¢) =0
of the first order. If there had been five constants, the equation with
its two first derivatives and its three second derivatives with respect
to  and y would give a set of six equations from which the constants
could be eliminated, leaving a differential equation of the second order.
And so on. As the differential equation is obtained by eliminating the
constants, the original equation will be a solution of the resulting dif-
ferential equation.

For example, eliminate from z = Ax? + 2 Bxy + Cy? + Dz + Ey the five con-
stants. The two first and three second derivatives are
p=2Ax+2By+D, q=2Bx+2Cy+E, r=24, s=2B, t=2C.
Hence z=—}re?— 1ty? — sey + pr + qy
is the differential equation of the family of surfaces. The family of surfaces do
not constitute the general solution of the equation, for that would contain two
arbitrary functions, but they give what is called a complete solution. If there had
been only three or four constants, the elimination would have led to a differential
equation of the second order which need have contained only one or two of the
second derivatives instead of all three ; it would also have been possible to find three
or two simultaneous partial differential equations by differentiating in different ways.

115. If f(», 9,2 C, C)=0 and F(z,y,2p,¢q)=0 an

are two equations of which the second is obtained by the elimination of
the two constants from the first, the first is said to be the complete solu-
tion of the second. That is, any equation which contains two distinct
arbitrary constants and which satisfies a partial differential equation of
the first order is said to be a complete solution of the differential equa-
tion. A complete solution has an interesting geometric interpretation.
The differential equation F = 0 defines a series of planar elements
through each point of space. So does f(x, ¥, 2, C}, C,) = 0. For the
tangent plane is given by

0
5‘]; o(z —2z)=0

Wlth f(wo} .7/0) zo, 017 Cz) = O

0
@)+ -+

as the condition that C, and C, shall be so related that the surface
passes through (=, y,, ). As there is only this one relation between
the two arbitrary constants, there is a whole series of planar elements
through the point. As f(x, y, 2z, C,, C,) = 0 satisfies the differential equa-
tion, the planar elements defined by it are those defined by the differen-
tial equation. Thus a complete solution establishes an arrangement of
the planar elements defined by the differential equation upon a family
of surfaces dependent upon two arbitrary constants of integration.
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From the idea of a solution of a partial differential equation of the
first order as a surface pieced together from planar elements which
satisfy the equation, it appears that the envelope (p. 140) of any family
of solutions will itself be a solution; for each point of the envelope is
a point of tangency with some one of the solutions of the family, and
the planar element of the envelope at that point is identical with the
planar element of the solution and hence satisfies the differential equa-
tion. This observation allows the general solution to be determined from
any complete solution. For if in f(z, y, 2, C;, C,)=0 any relation
C,=®(C)) is introduced between the two arbitrary constants, there
arises a family depending on one parameter, and the envelope of the
family is found by eliminating €, from the three equations

of | de of _
C,=®(C), 8_(;':+d_0_1802_ y =0

(18)

As the relation C, = &(C)) contains an arbitrary function &, the result
of the elimination may be considered as containing an arbitrary func-
tion even though it is generally impossible to carry out the elimination
except in the case where & has been assigned and is therefore no longer
arbitrary.

A family of surfaces f(x, , 2, C,, C;) = 0 depending on two param-
eters may also have an envelope (p. 139). This is found by eliminat-
ing C, and C, from the three equations

f(x} Y, % Cp Cz) = 07 éacil = 07 ';%2 = 0.
This surface is tangent to all the surfaces in the complete solution.
This envelope is called the singular solution of the partial differential
equation. As in the case of ordinary differential equations (§ 101), the
singular solution may be obtained directly from the equation;* it is
merely necessary to eliminate p and ¢ from the three equations

o, o
op -

The last two equations express the fact that F(p, ¢) = 0 regarded as
a function of p and ¢ should have a double point (§ 57). A reference
to § 67 will bring out another point, namely, that not only are all the
surfaces represented by the complete solution tangent to the singular
solution, but so is any surface which is represented by the general
solution. '

F(xy Yy %y Py q) = 0,

* It is hardly necessary to point out the fact that, as in the case of ordinary equations,
extraneous factors may arise in the elimination, whether of (', (5 or of p, q.
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EXERCISES _

1. Integrate these linear equations:

(@) 22p + yzq = 2y, B) a(p+q) =2 () @ + ¥ = 22,
(3) —yp+2¢+1+22=0, ()yp—ag=22—y% () @+2)p=y,
(n) 2?p—ayy +y* =0, @) a—2)p+ (O—y)g=c—z,

(t) ptanz + gtany = tang, (x) @2 +22—ap—2xyq+222=0.

