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which is the assertion of the claim.

Appendix

A.1 Several facts from probability theory

In this section, we gather several facts from probability theory that are necessary in this
monograph.

A.1.1 Convergence of probability measures

Let .S; d/ be a metric space and B.S/ the Borel � -algebra of S , i.e., the smallest � -
algebra on S containing all open sets of S . (In this monograph, S D Rd or C in most
cases.) By a probability measure on S we mean a measure on

�
S;B.S/

�
with total

measure 1. For simplicity, put

P .S/´ the set of all probability measures on S;

Cb.S/´ the set of all bounded continuous functions of S to R:

Definition A.1 Let �n 2 P .S/ (n � 1) and � 2 P .S/. Then

�n ! � weakly as n!1

”
def

Z

S

f .x/�n.dx/!

Z

S

f .x/�.dx/ as n!1 for 8f 2 Cb.S/:

In this case, we say that �n converges weakly to � as n!1.

Claim A.1 Let �n 2 P .S/ (n � 1) and � 2 P .S/. The following conditions (i) � (iv)
are equivalent to each other:

(i) �n ! � weakly as n!1,

(ii) For every closed set F of S , lim
n!1

�n.F / � �.F /,

(iii) For every open set O of S , lim
n!1

�n.O/ � �.O/,

(iv) For every continuity set B of �, i.e., B 2 B.S/ satisfying �.@B/ D 0, lim
n!1

�n.B/ D

�.B/.

For the proof, cf. Kotani [20, Proposition 9.2], H. Sato [29, Theorem 11.2], Stroock
[31, Theorem 3.1.5].
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A.1.2 Characteristic functions

In this subsection, let S D Rd or Cd .

Definition A.2 (i) For � 2 P .Rd /, put

b�.�/´
Z

Rd

e
p

�1h�;xi�.dx/; � 2 Rd :

b� W Rd ! C is called the characteristic function of �. Here h�; xi is the inner product of �
and x, i.e., h�; xi D

Pd
iD1 �ixi (�i and xi are the i th component of � and x, respectively).

(ii) For � 2 P .Cd /, put

b�.w/´
Z

Cd

e
p

�1hw;´i�.d´/; w 2 Cd :

b� W Cd ! C is called the characteristic function of �. Here, for w D .w1; : : : ; wd /,
´ D .´1; : : : ; ´d / 2 Cd ,

hw; ´i ´

dX
iD1

�
.Rewi/ � .Re ´i/C .Imwi/ � .Im ´i/

�
:

Claim A.2 Let S D Rd or Cd . For �n 2 P .S/ (n � 1) and � 2 P .S/,

�n ! � weakly as n!1”
iff

b�n !b� pointwise as n!1:

For the proof, cf. Kotani [20, Theorem 9.16], H. Sato [29, Theorem 13.2], Stroock
[31, Lemma 2.2.8].

Claim A.3 (Lévy’s continuity theorem) Let S D Rd or Cd . Let �n 2 P .S/ (n � 1)
and ' W S ! C. Suppose

� b�n ! ' pointwise as n!1, � ' is continuous at origin.

Then there exists a unique � 2 P .S/ such that �n ! � weakly as n!1. (Thusb� D '
by Claim A.2.)

For the proof, cf. Durrett [8, Theorem 3.3.6], Kotani [20, Theorem 9.16], H. Sato [29,
Theorem 13.3].

Definition A.3 For a function ' W Rd ! C,

' is positive definite

”
def

nX
i;jD1

´i j́'.�i � �j / � 0 for 8�1; : : : ;
8�n 2 Rd and 8´1; : : : ;

8´n 2 C:

Claim A.4 (Bochner’s theorem) Suppose ' W Rd ! C satisfies that

� ' is positive definite, � ' is continuous at � D 0, � '.0/ D 1.

Then there exists a unique � 2 P .Rd / such thatb� D '.

For the proof, cf. Itô [15, Theorem 2.6.6], Kotani [20, Corollary 9.17], H. Sato [29,
Theorem 13.4].
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A.1.3 Kolmogorov’s extension theorem

In this subsection, let .S; d/ be a complete separable metric space. Let T be a non-empty
set.

Definition A.4 For ; ¨ ƒ1 � ƒ2 � T , we define �ƒ1;ƒ2
W Sƒ2 ! Sƒ1 by

�ƒ1;ƒ2

�
.xf /f 2ƒ2

�
´ .xf /f 2ƒ1

; .xf /f 2ƒ2
2 Sƒ2 :

Definition A.5 Given a probability measure �ƒ on .Sƒ;B.Sƒ// for each ƒ � T with
1 � cardƒ < 1, f�ƒg is said to satisfy the consistency condition if, for any ƒ1 � ƒ2
with 1 � cardƒ1 � cardƒ2 <1,

�ƒ2
B ��1

ƒ1;ƒ2
D �ƒ1

:

Claim A.5 (Kolmogorov’s extension theorem) Suppose f�ƒIƒ � T is non-empty and finiteg
satisfies the consistency condition. Then

91P : a probability measure on
�
ST ; �.�f I f 2 T /

�

s.t. P B ��1
ƒ;T D �ƒ; ; ¨ 8ƒ � T finite:

Here �f D �ff g;T , i.e.,

�f W ST ! S

2 2

.xg/g2T 7! xf

and �.�f I f 2 T / is the smallest � -algebra on ST such that all �f ’s are measurable.

