CHAPTER VI

Invariance of plurigenera

81. Background

A deformation (or a smooth deformation) of a compact complex manifold X is
by definition a proper smooth surjective morphism 7: X — S of complex analytic
varieties together with a point s € S such that the fiber X, = 7~!(s) is isomorphic
to X. The deformation is called projective if 7 is a projective morphism along X.
A compact complex manifold is said to be in the class C if it is bimeromorphically
equivalent to a compact Kéahler manifold ([18], [143]). We are interested in the
following:

1.1. Conjecture The m-genus P, (X) = h’(X,mKx) is invariant under a
deformation of a compact complex manifold in the class C.

The deformation invariance of the plurigenera of compact complex surfaces was
proved by litaka [42] by the classification theory of surfaces. Nakamura [94] gave
a counterexample to the invariance in the case where X is not in the class C. The
invariance of the geometric genus P;(X) = py(X) for X in the class C is derived
from the Hodge decomposition H"(X,C) = @p+q=n HY(X, Q%) and the upper
semi-continuity of h?(X, Q%). Levine [75] proved [1.1 for m > 1 in the case where
mKx is linearly equivalent to a reduced normal crossing divisor. Levine applied
the Hodge theory to the cyclic covering branched along the divisor in order to show
the existence of an infinitesimal lifting of a general section of H*(X, mK ).

A degeneration of compact complex manifolds is by definition a proper sur-
jective morphism 7: X — S with connected fibers from a non-singular complex
analytic variety into a non-singular curve that is smooth outside a given point
0 € S. We denote by &; the scheme-theoretic fiber 7=*(¢). We say that a smooth
fiber X; (t # 0) degenerates into the special fiber Xy. The degeneration is called
projective if 7 is so. Let Xy = [JTI'; be the irreducible decomposition of the special
fiber. In the study of degeneration of algebraic surfaces (cf. [15]), the lower semi-
continuity of the Kodaira dimension: x(X;) > maxx([';) is expected to be true.
However, there are counterexamples ([108], [109], [140], [19]) in the case where
some I'; is not in the class C. The following stronger conjecture is posed in [98]:

1.2. Conjecture If any irreducible component I'; of the special fiber A be-
longs to the class C, then

Pp(X) > Pp()
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230 VI. INVARIANCE OF PLURIGENERA

for a smooth fiber X;. In particular, k(X;) > max x(T;).

The author considered from the viewpoint of the relative minimal model
theory in [96], [98]. For a projective degeneration, is reduced to the flip and
the abundance conjectures. In the case of a projective deformation of a threefold,
the existence of related flips is proved in [73] and hence the invariance of pluri-
genera follows from the abundance theorem [84], [59] for threefolds. Siu [130] has
succeeded in proving [1.1]in the case of a projective deformation in which any fiber
X is of general type: k(X;) = dim X;. Siu used multiplier ideals together with deli-
cate arguments of L2 properties which avoid the difficulty in showing the existence
of flips. Even though the argument contains analytic methods, the essence is not
so transcendental. Kawamata [60] gave an algebraic interpretation of Siu’s argu-
ment and showed that small deformations of canonical singularities are canonical,
as an application. The author’s preprint [105] gave an algebraic modification of
Siu’s argument which is slightly different from that by Kawamata, and obtained
the following stronger results:

e The numerical Kodaira dimension k, is lower semi-continuous under a
projective degeneration and is invariant under a projective deformation.
In particular, a non-singular projective variety deformed to a variety of
general type under a projective deformation is also of general type;

e The invariance of plurigenera P, holds for a projective deformation in
which a ‘general’ fiber F satisfies the abundance: (F) = kq(F). The
lower semi-continuity of P,, holds for a projective degeneration satisfying
the same assumption of abundance, for infinitely many m.

e Small deformations of terminal singularities are terminal.

In this chapter, we shall generalize slightly the results of [105]. As in the
preprint [105], we need only the theory of resolution of singularities and the flat-
tening theorem by Hironaka ([39], [40], [41]), the theory of linear systems, and the
analytic version II/5.12 of Kawamata—Viehweg’s vanishing theorem TI5.9 as well
as the analytic version[V[3.13 of Kollar’s injectivity theorem [V[3.7.

82. Special ideals
§2.a. Setting.

2.1. Definition Let 7: X — S be a projective surjective morphism from a non-
singular space and let X = | | X; be the decomposition into connected components.

(1) A divisor L of X is called m-effective if m,.Ox, (L) # 0 for every i.
(2) For a m-effective divisor L, we denote by |L|gx the maximum effective
divisor D with the property

W*Ox(L — D) == W*OX(L)

It is so-called the relative fized divisor of L over S.
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2.2. Situation Let 7m: V — S be a projective surjective morphism from a non-
singular variety with connected fibers, X = | | X; a disjoint union of non-singular
prime divisors X; of V', and A an effective R-divisor of V' such that

(1) X; ¢ Supp A for any 1,

(2) X USuppA is a normal crossing divisor,

(3) "A" is reduced or A = 0, and

(4) X NSupp A, =0.
Let Ax be the effective R-divisor A|x. Then Supp A x is a normal crossing divisor,
LAX_[ = 0, and

(Kyv + X+ A)|lx = Kx + Ax.

Moreover, we fix a (7|x)-ample divisor Ay of X such that Ay — (dim X)H, is
(7| x)-ample for a (7|x)-very ample divisor Hy.
In §§2 and 13, we fix these m, V, S, A, X = Y X;, and Ax. We study analytic
spaces projective over the fixed space S. However, we change S freely by its open

subsets, because most statements to prove are local on S. In particular, the number
of connected components of X is assumed to be finite.

2.3. Definition (Ey, Ex, E, Ey;, and G[L])
(1) Let Ey be the set of the linear equivalence classes of m-effective divisors
of V.
(2) Let Ex be the set of the linear equivalence classes of (7| x)-effective divi-
sors of X.
(3) For a divisor L of V' and a component X; of X, we denote by G,;[L] the
image of the homomorphism
7Oy (L) — m.Ox, (L).
We also denote by G[L] C € G;[L] the image of
1Oy (L) — m.Ox (L).
(4) Let E be the set of the linear equivalence classes of divisors L of V' with
G;[L] # 0 for any i.
(5) Let Epig be the subset of E consisting of divisors L such that the mero-
morphic mappings
Ve Pg(mOy(L)) and X -— Pg(G[L])
are both bimeromorphic mappings into their own images.

2.4. Definition (Conditions E, G, and B) Let L be a divisor of V and let M
be a divisor of X.

(1) Let p: W — V be a bimeromorphic morphism from a non-singular variety
and let D be a (7 o p)-effective divisor of W. We say that W satisfies the
condition E for D if the following two conditions are satisfied:

e The union of the p-exceptional locus, the proper transform Y of X,
and Supp |D|gyx is a normal crossing divisor;
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e D — |Dlgyx is (w0 p)-free.
If L € Ey and if W satisfies the condition E for p*L, then we say that p
satisfies the condition E for L. In this case, we write E(L) := |p* L]fix.

(2) Suppose that M € Ex. A bimeromorphic morphism f: Y — X from
a non-singular space is said to satisfy the condition G for M if, for the
divisor G(M) := | f* M |ax, the following two conditions are satisfied:

e The union of the f-exceptional locus and Supp G(M) is a normal
crossing divisor;
o f*M — G(M) is ((7]x) o f)-free.

(3) Suppose that L € E. A bimeromorphic morphism f:Y — X from a
non-singular space is said to satisfy the condition B for L if there is an
effective divisor B(L) of Y such that

e the union of the f-exceptional locus and Supp B(L) is a normal cross-
ing divisor, and
e Oy (f*L — B(L)) is the image of the homomorphism

gL — Oy (fL).

