
CHAPTER 4

Radon transform and propagation of singularities
in Hn

The purpose of this chapter is to extend Theorem 1.6.6 to the asymptotically
hyperbolic metric on Rn

+ in the sense of singularity expansion.

1. Geodesic coordinates near infinity

1.1. Geodesic coordinates. We shall study the metric

(1.1) ds2 = y−2
(
(dx)2 + (dy)2 + A(x, y, dx, dy)

)

on Rn
+ defined in Chapter 2, Subsection 2.1, i.e. the metric satisfying the condition

(C) in Chap. 2. Our aim is to transform (1.1) into the following canonical form

(1.2) ds2 = y−2
(
(dx)2 + (dy)2 + B(x, y, dx)

)

in the region 0 < y < y0, y0 being a sufficiently small constant, where B(x, y, dx)
is a symmetric covariant tensor of the form

B(x, y, dx) =
n−1∑
i,j=1

bij(x, y)dxidxj .

Passing to the variable z = log y, we rewrite the Laplace-Beltrami operator ∆g

associated with (1.1) as

∆g = ∂2
z + e2z∂2

x +
n−1∑
i,j=1

aij(x, ez)e2z∂xi∂xj

+ 2
n−1∑
i=1

ain(x, ez)ez∂xi∂z + ann(x, ez)∂2
z

up to 1st order terms. Then
(
gij

)
in the variables x and z takes the form

(1.3) gij =




e2z
(
δij + hij(x, z)

)
, 1 ≤ i, j ≤ n − 1,

ezhin(x, z), 1 ≤ i ≤ n − 1,

1 + hnn(x, z), i, j = n,

where hij(x, z) satisfies in the region z < 0

(1.4) |∂α
x ∂β

z hij(x, z)| ≤ CαβW (x, z)−min(|α|+β,1)−1−�0 ,

and
W (x, z) = 1 + |z| + log

(
|x| + 1

)
.
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140 4. RADON TRANSFORM AND PROPAGATION OF SINGULARITIES IN Hn

We define the Hamiltonian H(x, z, ξ, η) by

H(x, z, ξ, η) =
1
2

(
e2z|ξ|2 + η2 + h(x, z, ξ, η)

)
,

h(x, z, ξ, η) =
n−1∑
i,j=1

e2zhij(x, z)ξiξj + 2
n−1∑
i=1

ezhin(x, z)ξiη + hnn(x, z)η2.

The equation of geodesic is as follows:

(1.5)




dx

dt
=

∂H

∂ξ
,

dz

dt
=

∂H

∂η
,

dξ

dt
= −∂H

∂x
,

dη

dt
= −∂H

∂z
.

If h(x, z, ξ, η) = 0, it has the following solution

x(t) = x0, ξ(t) = 0, z(t) = t, η(t) = 1.

With this in mind, we seek the solution of the equation (1.5) which behaves like{
x(t) = x0 + O(W (x0, t)−1−�), ξ(t) = O(W (x0, t)−1−�),

z(t) = t + O(W (x0, t)−�), η(t) = 1 + O(W (x0, t)−1−�),

as t → −∞, where x0 ∈ Rn−1, 0 < � < �0. Therefore we put{
Ux(x0, t) = x(t) − x0, Uz(x0, t) = z(t) − t,

Uξ(x0, t) = ξ(t), Uη(x0, t, ) = η(t) − 1,

U(x0, t) =
(
Ux(x0, t), Uz(x0, t), Uξ(x0, t), Uη(x0, t)

)
,

A(U, x0, t) =
(∂H

∂ξ
,
∂H

∂η
− 1,−∂H

∂x
,−∂H

∂z

)∣∣∣
x=Ux+x0,ξ=Uξ,z=Uz+t,η=Uη+1

,

and consider the following non-linear operator

(1.6)
(
B(U(x0, ·);x0)

)
(t) =

∫ t

−∞
A(U(x0, τ), x0, τ)dτ.

We shall look for the fixed point of the map : U → B(U), i.e.

(1.7) U(x0, t) =
(
B(U(x0, ·); x0)

)
(t).

We fix t0 < 0, and define the norm

‖U‖t0 = sup
t<t0,x0∈Rn−1

[
|t| + log(|x0| + 1)

]�/2|Uz(t)|

+ sup
t<t0,x0∈Rn−1

[
|t| + log(|x0| + 1)

]1+�(|Uξ(t)| + |Uη(t)| + |Ux(t)|
)
,

and the space Ft0 of functions by

Ft0 � U(t) ⇐⇒ ‖U‖t0 < 1.

By (1.4), a simple computation shows∣∣∣∣
∂H

∂z

∣∣∣∣ ≤ C‖U‖t0

(
W (x0, t)−2−�0 + etW (x0, t)−1−�

)
.

Hence for any δ > 0, there exists t0 such that for t < t0

|B(U(·), x0)η(t)| ≤
∫ t

−∞

∣∣∣∣
∂H

∂z

∣∣∣∣ dτ ≤ δ‖U‖t0W (x0, t)−1−�.
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1. GEODESIC COORDINATES NEAR INFINITY 141

Using this estimate and (1.4), we obtain, taking bigger |t0| if necessary,

‖B(U)(t)‖t0 ≤ δ‖U‖t0 , ∀U ∈ Ft0 .

Similar calculation implies

‖B(U)(t) − B(V )(t)‖t0 ≤ δ‖U − V ‖t0 ,

for U, V ∈ Ft0 . Then taking δ < 1/2, B maps Ft0 into Ft0 , and is Lipschitz
continuous with Lipschitz constant < 1/2. Hence, there exists a unique fixed point
U(t) = U(x0, t) ∈ Ft0 of (1.7). By differentiating (1.6) with respect to t, we see
that for some constant C

1
C

W (x0, t)∂tU(x0, t) ∈ Ft0 .

Differentiating (1.7) with respect to x0, we get

(I − BU (U(x0, ·), x0))∂α
x0

U = ∂α
x0

B(U, x0), |α| = 1.

For t < |t0|, (I − BU (U(x0, ·), x0)) is invertible, providing

1
C

W (x0, t)∂α
x0

U(x0, t) ∈ Ft0 , |α| = 1.

Iterating this procedure, we have the following lemma.

Lemma 1.1. Choose |t0| large enough. Then there exists a solution x(t), z(t),
ξ(t), η(t) of the equation (1.5) for (x0, t) ∈ Rn−1 × (−∞, t0) satisfying

∣∣∂α
x0

∂β
t

(
x(t) − x0

)∣∣ +
∣∣∂α

x0
∂β

t ξ(t)| +
∣∣∂α

x0
∂β

t

(
η(t) − 1

)∣∣
≤ CαβW (x0, t)−1−�/2−min(|α|+β,1),

∣∣∂α
x0

∂β
t

(
z(t) − t

)
| ≤ CαβW (x0, t)−�/2−min(|α|+β,1).

Lemma 1.2. As a 2-form on the region Rn−1 × (−∞, t0), we have
n−1∑
i=1

dξi(x0, t) ∧ dxi(x0, t) + dη(x0, t) ∧ dz(x0, t) = 0.

Proof. We put xn = z, ξn = η and xn
0 = t. Then we have

n∑
i=1

dξi ∧ dxi =
∑
j<k

[ξ, x]jkdxj
0 ∧ dxk

0 ,

[ξ, x]jk =
∂ξ

∂xj
0

· ∂x

∂xk
0

− ∂ξ

∂xk
0

· ∂x

∂xj
0

.

Noting that

∂

∂t

(
∂ξ

∂xj
0

· ∂x

∂xk
0

)
= − ∂2H

∂xi∂xm

∂xm

∂xj
0

∂xi

∂xk
0

+
∂2H

∂ξi∂ξm

∂ξi

∂xk
0

∂ξm

∂xj
0

is symmetric with respect to j and k, we have

∂

∂t
[ξ, x]jk = 0.

