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Abstract.

We establish effective uniform degree bounds for the generalized
Gauss map images of an embedded projective variety X C PV in terms
of numerical invariants such as dim X, deg X and N. This can be seen
as a generalization of a classical Castelnuovo type bound.

§1. Introduction

The aim of this paper is to give effective uniform degree bounds for
the generalized Gauss map images of an embedded projective variety
X C PV in terms of numerical invariants such as dim X, deg X and N.

We first recall the generalized Gauss maps ([Zak93, 1.§2]). We de-
note by G(m,N) the Grassmann variety of m-planes V C PV, and
denote the corresponding points by [V] € G(m, N). In our convention,
G(m,N) is the Grassmannian of all 0 € C™*! ¢ CN*L. For every
integer m with n :=dim X <m < N, we let

I ={(z,[V]) € Xpeg x G(Mm,N); Tx, CV} C X x G(m,N),

where T, is the projectivized tangent m-plane in PV and where the
overline means the Zariski closure in X x G(m, N). We let

gm : Ly — G(m, N)

be the projection to the second factor, which we call the m-th Gauss
map of X, and define

X! = gm(Tm) C G(m, N).

m
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Whenm = N—1, X% _, = X* C (PV)* is the so-called dual variety, and
when m =n, g, : I'y = G(n, N) or the rational map X --» G(n,N) is
the (standard) Gauss map. We define the defect of the m-th Gauss map
to be

def,, X := dimT,, — dim X},.

It is immediate that 0 < def,, X < n, and def,, X < def,,,11X. For
example, n — def, X = dim X, and def,, X = n for some m if and only
if X is a linear subspace. Our main result is the following

Theorem 1.1. Let X C PN be an n-dimensional projective variety
of degree d > 1. Then the degree of the m-th Gauss map image X, C
G(m, N) with respect to the Pliicker embedding of G(m,N) is bounded
as follows.

(1) deg X* < d(d — 1)~ 90X < q(d —1)".

Moreover, deg X = d(d — 1)™ holds if and only if X is smooth and
contained in a linear subspace P71,

n 4+ dim G(m, N)

n

(2) deg X, < degF(n,m;N)( ) deg G(m, N)deg X

for m with n < m < N, where (’;) s a binomial coefficient.

Here, deg G(m, N) is the Pliicker degree, and F(n,m; N) C G(n, N)
x G(m, N) is a flag manifold whose degree is measured by the Pliicker
embeddings of G(n,N) and G(m,N). We note that the integer C' =
deg F'(n,m; N) ("+dimf(m’N)) deg G(m, N) is independent of d = deg X.
In fact, this integer is explicit and can be estimated by C < (8 + (m+
1)(m — n))!(€ 4+ n)!/(n!) with £ = dim G(m, N) = (m + 1)(N — m) for
example. The bound (1) can be improved by taking the codimension
of X into account as well as a Castelnuovo type bound for the genus of
projective curves. The bound in (2) can also be improved by taking the
defect into account. For the sake of readability, we did not include these
sharpenings in Theorem 1.1; instead we refer the reader to Theorem 2.1
and Corollary 5.2. Section 5 is devoted to dealing with the situation of
positive defect. Actually, it is only with that same Corollary 5.2 that
Theorem 1.1 is completely established.

This type of topic is undoubtedly classical, and hence there exist a
lot of works related to this paper, especially when m = N —1 or m = n.
We do not attempt to present the history here; instead we refer to the
monograph [Zak93], the article [Zak12] and the references contained in
these. As a matter of fact, it was the article [Zak12] and the results of
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Castelnuovo type in it, especially [Zak12, Theorems 1.18; 1.21], which
originally inspired us to investigate generalized Gauss maps. However,
regarding the issue of effectivity, we are not aware of any previous results
establishing degree bounds for generalized Gauss maps, or even just for
standard Gauss maps.

It came as a surprise to us that we were able to prove the bound
in Theorem 1.1(1), since it is exactly of the same form as the bound in
[Zak12, Theorem 1.18] for the dual variety, which reads

deg Xy < d(d— 1)1 X < g(g — 1)

(proven there under the assumption that X C PV is linearly non-
degenerate). This certainly raises the question of the existence of further
relations among the values deg X with n < m < N and the underlying
reasons for them, such as a certain kind of symmetry or duality.

The possible existence of such relations is furthermore suggested
by Example 3.7 (see Remark 3.8(1)), which is the case of the Veronese
curves. Treating this example is not entirely elementary, and the discus-
sion in Example 3.7 is basically due to Kaji [Kaj15]. Most importantly,
we will find that it is not the case that deg X;;, < d(d — 1)" for general
m. More concretely, for the Veronese embedding X C P of P! of degree
d, we will see deg X7 =2(d—1),deg X5 =2(d —1)(d —2),deg X;_, =
2(d—1) and

deg X7 =2(d —m)((m —1)(d —m) + 1) deg G(m — 2,d — 2)

for 2 < m < d— 1. We interpret this formula in two ways. One way is

to note for example that deg X5 = 2(d — 3)(2d — 5)% > 24 for

all d > 5 and also deg X , = 4(2d — 5) ;i > 24 for all d > 5,
which are already exponential in d. A second way to understand this
formula is to consider the final formula established in Example 3.7(3),
which, after setting n = 1 for dim X and N = d for the dimension of the

ambient projective space, results in
dim G
deg X7, = <"+ n“n ) cdeg G - ((n+ 1)(d — 1) — 2(m —n)),

where G = G(m —n —1,N —n — 1). This is linear in d and should
also be compared with Theorem 1.1(2), which is polynomial in d (at
most of degree n + 1) multiplied by the degrees of Grassmann and flag
varieties and a binomial coefficient. We readily admit that the bound in
Theorem 1.1(2) is likely not sharp, but on the other hand, Example 3.7
shows that it is certainly not too far off.
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A significant subtlety in our work is that X can be singular. If X
were smooth, one could make use of various techniques to study this
subject and obtain at least some effective bounds rather easily. For
example, one could use the canonical bundle together with the adjunc-
tion formula and a ramification formula for finite morphisms, as well as
Katz’ degree formula [Kat73, Proposition 5.7.2], the Lefschetz theorem
for hyperplane sections, and the theory of bundles of principal parts or
jet bundles (see [Pie77, §2, §6], or Example 3.7 for a glimpse of these
techniques). However, these techniques are not applicable in many key
steps in this paper due to the possible presence of singularities.