Convention

(1) For a bimeromorphic morphism p: W — V satisfying the condition E for
a divisor L € Ey, we denote the proper transform of X by Y and the
restriction of p by f: Y — X.

(2) We shall write the total transform p*E(L) of E(L) by the same symbol
E(L) for a bimeromorphic morphism p: W’ — W such that p o p also
satisfies the condition E for L. Also for G(M) and B(L), we shall also
write the total transform by the same symbol.

If p: W — V is a bimeromorphic morphism satisfying the condition E for L,
then f:Y — X satisfies the condition B for L. Here B(L) = E(L)|y. Conversely,
for any bimeromorphic morphism f’: Y’ — X satisfying the condition B for L,
there exist a bimeromorphic morphism p: W — V satisfying the condition E for
L and a bimeromorphic morphism A: Y — Y”’. Here we have \*B(L) = B(L) =
E(L)ly.

2.5. Definition (Ideals Z[M] and J[L]) Let M be a divisor of X and let L be
a divisor of V.

(1) Z[M] is defined to be the ideal sheaf of X such that Z[M]Ox (M) is the
image of the natural homomorphism

' Ox (M) — Ox(M).

(2) J[L] is defined to be the ideal sheaf of X such that J[L]Ox(L) is the
image of the natural homomorphism

7*G[L] — Ox(L).
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For any i, m.Ox,(M) = 0 if and only if Z[M]|x, = 0. If M € Ex and if a
bimeromorphic morphism f: Y — X satisfies the condition G for M, then
[rI[M]/(tor) ~ Oy (-=G(M)).
The sheaf J[L]Ox (L) is also the image of the composite
71Oy (L) — Oy (L) — Ox(L).
For any 4, G;[L] = 0 if and only if J[L]|x, = 0. Suppose that L € E. Then
frIL)/(tor) ~ Oy (=B(L))
for a bimeromorphic morphism f: Y — X satisfying the condition B for L.
2.6. Definition (Ramification divisors Ry and Ry) Let p: W — V be a

bimeromorphic morphism from a non-singular variety such that the proper trans-
form Y of X is non-singular. In this situation, we define an R-divisor:

Rw = Kw +Y — p*(Ky + X + A).
Let f: Y — X be a bimeromorphic morphism from a non-singular space. We define
Ry := Ky — f"(Kx + Ax).

Note that the "Ry ' is effective on a neighborhood of p~!(X) by TIi4.4. A prime
divisor T of W with multr Ry > 0 is p-exceptional. We have Ry = Ry |y for the
proper transform Y of X in W.

2.7. Definition (Ideals Q[L,m|, Z[M,m|, and J[L,m]) Let L be a Q-divisor
of V., M a Q-divisor of X, and m a positive integer with mL € E and mM € Ex.
Let p: W — V be a bimeromorphic morphism satisfying the condition E for mL
and let f: Y — X be a bimeromorphic morphism satisfying the conditions G for
mM and B for mL. We define the following three ideal sheaves:

Q[L,m] := p.Ow( Ry — %E(mL)—I ),
I[M,m] = f.Oy("Ry — %G(mM)—I),

TIL,m] = £.0y( Ry — %B(mm).

2.8. Lemma

(1) The ideal sheaf Q[L,m] is independent of the choice of bimeromorphic
morphisms p satisfying the condition E for mL.

(2) The ideal sheaf T[M,m] is independent of the choice of bimeromorphic
morphisms f satisfying the condition G for mM . There is an inclusion
ImM] C Z[mM,1].

(3) The ideal sheaf J[L,m] is independent of the choice of bimeromorphic
morphisms [ satisfying the condition B for mL. There is an inclusion
JmL] C JimL,1].
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ProOF. (1) Let p: W/ — W be a bimeromorphic morphism such that p o p
satisfies the condition E for mL and let Y’ be the proper transform of Y. Then

Kw +Y =p"(Kyv + X + A) + Rw,
Ky +Y' =p"(Ky + X + A) + Ry.

Since any component of Y is not contained in Supp E(mL), we have

Kw: +Y' + "u*(Rw — %E(mL)f > (Kw +Y + Ry — %E(mL)—' ),
by I/4.4] Since

R — - B(mL) = Kws + ¥’ — " (K +¥) + (R — - B(mL),

we have

R~ ~B(mL)' = Ko+ Y~ p* (K +Y) + (R — - B(mL))

1
> p*("Rw — —E(mL)").
Hence
O (Ruvs — - B(mL]") = Oy( "Ry — - B(mL)").

Thus both Q[L, m] are identical.

(2) and (3) We can show the independence of choices by the same argument as
in (1) by usingI1/4.3. The inclusions Z[mM] C Z[mM, 1] and J[mL] C J[mL,1]
are derived from the property that 'Ry ' is effective. O

Convention

e For divisors L of V' and M of X, we write Z[L|x + M] by Z[L + M], for
short. In the case L|x + M € Ex, we write G(L|x + M) by G(L + M).

o If m(L|x + M) € Ex for Q-divisors L of V and M of X, we write Z[L|x +
M, m] by Z|L + M, m].

For a bimeromorphic morphism p: W — V satisfying the condition E for mL
and for the proper transform Y of X, we have

"Ry — iE(mL)“ ly = "Ry — iB(mL)T
m m

Thus
r 1 7l
j[L,m] ~ f*Oy( RW — EE(mL) )



2. SPECIAL IDEALS 235

§2.b. Inclusions of ideals. We consider the following conditions for a Q-
divisor L of V:
(VI-1) L — (Ky + X + A) is m-nef and L is m-pseudo-effective;
(VI-2) L—(Ky +X+A) is m-nef and m-abundant, and L — (Ky + X +A) =, X
(cf. .
Note that if L — (Ky + X + A) is m-nef and m-abundant and if 7(X) # S, then
L satisfies (VI-2)). If L — (Ky + X + A) is m-nef and 7-big, then L satisfies (VI-2).
Let L' be another Q-divisor of V. We consider the following conditions for the
pair (L, L’):
(VI-3) L- L' — (Ky + X + A) is m-nef and L’ is 7-big;
(VI-4) L—L'—(Ky+X+A) is m-nef and m-abundant, and L’ =, X (cf.[V[2.24);
(VI-5) L — L' satisfies (VI-2).

2.9. Proposition Let L' be a Q-divisor, L a Z-divisor of V, and let n be a
positive integer with nL’ € E such that (L, L") satisfies one of the three conditions
(VI-3), (VI-4), and (VI-5). Then

7 (J[L,n)Ox (L)) € GIL] € 1.0 (L).

Suppose in addition that there exist a Q-divisor M of X and a positive integer m
satisfying the following three conditions:

(1) mM € Ex;
(2) Z[M,m] Cc J[L',n];
(3) Llx — M — (Kx + Ax) — Ao is (m|x)-nef.

Then Z|M,m]Ox (L) is (7|x)-generated, L € E, and Z|M,m] C J[L].