By Lemma 1.1, [ξ, x]jk → 0 as t → −∞. Hence [ξ, x]jk = 0, which proves the
lemma. �
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142 4. RADON TRANSFORM AND PROPAGATION OF SINGULARITIES IN Hn

Lemma 1.3. For large |t0|, the map

Rn−1 × (−∞, t0) � (x0, t) → (x(x0, t), z(x0, t))

is a diffeomorphism and its image includes Rn−1 × (−∞, 2t0).

Proof. We show that this map is locally diffeomorphic and globally injective.
Using inverse function theorem, from Lemma 1.1, we have that making |t0| suffi-
ciently large, there are r0, r̃0 > 0 with the following properties;

• For any x�
0 ∈ Rn−1, t�0 < t0, the map (x(x0, t), z(x0, t)) is a diffeomorphism

from Br(x�
0, t

�
0), the ball of radius r with center at (x�

0, t
�
0), onto U ⊂

Rn−1 × (−∞, t0).
• Br̃0(x(x�

0, t
�
0), z(x�

0, t
�
0)) ⊂ U .

Assume x(x�
0, t

�
0) = x(x��

0 , t��0), z(x�
0, t

�
0) = z(x��

0 , t��0) for some (x�
0, t

�
0) �= (x��

0 , t��0).
Then by Lemma 1.1, it follows from the 2nd equality that |t�0 − t��0 | < r/4 if |t0|
is sufficiently large. Therefore by local injectivity, |x�

0 − x��
0 | > 3r/4. Using again

Lemma 1.1, we see that for sufficiently large |t0|, |x(x�
0, t

�
0)−x�

0| < r/4, |x(x��
0 , t��0)−

x��
0 | < r/4. This leads to a contradiction. �

Let x0 = x0(x, z), t = t(x, z) be the inverse of the map : (x0, t) → (x, z). We put
ξ(x, z) = ξ(x0(x, z), t(x, z)), etc. for the sake of simplicity. Since

∑n−1
i=1 ξidxi + ηdz

is a closed 1-form by Lemma 1.2, we have

∂ξj

∂xk
=

∂ξk

∂xj
,

∂ξj

∂z
=

∂η

∂xj
, 1 ≤ j, k ≤ n − 1.

Recall
Uη(x, z) = η(x, z) − 1

= −
∫ t

−∞

∂H

∂z
(x(x0, s), z(x0, s), ξ(x0, s), η(x0, s)) ds

∣∣∣
x0=x0(x,z),t=t(x,z)

,

and define Ψ(x, z) by

Ψ(x, z) = z +
∫ 0

−∞
Uη(x, z + τ)dτ.

Lemma 1.4. For z ≤ 2t0, we have
(1) ∂xΨ(x, z) = ξ(x, z),
(2) ∂zΨ(x, z) = η(x, z),
(3) H(x, z, ∂xΨ(x, z), ∂zΨz(x, z)) = 1/2,
(4)

∣∣∂α
x ∂β

z (Ψ(x, z) − z)
∣∣ ≤ Cαβ(|z| + log(|x| + 1))−�/2−min(|α|+β,1), ∀α, β.

(5) Ψ(x, z) = t(x, z).

Proof. We have

∂Ψ
∂xj

=
∫ 0

−∞

∂η

∂xj
(x, z + τ)dτ

=
∫ 0

−∞

∂ξj

∂τ
(x, z + τ)dτ = ξj(x, z),

∂Ψ
∂z

= 1 +
∫ 0

−∞

∂η

∂τ
(x, z + τ)dtτ = η(x, z),

which prove (1) and (2).
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1. GEODESIC COORDINATES NEAR INFINITY 143

Since x(t), z(t) and ξ(t), η(t) are solutions to the equation (1.5), H(x(t), p(t), ξ(t), η(t))
is a constant, which turns out to be 1/2 by letting t → −∞. This proves (3). (4)
follows again from Lemma 1.1 due to the fact that∣∣∣∣∂γ

x0
∂δ

t

(
∂(x, z)
∂(x0, t)

− Id

)∣∣∣∣ ≤ CγδW (x, z)−�/2−min(|γ|+δ,1).

Using (1), (2), we have

∂Ψ
∂t

=
∂Ψ
∂x

· ∂x

∂t
+

∂Ψ
∂z

∂z

∂t

= ξ(x, z) · ∂x

∂t
+ η(x, z)

∂z

∂t

= ξ(x, z) · ∂H

∂ξ
+ η(x, z)

∂H

∂η

= gij∂iΨ∂jΨ = 1,

where the last identity comes from Lemma 1.4 (3). Here ∂i = ∂/∂xi, 1 ≤ i ≤ n− 1,
∂n = ∂/∂z. Therefore Ψ(x, z)−t is independent of t. On the other hand, Ψ−z → 0
and z − t → 0 as t → −∞. Therefore, Ψ(x, z) = t. �

Lemma 1.5. In the coordinate system (x0, t), the Riemannian metric (1.1) is
written as

ds2 = (dt)2 + e−2t
(
(dx0)2 +

n−1∑
i,j=1

ĥij(x0, t)dxi
0dxj

0

)
,

where ĥij(x0, t) satisfies

(1.8)
∣∣∂α

x0
∂β

t ĥij(x0, t)
∣∣ ≤ CαβW (x0, t)−1−�/2−min(|α|+β,1), ∀α, β.

Proof. We put yi = xi
0, 1 ≤ i ≤ n − 1, yn = t. Then the associated tensor gij

is written as

gnn = gij ∂yn

∂xi

∂yn

∂xj
= gij(∂iΨ)(∂jΨ) = 1,

gnk = gij ∂yn

∂xi

∂yk

∂xj
= gij(∂iΨ)(∂jx

k
0) = 0,

for 1 ≤ k ≤ n − 1. Here in the 2nd line, we have used

0 =
∂xk

0

∂t
=

∂xk
0

∂xi

∂xi

∂t
=

∂xk
0

∂xi
gij∂jΨ.

Therefore the Riemmanian metric has the form

ds2 = (dt)2 +
n−1∑
i,j=1

gijdxi
0dxj

0.

Recall

gij(x0, t) = gkl
∂xk

∂xi
0

∂xl

∂xj
0

+ 2gkn
∂xk

∂xi
0

∂z

∂xj
0

+ gnn
∂z

∂xi
0

∂z

∂xj
0

,

where 1 ≤ k, l ≤ n−1, and the right-hand side is evaluated at (x, z) = (x(x0, t), z(x0, t)).
By the formula (1.3), (1.4) and Lemma 1.1, the 1st term of the right-hand side is
of the form e−2t

(
δij + ĥ

(0)
ij

)
, where ĥ

(0)
ij satisfies the estimate (1.8). By the same
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144 4. RADON TRANSFORM AND PROPAGATION OF SINGULARITIES IN Hn

reasoning, the 2nd and 3rd terms give rise to ĥ
(1)
ij and ĥ

(2)
ij . This completes the

proof of the lemma. �

The coordinates (x0, t) are actually semi-geodesic coordinates related to the
boundary at infinity y = 0.

Letting x0 = x, t = log y in Lemma 1.5 and recalling that Dy = y∂y = ∂t, and
using Lemma 1.1, we obtain the following theorem.

Theorem 1.6. Choose y0 > 0 sufficiently small. Then there exists a diffeo-
morphism (x, y) → (x, y) in the region 0 < y < y0 such that

∣∣∂α
x Dβ

y

(
x − x

)
| ≤ Cαβ(1 + dh(x, y))−min(|α|+β,1)−1−�/2, ∀α, β,

∣∣∂α
x Dβ

y

(y − y

y

)
| ≤ Cαβ(1 + dh(x, y))−min(|α|+β,1)−1−�/2, ∀α, β,

and in the (x, y) coordinate system, the Riemannian metric takes the form

ds2 = (y)−2
(
(dy)2 + (dx)2 +

n−1∑
i,j=1

hij(x, y)dxidxj
)
,

where
hij(x, y) = ĥij(x0, t), x0 = x, t = log y,∣∣∂α

x Dβ
y hij(x, y)

∣∣ ≤ Cαβ(1 + dh(x, y))−min(|α|+β,1)−1−�/2, ∀α, β.