Let us discuss the more technical part of our approach. Experience
shows that the most fundamental case is the case of the standard Gauss
map case without defect, i.e., g, : I, = X (and X --» X') is bira-
tional. The degree of the standard Gauss map image X C G(n,N)
is the intersection number of X and hyperplanes under the Pliicker
embedding of G(n, N). By an application of a Hodge index theorem
type inequality, bounding this degree can be reduced to bounding the
intersection number of a general hyperplane section curve on X and an
effective Weil divisor on X which is a strict transform, via the Gauss map
gn : X --» X of a hyperplane section of X! C G(n,N) by the Pliicker
embedding. This type of effective divisor on X corresponds to the ram-
ification divisor of a general linear projection of 7 : X — P" in PV. We
study carefully these standard geometric processes, i.e., hyperplane cuts
and linear projections. We will use the Kleiman-Bertini theorem and
another refinement of Bertini’s theorem to study codimension 1 points
in X (this amounts to saying that, if X is a curve, we study the behavior
of tangent directions around the singular points) and estimate the num-
ber of intersecting points by hand with the aid of a Castelnuovo type
bound [Har82, 3.7]. This line of argument is given in [Zak12, Example
1.4] in the case X is smooth, where the canonical bundle is used at some
point. This will be discussed in Section 2.

Theorem 1.1(2) is a statement of reduction from generalized Gauss
maps to the standard Gauss map. This reduction will be done by using
an incident variety technique in Section 3. Strictly speaking, this is com-
pleted only after some other reduction steps in Section 4 and Section 5
(see Corollary 5.2). In our context, subvarieties X C P can be degen-
erate in two manners. The first is linear degeneracy and the second is
non-birationality of Gauss maps. A subvariety X C PV is said to be lin-
early non-degenerate if X is not contained in a lower dimensional linear
subspace of PV, This kind of degeneracy is handled by way of Lemma
4.3. For the case when def,, X > 0 also, we obtain a natural reduction
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to the case of zero defect by general hyperplane cuts in Proposition 5.1
thanks to the tangency theorem of Zak [Zak93, 1.2.3].

We work over the field of complex numbers C. Our projective space
is the space of all complex lines passing through the origin in a complex
vector space. By a variety, we mean a reduced and irreducible scheme
of finite type over C. Our argument works without any changes for
varieties over an algebraically closed field of characteristic zero.
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§2. Bound on the birational standard Gauss map image

We shall devote this section to proving the following version of The-
orem 1.1(1) which represents its most fundamental form.

Theorem 2.1. Let X C PV be an n-dimensional projective variety
of degree d. We denote by Nx the dimension of the smallest linear
subspace (X)(= PNx) C PN containing X. Let a := Nx —n, and let ¢
be the unique integer with e = d (mod a) and 1 < e < a. Lety: X --»
G(n, N) be the Gauss map defined by x € X,eq — [Tx o] € G(n,N), and
denote by Y = v(X,eq) the Zariski closure, i.e., Y = X, Suppose that
the map v : X --+ Y is birational. Then the degree of Y with respect to
the Pliicker embedding of G(n, N) is bounded by

dng<%(1((1—6)((1—@4-5—2)4-2(1—2) <d(d-1)"
a

Moreover, degY = d(d — 1)™ holds if and only if X is smooth and
contained in a linear subspace P!, i.e., Nx =n+ 1.
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Remark 2.2. (1) To obtain a bound of degY” without using ¢, one
can weaken the above bound to

(%(d S 1)(d—2)+2d— 2>n - dzzl + o).

degY < pIE

(2) It is not hard to understand when degY = =L+ (1 (d—¢)(d—a+
e—2)+2d— 2)“ holds. Namely, by the proof of Theorem 2.1 (see Step
(5) there), this happens only when, letting C = X NP"~! be a curve
obtained by general hyperplane cuts, the embedded curve C' C (X) N
Pr—1 = PNx=n+1 of deg C = d and codim C = a in PVx "+ gatisfies
the equality g(C) = o (d—e)(d—a+e—2) in the Castelnuovo type bound,
where g(C) is the arithmetic genus of C'. Thus, a characterization of X
with degY = 7+ (L(d—¢€)(d—a+e—2)+2d —2)" will be reduced to
that of hyperplane cuts C' with g(C) = 5=(d — €)(d — a + € — 2), which
has been studied classically (we refer to [Har82, Ch.3] for a modern
treatment). O

Let us start a discussion towards the proof of Theorem 2.1. We set

I'={(z,[Txs]) € Xpeg x G(n,N)} C X x G(n,N),
and let p: ' = X and ¢ : I' = G(n, N) be the projections:

r —-5YcaGnhN)

i
X c PN

By an abuse of terminologies, we call the projection ¢ : I' = G(n, N), as
well as the regular map v : X,y — G(n, N) and also the rational map
v : X --» G(n,N), the (standard) Gauss map. For every subvariety
V C X not contained in X4, we set (V) :=y(V N Xyey)-

Recall that a brief outline of the proof is given in the Introduction.
We will estimate an intersection number of a general curve on X and a
divisor on X which comes from a Schubert subvariety in G(n, N). We
count such an intersection number by hand, by using the geometry of
Grassmannians. Let us start to prepare for the proof of Theorem 2.1,
which will be given in the final part of this section.

We suppose n > 1 for the remainder. In the case n = 1, Theorem 2.1
is classically known, and it can also be proved by the argument in this
section with many trivial modifications. The birationality assumption
on vy : X --» Y trivially excludes the case d = 1. The following are some
additional noteworthy remarks.
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Remark 2.3. (1) We recall (or describe) the rational map v : X --»
G(n,N) on a general point of Xj;,, outside of an (n — 2)-dimensional
Zariski closed subset. Let

XoC X

be a Zariski open subset such that p : I' — X is finite over Xj. Since p
is birational, we see dim(X \ Xy) < n — 2. For every z € X, we define
the positive integer J(x) to be the number of points in Suppp~!(x) C T.
We have J(z) = 1 and p~!(z) = (x,[Txz]) for z € X, for example.
We let in general

pHz) = {(, [Tx 2 ,]) with [Tx 5 ;] € G(n,N),j=1,...,J(x)}

for # € Xy and refer to Ty, ; as a tangent plane at x (these [Tx , ;] are
defined by p~!(z)). Then q(p~'(x)) = {[Txx,l,i =1,...,J(z)} C Y.
For every integer k > 1, the set {z € Xo; J(x) < k} is Zariski open.