PrOOF. We note that J[L',n] C J[L',nk] for k > 0. Therefore, in the case
, we may assume that the meromorphic mapping

V e Pg(m. Oy (nL'))
is a bimeromorphic mapping into its image. Let p: W — V be a bimeromorphic

morphism satisfying the condition E for nL’. In the case (VI-4), we may assume
that np*L’ — E(nL’) =, Y. In any case, the R-divisor

1
Ry — —E(nL)+p*L — Ky —-Y
n

1
=p(L-L —(Ky+X+A))+ E(np*[/ — E(nL"))
is (7 o p)-nef. In the case , the R-divisor is also (7 o p)-big and hence

1
RP (7 0 p).Ow (' Ry — HE(nL'f +p°L-Y)=0
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for p > 0 by [TI/5.12. In the cases (VI-4) and (VI-5), the R-divisor is (7 o p)-
abundant and hence

1
R? (70 p).Ow ("Ry — EE(nL’)—l +p*L-Y)

1
— RP( 0 p).Ow( Ry — EE(nL’)—' +p*L)
is injective for any p by [V3.13. Therefore, the homomorphism
m(QIL', n]Oy (L)) — m.(J[L',n]Ox (L))

is surjective in any case. Thus 7, (J[L’,n]Ox (L)) is contained in G[L].
Let f: Y — X be a bimeromorphic morphism satisfying the condition G for
mM and let us consider the R-divisor

1
C:=Ry — EG(mM) + f*(L]x).
Then
1
C—-—Ky—f"A=—(
m
is (m o f)-nef. Therefore

mf*M — G(mM)) + f*(L|x = M — (Kx + Ax) — Ao)

£Oy('CY) = I[M, m|Ox (L)
is (7|x)-generated by [V.3.19 (cf. II/5.12). Since we have the inclusion
T (JIL,n]Ox (L)) = @ m(T[L,n]Ox, (L)) € G[L]  PGilL],
Gi[L] # 0 for any ¢ and Z[M,m] C J[L]. O
Remark In the proof above, the sheaf J[L',n]Ox (L) for n > 0 with nL’ € E
is an w-sheaf in a relative sense of [V./3.8|

2.10. Lemma Let L and M be Q-divisors of X. Assume that
(1) M is (7|x)-semi-ample,
(2) a(aL + M) € Ex for some a € Q=g and a € N.
Then, for any 0 € Q with 0 < B < «, there is a positive integer b such that
b(BL+ M) e Ex and IloL+ M,a] CZ[SL+ M,b|.

PROOF. Let n be a positive integer with naa € N and b := naa3~' € N such
that
(b—an)M = na(af™t —1)M
is a m-free Z-divisor. Then b(BL + M) € Ex, since
b(BL + M) = an(aL + M) + (b — an)M.
Let f: Y — X be a bimeromorphic morphism satisfying the conditions G for
a(aL 4+ M), G for an(aL + M), and G for b(BL + M). Then we have inequalities

éG(a(aL +M)) > %G(anaLJranM) > %G(bﬂLerM) > %G(b(ﬂL + M)).
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Therefore Z[aL + M, a] C Z[BL + M, b). O
2.11. Proposition Let A be a m-ample divisor of V and let M be a (7|x)-

semi-ample divisor of X such that
Alx — (Kx +Ax) —Ag— M
is (m|x)-nef. Let L be a divisor of V satisfying either (VI-1) or (VI-2).
(1) If the condition
C(l,m) : m(lL|x + M) € Ex

is satisfied for positive integers | and m, then Z[IL + M, m|Ox (IL + A) is
(7|x)-generated, IL + A € E, and Z[IL + M, m| C J[IL + A].
(2) For anyl €N,
IIL+ M| C JIL + A].

PRrROOF. (1) We shall prove by induction on . Assume that C'(1,m) is satisfied

for some m € N. We have J[A, k] = Ox for some k € N. Hence
IIL+ M,m] C J[A,k].

Then (L + A, A) satisfies (VI-3) or (VI-5), and (L + A, A, L|x + M, m, k) satisfies
the condition of as (L,L', M,m,n). Thus Z[L + M,m|Ox(L + A) is (n|x)-
generated, L+ A € E, and Z[L + M, m| C J[L + A]. Thus is true for [ = 1.

Next we consider the case [ > 1 and assume that (1) is true for [ — 1. If C(I,m)
is satisfied for some m, then there is a positive integer m’ such that

m/ ((I—1)L|x + M) €Ex and Z[L+ M,m] C Z[(l — 1)L + M,m/]
by [2.10l By induction,
(I-1)L+A€eE and IZ[l-1)L+Mm']cJ[(l-1)L+ A
Therefore, we have the inclusion
INL+M,m]C J[(l-1)L+ Al Cc J[(l-1)L+ A, 1]

Here (IL+ A, (I — 1)L + A) satisfies (VI-3) or (VI-5), since (I — 1)L 4+ A is 7-big
in the case . Furthermore, (IL + A, (I — 1)L + A,IL|x + M,m,1) satisfies
the condition of as (L, L', M,m,n). Therefore, Z[IL + M,m]|Ox(IL + A) is
(7| x)-generated, IL+ A € E, and Z[IL + M, m] C J[IL + A]. Thus we have proved
by induction.

(2) For a connected component X; of X, we set A®) = A+ (X — X;). Then we
may replace (X,A) by (X;, A®) in the situation [2.2) Moreover, the replacement

does not affect the conditions (VI-1)—(VI-5). Thus we can apply (1) to the case
X = X,;. Hence if Z[IL + M]|x, # 0, i.e., (ILx + M)|x, € Ex,, then

Z[lL*FM”Xl CZ[ZL|Xi +M‘Xi,1] C j[lL—FAHXZ
Therefore,

TNL+ M) = P IIL+ M|x, c P ITL + Allx, = T[L + A 0
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2.12. Corollary Let L be a divisor of V such that L|x, is (7
effective for some i. If L satisfies (VI-2), then L is w-pseudo-effective.

X, )-pseudo-

PRrROOF. By the same replacement as above, we can apply [2.11 to the case
X = X;. If we choose M as a (7|x)-ample divisor, then for any I > 0, C(l,m) is
satisfied for some m > 0, since L|x is (7] x )-pseudo-effective. Thus[2.11-(1) implies
that J[IL 4+ A] # 0 for any | > 0. Hence L is m-pseudo-effective. O

83. Surjectivity of restriction maps

§3.a. Big case.

3.1. Lemma Let L and L' be Q-divisors of V with (L) < A, L|lx, € Ex
such that (L, L") satisfies one of the three conditions (VI-3), (VI-4), and (VI-5),
and let n be a positive integer with nL' € E. Suppose that there is a bimeromorphic
morphism p: W — V satisfying the condition E for nL' in which ply = f satisfies
the condition G for L|x, and the inequality

1 1
G(L) < R+ (D) — ~E@LY |y = Ry + [ (Llx) — - BnL/)
holds. Then 7, Oy ( L,) — mOx( L,) is surjective.

PrOOF. Let A’ be the R-divisor A — (L). By replacing A with A’, we may
assume that (L) = 0. The inequality above implies that Z[L] C J[L’,n]. Hence,
by 12.9] we have the inclusion

m.Ox (L) = m(Z[L]Ox (L)) € G[L],

which means the expected surjectivity. O

3.2. Proposition Let L and L' be Q-divisors of V' with (L) < A such that
(L, L") satisfies one of the three conditions (VI-3), (VI-4), and (VI-5). Suppose
that there exist positive integers m, m*, a Z-divisor A of V', an effective Q-divisor
A* of V, and a bimeromorphic morphism p: W — V' from a non-singular variety
satisfying the following conditions:
(1) mL and m*L’ are Z-divisors with mL + A € Ey, m*L’ € Ey;
(2) Z[mL] C J[mL + A];
(3) Supp A* contains no components of X and (V&X, A+ A*) is log-terminal
along X (cf. I1.4.8);
(4) p satisfies the conditions E for mL + A and E for m*L’ in which the
inequality

1 1
——FE(mL+ A) < p*A* — —E(m*L’)
m m*

holds.