2. Determine the integrals of the preceding equations to pass through the curves :

for (a) 22 +9y2=1,2=0, for (B) y=0,z =z,
for (v) y=22,2z=1, for () z=2,y=2.

3. Show analytically that if F(z, y, 2) = C, is a solution of (15), it is a solution
of (14). State precisely what is meant by a solution of a partial differential equa-
tion, that is, by the statement that F (z, y, 2) = C, satisfies the equation. Show that

the equations
F
—+ Q——R and P—+ Q—-{-R%:O
2
are equivalent and state what this means. Show that if F=C, and G = C, are
two solutions, then F = ¢ (@) is a solution, and show conversely that a functional
relation must exist between any two solutions (see § 62).

4. Generalize the work in the text along the analytic lines of Ex. 8 to estab-
lish the rules for integrating a linear equation in one dependent and four or n
independent variables. In particular show that the integral of

0z 0z dz dx dz
P—+4---+P,— = dependson —l=...=2"=
1 azl + + naxn n+1 P Pl Pn Pn+1’
and that if F, =C,, .-, F, = C, are n integrals of the simultaneous system, the
integral of the partial differential equation is & (F}, ---, F,) =0,
5. Integrate: (a) x% +y ou +z ou = xyz,
ox oy 0z

®) (y+Z+u) +(z+u+z) +(u+w+y)——w+y+z

6. Interpret the general equation of the first order F(z, v, 2, p, g) = 0 as deter-
mining at each point (z,, ¥,, 2,) of space a series of planar elements tangent to a
certain cone, namely, the cone found by eliminating p and ¢ from the three simul-
taneous equations

F(xoy Yoy 20y Dy q) =0, (z—wo)p‘*'(y“yo)q:z—zoa
oF oF
T—x)——(y—1y,) — =0.
( o) 24 W — o) P
7. Eliminate the arbitrary functions:

(@) z+y +2z=>o0"+y%+ 2%, B) (2 +y% z—ay) =0,
(V) z=e@+y)+¥(—y), (8) z=r¢wd (L —y),

() z=y2+ 2&(x—1+ logy), ) @(g, 3 z) —0.
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8. Find the differential equations of these types of surfaces:
(a) cylinders with generators parallel to the line ¢ = az, y = bz,
(B) conical surfaces with vertex at (a, b, c),
() surfaces of revolution about the line z:y:z2=a:b:c.

9. Eliminate the constants from these equations :

(@) 2= (z+ a)(y +), @) al@®+y?) + b2 =1,
(M @E=—a?+@E—b)r+@Ez—0?=1 (@) @—a)’+@E—b?+@z—0c)?=d,
(¢) Ax? 4+ Bxy + Cy? + Dxz + Eyz = 22.
10. Show geometrically and analytically that F(x, y, 2) + aG (%, y,2) =b is a
complete solution of the linear equation.

11. How many constants occur in the complete solution of the equation of the
third, fourth, or nth order ?

12. Discuss the complete, general, and singular solutions of an equation of the
first order F(z, y, 2, u, u, uy, u}) = 0 with three independent variables.

13. Show that the planes z = ax + by + C, where a and b are connected by the
relation F'(a, b) = 0, are complete solutions of the equation F(p, ¢) = 0. Integrate:
(@ pg=1, B ¢=p+1, () p* + ¢* =m?,
(3) pg=k, () klogg+p=0, (3) 3p*—2¢* = 4pq,
and determine also the singular solutions.

14. Note that a simple change of variable will often reduce an equation to the
type of Ex.13. Thus the equations

x;
F(l’; ;) =0, F(p,q) =0, F(f’ ?) =0,
with z=e?, T = e, z=e¥,x=¢v,y=¢eV,
take a simpler form. Integrate and determine the singular solutions:
(@) g=z+pz, () 2P+ ¥°¢* =22, () z=pg,
(3) ¢ =2yp? (&) (p—9*+@—2*=1, (&) z=pmgm
15. What is the obvious complete solution of the extended Clairaut equation
z=ap + yq + f(p, ¢) ? Discuss the singular solution. Integrate the equations:
(@z=2p+ya+ VPP +@+1, () z=w+ys+(p+a%
(v) z=2p + yq + py, (8) 2 =ap + yg— 2Vnq.