We now proceed to define a certain subset Z C X. In case there
is no (n — 1)-dimensional part of Xgng, set Z = (. Otherwise, let
>\ Zx be the irreducible decomposition of the (n — 1)-dimensional part
of Xging. For every Zy, there exists an integer k& > 1 such that {z €
Z\x N Xo; J(z) <k} is non-empty and Zariski open in Z. We take ky
to be the smallest integer such that

Zxo :=A{x € Zx N Xo; Xging is smooth at z and J(x) =k}
is non-empty and Zariski open in Z). Then we set
7 = UA Zxo C Xo.

(2) Let M C PV be a general (N — n + 1)-plane so that the inter-
sections X,cq N M and Z N M are transverse (recall Z C X4 from (1)
above). Then

C:=XNM

is an irreducible curve of degree d > 1, and C.cy = Xyeg MM by Bertini’s
theorem ([Har95, Theorem 17.16]). Codimension 2 (or higher) points in
X are irrelevant for C' due to M being general. Thus, we can suppose
CCXpand Xgng "M =2ZNM. O

In the situation in Remark 2.3(2), we can further suppose that
Tx ;N M is a line for every 2 € C and j = 1,...,J(x) by the fol-
lowing Bertini-type lemma. (If 2 € Cycq, then Tx , "M = T¢, and it
is certainly a line.)
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Lemma 2.4 (Bertini-type). There exists a non-empty Zariski open
subset U C G(N —n+1,N) such that, for every [M] € U, C = XNM C
Xo has the properties in Remark 2.3(2) and Tx ,; N M is a line for
every tangent plane T'x » ; of X at x € C.

Proof.  'We follow the arguments in [Har77, I1.8.18] for the proof of
the usual Bertini theorem. We set G := G(N —n+1, N). The conditions
in Remark 2.3(2) pose only a Zariski open condition on G. For every
&= (x,[T]) €T C X x G(n,N), we consider

Be ={[M] e G; x € M,dim(M NT) > 2}.

It is always the case that M NT is a linear subspace of dimension > 1.
This Be is a Schubert variety of partition type (n —1,1,1) and hence
of codimension n+ 1 in G (see Remark 2.5(1) below). Thus, dim Be =
dimG — (n+1).

We consider B C I' x G consisting of all pairs (&, [M]) such that
[M] € Be. The fiber of the first projection p; : B — I' over £ € T’
is nothing but B¢. The subset B is a kind of incident variety over I'
(see Remark 2.5(2)) and we have dim B = dimT" + dim B = dim G — 1.
The second projection ps : B(C I' x G) — G cannot be surjective simply
because of the dimensions. If we take an element [M] € G\ p2(B), which
is non-empty Zariski open, then [M] & By for any £ € TNp~!(X). This
means dim(M NTx , ;) =1 for any € M N X, and any tangent plane
Tx 2 of X at x. Q.E.D.

Remark 2.5. The following are mostly purely general remarks on
Grassmannians.

(1) Let z € PV and let T C PY be an n-plane containing . We then
observe that o, 1 = {[M] € G(N—-n+1,N); x € M,dim(MNT) > 2}
is a Schubert variety of the partition type (n — 1,1, 1) in the convention
of [GH94, Ch.1, §5]. We set ¥ = N —n+2,n' = N + 1 and denote
by Ga(k',n') the Grassmannian of all 0 € C¥ ¢ C" (“A” stands for
“affine”). By convention G4(k',n') = G(N —n + 1,N) in a natural
way, which is given by the projectivization [A] € Ga(K',n") — [P(A)] €
G(N —n+1,N).

We take a flag: 0 € Vi, € Vo C ... C V1 C Vv in c™ (i.e.,
each V; is an i-dimensional linear subspace) so that P(V;) = z and
P(Vpy1) = T. For a K-plane A ¢ C", [P(A)] € o, if and only if
dim(ANVy) > 1,dim(ANV,) > 2 and dim(A N V;,4+1) > 3. Note that
dim(ANV,) > 2is a trivial necessary condition for dim(A N V;,41) > 3.
Namely, letting (a1,a2,a3) = (n — 1,1,1), 0,1 can be identified with
{[A] € Ga(K',n'); dim(A N V,y_pryi—a,) > iforalli = 1,2,3}. The
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latter subset in G4(k',n’) is a Schubert variety of the partition type
(n—1,1,1), which is commonly denoted by o,,—1,1,1 as in [GH94, p. 196].

(2) Let Q € PN xG(n, N) be the universal family of n-planes, defined
by Q = {(z,[T]) € PN x G(n, N); x € T}. We consider another incident
variety ¥ C  x G(N —n + 1,N) defined by ¥ = {((z,[T]),[M]) €
QxGIN—-n+1,N); x € M,dim(M NT) > 2}. The fiber of the
projection ¥ — 2 is a Schubert variety of the partition type (n —1,1,1)
as we saw in (1).

Our variety T' sits in Q via the inclusions I' € X x G(n,N) C
PN x G(n,N). By restricting this family ¥ — € to I', we have a family
Yr — I', which we denote by p; : B —T. O

We next study a special type of divisor on X coming from a Schubert
subvariety in G(n, N).

Remark 2.6. (1) Let L C PV be an (N —n — 1)-plane. We set
D ={[A] € G(n,N); ANL # 0},

which is a special hyperplane section of G(n, N) with respect to the
Pliicker embedding. Although Dy, is defined as a set, there is a natural
scheme structure as a restriction of a hyperplane. By the Kleiman-
Bertini theorem ([Kle74, Remark 7, Corollary 8|, [Har77, I11.10.8]), if
L is general, the hyperplane section Dy is reduced and irreducible on
G(n,N), and moreover Y., and (Dp )y, intersect transversally with
expected dimension for our Y.