Then .0y ( L,) — m.Ox (L)) is surjective.
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Proor. If m.Ox,( L,) = 0, then we can replace (A, X) by (A+ X;, X — X;).
Thus we may assume that L|x, € Ex. Then mL + A € E and m*L’ € E by (2)
and (4). We may assume that the restriction p|y = f satisfies the conditions G for
L|x, and G for mL|x. Then (2) induces the inequalities:

LRI+ A) < —GmL) < G(LL) + (0" ()l
Therefore
(VL6) ~G(L) < (D)~ - B(mL+ A), Iy
We have

1
(VET) Rw = p"A7 4 p"(L) + p"A" = — E(m" L),
1
< "Rw +p*(L) — —E(m*L')",
m

in which the inequality "Ry — p*A*' > 0 holds along p~!(X) by (3). The restric-
tion of (VI-7) to Y, (VI-6), and the inequality in (4) induce

1
~G( L) < R+ p*{L) = — B L) Iy
Thus the result follows from [3.1. O

3.3. Lemma Let L and L' be Q-divisors of V' with (L) < A such that (L, L")
satisfies one of the three conditions (VI-3), (VI-4), and (VI-5). Suppose that there
exist

e a rational number 0 < B < 1, positive integers m, m', and an integer b,

o Z-divisors A and D of V, and

e a bimeromorphic morphism p: W — V' from a non-singular variety
satisfying the following conditions:

(1) mL, m'L, and bL' are Z-divisors with mL + A € Ey, m'L + bL' € Ey;

2) mB <m' +bp and L' — BL is w-semi-ample;
(3) ZmL] C J[mL + AJ;
(4) D is an effective divisor containing no components of X and (V&X, A +

(1/m)D) is log-terminal along X;

(5) p satisfies the conditions E for mL+ A and E for m’L+bL' in which the
inequality
—E(mL+ A) < p*D — E(m'L+bL")
holds.

Then .0y ( L,) — m.Ox (L)) is surjective.

PROOF. Let k be a positive integer such that k3 € Z, kBL, and kL' are Z-
divisors, and that k(L' — SL) is a m-free Z-divisor. We may assume that p satisfies
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the conditions E for mL + A, E for m’L + bL’, E for m'kSL + bkBL', and E for
k(m' + bB)L', then we have

iE(m’L +bL') > LE(m’kﬁL + bkBL) > meE(k(m’ +b3)L")

m — mkpg
1
> ————FE(k(m' +b8)L").
> g B +03)L)
Therefore, if we set m* := k(m’ + b3) and A* = (1/m)D, then all the conditions
of [3.2 are satisfied. 0

3.4. Lemma Let L be a m-big Z-divisor of V' such that kL € Ey;, for some
k € N and let A be a divisor of V. Then, locally over S, there exist a positive

integer a with aL € Eyie and an effective divisor D of V' containing no components
of X such that alL ~ A+ D.

PrOOF. We may assume that S is Stein and A is w-very ample, since A + A’
is so for some m-very ample divisor A’. For an integer a with aL € Eyg, let
p: W — V be a bimeromorphic morphism satisfying the condition E for aL. Then
ap*L — E(alL) is (7 o p)-big and (7 o p)-free, and E(aL) contains no components of
Y. Let

W 4 Z — Pg(m, Oy (al))

be the Stein factorization of the morphism given by ap*L — E(aL), where ¢ is a
bimeromorphic morphism contracting no components of Y. Here ap*L — E(aL) ~
@*H for a divisor H of Z, which is relatively ample over S. Now the support of
the cokernel of
@:Ow (=p*A=Y;) = 0.0w(—p"A)
is ¢(Y;). Hence
T Ow (mp*H — p*A - Y;) —» m.0w (me*H — p*A)

is not isomorphic for m > 0. Therefore, Y; is not contained in the relative fixed
part |me*H — p*Algx. Hence there is an effective divisor D’ on W such that
Supp D’ contains no components of Y and my*H — p*A ~ D’ for some m > 0.
Here, the effective divisor D := p,(mFE(aL) + D’) contains no components of X
and amL ~ A+ D. O

Remark Suppose that d = dimV — dimS > 0 and that 7(X;) is a prime
divisor for any component X; of X. Then, for a m-big divisor L of V, kL € Ey;,
for some k > 0 if and only if, for any 1,

lim m~?rank G;[mL] > 0.

3.5. Lemma Suppose that d = dimV —dim S > 0. Let L, C' be Z-divisors of
V, © a prime divisor of V' dominating S, and X; a component of X with w(X;)
being a divisor of S. Suppose that

lim m~4rank G;[mL 4+ C + ©] > 0,

m— 00
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where rank G;[mL + C + O] is the rank as a torsion-free sheaf of m(X;). Then
lim m~4rank G;[mL + C] > 0.

m—00
PrROOF. We consider the following commutative diagram:
Oy(mL+C) —— Oy(mL+C+0) —— Og(mL+C+0O)

l l l

Ox,(mL+C) —— Ox,(mL+C+0) —— Ox,ne(mL+C+0O).
Let &,, be the image of the homomorphism
7Oy (mL +C + 0) — 1,0ge(mL + C + 0).
Then this is a torsion-free sheaf of S and

Iim m~%ranké&,, =0,

m—00

since rank &,,, is at most
dimH® (V,n©,mL + C + Bly.ne)

for a general fiber V; = 771(s). By the commutative diagram above, we infer that
there is a surjective homomorphism

Em ® Or(x,) = GilmL + C + 0]/G;[mL + C].
Thus we have the expected estimate of rank G;[mL + C]. O

3.6. Lemma Let A be a m-nef and w-big divisor of V. Suppose that X; is not
m-exceptional and A|x, is (7|x,)-big for any i. Then, locally on S, there exist an
effective divisor D containing no X; and a positive integer a such that aA — D is
m-ample.

PROOF. We can take a prime divisor © such that © — A — Ky — X; is m-ample
for a m-ample divisor A and for any ¢. Hence

Oy (mA — A+ 0) - 1,0x,(mA — A+ O)

is surjective for any m > 0 and 7 by Hence, by Gilah — A] # 0 for
some a > 0 and for any ¢ with 7(X;) being a prime divisor. Thus there is an
effective divisor D € |aA — A| containing no X; with codimn(X;) = 1. By the
same argument as III|3.8, we can change a and D so that any component X; with
m(X;) = S is not contained in Supp D. O

3.7. Theorem Let L be a m-pseudo-effective Z-divisor of V such that L —
(Ky + X + A) is w-nef. Let A be a w-nef and w-big Q-divisor of V' such that
A > (A) and kA € Eyig for some k € N. Then the homomorphism

mOv(L+ A) - mOx(IL+ A))

is surjective for 1 > 0. If L|x is (n|x)-pseudo-effective, then the homomorphism
above is surjective for any 1 > 0.



242 VI. INVARIANCE OF PLURIGENERA

Remark If X; is not m-exceptional for any 4, then, by (3.6, we can replace the
condition “kA € Ey;g for some k € N” by “A|x, is (7|x,)-big for any i.”

ProOF. If L|x, is not (7] x, )-pseudo-effective, then 7, Ox, (IL+ A,) = 0 except
for a finite number of positive integers [. Hence we can replace X with X — X,; and
A with A + X;. Thus we may assume that L|x is (7|x)-pseudo-effective.