2. Asymptotic solutions to the wave equation

Theorem 1.6 leads us to consider the metric having the form

(2.1) ds2 = y−2
(
(dy)2 + (dx)2 +

n−1∑
i,j=1

hij(x, y)dxidxj
)
,

in the region Rn−1 × (0, y0), where y0 is a small constant and hij(x, y) satisfies

hij ∈ W−1−�/2.

As in Chap. 2, we consider

H = −(y2ng)1/4∆g(y2ng)−1/4 − (n − 1)2

4
in L2

(
Rn

+;
dxdy

yn

)
.

Taking into account that H is self-adjoint, we see that explicitly, H has the form

H = −D2
y + (n − 1)Dy − D2

x − (n − 1)2

4
− L,

(2.2) L = y2
∑
|α|≤2

Lα(x, y)∂α
x ,

where Dy = y∂y, Dx = y∂x. Moreover Lα ∈ W−1−�/2.
It is convenient to rewrite H into the form

(2.3) H = −
(
Dy − n − 1

2

)2

− K,

(2.4) K = y2(∂x)2 + y2
∑
|α|≤2

Lα(x, y)∂α
x .
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2. ASYMPTOTIC SOLUTIONS TO THE WAVE EQUATION 145

Using (
Dy − n − 1

2

)m (
eix·ξy

n−1
2 −ika

)
= eix·ξy

n−1
2 −ik(Dy − ik)ma,

∂α
x

(
eix·ξy

n−1
2 −ika

)
= eix·ξy

n−1
2 −ik(∂x + iξ)αa,

we have the following identity
(
H − k2

) (
eix·ξy

n−1
2 −ika

)

= eix·ξy
n−1

2 −ik
{
2ikDya −

(
D2

y + K(ξ)
)
a
}

,

where K(ξ) is a differential operator of the form

(2.5) K(ξ) = y2(∂x + iξ)2 + y2
∑
|α|≤2

Lα(x, y)(∂x + iξ)α.

We put a =
∑N

j=0 k−jaj . Then the above formula becomes

e−ix·ξy−n−1
2 +ik

(
H − k2

)
eix·ξy

n−1
2 −ika

= 2ikDya0 +
N−1∑
j=0

k−j
{

2iDyaj+1 −
(
D2

y + K(ξ)
)
aj

}

− k−N
(
D2

y + K(ξ)
)
aN .

(2.6)

We put

(2.7) a0(x, y) = 1,

and consruct aj succesively by

(2.8) aj+1(x, y, ξ) = − i

2

∫ y

0

(D2
t + K(ξ))aj(x, t, ξ)

dt

t
.

Then we have

(2.9) 2iDyaj+1 −
(
D2

y + K(ξ)
)
aj = 0.

We put for p ≥ 0
yp Ws = {yp w(x, y) ; w(x, y) ∈ Ws}.

Here and what follows, we allow the elements of Ws to be complex-valued. Then
one can show easily that

(2.10)
∫ y

0

tqf(x, t)
dt

t
∈ yp+q Ws, if f ∈ yp Ws, p, q ≥ 0, s < 0.

In fact, letting f(x, y) = ypw(x, y), w ∈ Ws, we are led to estimate

yp+q

∫ 1

0

τp+qw(x, yτ)
dτ

τ
.

Noting that for 0 < y < 1

log〈x〉 + 〈log(yτ)〉 ≥ log〈x〉 + 〈log y〉,

we easily get (2.10).
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146 4. RADON TRANSFORM AND PROPAGATION OF SINGULARITIES IN Hn

Lemma 2.1. For j ≥ 1, we have

aj(x, y, ξ) = y2ξ2Pj−1(y2ξ2) +
j∑

p=1

y2p
∑

|α|≤2p

A(j,p)
α (x, y)ξα,

where Pj−1 is a polynomial of order j−1 with constant coefficients, and A
(j,p)
α (x, y) ∈

W−1−�/2.

Proof. The proof is by induction using (2.10) and the formula
∫ y

0

(
D2

t tβ
) dt

t
= βyβ . �

Summing up, we have proven the following theorem.

Theorem 2.2. For any N > 0, there exists an asymptotic solution to the
equation (H − k2)u = 0 such that in Rn−1 × (0, y0)

(H − k2)


y

n−1
2 −ikeix·ξ

N∑
j=0

k−jaj(x, y, ξ)


 = y

n−1
2 −ikeix·ξk−NgN (x, y, ξ),

where aj(x, y, ξ) has the form in Lemma 2.1. Furthermore gN (x, y, ξ) has the form

(2.11) gN (x, y, ξ) = y2ξ2QN (y2ξ2) +
N+1∑
p=1

y2p
∑

|α|≤2p

B(N,p)
α (x, y)ξα,

where QN is a polynomial of order N with constant coefficients, and B
(N,p)
α (x, y) ∈

W−1−�/2.

3. Mellin transform and pseudo-differential operators

3.1. Mellin transform. The Mellin transform UM is defined by

(3.1) (UMf) (k) =
1√
2π

∫ ∞

0

y
n−1

2 +ikf(y)
dy

yn
, k ∈ R.

In the following, the Fourier transform and its adjoint are denoted by

(3.2) Fk→zf(z) =
1√
2π

∫ ∞

−∞
e−izkf(k)dk,

(3.3) F ∗
z→kg(k) =

1√
2π

∫ ∞

−∞
eizkg(z)dz.

Note that
F ∗

z→k = (Fk→z)∗.

Using the fact that

T : L2((0,∞); dy/yn) � f(y) → (Tf) (z) = f(ez)e−(n−1)z/2 ∈ L2(R; dz)

is unitary, we have

(3.4) (UMf)(k) = (F ∗
z→kTf) (k) =

1√
2π

∫ ∞

−∞
eizk (Tf) (z)dz.
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3. MELLIN TRANSFORM AND PSEUDO-DIFFERENTIAL OPERATORS 147

Hence UM : L2((0,∞); dy/yn) → L2(R1) is unitary, and the inversion formula
holds:

f(y) =
1√
2π

∫ ∞

−∞
y

n−1
2 −ik (UMf) (k)dk = (UM )∗UMf.

We put

(3.5) K0 = i

(
y∂y − n − 1

2

)
.

Then we have for f ∈ C∞
0 ((0,∞))

(3.6) (UMK0f)(k) = k(UMf)(k) = F ∗
z→k

(
i∂z

(
Tf

))
(k).

Therefore, for a function ϕ(k) on R, we define the operator ϕ(K0) by

(3.7) ϕ(K0) =
(
UM

)∗
ϕ(k)UM .

By (3.6), we have the following correspondence between the multiplication op-
erator k and the differential operators ∂z, y∂y via the Fourier transform in the
z-space and the Mellin transform in the y-space:

(3.8) i

(
y∂y − n − 1

2

)
←→ k ←→ i∂z.

We also put for h(x) ∈ L2(Rn−1)

(Fx→ξh) (ξ) = ĥ(ξ) = (2π)−(n−1)/2

∫

Rn−1
e−ix·ξh(x)dx.

Thus we have the following correspondence for the operator H0 on L2(Hn) and its
symbol:

−D2
y + (n − 1)Dy − (n − 1)2

4
− y2∆x ←→k2 + y2|ξ|2

=k2 + e2z|ξ|2 ←→ −∂2
z − e2z∆x.