(2) Let L € PN be an (N —n — 1)-plane. We denote by 7y, : PV —-»
P? the linear projection from L (we prefer to denote the target P™ by
P? to avoid any potential for confusion). If L is general, the map my,
induces a finite morphism 7y, : X — P}. We then set

Rr = {$ S Xreg; TX,z NL 7£ @},

which is a codimension 1 subset of X, and give it the reduced structure.
This Ry, is the locus where the rank of the differential of m, : X — P}
drops. We can put a natural scheme structure Ramy, on the set Ry as
follows. Letting Ry, = Y. Rp; be the irreducible decomposition and e;
be the ramification index of 77 : X — P} along the generic point of
Ry, we set

RamL = Z(ez — ]-)RLz

(Cf. [Zakl12, Example 1.4]. The notation is slightly different, and
the smoothness of X is assumed at some point there.) We set By =
L (RL) - Pz
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(3) We will take a resolution of singularities p : I' — I, and let
p=popu, ¢=qou be the induced morphisms:

I —25 vYcGmnN)

di
X cPpV

We will also take a Zariski closed subset Sx C X (resp. Sy C Y) such
that p: T\ p~1(Sx) — X \ Sx (resp. ¢ : '\ ¢ }(Sy) — Y \ Sy) is
isomorphic, and set

S:=Sx Up(g (Sy)) C X.

In particular, we note that S O Xginy and q(p~1(S)) D Yiing, P is
isomorphic over X \ S, and ¢ is isomorphic over Y \ ¢(p~1(S)), which
is Y\ g(p~1(S)). Observe that trivially p=1(S) D ¢~ 1(Sy). We will be
able to take E =S5 C X and F = ¢(p~1(S)) C Y in Lemma 2.7 below.

For every © € Ry N X,¢q, we have [T'x ;] € D, NY by the defini-
tions. Via this correspondence, we can identify Rp|x\s, P*(RL|x\s),
a*(DL‘Y\q(pfl(S))) and DL|Y\q(p*1(S))7 under the isomorphisms X \ S &

T\51(S) =Y \q(p () =Y\ am "(3)). O

The next lemma is a kind of base point freeness statement. A slight
subtlety is the constraint L. C M. Without L C M, it would be much
easier and entirely straight forward.

Lemma 2.7. Let E C X (resp. F CY ) be a Zariski closed subset
satisfying Xging C E # X (resp. Ysing C F # Y ). Then there exist a
(general) (N —n — 1)-plane L C PV and a (general) (N —n + 1)-plane
M C PN with L C M such that (i) C = X N M has the properties in
Remark 2.3(2), (ii)

CNRL, CX\ECX,e and v(C)NDp CY\F C Y,

(iii) C' and Ry, intersect transversally where they are smooth, and (iv)
Dy, is reduced and irreducible on G(n,N), and Y,eq and (Dr)yeq inter-
sect transversally.

Proof. (1) We consider A = E U p(q~'(F)). We take a general
(N —n+ 1)-plane My as in Lemma 2.4 as an auxiliary object and set
Co = XN My. We can further suppose that My contains an (N —n—1)-
plane Loy which is general in view of the Kleiman-Bertini theorem in
Remark 2.6(1). If the Kleiman-Bertini theorem holds for one Ly C Mo,
it holds for general L C My. Since p : I' - X and ¢ : ' — Y are
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birational, these are finite morphisms in codimension 1 over the targets.
We may further assume that p is finite around Cy and hence p~1(CoN A)
consists of a finite number of points. The number of points in Cy N A is
just the degree dy in PV of the (n — 1)-dimensional components in A.
Then q(p~'(CpNA)) corresponds to a finite number of tangent n-planes
{Tx 2,51 <i<da,1<j<J(x;)}of X. By Lemma 2.4, we know that
these T'x 4, ; N Mo, 1 <i <da,1 <j < J(z;), form a finite number of
lines in My. We then take a general (N —n —1)-plane L C My such that
L does not intersect any of these lines T'x ., ; N My and L satisfies the
genericity condition in Remark 2.6(1). Then Dy Ng(p~*(CoNA)) =0
by definition of Dy. We fix this L for the rest of the argument.

(2) We shall then take an M (D L) which is close to My in G(N —
n+ 1, N) so that the intersection (X N M)N Ry, becomes transverse. We
first note that the set F':= {{M] € G(N —n+1,N); M D L} and the
set F := {lines in P7} = G(1,n) can be identified in a natural way via
F > [M]— [MNP}] € F'. For the Zariski open U C G(N —n+1,N) in
Lemma 2.4, the set UNF' is Zariski open in F’ and non-empty because of
[Mo] € F. We take a general point [¢(] € F’ so that (i) the corresponding
[M] € FisstillinU C G(N—n+1,N), (ii) £ and By, = 71 (Ry) intersect
transversally where By, is smooth and where the morphism R; — Bp,
is unramified over a Zariski open subset containing ¢ N By, and (iii)
Dy Nq(p~t(C N A)) =0, where C = X N M. The last property (iii)
follows since Dz, N q(p~1(CoN A)) = () for My and a small perturbation
of My will not change the fact that the intersection is empty. We shall
show that these L and M are what we are looking for.

(3) We shall prove that v(C) N Dy N F = (). We take a point
y € v(C)N F. The condition y € v(C) means that y is represented by
a tangent plane at some point x € C, i.e., y = [Tx 4 ;] for some 1 <
j < J(z). Then by y € F, we have z € p(¢~*(y)), in fact (z, [Tx . ]) €
¢ *(y) and p((x,[Txx])) = x. Hence z € C’ﬂp( “(y) c CnA.
However, by our choice of L and M, Dy Ng(p~*(C'N A)) = 0 holds. It
follows that y = [Tx » ;] & Dr.

(4) We shall prove that CNR,NE = ). We take a point € CNRy.
We first note that T'x , ; N L # () (not only as a limit) for some tangent
plane at z. In the case x € X,..g4, this follows from the definition of Ry.
If z € Xging, T € Xging N C must be in general position in X4 as in
Remark 2.3. Then by definition of Ry, there exists a sequence of points
{x)} such that z), € Xyeqy, Tx o, NL # 0 and limy,_, o 2, = z. By passing
to a subsequence, we may assume that p~!(x) = (@, [Tx.s]) € T
converges to a point in p~'(z) = {(z,[Tx2,;])}1<j<sz) C [, namely
[Tx,5,] = limgoo[Tx 5] in G(n,N) for some 1 < j < J(z). Hence
TX,%]' NL 75 0 too.
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On the other hand, if x € E, we have x € CNE C C'N A. However,
then T'x , ; N L = () by our choice of L and M. Thus, CN R, NE = 0.