First we consider the case [ = 1. The R-divisor

L+ A —(Ky+X+A—-(A)=L—-(Ky+X+A)+A
is m-nef and 7-big. Thus (A — (A), L+ A,,0,1) satisfies the condition of [2.9 as
(A,L,L',m). Hence

mOx(L+ A)) CG[L+ A
Therefore we have the surjectivity for [ = 1.
Next, we assume that [ > 1. Let A; be a m-very ample divisor of V' such that
Ailx — (Kx +Ax) — 4o
is (m|x)-nef. Let b be a positive integer with bA being a Z-divisor. Then
mlL+bA+2A; € E and Z[mIL +bA+ A;] C J[mIL + bA + 244]

for any m € N by [2.11] In particular,

Im(IL+ A)] CZ[m(IL+ A) + A1) € Tm(L + A) + 244]

for m € bN. There is an a € bN such that (a — b)A — 44, is linearly equivalent to
an effective divisor D; containing no components of X locally over S by [3.4] In
particular, A — eD; is m-ample for 0 < ¢ < 1/(a — b). There is an effective divisor
D of V locally over S containing no components of X such that

D ~a(IL + A) — 24, = (alL + bA + 24;) + (a — b)A — 44,

From the linear equivalence (m + a)(IL + A) ~ D +m(IL + A) + 24, for m € bN,
we infer that (m + a)(IL + A) € E and the inequality

—E(m(IL + A) + 241) < p*D — E((m + a)(IL + A))

holds for a bimeromorphic morphism p: W — V satisfying the conditions E for
m(L+ A) 4+ 2A4; and E for (m + a)(IL+ A). Let € be a positive rational number
such that le < 1/(a —b) and (V&X,A + €D;) is log-terminal along X. We can
choose m so that (V&X,A +¢eD;y + (1/m)D) is log-terminal along X. Hence the
condition of [3.3 is satisfied for

(A+eD,IL+A,(I-1)L+A—eDy,(I1=1)/l,m,m+ a,0,24,, D)
as (AL, L', 3,m,m', b, A, D).
Thus the surjectivity follows. 0

3.8. Corollary Let L be a Z-divisor of V' such that L — (Kyv + X + A) is
m-nef and m-big, and k(L — (Kv + X + A)) € Eyig for some k € N. Then the
homomorphism 7, Oy (IL) — m.Ox (IL) is surjective for any ! € N.
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PROOF. We may assume that L|x is (7|x)-pseudo-effective. Then, by [2.12] L
is m-pseudo-effective. Locally on S, there is an effective divisor D linearly equivalent
to k(L — (Kyv + X + A)) that contains no components of X by[3.4. Let p: W — X
be a bimeromorphic morphism from a non-singular variety such that the union of
the p-exceptional locus, p~1(X), and p~!(Supp D) is a normal crossing divisor. Let
Y be the proper transform of X as before. Let Ry and R_, respectively, be the
positive and the negative parts of the prime decomposition of "Ryy'. Then Ry is
p-exceptional and Supp R_ N p~}(X) = (. There is an integer m > k such that

(- L) = E0) > Lo
Then "Ry — (1/m)p*D' = "Ry'. We set
Lw:=p'L+R., A:==(Q1/m)p*D, A} = <7(RW - %p*D)> +R_.
Then
Lw — (Kw +Y 4+ Ayy) :p*(L—(KV-I-X-i-A—i—%D)) ~ (
is (7 o p)-nef and (7 o p)-big, and (A) = A < A};,. Thus, by 3.7,
T Ow (ILw) — Tp Oy (ILw)

is surjective for any [ € N. The expected surjectivity follows from the isomorphisms
3.9. Theorem Let L be a mw-big divisor of V' such that kL € Eyi, for some
keNand L — (Kyv + X + A) is w-nef. Then the homomorphism
7Oy (IL) — 7, Ox (IL)

is surjective for any integer | > 1. If L satisfies (VI-2) in addition, then the
homomorphism is surjective also for 1 = 1.

)p*D

Sl=

==

PROOF. In the case | = 1, this is derived from 2.9] since (L,0,1) satisfies
the condition of (2.9 as (L,L’,n). Suppose that [ > 1. By there is a 7-
ample divisor A of V such that mL + A € E and Z[mL] C J[mL + A] for any
m > 0. By [3.4] there exist a positive integer a and an effective divisor D of V
containing no components of X such that A + D ~ alL. Thus, for any m > 0,
mlL+ A, (m + a)lL € E, and

—E(mIL+ A) < p*D — E((m + a)lL)
for a bimeromorphic morphism p: W — V satisfying the conditions E for mlL +
A and E for (m + a)lL. If m is sufficiently large, then (V&X,A + (1/m)D) is
log-terminal along X. Then (IL,(I — 1)L, (I —1)/l,m,m + a,0, A, D) satisfies the
condition of [3.3 as (L, L', 3,m,m’,b, A, D). Hence the surjectivity follows. O

3.10. Theorem Let L be a divisor of V such that L satisfies the condition
. Suppose that m(X;) is a prime dwisor of S and L|x, is (7|x,)-big for any
component X;. Then m,Ovy (IL) — m.Ox (L) is surjective for any ! > 1.
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ProoF. If 7 is generically finite, then this follows from [3.9. Suppose that
d=dimV —dim.S > 0. We may assume that L is w-pseudo-effective. Let © be a
m-ample prime divisor of V. Then

Oy (mL+ 0) — 7,.0x,(mL + ©)

is surjective for m > 0 by Thus kL € Epi, for some k by [3.5. Hence the
condition of (3.9 is satisfied. O

Example Let f: Z — S be a generically finite proper surjective morphism of
normal complex analytic varieties. For a Cartier divisor L, a prime divisor I', and
for an effective R-divisor A of Z, suppose that

(1) (Z&T, A) is log-terminal,

(2) L—(Kz+T+A)is f-nef.
Then the restriction homomorphism f,Oz(mL) — f.Or(mL) is surjective for any
m > 0. This is shown as follows: Let u: V' — Z be a bimeromorphic morphism
from a non-singular variety projective over S and let X be the proper transform of
I'. We may assume that X is non-singular and there exist effective R-divisor Ay
and a p-exceptional effective divisor E such that X USupp Ay USupp F is a normal
crossing divisor, Ay, =0, and

Ky+X+Ay=p"(Kz+T+A)+E.
We set Ly := p*L+ E. Then fipu.Ov(mLy) — fiu.Ox(mLy) is surjective for

any m > 0 by [3.7 (or by [3.8][3.9][3.10). This induces the expected surjection,
since . Oy (mE) ~ Oy for m > 0 and T is normal (cf. I1/4.9).

83.b. Abundant case.
3.11. Situation In addition to we consider the commutative diagram

vV —2 - w

(VI-8) wl “"l

¢

S —— 7,
where the following conditions are satisfied:

(1) W and Z are non-singular;

(2) p is a projective bimeromorphic morphism, ¢ is a projective morphism,
and ¢ is a fiber space;

(3) oY) # Z;

(4) any g-exceptional divisor is exceptional for the bimeromorphic morphism
W — Vi into the normalization V; of the image of (p,¢): W — V x Z.

3.12. Lemma In the situation 3.11} let L be a w-pseudo-effective Z-divisor of
V' such that
(1) Supp N, (L;V/S) does not contain any X;,
(2) ko (p" L;W/Z) = k(o L; W/ Z) = 0.
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Let A be a w-ample divisor of V' such that mL + A € E for any m > 0 and let
H be a ¢p-ample divisor of Z. Then, there exist positive integers mg, d, k and an
effective divisor D of V' containing no X; such that

—[mmoL + Alsx < p*D — [p" (mmoL) + " (dH)|gix

for m >k, if S is replaced by a relatively compact open subset. In particular, if
p satisfies the conditions E for p*(mmoL) + ¢*(dH) and E for mmoL + A for an
m >k, then

—E(mmoL+ A) < p*D — E(p*(mmgL) + ¢*(dH))
and Y; ¢ Supp E(p*(mmoL) + ¢*(dH)) for any i.
PROOF. There is a Q-divisor =g on Z such that
p*L ~g ¢"Eo + No(p"L;W/Z)

by [VI2.26] Let mg be a positive integer such that N := moN,(p*L; W/Z) and
= := moEy are Z-divisors and the linear equivalence p*(moL) ~ ¢*Z + N holds.
Note that Supp NV contains no proper transforms Y;. There is a positive integer k
such that op(p*A+ kN;W/Z) > 0 for any prime component I" of Supp N. Thus