(3.9)

For p(x, y, ξ, k) ∈ C∞(Rn
+ × Rn), we define an operator pFM by

(3.10) (pFMf) (x, y) = (2π)−n/2

∫

Rn

eix·ξy
n−1

2 −ikp(x, y, ξ, k)(UM f̂)(ξ, k)dξdk.

This is rewritten as

pFM = T ∗ ◦ pT (x, z,−i∂x, i∂z) ◦ T,

where PT := pT (x, z,−i∂x, i∂z) is a standard pseudo-differential operator (ΨDO)
on Rn:

(PT h) (x, z) =(2π)−n

∫∫

Rn×Rn

ei((x−x′)·ξ−(z−z′)k)pT (x, z, ξ, k)h(x�, z�)dx�dz�dξdk,

with

(3.11) pT (x, z, ξ, k) = p(x, ez, ξ, k).

If pT (x, z, ξ, k) satisfies

(3.12) |∂α
x ∂m

z ∂β
ξ ∂l

k pT (x, z, ξ, k)| ≤ Cαβml, ∀α, β,m, l,

PT is a bounded operator on L2(Rn) (see [23]). Therefore, pFM is a bounded
operator on L2(Hn). Note that for the L2-boundedness, it is sufficient to assume
(3.12) up to some finite order |α| + |β| + m + l ≤ µ(n).

We need the following class of symbols.
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Definition 3.1. For s, t ∈ R and N ≥ 0, let S̃N
s,t be the set of C∞-functions

on Rn
+ × Rn such that

|(∂x)α(∂ξ)β(y∂y)m(∂k)l p(x, y, ξ, k)| ≤ C(1 + |k|)s−l(1 + |ξ|)t−β

holds for |α| + |β| + m + l ≤ N .

We say that a ΨDO pFM belongs to S̃N
s,t if its symbol belongs to S̃N

s,t. We always
assume that N is chosen sufficiently large. Standard calculus for ΨDO applies to
pFM . For example,

p ∈ S̃N
s,t =⇒ (pFM )∗ ∈ S̃N ′

s,t ,

p ∈ S̃N1
s1,t1 , q ∈ S̃N2

s2,t2 =⇒ pFMqFM ∈ S̃N ′

s1+s2,t1+t2 ,

p ∈ S̃N1
s1,t1 , q ∈ S̃N2

s2,t2 =⇒ [pFM , qFM ] ∈ S̃N ′

s1+s2−1,t1+t2 ∪ S̃N ′

s1+s2,t1+t2−1

with suitable N � > 0. These can be proven in the same way as in [55], Vol 3, Sect.
18.1.

3.2. Regularity of the resolvent.

Lemma 3.2. (1) Let Dx = y∂x, Dy = y∂y. Then for N ≥ 1

Dα
x Dm

y (H + i)−N ∈ B(L2(Hn)) for |α| + m ≤ 2N.

(2) Let f ∈ S. Then we have

Dα
x Dm

y f(H) ∈ B(L2(Hn)), ∀α,m.

Proof. For k ≥ 0, let Pk be the elements of P, introduced in Chapter 2,
Subsection 2.1, whose order is at most k.

We shall prove (1). The case N = 1 is proved in Theorem 2.1.3 (4). Assume that
the Lemma is true for N . Consider Dα

x Dm
y (H + i)−N−1 where |α|+ m ≤ 2(N + 1).

Let first |α| ≥ 2 so that α = α� + α��, where |α��| = 2. Then

Dα
x Dm

y (H + i)−N−1

= Dα′′

x Dα′

x Dm
y (H + i)−1(H + i)−N

= Dα′′

x (H + i)−1Dα′

x Dm
y (H + i)−1 + Dα′′

x [Dα′

x Dm
y , (H + i)−1](H + i)−N .

The first term is bounded by induction hypothesis. As for the 2nd term, using
Lemma 2.1.2 (1) and the definition of W−1−�/2, we have

[Dα′

x Dm
y , (H + i)−1] = (H + i)−1

{ n∑
i=1

DiA
(i) + A(0)

}
(H + i)−1,

where A(i) ∈ P2N , and Di = y∂xi , 1 ≤ i ≤ n − 1, Dn = Dy. Thus

Dα′′

x [Dα′

x Dm
y , (H + i)−1](H + i)−N

= Dα′′

x (H + i)−1
n∑

i=1

Di(H + i)−1{A(i)(H + i)−N + [A(i),H](H + i)−N}

+ Dα′′

x (H + i)−1A(0)(H + i)−N−1.
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By induction hypothesis, it is sufficient to show that Di(H +i)−1[A(i),H](H +i)−N

is bounded. Note

[A(i), H] =
n∑

j=1

DjÂ
(j) + Â(0),

where Â(j) ∈ P2N . However,

Di(H + i)−1Dj = DiDj(H + i)−1 + Di[(H + i)−1, Dj ]

= DiDj(H + i)−1 + Di(H + i)−1[H,Dj ](H + i)−1 ∈ B(L2(Hn)).

Thus Di(H + i)−1[A(i), H](H + i)−N is bounded. The case |α| < 2, hence m ≥ 2,
is proved similarly.

Let us prove (2). Take N such that |α|+ m ≤ 2N and put g(t) = f(t)(i + t)N .
Let g̃(z) be an almost analytic extension of g(z) defined in Section 3.3.1. Then we
have by Lemma 3.3.1

Dα
x Dm

y g(H) = Dα
x Dm

y (i + H)−N 1
2πi

∫

C

∂z g̃(z)(i + H)N (z − H)−1dzdz.

Since (i + H)N (z −H)−1 =
∑N−1

r=−1 cr(z)(z −H)r, cr(z) being a polynomial of z of
degree N − r − 1. Therefore, taking σ = −2N − 2 in Chap. 3 (3.1), We see that
Dα

x Dm
y g(H) is a bounded operator multiplied by a polynomial of H of order N −1.

By multiplying (i + H)−N , we obtain (2). �

4. Parametrices and regularizers

4.1. Wave operators and Mellin transform. We now introduce wave op-
erators based on the Mellin transform:

(4.1) W
(±)
M = s − lim

t→±∞
eit

√
H+e∓itK0r±(K0),

where H+ = EH((0,∞))H = Pac(H)H, EH(λ) being the spectral resolution for
H, and r+(k) and r−(k) are the characteristic function of the interval (0,∞) and
(−∞, 0), respectively (see (3.7)). Recall F+ given in Chap. 2 by formulae (7.1),
(8.1) and (8.2).

Lemma 4.1. The strong limits (4.1) exist and

F+ =
1√
2

{
r+UM (W (+)

M )∗ + r−UM (W (−)
M )∗

}
,

where r± is the operator of multiplication by r±(k).

Proof. Due to formula (3.8) and Definition 5.3 of Chap. 1, we have

y(n−1)/2 (R0f) (− log y ∓ t, x) = (UM )∗
(
e∓iktF0(k)f

)
(y, x).

Using again (3.8) and Theorem 1.5.5, we see that, as t → ±∞

(4.2)
∥∥∥e−it

√
H0f −

√
2e∓itK0r±(K0)(UM )∗F0f

∥∥∥
L2(Hn)

→ 0.

By Theorem 2.8.11, the wave operator s − limt→±∞ eit
√

H+e−it
√

H0 exists and is
equal to W± = s − limt→±∞ eitHe−itH0 . This and (4.2) imply the existence of the
limt W

(±)
M and

W± =
√

2 W
(±)
M (UM )∗F0 =

√
2W

(±)
M r±(K0)(UM )∗F0.
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Letting r± be the operator of multiplication by r±(k) in L2(R; L2(Rn−1); dk), we
then have

r±F0(W±)∗ =
√

2 r±F0(F0)∗r±UM (W (±)
M )∗.