(5) We shall prove that C' and Ry, intersect transversally where
they are smooth. We take a point x € C'N Ry, which is contained in
X\ E C X,cq as we have just seen. The property (ii) in (2) implies
that Ry is smooth at x. Since v € C = X N M and = € Cycq, We see
Tex=Tx,NM and then To, NL=Tx,N(MNL)=Tx,NL#0
as ¢ € Ry N X,¢q. If C'and R; are tangent at the point x, we have
Tew C Try . Thus, we see Tg, » N L D Te, N L # (0, which implies
that the morphism Ry — By is ramified at x € Ry. This cannot happen
by the condition (ii) in (2).

We add a remark for a later purpose. Let us take a point z €
C N Ry, above. Once we know that C' and Ry, intersect transversally,
the ramification index e of my, : X — P} along the component of Rp
containing z and that of 7 |c : C — P! coincide. Q.E.D.

We are ready to give a proof of Theorem 2.1.

Proof of Theorem 2.1. We take a resolution of singularities p : I —
I', and let p = po u,q = q o u be the induced morphisms as in Remark
2.6.

(1) Let H be the hyperplane section class on PV, and let D be
the hyperplane section class on G(n N) with respect to the Pliicker
embedding. We let H = p*H and D= q¢*D, which are nef and big
classes and give base point free linear systems on . Let = Di. gn—i
for i = 0,1,...,n (which satisfy r; > 0 for all 7). In particular, o =
H" - X = degX =d, r, = D" -Y = degY. By the Khovanskii-
Teissier inequality ([Laz04, Example 1.6.4]), we have the Hodge index
theorem type inequalities as in [Zak12, Theorem 1.1]; in particular, we
have r,, < r{b/rgfl, i.e., degY < r?/d"~!. For our purpose, it is enough
to show that

—_

=D -H" ' < =(d—e)(d—a+e—2)+2d—2<d(d—1).

s

(2) Here we explain a shghtly more general situation. For every
choice of general members Hl,... Hn , € p*|H| (ie., H; = p*H, for a
general H; € |H|), C = HiN...N H,_; is a smooth (because of the
base point freeness of p*|H|) irreducible curve on I and C' = Hy N...N
H,,_1NX is areduced and irreducible curve on X. Then C' C (X)NM (=
IiN x=n+1) ig linearly non-degenerate. The induced morphism v := p| Bk
C' — C is in fact the normalization. Every general (N — n + 1)-plane
M C P can be written as such an intersection M = Hy N...N H,_;.
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Let L C PN be a general (N —n — 1)-plane with L. C M so that
the linear projection 7 : PN --» P} from L induces finite morphisms
7+ X — P} and 7y, : C — P!, where P! is a line in the target P7. Let

fLZTFLOVZCVV%PI

be the induced d-sheeted covering, and let QQp, C C be the ramification
divisor of fr. Then by Hurwitz’ formula, 2¢(C) — 2 = —2d + deg Q..
where g(C) is the genus of C' (and ¢(C) will denote the arithmetic genus
of C). By a Castelnuovo type bound [Har82, 3.7] (the “genus” there
means the arithmetic genus, see [Har82, p. 2]), we have

g(C) <g(C) < i(d—s)(d—a—i—s— 2).

We note that 5-(d —&)(d —a+e —2) < 2(d —1)(d — 2) holds, and the
equality holds only when a = 1, i.e., (X) = P"*!. Thus,

—_

degQr, < E(d—a)(d—a+5—2)+2d—2 <d(d-1).
The integer r1 in (1) can further be written as D - H™™! = (¢*D) -
pY(C) =D -~4(C) = deg~(C). Since Dy, € |D|, our object of interest
is v(C) N Dy,

(3) Using Lemma 2.7 for £ := S C X and F := q(p~1(S)) C Y as
mentioned in Remark 2.6(3), we choose an (N — n — 1)-plane L C PV
and an (N —n + 1)-plane M C PV with L € M as in Lemma 2.7 such
that

CNR,CcX\S and y(C)NDr CY\qp*(9))

plus other conditions stated there, where C' = X N M. We note that the
birational morphisms p and ¢ (and also the Gauss map v : X --» Y)
induce isomorphisms X \ S = '\ p~1(S) = Y \ q(p~1(5)) = Y \
q(p~1(S)). Under these isomorphisms, we can identify C'\ S, 6’\]7_1(5)
and v(C)\q(p~1(95)), as well as Rp|x\s, P*(Rr|x\s)s T (DLlv\q(p-1(5)))
and Drly\g(p-1(s)) (as in Remark 2.6(3)). Thanks to these identifi-
cations, and noting the inclusions v(C) N Dy, C Y \ ¢(p~(S)) and
CNRLCX\S, we have

v'(Rrle) = (¢"Dr)lg

for the normalization v = p|5 : C — C. Tt is true that the effective
Cartier divisor Dy |y and «(C) intersect transversally where they are
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smooth, since Ry, and C' do so. Thus, the Pliicker degree of v(C) C
G(n,N) is
degv(C) = #(Dr Nv(C)) = #(RL. N C)

just by counting the number of intersection points (without multiplici-
ties).

Recall that, for @ € Creg, 7, + X — P} (rvesp. np : C — PY) is
ramified at z if and only if Tx , N L # 0 (vesp. Te, N L # 0). Since
Tx.NL = Tc, N L for x € Crey, we obtain the equivalence that
wr, : X — P} is ramified at « if and only if 7, : C — P! is ramified at
x. Thus, we have

QLlv-1(Crey) = Wlo-1(c,.,))" (Ramyrlc,.,)

on v HCheq) C C.

(4) Adapting the construction and notations in (2) for these L and
M in (3), we see

QL i V*(RL|C)a

i.e., @y is more effective than v*(Ry|¢). This is because of the fact that
(i) Qrlv-1(c,ey) = Wh1(c,.)) " (Rami]c,,,) on v7H(Creg) C C as we
have seen 1n (3), (ii) Ramz|c = Rpr|c, and (iii) Ry has no support on
Clsing as a consequence of CNRy, C X\ S (while @1, may have a support
on v~ H(Cying))- o

Thus, noting D - H"~* = deg(q*Dy)| 5, we have

D-H" ' =degrv*(Rp|c) < degQy,

2(d—5)(d—a+572)+2d72Sd(d*1)-

IN

This is what we wanted to prove in (1).