0 Ow (p*A+EkN) — 00w (p" A+ mN)

is isomorphic for any m > k. There is a p-exceptional effective divisor E” such that
©sOw (p* A+ kN + E") is reflexive. Here, p* A + kN is the pullback of a Cartier
divisor of V7 and E” is exceptional for W — V;. Thus

F = p.Ow(p*A+ kN)

is reflexive. Since we may assume that S is Stein, there exists a surjective homo-
morphism

0" — FY @ Oz(dH)
for some positive integers r and d. By taking its dual, we have an exact sequence

0—F — Oz(dH)®" — F' —0,

in which 7’ is torsion-free. Let F’ be the quotient ¢*F’/(tor) by the torsion part
and let F be the kernel of

©*Oz(dH) — F'.
Then F ~ go*]? and we have a y-exceptional effective divisor E of W and a com-
mutative diagram

v — F

(VI-9) l l

Ow(p*A+kN) —— Ow(p*A+kN + E),
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where @, of the bottom and the right arrows are isomorphisms. We fix an integer
m > k. By replacing W by a blowing-up, we may assume that the image of the
homomorphism

0 P 0. Oz(mME +dH) — Ow (" (mE + dH))

is invertible. In other words, we assume that W satisfies the condition E for
©*(mE+dH). Moreover, we assume that W satisfies the condition E for mmoL+ A.
Let O, be the relative fixed divisor |p*(mE + dH)|ax = E(¢*(mE + dH)). From
the commutative diagram

Ow (¢*(MmZ + dH) — 0,,)®" ——— F' @ Ow(p*(mE) — O,,)

l

Ow(p*(ME+dH))® ——  F © Owl(p*(m=)),

we infer that the injection
6. 0+(F ® Ow (" (MZ) — O)) = bupu(F © Ow (" (m2)))
is isomorphic. Therefore,
T Ow (" A+ EN + E+mp*= — On) — mTepOw (p* A+ kN + E+ me*2)

is an isomorphism by (VI-9). Since E is p-exceptional, E+ E(mmoL + A) is the

relative fixed divisor of p*(mmoL + A) + E over S. Thus we have an inequality
E(mmoL+A) +E > (m — k)N + ©,,.

On the other hand, mN + 0,, is the relative fixed divisor of ¢*(mE+dH)+mN ~

mmop*L + dp*H and hence W satisfies the condition E for p*(mmoL) + ¢*(dH).
Therefore,

—E(mmoL + A) < E + kN — E(p*(mmoL) + ¢* (dH)).

There is an effective divisor D on V such that Supp D contains no X; and p*D >
E 4+ kEN. Thus we are done. g

3.13. Lemma In the situation[3.11, suppose that any X; is not w-exceptional.

Let A be a m-nef and w-abundant Z-divisor of V' such that

(1) p*A is Q-linearly equivalent to the pullback of a ¢-nef and ¢-big Q-divisor

of Z,

(2) HJEAIXi;Xi/W(Xi)) >dimZ — 1 — dim 7w (X;).
Then there is an effective divisor D on W locally over S such that p*A — eD for
0 < e < 1 is Q-linearly equivalent to the pullback of a ¢-ample Q-divisor and
Supp D contains no components Y; of Y.

PRrROOF. Let Z be the ¢-nef and ¢-big divisor of Z with p*A ~g ¢*E. Then
E|p(x,) is ¢-big. Hence there is an effective divisor D’ on Z such that Supp D’
contains no ¢(X;) and 2 — eD’ is ¢-ample by Thus D = ¢*D’ satisfies the
condition. ]
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3.14. Theorem Let L be a w-pseudo-effective divisor and let A be a w-nef and
m-abundant Q-divisor of V. with A > (A). Suppose that
(1) any X; is not w-exceptional,
(2) L - (Ky +X+A) is m-nef and w-abundant,
(3) L|x is (w|x)-pseudo-effective,
(4) K(A;V)S) = k(KL + A;V/S) for some k > 0,
(5) k(Alx,; Xi/m(X;)) = k(A V/S) +dim S — dim 7 (X;) — 1 for any X;.

Then the restriction homomorphism
mOv(L+ A,) — mOx(IL+ (A))
is surjective for any | > 1.

PROOF. In the case: dimV = dim S, this is already proved in [3.7. Thus we
may assume that dimV > dim S.

Step 1 A reduction. We may replace V by a blowing-up as follows: let py: Wi —
V be a projective bimeromorphic morphism from a non-singular variety such that
the union of the pi-exceptional locus, pl_l(Supp A), and the proper transform Y;
of X is a normal crossing divisor. Let R, and R_, respectively, be the positive
and the negative parts of the prime decomposition of "Ry for the R-divisor R =
Kw, +Y1—pi(Ky + X +A). Here, R, is p1-exceptional and Supp R_Np; (X)) = 0.
Setting

Ll = p)1kL+R+a A1 = <_R1>+R*a

we have the equality
Ly — (Kw, +Y1 + A1) =p"(L - (Kv + X + A))
and an isomorphism
p1. 0w, (IL1 + p1Ay) = Ov(IL+ A)).

Hence we can replace (V, X, A, L,A) by (W1,Y1,Aq, Ly, piA). Therefore, we may
assume that there exist a projective morphism p: 7' — S from a non-singular
variety and a fiber space ¢: V' — T over S such that A is Q-linearly equivalent
to the pullback of a p-nef and p-big Q-divisor of T. Then the condition (5) is
equivalent to that ¥ (X;) is a prime divisor for any i. Since A =, X, L+ A satisfies
the condition (VI-2). Thus if I = 1, then the surjectivity follows from So, we
may assume [ > 2.
By[3.13, we can find an effective divisor Dy and € € Qsq such that

e X; ¢ Supp D; for any i,
e A — clD, is the pullback of a y-ample Q-divisor of T,
o (V&X,A +eDy) is log-terminal along X.

Since L — *Kr — (Ky p + X + A) is m-nef, we have
ko(L—X +¢*Q;V/S) = ko (L; V/T) + dim T — dim S
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for an R-divisor Q on T with @ + K7 being p-big by [VI4.1 The condition (4)

implies that ry(L + aA; V/S) = ks(A;V/S) for any a > 0. Hence, by V4.8,
ke(L;V/T) = k(L; V/T) = 0.

By considering the flattening pu: Z — T of ¢, we have the commutative diagram

such that ¢ = p o p.
Step 2. The case: A is a Z-divisor. Let A be a m-very ample divisor of V.

Applying[3.7 to jA + A as A, we infer that mIL + jA + A € E and
IimlL + jA] C ZImIL + jA + Al = J[mIL + jA + A]

for any m € N and j € Z>¢. Let H be a ¢-ample divisor on Z. Applying 3.12
to [L + jA, we have positive integers mg, d, k, and an effective divisor D of V
containing no X; satisfying the following conditions: If m > k and if p satisfies the
conditions E for mmg(IL + A) and E for mmop*(IL + A) + ¢*(dH), then

—E(mmo(IL+A)+ A) < p*D — E(mmop*(IL+ A) + ¢*(dH)).
There exist a positive integer a and an effective divisor D’ of V' such that a(A —
elDy) ~ ¢*(dH) + D' and X; ¢ Supp D’ for any i. Then
E(mmo(IL + A) + a(A —€lDy)) < E(mmo(IL + A) + ¢*(dH)) + p* D’
and thus
—E(mmo(IL+ A) + A) < p*(D + D') — E(mmo(IL + A) + a(A — el Dy)),

if p satisfies also the condition E for mmgo(IL + A) + a(A — elDy). We can choose
m > 1 so that (V&X,A +eDy + (1/mmyg)(D + D')) is log-terminal. Here

mmo(IL + A) +a(A —elDy) =m/(IL+ A) + V(I — 1)L + A —eDy)
for m' = mmgy — a(l — 1) and b’ = al. Thus we can apply [3.3 to

(A+ DL+ A, (= 1)L + A — Dy, (I — 1)1, mmo, m’, ¥/, A, D + D')
as (A, L, L', 3,m,m’ b, A, D).