116. Types of partial differential equations. In addition to the
linear equation and the types of Exs.13-15 above, there are several
types which should be mentioned. Of these the first is the general
equation of the first order. If F(x, y, #, p, ¢) = 0 is the given equation

~and if a second equation & (x, v, z, p; ¢, @) = 0, which holds simultane-
ously with the first and contains an arbitrary constant can be found,
the two equations ma,y'be solved together for the values of p and ¢, and
the results may be substituted in the relation dz = pdx + ¢dy to give a
total differential equation of which the integral will contain the con-
stant ¢ and a second constant of integration 4. This integral will then
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be a complete integral of the given equation ; the general integral may
then be obtained by (18) of § 115. This is known as Charpit’'s method.
To find a relation & = 0 differentiate the two equations
F(x,y,2,p,9) = 0, @Y, 2P a) =0 (19)
with respect to « and y and use the relation that dz be exact.

— Ap ,
Fi+Fp+F ="+ F5l=0, ®;,
‘ C e . 4 ,d .
q>,+q>,p+<1>P—P+<1>q—q=0, —F,
’ ’ d /7
F,+Fq+F, p+ qu ) @,
<I>+<l>q+<I>’p+<I> =0, —F,
dp dq o &R
By = O | P OE
Multiply by the quantities on the right and add. Then
P B L 0B '
(F; +1)F)3 +(Fy+9¢ F)a pax qa__<]’FP+‘IFq)Z=O' (20
Now this is a linear equation for ® and is equivalent to
dp dg  d= dy dz dd

; ;= == = ; ~=—" (2
Fz+sz Fy+ng _Fp —Fq _<PFP+9FQ) 0 ( )
Any integral of this system containing p or ¢ and « will do for ®, and
the simplest integral will naturally be chosen.

As an example take zp(x+ y) + p(g— p)—22=0. Then Charpit’s equa-

tions are
dp . dg _ dx

—+P2@E+y) Ww—22+pe@+y) 20—g—2@+7Y)
dy dz
-p 2P —2pg—pz(@+ )
How to combine these so as to get a solution is not very clear. Suppose the sub-
stitution z = €%, p = e#’p’, ¢ = e#’q" be made in the equation. Then
Ye+y)+p(@—-p)—1=0
is the new equation. For this Charpit’s simultaneous system is
dp” _dq’ _ de dy dz
VOV W —q—Gty) —v 27—2p—p@ty)
The first two equations give at once the solution dp’ = dg’ or ¢’ = p” + a. Solving

’

Pe+y)+p@—p)-1=0 and ¢ =p +a,

__l—, q’:—l_.l.a’ dz’:M_
atz+y a+z+y atz+y

’

p = +a,dy.
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Then 2z =log(a+z+y)+ay+bd or logz=log(a+axz+y)+ay+d
is a complete solution of the given equation. This will determine the general
integral by eliminating a between the three equations

z=evtat+zt+y), ObL=f(a), O=@F+Sf(@)(e+z+y+1,

where f(a) denotes an arbitrary function. The rules for determining the singular
solution give 2 = 0; but it is clear that the surfaces in the complete solution can-
not be tangent to the plane z = 0 and hence the result z = 0 must be not a singular
solution but an extraneous factor. There is no singular solution.

The method of solving a partial differential equation of higher order
than the first is to reduce it first to an equation of the first order and
then to complete the integration. Frequently the form of the equation
will suggest some method easily applied. For instance, if the deriva-
tives of lower order corresponding to one of the independent variables
are absent, an integration may be performed as if the equation were
an ordinary equation with that variable constant, and the constant of
integration may be taken as a function of that variable. Sometimes a
change of variable or an interchange of one of the independent variables
with the dependent variable will simplify the equation. In general the
solver is left mainly to his own devices. Two special methods will be
mentioned below.