(5) Suppose now that degY = d(d — 1)™ holds. Then it has to be
that deg Qr, = d(d — 1) in the preceding argument, and then a = 1, i.e.,
X c(X)y=P""in (2 ). By Lemma 4.3 (an independent general result)
we have deg) = dean, where g, : I, — X* C G(n, (X)) is the n-th
Gauss map for X C (X) = P""L. We then have deg X} = d(d — 1)",
which can happen only when X is smooth due to [Zak12, Theorem 1.18].
It is also known due to [Zak12, Theorem 1.18] that, if X is a smooth
hypersurface in P"*1, then deg X = d(d — 1)" holds (the Gauss map
Y=0gn: X = X is blratlonal as soon as d > 1 in this setting). Q.E.D.
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§3. Reduction to the standard Gauss map

We shall prove Theorem 1.1(2) in the case when g, : I'y, — X, is
birational. In the case when g, is not birational, the proof of Theorem
1.1(2) gets completed with Corollary 5.2.

We temporarily take three positive integers n, m, N satisfying n <
m < N until we reach Proposition 3.4. When we consider polar-
izations and degrees of Grassmannians G(n,N), G(m,N), G(n,N) x
G(m,N),..., and of any subvarieties of those spaces, it is always with
respect to the Pliicker embeddings.

3.1. (1) We let F(n,m; N) C G(n, N) x G(m, N) be a flag manifold
defined by

F(n,m;N) ={([V],[W]) € G(n,N) x G(m,N); V.C W},

and let
F(n,m;N) —"— G(m,N)

g
G(n,N)

be the projections. This F(n,m; N) is an incident variety fibered over
G(n, N) with fibers isomorphic to G(m —n—1, N —n —1); in particular,
dim F(n,m;N) = (n+ 1)(N —n) + (m — n)(N —m). Various incident
varieties play important roles in this paper (some of them have already
appeared in Section 2). There is an explicit (but somewhat involved)
formula for deg F'(n,m; N) by representation theory (see Remark 3.5
below). Here we employ the simpler estimate

deg F(n,m; N) < (dim F(n,m; N))!.

(2) This F' := F(n,m; N) connects our X, with X in the following
way, where X C PV is as in Theorem 1.1. We pull back the bundle
structure F' — G(n, N) by the inclusion X C G(n,N) and also the
standard Gauss map g, : I, = G(n, N). We then obtain an induced
diagram as follows:

g F Fy. 2% P —— G(m,N)
| | |
Fn gn X;,; incl. G(TL, N)

By definition g} F = {(z, [V]) x [W] € T,, xG(m, N); V. C W}. We have
a natural morphism S : g F — X x G(m, N) given by (z, [V]) x [W] —




218 G. Heier and S. Takayama

(x,[W]). If we restrict everything to X,4, then by the definitions of
I',, and g} F', B gives a natural identification of ¢} F' and I',,,. Since I',
and g F' (as fiber bundles over T'),) are irreducible, we have (g} F) =
I';,. This construction also shows that g’ F' is the fiber product of the
projections p, : I, = X and p,, : ')y — X over X. As a result, we
have the following commutative diagram:

X &1, 25 GmN)

Pn Tbirat B T birat. H

r, «—— g:F —— G(m,N)-

gl ! H

G(n,N) «+=— F "5 G(m,N)
O
The main reduction step towards Proposition 3.4 is the following.

Lemma 3.2. Let Y C G(n,N) be a closed subvariety. Consider

Fy ={([V],[W]) € G(n,N) x G(m,N); V.C W,[V] e Y}
= F(n,m;N)N (Y x G(m, N)),
Y, = Wm(Fy) C G(m,N)

with reduced structures. This Fy can be seen as a G(m—n—1, N—n—1)-
bundle over Y. Suppose that the induced morphism mwp, @ Fy — Yy, is
birational. Then

dimY + dim G(m, N)

degY,, < degF(n,m;N)< dimY
im

> deg G(m, N)degY.
Proof. Let H, (resp. H,,) be a hyperplane section under the Pliicker
embedding of G(n, N) (resp. G(m,N)). We set k = dimY,,. Since
T+ Fy — Y, is birational, we have degV,, = Y,,LH,’fL = Fyﬂ'j‘ann.
Combining this with Fyn HY < Fy (v H, + 7} H,)* = deg Fy, we
obtain degV,, < deg Fy. We set F' = F(n,m; N) and G = G(m, N) for
simplicity. Since Fy = FN(Y x G), we have deg Fy < deg F-deg(Y xG)
by a Bézout type inequality. We also have deg(Y xG) = (Y xG)(n} H,+
7 Hyp )Y #dim G — (dim¥Adim &) ooy . deg G Thus, our claim is
proven. Q.E.D.
Remark 3.3. Our estimate is not optimal due to the inequality
Fyni H* < Py (rH, + 7, H,,)" in the argument above. O
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Proposition 3.4. Let X C PV be an n-dimensional projective va-
riety and let m be an integer with n < m < N. Then Theorem 1.1(2)
holds if the m-th Gauss map gm, : I'y, — X, is birational.

Proof. We take Y = X* C G(n,N) as the standard Gauss map
image of X in the setting of Lemma 3.2. In the second commutative
diagram in 3.1(2), if g, : 'y, — X5, is birational, it follows that ¢g* F —
gm(T'm) = X, € G(m, N) is birational too. The latter implies Fx- —
Tm(Fxx), i.e., Fy — m,(Fy), is birational. Since the birationality of
gm : I'my — X, implies the birationality of g, : Iy — X, for any
m’ with n < m’ < m, we have dim X} = dimT,, = n (the projection
I', — X is always birational). Thus, by Lemma 3.2, we have

deg X, < C'deg X with
n + dim G(m, N)

C= degF(n,m;N)(
n

> deg G(m, N).

