Appendix

In Appendix we give a theorem which is proved by K. Nuida. The author
greatly thanks to K. Nuida for allowing the author to put the theorem with its
proof in this chapter.

Let (W,S) be a Coxeter system. Namely, W is a group with the set S of
generators and under the notation S = {s;;i € I}, the fundamental relations
among the generators are

(15.1) s = (si8;)™ =e and m;; =m;,; for Vi, j, k € satisfying i # j.

Here m; ; € {2,3,4,...} U {oo} and the condition m, ; = oo means (s;5;)™ # e for
any m € Zsg. Let E be a real vector space with the basis set Il = {a; ; ¢ € I'} and
define a symmetric bilinear form ( | ) on E by

(15.2) (oslai) =2 and (alay) = —2cos ——.

My 5
Then the Coxeter group W is naturally identified with the reflection group gen-
erated by the reflections s,, with respect to o; (¢ € I). The set A of the
roots of (W, S) equals WII, which is a disjoint union of the set of positive roots
Aff == ApnN > acr Z>o and the set of negative roots Ay = —Aj. Forw e W
the length L(w) is the minimal number k with the expression w = s;,8;, - s;
(i1,...,ir € I). Defining Ap(w) := Afi Nw™ 1A}, we have L(w) = #An(w).

Fix f and ' € Ay and put

k

(15.3) VVBL? ={weW;p =wp} and W*:= Wg
THEOREM 15.1 (K. Nuida). Retain the notation above. Suppose VV; # 0 and

there exist no sequence Si,, Si,, - - - Si, of elements of S such that
k>3,
31’,,7531"” (1§V<1//§]€>,

M, iy and my, g, are odd integers (1 <v <k).

(15.4)

Then an element w € VVBﬁ, s uniquely determined by the condition
(15.5) L(w) < L(v) (Vv e W}).
PRrROOF. Put Aﬁ = {v € Af;; (B]7) = 0}. First note that the following lemma.

LEmMMA 15.2. If w € %ﬁ, satisfies (15.5), then wAﬁ C Af;.

In fact, if w € Wg, satisfies (15.5) and there exists v € Aﬁ satisfying wy €

A, then there exists j for a minimal expression w = s;, - such that

P o SiLn(W)
Sijr1 Sing Y = Qg which implies Wﬁ, DV I= WSy = 84y 1t Si;_, Sij
and contradicts to (15.5).
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It follows from [Br| that the assumption (15.4) implies that W# is generated
by {sy; 7 € Aﬁ} Putting

° = Aﬁ\{rwl + roys € Aﬁ; Yo & Ry, 5 € Aﬁ and r; > 0 for j =1,2}
and S? = {s,; v € I}, the pair (W*,5) is a Coxeter system and moreover the
minimal length of the expression of w € W# by the product of the elements of S#
equals #(Aﬁ Nw™tAp) (cf. [Nu, Theorem 2.3]).

Suppose there exist two elements w; and wq € VVBB, satisfying L(w;) < L(v)
for any v € I/Vg and j = 1, 2. Since e # wl_lwg € WP, there exists v € Aﬁ
such that wl_lwg'y € Ap. Since —wflwgfy € Aﬁ, Lemma 15.2 assures —wsy =
wi (—wy 'way) € Aj, which contradicts to Lemma 15.2. O

The above proof shows the following corollary.

COROLLARY 15.3. Retain the assumption in Theorem 15.1. For an element
w E Wg,, the condition (15.5) is equivalent to wAﬁ C Afr.

Let w € Wg, satisfying (15.5). Then

(15.6) Wi =w(sy; (7]8) =0, v € Af).