By Lemma 2.8.3, one can show

r±F0(F0)∗r± =
1
2
r±,

which together with the formula (8.8) in Lemma 2.8.4 proves the lemma. �

Recall that, using the 1-dimensional Fourier transform (3.3), the modified
Radon transform is defined by

R± = F ∗
k→sF±,

(see Definition 8.5 in Chapter 2). Then Lemma 4.1 implies

Lemma 4.2.

R+ =
1√
2
F ∗

k→s

(
r+UM (W (+)

M )∗ + r−UM (W (−)
M )∗

)
.

4.2. Parametrices for the wave equation. Let aj(x, y, ξ) be as in Lemma
2.1. We take χ∞(k) ∈ C∞(R) such that χ∞(k) = 1 (|k| > 2), χ∞(k) = 0 (|k| < 1),
and χ̃(y) ∈ C∞(R) such that χ̃(y) = 1 (y < y0/2), χ̃(y) = 0 (y > y0), y0 being a
constant in Theorem 2.2. We define a(±)(x, y, ξ, k) by

(4.3) a(±)(x, y, ξ, k) = χ∞(k)r±(k)
∞∑

j=0

ρ
( 〈ξ〉2

�j〈k〉

)
k−jaj(x, y, ξ)χ̃(y).

Here, ρ(s) ∈ C∞
0 (R) is such that ρ(s) = 1 for |s| < 1/2, ρ(s) = 0 for |s| > 1, and

{�j}∞j=0 is a sequence such that �0 > �1 > · · · → 0.

Lemma 4.3. For a suitable choice of {�j}∞j=0, the series (4.3) converges and
defines a smooth function having the following properties:
(1) supp a(±)(x, y, ξ, k) ⊂ Rn−1 × (0, y0) × {(ξ, k) ; |k| ≥ 1, 〈ξ〉2 ≤ �0〈k〉}.
(2) If |β| + m + |γ| + � ≤ N , we have,

∣∣∣∂β
x Dm

y ∂γ
ξ ∂�

k

(
a(±)(x, y, ξ, k) − χ∞(k)r±(k)

N∑
j=0

ρ
( 〈ξ〉2

�j〈k〉

)
k−jaj(x, y, ξ)χ̃(y)

)∣∣∣

≤ CNβmγ� y2

(
〈ξ〉2

〈k〉

)N

〈ξ〉−|γ|〈k〉−�.

(4.4)

(3) Let g(±)(x, y, ξ, k) be defined by

(4.5) (H − k2)y
n−1

2 −ikeix·ξa(±)(x, y, ξ, k) = y
n−1

2 −ikeix·ξg(±)(x, y, ξ, k).

Then we have for any N > 0

(4.6)
∣∣∣∂β

x Dm
y ∂γ

ξ ∂�
k g(±)(x, y, ξ, k)

∣∣∣ ≤ CNβmγ� y2

(
〈ξ〉2

〈k〉

)N

〈ξ〉2−|γ|〈k〉2−�.

for y < y0/2 and 〈ξ〉2 ≤ �N+1〈k〉/2.
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Proof. First we derive the following estimate for j ≥ 1∣∣∣∣∂β
xDm

y ∂γ
ξ ∂�

k

(
ρ
( 〈ξ〉2

�j〈k〉

)
k−jaj(x, y, ξ)χ̃(y)

)∣∣∣∣

≤ C �
jβmγ� y2

(
〈ξ〉2

〈k〉

)j

〈ξ〉−|γ|〈k〉−�,

(4.7)

where the constant C �
jβmγ� is independent of �j . In fact, by Lemma 2.1,

k−jaj(x, y, ξ)χ̃(y) =
∑

|α|≤2j

aj,α(x, y)
ξα

kj
,

where aj,α(x, y) = 0 for y > y0, and

|∂β
x Dm

y aj,α(x, y)| ≤ C �
jβm y2, ∀β,m.

We define a homegenous polynomial of (σ, η) ∈ Rn by

b
(±)
j (x, y, σ, η) = (±1)j

∑
|α|≤2j

aj,α(x, y)σ2j−|α|ηα.

We then have

k−jaj(x, y, ξ)χ̃(y) = b
(±)
j

(
x, y,

1√
|k|

,
ξ√
|k|

)
, for ± k > 0.

Put Ξ = (1/
√

|k|, ξ/
√

|k|), and note that

|∂γ
ξ ∂�

kΞ| ≤ C �
β�〈Ξ〉〈ξ〉−|β||k|−|�| ≤ Cβ�〈ξ〉1−|γ||k|−�−1/2, |k| > 1.

Taking into account of the homogeneity of b
(±)
j (x, y, σ, η), we then have

∣∣∣∂β
x ∂m

y ∂γ
ξ ∂�

k b
(±)
j

(
x, y,

1√
|k|

,
ξ√
|k|

)∣∣∣ ≤ C �
jβmγ� y2

(
〈ξ〉2

〈k〉

)j

〈ξ〉−γ〈k〉−�.

This, together with the inequality,∣∣∣∣∂β
x Dm

y ∂γ
ξ ∂�

k ρ
( 〈ξ〉2

�j〈k〉

)∣∣∣∣ ≤ C �
βmγ�〈ξ〉−|γ|〈k〉−�,

where the constant C �
βmγ� is independent of �j , gives (4.7). Noting that 〈ξ〉2/〈k〉 ≤

�j , we then have
∣∣∣∣∂β

xDm
y ∂γ

ξ ∂�
k

(
ρ
( 〈ξ〉2

�j〈k〉

)
k−jaj(x, y, ξ)χ̃(y)

)∣∣∣∣

≤ C �
jβmγ� y2�j

(
〈ξ〉2

〈k〉

)j−1

〈ξ〉−|γ|〈k〉−�,

(4.8)

Take �j such that

(1 + C �
jβmγ�)�j < 2−j , |β| + m + |γ| + � ≤ j.

Then, by (4.8), the series (4.3) converges uniformly with all of its derivatives. The
inequality (4.4) also follows from (4.8). We put

g
(±)
N+1 = y−n−1

2 e−ix·ξ(H−k2)y
n−1

2 eix·ξχ∞(k)r±(k)
N∑

j=0

ρ

(
〈ξ〉2

�j〈k〉

)
k−jaj(x, y, ξ)χ̃(y),
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and g̃
(±)
N+1 = g(±) − g

(±)
N+1. Then by (2.6), g

(±)
N+1 = 0 for 〈ξ〉2 ≤ �N+1〈k〉/2 and

y < y0/2. The inequality (4.8) shows that g̃
(±)
N+1 has the estimate in (3). �

We define an operator U±(t) by

(4.9) U±(t) = a
(±)
FMe∓itK0χ(y).

where χ(y) ∈ C∞(R) is such that χ(y) = 1 (y < y0/4), χ(y) = 0 (y > y0/3). As in
the analysis for the operators pFM (see (3.10) and thereafter), a

(±)
FM are bounded

on L2(Hn), and therefore U±(t). The explicit form of U±(t) is as follows:

(U±(t)f) (x, y)

= (2π)−
n
2

∫

Rn

eix·ξy
n−1

2 −ika(±)(x, y, ξ, k)e∓itk
(
UMχ(y)f̂

)
(ξ, k)dξdk.

(4.10)

We put

(4.11) G±(t) =
d

dt

(
eit

√
H+U±(t)

)
,

and also

(4.12) Λy = (1 + K2
0 )1/2 = (UM )∗(1 + k2)1/2UM ,

(4.13) Λx = (1 − ∆x)1/2 = (Fx→ξ)∗(1 + |ξ|2)1/2Fx→ξ.

Lemma 4.4. There exists N0 > 0 such that for any N > N0, there exists a
constant CN > 0 for which

(4.14) ‖G±(t)Λ−2N
x ΛN/2

y ‖ ≤ CN (1 + |t|)−2, for ± t > 0,

holds, where ‖ · ‖ denotes the operator norm of L2(Hn).

Proof. We consider G+(t), which is rewritten as

G+(t) = eit
√

H+

(
i
√

H+U+(t) +
d

dt
U+(t)

)
.