Let us again write F' = F(n,m; N) and G = G(m, N). The following
rough bounds give the bound C' < ({+(m+1)(m—n))!({+n)!/(n!) with
= (m+1)(N—m) =dimG. By Remark 3.5, we have deg F' < (dim F)!
and deg G < (dim G)!. We recall dim F = (n+1)(N —n)+ (m —n)(N —
m) =L+ (m+1)(m—n). We then have deg F' < (¢ + (m+1)(m —n))!,
and ("+d;II‘G) deg G < %[! = @ Q.E.D.

Remark 3.5. We make some comments on a degree formula of
homogeneous varieties. We refer to the nice paper [GW11] for an ex-
planation of the following type of calculation. Let F' be a homogeneous
variety with an ample line bundle Hy. Let A be the dominant weight
corresponding to Hy. Let p be one half times the sum of the positive
roots. Then the degree of F' with respect to H) is given, due to Borel-
Hirzebruch (see [GW11, Introduction]), by

degy F = (dim F) 'H Wy
P»Oé

where the product is taken over positive roots a with (A, a*) # 0. In
general, these products are quite involved. For example, the Pliicker
degree of the Grassmannian is

0! 1! (m —1)! m!

deg G(m, N) = (dim G(m, N))! Nl Vw1l VoDl N

with 0! = 1 ([Har95, p. 247]). By a somewhat similar reasoning, we have
deg F' < (dim F)! for the Pliicker degree of flag manifolds. Thus, we can



220 G. Heier and S. Takayama

use (dim F')! as a rough bound, which is only achieved for the full flag
manifold. 0

Remark 3.6. We take this opportunity to establish two inductive
relations of degrees which appear in Theorem 1.1(2) and Corollary 5.2:
degG(m —1,N —1) < degG(m,N) and deg F(n —1,m —1; N — 1) <
deg F(n,m; N). The first relationship follows from the formula in Re-
mark 3.5, but we prefer to give an independent self-contained proof in
(1) below for the proof of (2). The condition n < m < N plays no role
here, so we will replace m by the unencumbered variable n below. Note
that the first relationship immediately implies ("71+dimG(m*1’N *1)) <

n—1
n+dim G(m,N)
n

(1) We shall prove deg G(n, N) < deg G(n+1,N+1) for 0 <n < N.
Here we work under the convention G(n, N) = {(0 €)C" c CV} for a
technical reason. We write CN*t! = CN @ Ceq for a non-zero vector
eg € CN*T1 Let G = G(n,N), g = dimG = n(N —n), G = G(n +
I,N+1), §=dimG = (n+ 1)(N —n). We take an embedding

o: G — G given by V(=C") — V =V & Ce.

For [W] € G, [W] € a(@) if and only if W D Cey. We see codim (a(G) C
C:') =g—g = N —n. If we take Pliicker embeddings G — Pg and
G — P, there is an embedding Pg — Pz as a linear subspace which
makes the following diagram commutative:

G —— Pq

o |-

G —— b,

For a full lag 0 € V; € Vo C ... € CN*+! of CN*! starting with
Vi = Cey, we consider a special Schubert cycle on_n(= on—n,00,.) =
{W =Cn*! ¢ CN*; W 5 Vi) on G. This is nothing but a(G), ie.,
a(G) = ony_pn. We refer to [GH94, Ch. 1, §5] for Schubert cycles. We
recall in particular that the Schubert cycle o1 of codimension 1 is a
hyperplane cut of G under the Pliicker embedding. By Pieri’s formula
([GH94, p.203]), we have o1 - 0y, = 0p41 + 01 for every positive integer
b (< §), and thus ¢} = o3, + R, inductively with some effective (perhaps
equal to zero) codimension b cycle Ry on G (Ryp is a sum of Schubert
cycles with non-negative coefficients). In particular,

o™ = a(G) + Ry .
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Noting that g — g = N — n, we have

degG =09 =699 .09 = (@) + Ry_n) - 07

> a(G) o = a*(01)? = deg G.

(2) Next, we prove deg F'(n,m; N) < deg F(n+1,m+1; N+1). Here
we work under the convention F(n,m;N) = {(0 €)C* c C™ c CV}.
Again, let F = F(n,m;N),f =dim F = n(N —n) + (m —n)(N —m),
F=F(n+1,m+1;N+1), f =dim F = (n4+1)(N—n)+(m—n)(N —m).
We let G = G(n,N), H=G(m,N),G=G(n+1,N+1), H=G(m+
1, N +1). We then have F' C G x H,ﬁ c G x H and projections:

F—"5H F—"s &

pl ; ﬁl

G G

as in 3.1. Let ag := @ : G — G be the embedding in (1), and let
ag : H — H be the one given by W — W @ Cep. We also consider an
embedding ap : ' — F given by [V C W]+ [V @& Cey C W @ Cegy]. We
note that ap is not only an embedding of F', but also, if we pull-back
the G(m — n, N — n)-bundle structure p: FF — G to G via ag : G — G,
it is exactly p: F — G. In fact, if [V C W] € F with V € ag(G), then
Ceg CVCWand [V :=V/Cey C W :=W/Ce) lies in F over [V] € G
(it should be V' = pr(V) under the projection pr : CN*1 = CN @ Cey —
C"). We have commutative diagrams:

F— % GxH —— Pg xPy

F=agF 224 F
pl J/IN) 7 aFl J(XGXO‘H l
o se, g P ——s Gx il —— Py xPy
Let o1 (resp. 71) be a Schubert cycle which is a hyperplane cut of G
(resp. H) under the Pliicker embedding. We consider the ample divisor
o1+ 7 on G x H, where 01 = p*oy on G and 71 = ¢*7; on H. Then

degﬁ =F. (o1 +;1)f =F- (o1 +7-1)f—f (&, +7~_1)f_

Noting f— f = N —n, we have F- (5, —|—?1)f_f = ﬁ-&{v_"—l—fl%’, where
R = i;{ (f;f)cwr{_f_kﬂk, which is a sum of intersections of semi-

ample divisors with non-negative coefficients, and F - 5V ™" = ap(F) 4
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p*Ry_, thanks to the relation U{Viﬂ = ag(G) + Ry—y in (1). Thus,

deg F = (ap(F) + " Ry—n + F - R) - (51 +71)7
> ap(F)- (61 +71)f =deg F.
[l

We close this section by giving a fundamental example, which is due
to Kaji. He, in [Kajl5], treats these types of examples with methods
due to him, including the case of positive characteristics. Here we quote
his argument in a slightly modified manner in view of the connection
with our Theorem 1.1.