For the proof, cf. Kotani [20, Theorem 4.22] (or Durrett [8, Theorem A.3.1] or Itô
[15, Theorem 2.9.1]).

A.1.4 Almost sure convergence theorem for independent random vari-
ables

Let .�;F ; P / be a probability space.

Claim A.6 (Almost sure convergence theorem) Let fXng1nD1 be a sequence of real ran-
dom variables defined on .�;F ; P /. Suppose that

� fXnIn D 1; 2; : : :g are independent,

� Xn is square-integrable, i.e., EŒX2
n � <1 (8n),

�

1P
nD1

Var.Xn/ < 1, where Var.Xn/ is the variance of Xn, i.e., Var.Xn/ D E
�
.Xn �

EŒXn�/
2
�
.

Then
1P
nD1

�
Xn � EŒXn�

�
is convergent P -a.e., i.e.,

NP
nD1

�
Xn � EŒXn�

�
is convergent as

N !1 P -a.e.

For the proof, cf. Itô [15, Theorem 4.2.1], H. Sato [29, Theorem 10.1], Stroock [31,
Theorem 1.4.2].
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A.1.5 Lindeberg’s central limit theorem

Similarly as above, let .�;F ; P / be a probability space.

Claim A.7 (Lindeberg’s central limit theorem) Let fXnj I j D 1; : : : ; kn; n D 1; 2; : : :g

be a triangular array of real random variables defined on .�;F ; P /. Suppose that

� fXnj I j D 1; : : : ; kng are independent (8n � 1),

� Xnj is square-integrable and of mean zero (1 � 8j � kn, 8n � 1),

� lim
n!1

knP
jD1

E
�
X2
nj

�
D v 2 Œ0;1/ and lim

n!1

knP
jD1

E
�
X2
nj I jXnj j � "

�
D 0 (8" > 0).

Then

the distribution of
knX
jD1

Xnj

! the normal distribution N.0; v/ weakly as n!1:

Namely

E
h
e

p
�1�

Pkn
j D1

Xnj

i
! e�

v�2

2 as n!1, 8� 2 R:

For the proof, cf. Durrett [8, Theorem 3.4.5].

A.2 Gauss’s product formula of the gamma function

Definition A.6 We define the gamma function �.�/ by

�.s/´

Z 1

0

e�xxs�1dx; s 2 C with Re s > 0:

Since je�xxs�1j D e�xxRe s�1 and Re s > 0, this integral is absolutely convergent on˚
s 2 CIRe s > 0

�
.

Claim A.8 (i) �.�/ is holomorphic on fs 2 CIRe s > 0g.
(ii) �.s C 1/ D s�.s/. In particular, �.n/ D .n � 1/Š for n 2 N.

Proof. (i) For s; h 2 C with 0 < jhj < 1
2

Re s,

e�x x
sCh�1 � xs�1

h
D e�x 1

h

Z 1

0

.xsCth�1/0dt

D e�x 1

h

Z 1

0

xsCth�1.log x/hdt

D e�x log x
Z 1

0

xsCth�1dt:
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Taking the absolute value, we have
ˇ̌
ˇe�x x

sCh�1 � xs�1

h

ˇ̌
ˇ � e�x

j log xj
Z 1

0

xRe.sCth/�1dt

D e�x
j log xj

Z 1

0

xRe sCt Reh�1dt

� 1x>1e
�x.log x/x

3
2

Re s�1
C 10<x<1e

�x
j log xjx

1
2

Re s�1

2
4

...� Re s C t Re h � 1�
� Re s C t jhj � 1 < 3

2
Re s � 1;

� Re s � t jhj � 1 > 1
2

Re s � 1

3
5

� 1x>1e
�xx

3
2

Re sC1�1
C 10<x<1e

�x 4

Re s
x

1
4

Re s�1

� ...� Since 0 � logy < y (y � 1),
0 � log 1

x
D

4
Re s log. 1

x
/

Re s
4 < 4

Re sx
� Re s

4 for 0 < x � 1

�
:

Thus, by Lebesgue’s convergence theorem

lim
h!0

�.s C h/ � �.s/

h
D lim

h!0

Z 1

0

e�x x
sCh�1 � xs�1

h
dx

D

Z 1

0

e�xxs�1 log xdx:

(ii) By integration by parts,

L.H.S. D
Z 1

0

e�t t sdt D

Z 1

0

.�e�t/0t sdt

D
�
�e�t t s

�1
0
C

Z 1

0

e�tst s�1dt

D R.H.S.