117. If the equation is linear with constant coefficients and all the
derivatives are of the same order, the equation is

(a,D2 + a D} 7D, + -+ + @, ,D,D; 7' + a, D)z = R(x, y). (22)
Methods like those of § 95 may be applied. Factor the equation.
ay(D, — a,D,) (D, — a,D,)--- (D, — a,D,) 2 = R (x, y). (22"
Then the equation is reduced to a succession of equations
Dz —aDz=R(z, y),
each of which is linear of the first order (and with constant coefficients).
Short cuts analogous to those previously given may be developed, but
will not be given. If the derivatives are not all of the same order but
the polynomial can be factored into linear factors, the same method will
apply. For those interested, the several exercises given below will serve
as a synopsis for dealing with these types of equation.
There is one equation of the second order,* namely
1 0*u 0w 0w

viee o2 T op T o (23)

* This is one of the important differential equations of physics; other important equa-
tions and methods of treating them are discussed in Chap. XX.
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which occurs constantly in the discussion of waves and which has there-
fore the name of the wave equation. The solution may be written down
by inspection. For try the form
w(r, y, 2, t) = F(ux + by + ez — Vt) 4+ G (ax 4 by + ¢z 4 11). (24)
Substitution in the equation shows that this is a solution if the relation
@® + 0* + ¢ =1 holds, no matter what functions ¥ and G may be. Note
that the equation
axr + by + ¢z — Vt = 0, A+ 0+ =1,

is the equation of a plane at a perpendicular distance V# from the origin
along the direction whose cosines are «, b, ¢. If ¢ denotes the time and
if the plane moves away from the origin with a velocity V, the function
F(ax + by + ¢z — Vt) = F(0) remains constant ; and if ¢ = 0, the value
of « will remain constant. Thus « = F represents a phenomenon which
is constant over a plane and retreats with a velocity V, that is, a plane
wave. In a similar manner « = G represents a plane wave approaching
the origin. The general solution of (23) therefore represents the super-
position of an advancing and a retreating plane wave.

To Monge is due a method sometimes useful in treating differential equations
of the second order linear in the derivatives r, s, ¢ ; it is known as Monge’'s method.
Let Rr+8Ss+ Tt=V (25)

be the equation, where R, S, T, V are functions of the variables and the derivatives
p and ¢q. From the given equation and

dp = rdx + sdy, dg = sdz + tdy,
the elimination of r and ¢ gives the equation
s(Rdy? — Sdzdy + Tdz?) — (Rdydp + Tdxdq — Vdzdy) =

and this will surely be satisfied if the two equations

Rdy? — Sdxdy + Tdx? = 0, Rdydp + Tdxdg — Vdzdy = 0 (25)
can be satisfied simultaneously. The first may be factored as
dy—fl(zi yv Zap’ Q)d‘zzov dy—fe(zy :l/, Z,p, Q)dz:O' (26)

The problem then is reduced to integrating the system consisting of one of these fac-
tors with (25") and dz=pdx + gdy, that is, a system of three total differential equations.
If two independent solutions of this system can be found, as

Uy (iE, Y, 2, D, q) = Cl? Uy (x? Y, 2, D, Q) =C, 9

then u; = & (u,) is a first or intermediary integral of the given equation, the general
integral of which may be found by integrating this equation of the first order. If
the two factors are distinct, it may happen that the two systems which arise may
both be integrated. Then two first integrals u, = @ (u,) and v; = ¥ (v,) will be found,
and instead of integrating one of these equations it may be better to solve both for
p and ¢ and to substitute in the expression dz = pdr + ¢dy and integrate. When,
however, it is not possible to find even one first integral, Monge’s method fails.
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As an example take (z + ¥) (r — t) =— 4p. The equations are
@+ dpr— @+ y)de2=0 or dy—de=0, dy +de=0
and (x + y)dydp — (r + y)daedy + 4 pdxdy = 0. ()

Now the equation dy — dr = 0 may be integrated at once to give y = + (. The
second equation (A) then takes the form

2zdp + 4 pdx — 2xdq + C (dp — dg) = 0;
but as dz = pdx + gdy = (p + ¢)dex in this case, we have by combination
2 (zdp + pdzx) — 2 (xdq + qdx) + C, (dp — dg) + 2dz =0

or Cz+C)(p—q)+22=Cy, or @+y)(pr—q)+22=0C,.
Hence @+y)(r—q) +22=%@y —2) 27)
is a first integral. This is linear and may be integrated by

dx dy dz dr dz

or z4y=K,,

x+y=—z+y=<l>(y—x)—2z —I;’—l:«b(Kl—2x)—2z'

This equation is an ordinary linear equation in z and z. The integration gives

2z 2w
Klzel"tzferé(Kl—- 2x)de + K,.

2x

2z
Hence (z+ y)zeﬂc*'V—;/‘el"nfb(}i’1 —2r)de=K,=¥(K,)=V¥ (@ + )

is the general integral of the given equation when K, has been replaced by « + y
after integration, — an integration which cannot be performed until ¢ is given.