Letting H =
∫ ∞
−∞ λdEH(λ), we deal with the high energy part and low energy part

separately, i.e. on the subspace EH([1,∞))L2(Hn), and EH((−∞, 1))L2(Hn).

High energy part. We take χ0(s) ∈ C∞
0 (R) such that χ0(s) = 1 for −∞ < s < 1/4,

χ0(s) = 0 for s > 1/2. We consider i
√

H(1 − χ0(H))U+(t) +
d

dt
U+(t). We put

f(s) = s−1/2(1 − χ0(s)).

Proposition 4.5. If f(s) ∈ C∞(R) satisfies for some � > 0, |f (m)(s)| ≤
Cm(1 + |s|)−�−m, ∀m ≥ 0, the following formula holds:

f(H) a
(±)
FM = a

(±)
FMf(K2

0 ) + B(±),

(4.15) B(±) =
1

2πi

∫

C

∂zF (ζ) (ζ − H)−1g
(±)
FM (ζ − K2

0 )−1dζdζ,

where F (ζ) is an almost analytic extension of f , and g(±)(x, y, ξ, k) is defined by
(4.5).
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Proof. Rewriting (4.5) into the operator form, we have

H a
(±)
FM = a

(±)
FMK2

0 + g
(±)
FM ,

hence

(ζ − H)−1 a
(±)
FM =a

(±)
FM (ζ − K0)−1 + (ζ − H)−1g

(±)
FM (ζ − K2

0 )−1.

The proposition then follows from Lemma 3.3.1. �

Let us continue the proof for the high energy part. We consider the case t ≥ 0.
The case t ≤ 0 is treated similarly. Using Proposition 4.4, we have

√
H(1 − χ0(H))a(+)

FM = f(H)Ha
(+)
FM

= f(H)a(+)
FMK2

0 + f(H)g(+)
FM

= a
(+)
FMf(K2

0 )K2
0 + B(+)K2

0 + f(H)g(+)
FM .

Since d
dtU+(t) = −ia

(+)
FMK0e

−itK0χ(y), we arrive at

i
√

H(1 − χ0(H))U+(t) +
d

dt
U+(t)

= iB(+)K2
0e−itK0χ(y) + if(H)g(+)

FMe−itK0χ(y)

− ia
(+)
FMK0χ0(K2

0 )e−itK0χ(y).

(4.16)

Let us note here that

(4.17) a
(+)
FMK0χ0(K2

0 ) = 0,

since |k| ≥ 1 on the support of the symbol of a
(+)
FM , and χ0(k2) = 0 if |k| ≥ 1.

Formulae (4.15) and (4.16) contain the operators of the form g
(+)
FMe−itK0χ(y).

We start with the following result.

Proposition 4.6. Assume that b(x, y, ξ, k) ∈ C∞(Rn
+×Rn) have the following

properties: b(x, y, ξ, k) = 0 for y > y0, and there exist σ0, τ0 ∈ R such that for any
M,α,m, β, �,

(4.18) |∂α
x Dm

y ∂β
ξ ∂l

k b(x, y, ξ, k)| ≤ CMαβm� 〈log y〉−M 〈ξ〉σ0−|β|〈k〉τ0−�,

for 0 < y < y0. Let χ(y) ∈ C∞(R) be such that χ(y) = 1 for 0 < y < y0/4 and
χ(y) = 0 for y > y0/3. Then we have for any N > 0, and σ > σ0 + n/2,

(4.19) ‖bFMe−itK0χ(y)Λ−σ
x ΛN

y ‖ ≤ Cσ,N (1 + t)−N , t > 0.

Proof. Take ψ0(s) ∈ C∞(R) such that ψ0(s) = 1 for |s| < 1, and ψ(s) = 0 for
|s| > 2, and let for � > 0

b(�)(x, y, ξ, k) = b(x, y, ξ, k)ψ0(�|ξ|)ψ0(�k).

Then b(�)(x, y, ξ, k) satisfies (4.18) with constant CMαβm� independent of � > 0.
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We have, by (4.13), (3.1) and (3.8),

b
(�)
FMe−itK0χ(y)Λ−σ

x ΛN
y f

= (2π)−
n
2

∫

Rn×R+

eix·ξe−ik(t+log(y/y′))b(�)(x, y, ξ, k)

× χ(y�)〈ξ〉−σ(yy�)
n−1

2 ΛN
y′ f̂(ξ, y�)

dξdy�dk

(y�)n

=
√

2π
(

T ∗ ◦ b
(�)
T (x, z,−i∂x, i∂z)et∂zΛ−σ

x χ(ez)(1 − ∂2
z )N/2 ◦ T

)
f.

(4.20)

Therefore, the estimate of this operator comes down to the calculus of classical, i.e.
Euclidean, ΨDO’s. For the sake of completeness, we provide a proof.

Without loss of generality, we assume that N/2 is an integer. Since (1−∂2
z )N/2

is a differential operator, commuting χ(ez) and (1 − ∂2
z )N/2, we see that

b
(�)
FMe−itK0χ(y)Λ−σ

x ΛN/2
y = T ∗ ◦ bO,�

T (t, x, z, z�,−i∂x, i∂z) ◦ T,

where

bO,�
T u =

(
bO,�
T (t, x, z, z�,−i∂x, i∂z)u

)
(x, z)

=
∫

Rn+1
e−ik(t+z−z′)eix·ξbO,�

T (x, z, z�, ξ, k)û(ξ, z�)dz�dkdξ,
(4.21)

Due to (4.18), bO,�
T (x, z, z�, ξ, k) ∈ C∞(Rn+1 × Rn) satisfies

|∂α
x ∂m

z ∂m′

z′ ∂β
ξ ∂�

k bO,�
T (x, z, z�, ξ, k)| ≤ CMαβmm′� 〈z〉−M 〈ξ〉σ0−σ−|β|〈k〉N+τ0−�,

with constant CMαβmm′� independent of � > 0, and bO,�
T (x, z, z�, ξ, k) = 0 when

z� > log(y0/3). Since y0 is small enough, z� < 0 on the support of the integrand of
bO,�
T u. Hence we have

t − z� ≥ C0〈t〉, t − z� ≥ C0〈z�〉, ∀t > 0

for some constant C0 > 0. Using

e−ik(t−z′) = (−i(t − z�))−1∂ke−ik(t−z′), eix·ξ = (1 + |x|2)−1(1 − ∆ξ)eix·ξ,

we integrate 2N + [τ0] + 2 times with respect to k and n times with respect to ξ to
have ∣∣∣

(
bO,�
T u

)
(x, z)

∣∣∣ ≤
∫

Rn+1
A(t, z, z�, x, ξ, k)|û(ξ, z�)|dz�dξdk,

0 ≤ A ≤ C〈t〉−N 〈z〉−1〈z�〉−1〈x〉−2n〈ξ〉σ0−σ〈k〉−1.

Then the above estimate together with Cauchy-Schwarz inequality shows that

(4.22) ‖bO,�
T u‖ ≤ C(1 + t)−N‖u‖,

uniformly in � > 0. Letting � → 0, we have (4.19). �

By (2.11), we then see that the 2nd term of the right-hand side of (4.16) has
the estimate

(4.23) ‖f(H)g(+)
FMe−itK0χ(y)Λ−2N

x ΛN/2
y ‖ ≤ CN (1 + t)−2, t ≥ 0.
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To deal with the 1st term, we use the representation (4.15). To apply Propo-
sition 4.6, we consider

g
(+)
FM (ζ − K2

0 )−1K2
0e−itK0χ(y)Λ−2N

x ΛN/2
y

= g
(+)
FMK2

0e−itK0Λ−2N
x ΛN/2

y (ζ − K2
0 )−1χ(y)

= g
(+)
FMK2

0e−itK0Λ−2N
x ΛN/2

y χ1(y)(ζ − K2
0 )−1χ(y)

+ g
(+)
FMK2

0e−itK0Λ−2N
x ΛN/2

y χ2(y)(ζ − K2
0 )−1χ(y),

(4.24)

where χ1, χ2 ∈ C∞(R), χ1(y) + χ2(y) = 1, χ1(y) = 0 for y > y0, χ2(y) = 0 for y <

y0/2. Then, Proposition 4.6 is applicable to the term g
(+)
FMK2

0e−itK0Λ−2N
x ΛN/2

y χ1(y),
and we see that the 1st term of the right-hand side of (4.24) is estimated as

(4.25) ‖g(+)
FMK2

0e−itK0Λ−2N
x ΛN/2

y χ1(y)(ζ − K2
0 )−1‖ ≤ C|Im ζ|−1(1 + t)−2.