Hence, the surjectivity follows.

Step 8. General case. Let b be a positive integer with bA being a Z-divisor.
We may assume that 7.Ox, (IL+ A,) # 0 for any i. Then 7,.Ox,(m(IL+ A)) #0
for any m > 0 divisible by b and for any i. Thus we infer that m(IL + A) € E and
Iim(IL + A)] = J[m(IL + A)] by applying Step 2 to mA instead of A. If m > 0 is
divisible by b, me € Z, and Bs|m(A —eD1)| = 0, and if p satisfies the conditions E
for m(l — 1)(IL + A) and E for mi((I — 1)L + A), then

—E(m(I—-1)(L+A)) <mep*Dy — E(mi((l — 1)L + A)).

Note that (V&X, A + A*) is log-terminal for A* := (¢/(l — 1))D;. Then we infer
that (IL + A, (I — 1)L + A,m(l — 1),ml, A*,0) satisfies the condition of [3.2 as
(L, L'ym,m*, A*, A). Thus the surjectivity follows. O
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3.15. Lemma In the situation [3.11] suppose that dimV > dim S. Let L be

a m-pseudo-effective divisor of V., C a divisor of V, © a prime divisor of V, and
X; C X a component of X satisfying the following conditions:

(1) 7(X;) is a prime divisor of S;

(2) Ko(p*LiW/Z) = K(p*L; W/Z) = 0;

(3) ©(®) =S and ©(©’) is a prime dvisor of Z for the proper transform ©’

of © in W;
(4)
Iim m~ ([ Z=dimS) pank G[mL + C + 6] > 0.

m—00

Then L ' .
lim (@M Z=dimS) pank Gi[mL + C] > 0.

m—00

PRrROOF. By VI2.26, we may assume that p*L ~ ¢*=+ N for a divisor Z on Z
and the effective divisor N = N, (p*L; W/Z). There exists a positive integer b such
that

T Ow (m@* =2 + DN + p*(C' + 0)) — 1, Oy (mL + C + O)
is isomorphic for m > 0. Thus we may assume that W = V and L = ¢*= for a

¢-pseudo-effective divisor =Z. We consider the following commutative diagram of
exact sequences:

Oy(mL+C) —— Oy(mL+C+0) ——  Og(mL+ C + ©)

l l l

Ox,(mL+C) —— Ox,(mL+C+0©) —— Ox,no(mL+C+ 0).
Let &,, be the image of the homomorphism
Oy (mL+ C+ 0) — 1,00(mL + C + 0).
Then this is a torsion-free sheaf of S and

lim g~ (dimZ=dimS) pank g, =0,

m— 00

since
rank &, < rank7,Og(mL 4+ C 4+ 0) = rank ¢, (Oz(mZ) ® p.0e(C + 0)).
By the commutative diagram above, we infer that there is a surjection
Thus we have the estimate of G;[mL + C] by (4). O
3.16. Theorem Let L be a m-abundant divisor of V. Suppose that
(1) 7(X;) is a prime divisor of S for any X,
(2) L - (Ky +X+A) is m-nef and w-abundant,
(3) K(L|x;; Xi/m(Xi)) = k(L; V/S) for any i.

Then the restriction homomorphism m,Ovy (IL) — m.Ox(IL) is surjective for any
[ >1.
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ProOF. The result for the case: | = 1 is derived from [2.9, since L satisfies
the condition (VI-2). Thus we may assume [ > 1. Furthermore, we may assume
dimV —dimS > x(L;V/S) by 3.10l By [VI4.2] L is geometrically m-abundant.
Thus we have a commutative diagram (VI-8) such that x(L; V/S) = dim Z — dim S
and ko (p*L;W/Z) = k(p*L;W/Z) = 0. We may assume W = V by the same
argument as in Step 1 of the proof of [3.14. By applying [3.14/to A = ¢*H for a
¢-very ample divisor H on Z, we infer that

m.Ov(mL + ¢"H) — m,Ox(mL + ¢*"H)
is surjective for m > 0. In particular,

IimL] C I[mL+ ¢*H]) = J[mL + ¢"H].
The surjection and the condition (3) imply the estimate

lim g~ (dim Z=dimS) oy g [mL + ¢*"H] >0
for any i. By applying[3.15 to C = —¢*H and a general member © of |2p*H|, we
have

lim g~ (M Z=dimS) pank G [mL — *H] > 0.

m— 00
In particular, there exist a positive integer a and an effective divisor D such that
alL ~ D + ¢*H and Supp D contains no X;. Thus (m + a)lL € E for any m > 0.
Moreover, if p: W — V is a bimeromorphic morphism satisfying the conditions E
for mlL + ¢*H and E for (m + a)lL, then

—E(mIL+ ¢*H) < p*D — E((m + a)lL).

We choose m so large that (V&X, A+ (1/m)D) is log-terminal. Then the condition
of [3.3 is satisfied for

(IL,(I-1)L,(I-1)/l,m,m+a,0,9"H,D) as (L,L,3,m,m' b A D).

Hence the surjectivity follows. O

84. Degeneration of projective varieties

In this section, we consider a projective surjective morphism X — S with
connected fibers from a normal complex analytic variety onto a non-singular curve,
and a point 0 € S. Let X denote the scheme-theoretic fiber over s € S and let
Xo = UT; be the irreducible decomposition of the special fiber. In this situation,
after replacing S by an open neighborhood of 0, we have a bimeromorphic morphism
v: V — X from a non-singular variety such that

(1) the proper transform X; of I'; is non-singular,
(2) X, are disjoint to each other,
(3) the composite 7: V. — X — S is projective.
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Note that 771(s) is a non-singular projective model of the normal projective variety
X, for general s € S. For a projective variety I' with singularities, the Kodaira
dimension (T"), the numerical Kodaira dimension k. (I'), and the m-genus P, (T"),
respectively, are defined as the corresponding invariants for a non-singular model

of T' (cf. Chapter IITI} §4.a, and [V[2.29).
4.1. Theorem The numerical Kodaira dimension k. is lower semi-continuous
in the sense that, for a general fiber X,
Ko (Xs) > max k,(T;).
ProOF. We may assume that Kx, is pseudo-effective for some i. By setting
X =) X;,L:=Ky+X,and A := 0, we apply results in §2| Then L is m-pseudo-

effective by [2.12] Therefore, for any m-ample divisor A of V and for m > 0, the
restriction homomorphism

m.Ov (mL + A) @ C(0) — @ H(X;,mKx, + A

X)),

is surjective by [3.7. The direct image 7, Oy (mL + A) is a locally free sheaf of rank
dim H(Vy, mKv, + Alv,),

for a general fiber Vy of m. Thus the lower semi-continuity follows. O

As a consequence, we have:

4.2. Theorem The numerical Kodaira dimension k., is invariant under a
smooth projective deformation.

In particular, if a smooth fiber is of general type, then any other smooth fiber is
also of general type.

4.3. Theorem Let I be the set of indices i such that T'; is of general type. If
I #0, then, for any m > 0,

Po(X) 2 Pu(T).