The other method of solution would be to use also the second system containing
dy + dx = 0 instead of dy — dx = 0. Thus in addition to the first integral (27) a
second intermediary integral might be sought. The substitution of dy + dx =0,
y 4+ x =C, in (A) gives ¢, (dp + dg) + 4pdx = 0. This equation is not integrable,
because dp + dq is a perfect differential and pdx is not. The combination with
dz = pdx + qdy = (p — ¢)dz does not improve matters. Hence it is impossible to
determine a second intermediary integral, and the method of completing the
solution by integrating (27) is the only available method.

Take the equation ps — ¢gr =0. Here S=p, R=—¢, T=1 =0. Then

—qdy? —pdedy =0 or dy=0, pdr+gdy=0 and — qdydp =0

are the equations to work with. The system dy = 0, gdydp = 0, dz = pdx + qdy,
and the system pdx + qdy = 0, ¢gdydp = 0, dz = pdx + qdy are not very satisfactory
for obtaining an intermediary integral u, = ® (u,), although p = & (2) is an obvious
solution of the first set. It is better to use a method adapted to this special
equation. Note that

Z(9)=25, ama Z(Z)=0 aives S=7.

er \p p? ox \p
q or ox
By (11), p. 124 f=—(=); then —=-—
vanpaz, L= () S =—rw)

and :c=-ff(y)dy+\P(z)=d>(y)+\lf(z).
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EXERCISES
1. Integrate these equations and discuss the singular solution :

(@) p¥ + ¢t =22, B) (»*+ @)« =pz, M (0 + (e +qy) =1,

(8) pq =pr + qy, (&) PP+ gt=z+y, (§) zp* — 22p + 2y =0,
(n) ¢*=22(p — ), @) ¢ (%2 + ¢?) =1, () pA+ ) =qz—rc),
() sp(l+q9)=9qz, () ¥2(P2—1)=a%? (0 2@ +¢*+1)=c?
(») p=(+y9? (o) pzr=144¢% (m) z2—pg=0, (p) g=ap+p%

2. Show that the rule for the type of Ex. 13, p. 273, can be deduced by Charpit’s
method. How about the generalized Clairaut form of Ex.15?
3. (a) For the solution of the type f,(z, p) = f,(¥, ¢), the rule is: Set

fl(z’ p) =f2(y1 Q) =a,
and solve for p and q as p = g,(, @), ¢ = g,(¥, a) ; the complete solution is

2= [o@ @)@ + [ g, 9dy +0.

(8) For the type F(z, p,q) = 0 the rule is: Set X =z + ay, solve

dz dz - dz dz
Flz, —,a——) for — =¢(z,a andletf =f(z, a);

(2 g5 aas) for T =v(a), T =l
the complete solution is « + ay + b = f(z, @). Discuss these rules in the light of
Charpit’s method. Establish a rule for the type F(z + y, p, ¢) = 0. Is there any
advantage in using the rules over the use of the general method ? Assort the exam-
ples of Ex. 1 according to these rules as far as possible.

4. What is obtainable for partial differential equations out of any characteristics
of homogeneity that may be present ?

5. By differentiating p = f(z, ¥, 2, q) successively with respect to  and y show
that the expansion of the solution by Taylor’s Formula about the point (z,, ¥y, 2o)
may be found if the successive derivatives with respect to y alone,

oz 0% 0%2 oz

-  a? = MRS -
oy oy? oyt oy
are assigned arbitrary values at that point. Note that this arbitrariness allows the
solution to be passed through any curve through (x,, ¥,, %,) in the plane z = z,.

ey

6. Show that F(x, y, 2, p, ¢) = 0 satisfies Charpit’s equations
du = de  dy dz _ dp _  dq

- 7 e ’ 7 - ’ , ’ 4 4

—F, —F, —(pF,+qF,) F,+pF, F,+F,

where u is an auxiliary variable introduced for symmetry. Show that the first
three equations are the differential equations of the lineal elements of the. cones of
Ex. 6,p.272. The integrals of (28) therefore define a system of curves which have
a planar element of the equation F' = 0 passing through each of their lineal tan-
gential elements. If the equations be integrated and the results be solved for the

variables, and if the constants be so determined as to specify one particular curve
with the initial conditions , ¥, 2o, Dy, ¢, then

T=x(Uy Ty Yoy 295 Pgs 40)s Y=Y (+)y2=2(+), D=p("), ¢g=¢(+*).