The 2nd term of the right-hand side of (4.24) is rewritten as

g
(+)
FMK2

0e−itK0Λ−2N
x ΛN/2

y 〈log y〉−2 · 〈log y〉2χ2(y)(ζ − K2
0 )−1χ(y).

As in the proof of Proposition 4.6, we represent g
(+)
FMK2

0e−itK0Λ−2N
x ΛN/2

y 〈log y〉−2

into the integral form like (4.20), and integrate by parts 2 times by using e−ikt =
(−it)−1∂ke−ikt and also (4.6). Then we have

‖g(+)
FMK2

0e−itK0Λ−2N
x ΛN/2

y 〈log y〉−2‖ ≤ C(1 + t)−2.

Passing to the variable z = log y, the operator 〈log y〉2χ2(y)(ζ−K2
0 )−1χ(y) has

an integral kernel

K(z, z�; ζ) = −〈z〉2χ2(ez)
πi

2
√

ζ
ei

√
ζ(z−z′) χ(ez′

).

Observing the supports of χ2(ez) and χ(ez′
), we see that z > log(y0/2), z� <

log(y0/3). Hence

(4.26) z − z� ≥ C (〈z〉 + 〈z�〉) ,

for a constant C > 0. Letting
√

ζ = σ + iτ , we then have

|K(z, z�; ζ)| ≤ C

|σ| + |τ |
〈z〉2χ2(ez)χ(ez′

)e−τ(z−z′).

Using the inequality
e−t ≤ C�t

−�, ∀t > 0, ∀� ≥ 0,

and taking � = 2m + 2, we have

|K(z, z�; ζ)| ≤ Cm

τ2m+3
〈z〉−m〈z�〉−m.

Taking m > 1, we then have

sup
z

∫

R

|K(z, z�; ζ)|dz� ≤ Cm

τ2m+3
, sup

z′

∫

R

|K(z, z�; ζ)|dz ≤ Cm

τ2m+3
.

Noting that
1
|τ |

=
2|σ|
|Im ζ|

≤ 2|ζ|1/2

|Im ζ|
,
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we have obtained the estimate of the operator norm

‖〈log y〉2χ2(y)(ζ − K2
0 )−1χ(y)‖ ≤ Cp

( |ζ|1/2

|Im ζ|

)p

, ∀p > 5.

Therefore, for p > 5,

‖g(+)
FMK2

0e−itK0Λ−2N−n
x ΛN/2

y χ2(y)(ζ − K2
0 )−1χ(y)‖

≤Cp|Im ζ|−p|ζ|p/2(1 + t)−2, ∀N > 0.
(4.27)

Since
1

|Im ζ|
≤ 〈ζ〉p−1

|Im ζ|p
,

|ζ|p/2

|Im ζ|p
≤ 〈ζ〉p−1

|Im ζ|p
,

In view of (4.25) and (4.27), we have, for p > 5,

‖g(+)
FM (ζ − K2

0 )−1K2
0e−itK0χ(y)Λ−2N

x ΛN/2
y ‖ ≤ C|Im ζ|−p〈ζ〉p−1(1 + t)−2.

We use Lemma 2.3.1, and take into account that σ in Chap. 2 (3.2) is now equal
to −1/2 to see that the 1st term of the righ-hand side of (4.16) has the property

(4.28) ‖B(+)K2
0e−itK0χ(y)Λ−2N

x ΛN/2
y ‖ ≤ CN (1 + t)−2, t ≥ 0.

Low energy part. We show

(4.29) ‖χ0(H)U+(t)Λ−2N
x ΛN/2

y ‖ ≤ C(1 + t)−2, ∀t ≥ 0.

However, noting that

χ0(H)a(+)
FM = a

(+)
FMχ0(K2

0 ) + B(+) = B(+),

with B(+) given in Proposition 4.4, one can prove (4.29) in the same way as above.

By (4.23), (4.28) and (4.29), we have proven Lemma 4.4. �

Lemma 4.7.

s − lim
t→±∞

eit
√

H>0U±(t) = χ∞(K0)W
(±)
M χ(y).

Proof. Since U±(t) is uniformly bounded in t, we have only to prove the lemma
on a dense set of L2(Hn). Writing

a(±)(x, y, ξ, k) = χ∞(k)r±(k) + ã(±)(x, y, ξ, k),

the same analysis as in Proposition 4.4 shows that ‖ã(±)
FMe−itK0χ(y)f‖ → 0 for

f ∈ C∞
0 (Rn). Therefore, we have

‖U±(t)f − (UM )∗e∓itkχ∞r±UMχ(y)f‖ → 0,

as t → ±∞ for any f ∈ C∞
0 (Hn). This together with (4.1) proves the lemma. �

Recall that for any interval I ⊂ (0,∞), σ ∈ R and an integer m ≥ 0,

Hσ,m(Rn−1 × I) � f

⇐⇒ ‖f‖2
Hσ,m(Rn−1×I) =

∑
0≤l≤m

∫

Rn−1×I

|〈ξ〉σ∂l
y f̂(ξ, y)|2dξdy < ∞.
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Using the standard Sobolev space Hσ,τ (Rn), where σ, τ ∈ R, we define Hσ,τ (Hn) =
T ∗Hσ,τ (Rn). Then

Hσ,τ (Hn) � f ⇐⇒ ‖f‖Hσ,τ (Hn) = ‖Tf‖Hσ,τ (Rn)

= ‖〈ξ〉σ〈k〉τ (UM f̂)(ξ, k)‖L2(Rn) < ∞.

Take f ∈ H2N,0 for large N . By Lemma 4.4, χ∞(K0)
∫ ±∞
0

G±(t)χ(y)fdt con-
verges strongly in L2. Moreover, by (4.11) and Lemma 4.7,

(4.30) χ∞(K0)W
(±)
M χ(y)f = χ∞(K0)a

(±)
FMχ(y)f + χ∞(K0)

∫ ±∞

0

G±(t)f dt.

Therefore, the integral of the right-hand side can be extended by continuity as an
operator in B(L2; L2).

In view of Lemma 4.2 and (4.30), we have

R+ =
1√
2
F ∗

k→s

(
r+UMχ(a(+)

FM )∗ + r−UMχ(a(−)
FM )∗

+ r+UM (1 − χ)(W (+)
M )∗ + r−UM (1 − χ)(W (−)

M )∗
)

+ R,

(4.31)

where R is written as

R =
1√
2
F ∗

k→s

(
r+UM

∫ ∞

0

G+(t)∗χ∞(K0)dt + r−UM

∫ −∞

0

G−(t)∗χ∞(K0)dt
)
.

Observe that since
∫ ±∞
0

G±(t)∗dt enjoys the property
∫ ±∞

0

G±(t)∗dt χ∞(K0) ∈ B(L2; H−2N,N/2) ∩ B(L2; L2),

by interpolation,

(4.32) R ∈ B(L2; H−σ,σ/4), ∀σ ≥ 0.