ProoF. We set X := > ., X;, A:=0, and L := Ky + X. Now L|x, is big
for any 4. Thus L is w-big by [4.1. The restriction homomorphism

7.Ov(mL) — @iel HO(X;, mKx,)

is surjective for any m > 0, by Hence the inequality follows since P, (Xs)
rank 7, Oy (mL).

As a consequence of [4.2 and [4.3, we have:

ol

4.4. Theorem The plurigenera P,, are invariant under a smooth projective
deformation of an algebraic variety of general type.

Next, we shall treat the case in which the abundance k., (Xs) = k(X;) holds for
a ‘general’ fiber Xj.
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4.5. Theorem Suppose that k(Xs) = ko (Xs) for a ‘general’ fiber Xs. Let I be
the set of indices i with ks(T;) = kK(Xs). Then, for any m >0,

Xa) = Ziel B

ProoF. We set X := > .., X;, A :=0, and L := Ky + X, where L is 7-
abundant. Then the restriction homomorphism

7.0y (mL) — @iel H(X;, mKx,)

is surjective for any m > 0, by [3.16] Hence the inequality follows since P, (X5) =
rank T, Oy (mL). O

4.6. Corollary The plurigenera P, are invariant under a smooth projective
fibration of algebraic varieties in which the abundance kqy(Xs) = Kk(Xs) holds for a
‘general’ fiber X.

85. Deformation of singularities

Let S be a normal variety, © C S a prime divisor, and 7: V — § a projec-
tive bimeromorphic morphism from a non-singular variety such that the proper
transform X of © is non-singular. Then, by (3.9, the homomorphism

(VI—].O) W*Ov(m(Kv+X)) HW*Ox(me)
is surjective for any m > 0. Furthermore, if A is a m-ample divisor of V', then
(VI—ll) W*Ov(m(Kv—FX)—i-A)—>7T*Ox(me—|—A)

is also surjective for m > 0 by
Let A be an effective R-divisor of S whose support does not contain ©. Suppose
that

(1) KS + @ + A is R-Cartier,

(2) v

(3) @ is normal

(4) the union of 77 !(Supp A U ©) and the m-exceptional locus is a normal

crossing divisor.
For the R-divisor
R=Ky+X-7"(Ks+0+A),
we set Ag := —(7|x)«(R|x). Then we have
R|X7KX:7(7T|X)*(K@+A@) and (Ks+®+A)|@ ~r Ko + Ap.

The following result is known as the inversion of adjunction (cf. [132], [74]):

5.1. Proposition If (0,Ag) is log-terminal, then (S&©,A) is log-terminal
along © (cf. I1/4.8).
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PROOF. It is enough to show "R' > 0 over a neighborhood of ©. Since R —
X — Ky is m-nef, we have the surjection

W*Ov<I—R—I> —» W*OX(FR—l)

by the vanishing theorem TI/5.12. By assumption, 'R' is a m-exceptional divisor
and "R|x' is an effective (r|x)-exceptional divisor. Therefore, for the natural
injection
1.0 ('R') — 1,0y ~ O,
the tensor product
W*Ov(rR—l) ® Og — Qg

is surjective. Therefore, 7,0y ('R') < Og is isomorphic along ©. Thus 'R’ >0
over O. |
By using (VI-10) and (VI-11), we have the following inversions of adjunction.

5.2. Theorem Let S be a normal variety and let © be a prime divisor. Suppose
that Kg + © is Q-Cartier and © is Cartier in codimension two in S.
(1) If © has only canonical singularities, then S&© is canonical along ©.
(2) If © has only terminal singularities, then S&O is terminal along ©.

PRrROOF. (1) Let m be a positive integer such that m(Kg + ©) is Cartier. By
assumption,
O@(m(KS + @)) ~ O@(mK@) o~ W*Ox(me).
Since (VI-10) is surjective, the homomorphism
F*OV(m(KV + X)) ® Og — Os(m(Ks + @)) ® Og
is also surjective. Hence m, Oy (m(Ky + X)) ~ Og(m(Kgs+0©)) along ©. Therefore
S&0O is canonical along ©.

(2) For the bimeromorphic morphism 7: V — S, we may assume that there is
an effective divisor F such that
e —F is m-ample,
e Supp F is the m-exceptional locus,
e X NSupp F is also (7] x)-exceptional.

Thus the homomorphism
W*Ov(m(Kv +X) - E) — W*Ox(mKX - E‘X)

is of the form (VI-11) and hence is surjective for any m > 0. There is a positive
integer m such that m(Kg + ©) is Cartier, Og(m(Ks + 0)) ~ Og(mKeg), and
mOx(mKx — E|x) ~ Og(mKg). Thus the homomorphism

W*Ov(m(Kv + X) — E) ® O — Os(m(Ks + @)) ® Og

is surjective. Hence 7, Oy (m(Ky +X)— E) ~ Og(m(Ks+0)) along ©. Therefore
S&0O is terminal along ©. O

5.3. Corollary
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(1) Small deformations of canonical singularities are canonical ([60], cf. [61,
7-2-4]).
(2) Small deformations of terminal singularities are terminal.

PROOF. In the situation above, suppose that © is a Cartier divisor of S and
that © is a normal variety with only canonical singularities. The complement
S° C S of Sing © is non-singular. Let j: S° < S be the immersion and let m be a
positive integer with mKg being Cartier. We have a commutative diagram

T Oy (m(Ky + X)) —— Os(m(Ks + 0)) ——= j.Os-(m(Ks + 0))
W*Ox<me) _ (’)@(mK@) _ j*(O@(mK@)|So).

The left vertical arrow is just (VI-10) and is surjective. Hence
Os(m(KS + @)) ® Og — (’)@(mK@)

is surjective and moreover is an isomorphism, since © is Cartier (cf. [I112.2}(2)).
Therefore, mKg is Cartier along ©. By [5.2, S has only canonical singularities or
only terminal singularities according as © has so. ([

5.4. Definition (Knoller [65]) Let (X, P) be a normal isolated singularity.
For m € N and for a resolution of the singularity p: Y — X, the m-genus v, is
defined by

Ym (X, P) :=length Ox (mKx)p/p Oy (mKy)p.

This is independent of the choice of resolutions.

Ishii [44] has proved the following theorem under some assumption [44, 1.9].
However the assumption is satisfied since (VI-10) is surjective.

5.5. Theorem The m-genus 7, is upper semi-continuous under a flat de-
formation in the following sense: let f: S — T be a flat morphism into an open
neighborhood T C C of the origin 0 such that the central fiber f=1(0) = Sy is
scheme-theoretically a normal variety with only one singular point P. Then there
is an open neighborhood U C S of P such that the inequality

Ym (S0, P) > Y (St, Q)

holds for any other fiber Sy = f~1(t).

QeSing S;NU

PRrROOF. We write © = Sy and use the same notation as before. Let C,,, be the
cokernel of the natural injection

W*Ov(m(Kv + X)) — Os(m(KS + @))
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Then SuppC,, is finite over a neighborhood of 0 € T. By replacing T, we may
assume that Supp C,, is finite over T' and f.C,, is a coherent Op-module. Then

ranko, fiCm = ZQeSt Ym (S, @) for t #0, and
lengthy,. (Cpy ® Og)p = dim f.Cp, ® C(0) > rankep,. f«Cnm.
Oeo.,p

In the commutative diagram
W*Ov(m(K\/ + X)) ®R 0 —— Os(m(Ks + @)) ® Og

| !

7.0x (mKx) — Oo(mKe),

the left vertical arrow of is surjective. The right vertical arrow is injective, since ©
is normal and Cartier. Therefore, we have an injection

Con @ Og — O@(mK@)/ﬂ*Ox(me),

which induces the upper semi-continuity of 7,,. (I