(28)
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Note that, along the curve, ¢ = f(p) and that consequently the planar elements
just mentioned must lie upon a developable surface containing the curve (§ 67). The
curve and the planar elements along it are called a characteristic and a characteristic
strip of the given differential equation. In the case of the linear equation the
characteristic curves afforded the integration and any planar element through
their lineal tangential elements satisfied the equation ; but here it is only those
planar elements which constitute the characteristic strip that satisfy the equation.
What the complete integral does is to piece the characteristic strips into a family
of surfaces dependent on two parameters.

7. By simple devices integrate the equations. Check the answers:
0%z oz %
—_—= 9 —_—= 0 —_— -
(@) 5 =7 ® 5.=0 0=t
(8) s+nf@=9@), () ar=uay, (§) @r=(n—1)p.
8. Integrate these equations by the method of factoring:
(@ (Di—aDz=0, (B) (D:—D)Pz=0, (v) (DDI—D¥z=0,
(3) (D243D.D,+2D%)z=2+y, () (D2—D:D,—6D%)z=uay,
(¢) (D2 —D:—38D,+ 3D,z =0, ) (B2—D2+4+ 2D+ 1)z =e"=
9. Prove the operational equations :
(a) €222y (y) = (1 + azDy + } a®22D) + - - )¢ () = ¢ (¥ + ),

1 1
0 =eaxD, __ () = eaxD, -
(8) Do aDyO e yD,,O eazDy ¢ (y) = ¢ (y + az),
) 5 Bl 9) = eonty ety R 6 )@t = (R v+ av—at)ae.
D, — aD, ’ ’ s

10. Prove that if [(D; — ;D)™ - - - (Dy — azD,)™]z = 0, then
2= 2y + @) + 22 + @) + oo+ IR (Y + @) + -

+ oy + ax) + *Pr2(y + ax®) + - - - + T™% 1P (¥ + Ar),
where the ®’s are all arbitrary functions. This gives the solution of the reduced equa-
tion in the simplest case. What terms would correspond to (D, — aD, — g)mz = 0 ?

11. Write the solutions of the equations (or equations reduced) of Ex. 8.

12. State the rule of Ex. 9 (y) as: Integrate R (z, y — ax) with respect to = and
in the result change y to y + axz. Apply this to obtaining particular solutions of
Ex. 8 (8), (¢), (n) with the aid of any short cuts that are analogous to those of
Chap. VIII.

13. Integrate the following equations:
(@) (D2—D2%,+ Dy—1)z=cos(z+2y) + e, (B) 22 + 2zys + Y22 = 22 + 2,
(7v) (Di+ D+ Dy — 1)z =sin (@ + 2y), (8) r—t—38p+3qg=e=+2y,
(¢) (D2—2D,D:+ D)z=a"2 ) r—t+p+39g—2z=ex—v—2a%y,
(n) (D2—DyD,— 2D + 2D, + 2D,)z=e22+3¥ 4 sin(2z + y) + a¥.

14. Try Monge’s method on these equations of the second order :
(@) ¢*r —2pgs + p*t =0, (8) r—a% =0, M r+s=-p,
(%) ¢A+r—(p+q+2p9)s+p(1+p)t=0, (e) @r + 22ys + y* =0,
(&) O+cq)2r—20+cq)(a+cp)s+ (a+cp)t=0, (n) r+ ka? =2as.
If any simpler method is available, state what it is and apply it also.
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15. Show that an equation of the form Ry 4+ Ss + Tt + U (1t — s2) = T” neces-
sarily arises from the elimination of the arbitrary function from .
uy (@, ¥, 2, D, q) = flug(r, v, 2, p, 9)]-
Note that only such an equation can have an intermediary integral.

16. Treat the more general equation of Ex. 15 by the methods of the text and
thus show that an intermediary integral may be sought by solving one of the systems

Udy + N\, Tdz + A, Udp = 0, Udge + M\ Rdy + A\ Udg = 0,
Udz + \Rdy 4+ \,Udg = 0, Udy + \,Tdz + \,Udp = 0,
dz = pdz + qdy, dz = pdz + qdy,

where A, and A, are roots of the equation N2(RT + UV) + AUS + U2=0.

17. Solve the equations : (@) —rt=0, B) s2—rt=a?,
(v) ar + bs 4 ct + e(rt — s?) =k, (98) xgr + ypt + xy (s2 — rt) = pg.