Lemma 4.8. Let s0 > − log(y0/4). Then, for any τ > 0, F ∗
k→sr±UM (1−χ) is

a bounded operator from L2(Hn) to H0,τ (Rn−1 × I), where I = (s0,∞).

Proof. Note UM (1 − χ) is a bounded operator from L2(Hn) to L2(Rn). On
the support of 1 − χ(y), log y > log y0/4. Therefore if s > s0 > − log y0/4,

F ∗
k→sr±UM (1 − χ)f

= F ∗
k→sr±(k)Fz→k(1 − χ(ez))Tf

= (2π)−1

∫ ∞

−∞

∫ ∞

−∞
eik(s+z)r±(k)(1 − χ(ez))Tf(x, z)dkdz

= ±
∫

R

1
i(s + z)

(1 − χ(ez))Tf(x, z)dz.

Clearly, the right-hand side is smooth with respect to s with all of its derivatives
in L2(Rn−1 × I±). �

Lemma 4.8 and (4.31), (4.32) imply the following lemma.

Lemma 4.9. Let s0 > − log y0/4, σ ≥ 0. Then we have

R+ − 1√
2
F ∗

k→s

(
r+UM (a(+)

FM )∗ + r−UM (a(−)
FM )∗

)

∈ B(L2(Hn);H−σ,σ/4(Rn−1 × (s0,∞))).
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5. Singularity expansion of the Radon transform

Let us recall the following homogeneous distribution. We define for Re α > −1

hα
±(s) =

{ |s|α/Γ(α + 1), ±s > 0,

0, ±s < 0,

and, for n = 1, 2, 3, · · · and Re α > −1,

hα−n
± (s) =

(
± d

ds

)n

hα
±(s).

Thus, hα
±(s) is analytic with respect to α. Let 〈 , 〉 be the coupling of distributions

and test functions. Then for any α, β ∈ C

(5.1)
∫ ∞

−∞
hα
±(s)hβ

±(1 − s)ds = 〈hα
±(s)hβ

±(1 − s), 1〉 =
1

Γ(α + β + 2)
.

In fact, this is true for Re α,Re β > −1. Let χ0(s), χ(s) ∈ C∞(R) be such that
χ0(s) + χ1(s) = 1, χ0(s) = 1 (s < 1/3), χ0(s) = 0 (s > 2/3). Then we have

〈hα
+(s)hβ

+(1 − s), 1〉 = 〈hα
+(s),

(1 − s)β

Γ(β + 1)
χ0(s)〉 + 〈hβ

+(1 − s),
sα

Γ(α + 1)
χ1(s)〉.

Since 1− s > 0 on suppχ0 and s > 0 on suppχ1, the left-hand side is analytic with
respect to α, β. Hence (5.1) holds by analytic continuation.

The following lemma is well-known ([38] p.174, [55], Vol 1, p.167).

Lemma 5.1. For α ∈ R
∫ ∞

−∞
(±ik + 0)αeiksdk = 2πh−α−1

± (s).

Let χ∞(k) be as in (4.3). Since 1 − χ∞(k) ∈ C∞
0 (R), from Lemma 5.1,

(5.2)
1
2π

∫ ∞

−∞
eiksk−jχ∞(k)dk − (−i)jhj−1

− (s) ∈ C∞(R), j = 0, 1, 2, · · · .

Let H−σ,τ
loc (Rn−1×(s0,∞)) be the set of functions u such that, for any compact

interval I ⊂ (s0,∞)
u
∣∣
Rn−1×I

∈ H−σ,τ (Rn−1 × I).

Theorem 5.2. Let s0 > − log y0/4. Then for any σ > 0, there is N = N(σ)
such that

R+ −
N∑

j=0

R(+)
j ∈ B(L2(Hn);H−σ,σ/4

loc (Rn−1 × (s0,∞)),

where (
R(j)

+ f
)

(s, x) =
∫ ∞

0

(s + log y)j−1
− y−n−1

2 Pj(y)f(x, y)χ(y)
dy

y
,

Pj(y) =
(−i)j

√
2

aj(x, y,−i∂x)∗.
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Proof. Recall from Lemma 4.9, R+f is given, up to a smoothening operator,
by

(5.3)
1√
2
F ∗

k→s

(
F ∗

z→k

{
(a(+)

T )∗ + (a(−)
T )∗

})
Tf.

Let M ≥ σ/4, and put

a(M,±)(x, y, ξ, k) = a(±)(x, y, ξ, k) − χ∞(k)r±(k)
M∑

j=0

ρ
( 〈ξ〉2

�j〈k〉

)
k−ja

(±)
j (x, z, ξ, k).

Denote by RM the operator given by (5.3) with a
(±)
T replaced by a

(M,±)
T . Letting

a(M) = a(M,+) + a(M,−), consider

∂p
s (I − ∆x)−�RMf

=
1√

2(2π)n/2

∫
ei(x−x′)·ξe−ik(s+z′) (−ik)p

〈ξ〉2�
a(M)(x�, z�, ξ, k)Tf(x�, z�)dx�dz�dξdk.

By construction of aT (x, z, ξ, k), 〈k〉 ≥ 〈ξ〉2/�M+1 on supp a(M), and
∣∣∣∂α

x′∂m
z′ ∂

β
ξ ∂γ

k

{
(−ik)p〈ξ〉−2�a(M)(x�, z�, ξ, k)

} ∣∣∣ ≤ Cαβγδ〈ξ〉2(M−�−|β|)〈k〉p−M−γ .

The right-hand side is bounded if p ≤ M ≤ �, which implies by the L2-boundedness
theorem for ΨDO that

RM ∈ B(L2(Hn); H−s,τ (Rn)), for s ≥ 2τ, τ ≤ M.

In particular, RM ∈ B(L2(Hn);H−σ,σ/4(Rn)).
By integation by parts using eix·ξ = 〈ξ〉2(1−∆x′)eix′·ξ, we see that the operator

∫
ei(x−x)·ξe−ik(s+z′)

(
1 − ρ

( 〈ξ〉2
�jk

))
ajT (x�, z�, ξ, k)Tf(x�, z�)dx�dz�dξdk

is in B(L2(Hn);H−�,p(Rn)) with � ≥ 2p, hence in B(L2(Hn);H−σ,σ/4(Rn)).
Therefore, in view of (4.3), we see that R+f is equal to, up to a smoothening

operator in B(L2(Hn);H−σ,σ/4(Rn−1 × (s0,∞)),

1√
2(2π)n

∫

Rn×Rn
+

ei(x−x′)·ξe−ik(s+log y)y
n−1

2

M−1∑
j=0

k−jaj(x�, y, ξ, k)f(x�, y)
dξdkdx�dy

yn

=
1√
2

M−1∑
j=0

∫ ∞

0

gj(x, y)y−n−1
2 χ(y)

(
1
2π

∫ ∞

−∞
e−ik(s+log y)k−jχ∞(k)dk

)
dy

y
,

gj(x, y) =
1

(2π)(n−1)

∫

R2(n−1)
ei(x−x′)·ξaj(x�, y, ξ)f(x�, y)dξdx�

= aj(x, y,−i∂x)∗f(x, y).

This together with (5.2) proves the theorem. �

Recall that aj(x, y, ξ) is defined by (2.8), and is a polynomial in ξ of order 2j.
Hence aj(x, y,−i∂x) is a differential operator of order 2j. The above theorem in
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particular yields the following expression(
R(j)

+ f
)

(s, x)

=





e(n−1)s/2

√
2

χ(e−s)f(x, e−s), (j = 0),

∫ e−s

0

(s + log y)j−1

(j − 1)!
y−n−1

2 Pj(y)f(x, y)χ(y)
dy

y
, (j ≥ 1),

(5.4)

where χ(y) ∈ C∞(R) such that χ(y) = 1 (y < y0/4), χ(y) = 0 (y > y0/3). This is
a generalization of Theorem 1.6.6 in the sense of singularity expansion.
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