2
4

...� lim
t&0

e�t t s D 0;

lim
t!1

e�t t s D lim
t!1

ts

et D 0

3
5 : �

Lemma A.1 (i) As n!1,
nY
kD1

�
1C

s

k

�
e� s

k

is uniformly convergent on every compact set of C. Thus the limit function is holomorphic
on C.

(ii)
1Y
kD1

�
1C

s

k

�
e� s

k

(
6D 0; s 2 C n .�N/;

D 0; s 2 �N:

Proof. For simplicity, put

ak.s/´
�
1C

s

k

�
e� s

k � 1 D

Z 1

0

��
1C

ts

k

�
e� ts

k

�0

dt

D
s2

k2

Z 1

0

.�t/e� ts
k dt:
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Taking the absolute value, we have

jak.s/j �
jsj2

k2

Z 1

0

t
ˇ̌
e� ts

k

ˇ̌
dt �

jsj2

k2

Z 1

0

te
tjsj
k dt �

jsj2

k2
e

jsj
k : (A.1)

(i) For m > n � 1,
ˇ̌
ˇ̌
mY
kD1

�
1C

s

k

�
e� s

k �

nY
kD1

�
1C

s

k

�
e� s

k

ˇ̌
ˇ̌

D

ˇ̌
ˇ
mY
kD1

�
1C ak.s/

�
�

nY
kD1

�
1C ak.s/

�ˇ̌ˇ

D

ˇ̌
ˇ̌
nY
kD1

�
1C ak.s/

�� mY
kDnC1

�
1C ak.s/

�
� 1

�ˇ̌ˇ̌

D

ˇ̌
ˇ
nY
kD1

�
1C ak.s/

�ˇ̌ˇ
ˇ̌
ˇ

mY
kDnC1

�
1C ak.s/

�
� 1

ˇ̌
ˇ

D

� nY
kD1

ˇ̌
1C ak.s/

ˇ̌�ˇ̌ˇ̌1C
m�nX
rD1

X
nC1�k1<���<kr �m

ak1
.s/ � � � akr

.s/ � 1

ˇ̌
ˇ̌

�

� nY
kD1

�
1C jak.s/j

���m�nX
rD1

X
nC1�k1<���<kr �m

jak1
.s/j � � � jakr

.s/j

�

D

� nY
kD1

�
1C jak.s/j

���
1C
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�
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� e
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Here � is Euler’s constant. Thus the limit function is holomorphic on Cnf0;�1;�2; : : :g.
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which shows the assertion (iii). �

R.H.S. in Claim A.9(i) is called Weierstrass’s formula of the gamma function and the
identity in Claim A.9(ii) is called Gauss’s product formula of the gamma function.

A.3 A proof of �.2/ D
�2
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To find the value of �.2/ is historically known as the Basel problem. In 1735, L. Euler
solved this problem by showing that �.2/ D �2

6
. After Euler, there are many proofs of

this. In fact, from 2o in the proof of Theorem 4.3, we can immediately see it. In this
section, we introduce another proof of it due to Fujita ([7, 10]). This proof is simple, but
not elementary. In other words, it is a senior or junior level in college.
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which shows the assertion (iii). �

R.H.S. in Claim A.9(i) is called Weierstrass’s formula of the gamma function and the
identity in Claim A.9(ii) is called Gauss’s product formula of the gamma function.

A.3 A proof of �.2/ D
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To find the value of �.2/ is historically known as the Basel problem. In 1735, L. Euler
solved this problem by showing that �.2/ D �2

6
. After Euler, there are many proofs of

this. In fact, from 2o in the proof of Theorem 4.3, we can immediately see it. In this
section, we introduce another proof of it due to Fujita ([7, 10]). This proof is simple, but
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By (A.2), we have
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A.4 The second mean value theorem for integrals

This theorem is used several times in the proof of Claim 6.2. Although this can be found
in textbooks of fundamental calculus (D differential and integral calculus), we here prove
it.

Claim A.11 (Second mean value theorem) Let �1 < a < b < 1, f W Œa; b� ! R
Riemann integrable and ' W Œa; b�! R monotonic, i.e., nondecreasing or nonincreasing.
Then
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we see that

min
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By the intermediate value theorem,
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Putting  .�/ D '.�/ � '.b/, we obtain
Z b

a

f .t/'.t/dt D '.a/

Z �

a

f .t/dt C '.b/

Z b

�

f .t/dt:

In case ' 2 !, i.e., ' is nondecreasing, since �' 2 ! , it follows from the above that
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