Example 3.7 (Kaji [Kajl5]). (1) Let vy : P* — P? be the d-
Veronese embedding, i.e., [s,t] — [s?, 5%, ..., st?"1 #9] in homoge-
neous coordinates, and denote by C' = vy(IP*) the image. We suppose
d > 2. Tt is classically known that deg C; = 2(d — 1) ([Har95, Exercise
19.12]). Here we shall establish the formulas

degCpr, =2(d —m)((m —1)(d — m) + 1) deg G(m — 2,d — 2)

for every 2 < m < d — 1 (this also holds for m = 1 under a suitable
convention). Here the Pliicker degree of the Grassmannian is
(m —2)!(m —3)!...110!
—1)(d— L.
(d—2)(d—3)...(d—m)! ((m —1)(d —m))

degG(m — 2,d — 2) =

Thus, for example,

degCs =2(d—2)(d—1),

deg C5 = 2(d—3)(2d—5) deg G(1,d—2) = 2(d—3)(2d—5) =521

deg Cj_p = 2-2(2d — 5)deg G(d — 4,d — 2) = 4(2d — 5) 12552,

degCh_, =2-1(d—1).

(2) Let us begin a general discussion to show the formula in (1).
Let X C PN be an n-dimensional smooth projective variety. When
X is smooth in 3.1(2), the projection p, : ', — X, as well as § :
grF — Ty, (n < m < N) are isomorphic. We will identify p,, : '), —
X and g F — TI'y,, and in particular we regard p,, : I, - X as a
G(m —n —1,N —n — 1)-bundle. We then shall build the universal
bundle on it and recall a bundle theoretic construction of Gauss maps.

Let 0 = Ox — Ox(D)®WV+) — Tpv|x — 0 be the Euler ex-
act sequence restricted to X, where Ox (1) := Opn(1)|x, and let 0 —
Tx — Tpn|x — Nxspy — 0 be the normal bundle sequence of X
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in PV. We pull-back (i.e., restrict in this setting) the Euler exact se-
quence by the bundle injection Tx — Tpn~|x, and have an extension
0— Ox - E — Tx — 0 (i.e., we take the Yoneda pairing of these in
Hom (Tx, Tp~ | x) x Ext!(Tpn|x, Ox) — Ext!(Tx,Ox)). We then have
the following commutative diagram, which is exact in rows and columns:

0 0
\ \:
Ox = Ox
1
0 - E — Ox()PW+D o Nypv — 0.
I ' |
0 — Tx — Tpn|x — Nxpy — 0
4 b
0 0

We take a tensor product with Ox (—1) in the middle row of the diagram
and obtain an exact sequence

() 0—=P" = 0N & Ny pv(—1) = 0,

where Ny px (—1) := Ny pn ®Ox (—1), and where P! := (E@Ox (—1))*
is the so-called bundle (of rank n+1) of principal parts of Ox (1) of first
order on X (cf. [Pie77, §2, §6]). We note det P! = Kx ® Ox(n+ 1) (as
is well-known, see [Zak93, p.25]), which can be computed by det P! =
det Ny pv(—1) and Kpy|x = Ki ® det Ny pv (hence det Nx/py =
Kx ® Ox(N +1)).

The sub-bundle P* ¢ O??(N—H) defines the standard Gauss map
gn + X = G(n,N) (cf. [Zak93, p.25]; in fact this is often taken as a
definition of the standard Gauss map). Then deg X} = (detP!)" =
(Kx ® Ox(n+ 1))™ if g, is birational onto its image. More generally
for n < m < N, at each z € X, every m-plane W (= P™) containing
Tx (= P™) corresponds to an (m + 1)-dimensional vector subspace in
O?EE;VH) containing P'’, i.e., corresponds to an (m — n)-dimensional
vector subspace S of Nx/pnv(—1), in view of the exact sequence (x).
Then the G(m —n — 1, N — n — 1)-bundle structure of p,, : I';, = X

(i.e., gt F — T,) can be written as
T = G(m—n—1,P(Nxsen(-1))) := [[ Gim—n—1,P(Nxpr(~1)))
rzeX

{(0 E)S =C™ "in NX/]P’N(_l)w = (CN_n}. Welet S C p:n(NX/]pN(—l )
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be the universal sub-bundle on I'y, of rank m —n of this G(m—n—1, N —
— 1)-bundle structure. By pulling back (i.e., restricting) the exact se-

quence 0 — p5 P — (’)69 (N+D) -, Py (Nx/pn(=1)) — 0 on I, by
S C pp,(Nxpn (—1)), we have an extension W of S to pt, P

0
1
0 — pePY" = w
[ l

0 — po,PY — OFNTD e (Nyew(—1) = 0,
7
Q
1
0

where Q = p;, (Nx/p~(—1))/S is a vector bundle of rank N —n. The sub-

bundle W C O@(NH) of rank m + 1 is the collection of all m-planes W
in (9?? " N+1) containing T'x , as we indicated before, and W C 0®<N+1)
gives the morphism T',, — G(m, N), which is nothing but the m-th
Gauss map ¢,,. (This W corresponds to the flag construction in 3.1.
We do not want to use the symbol F' here, because of the potential for

confusion.) Then
I Oc(m,ny (1) = det W* = det p;, P' @ det S*

on I'),. We denote (in general) by Or, (1) := det S* the determinant of
the dual of the universal sub-bundle.

If Nx/pn(—1) is of the form (O??(N_n)) ® L for a line bundle L on
X, then we have an isomorphism

i:G(m—n— I,P(Oi(an))) — T,

which is defined by [V ¢ O30 "] = Ve L c (03" @ L),]. We
note that G(m—n—1 IP’((’)@(N n))) Gm—-n—1,N—n—1)x X and
OG(mfnfl,P(O??(N ">))(1) = pTIOG(mfnfl,N—n—l)( ), where pry is the
first projection. Since det(V ® L)* = (det V))* @ (L*)®(™=7) it follows
that

i*OFm(l) = prTOG(mfnfl,anfm(l) ® (pr;L*)®(m—”).

We note that the second projection pry : G(m—n—1, ]P(O?E(an))) - X
is compatible with the projection p,, : I';;, — X, i.e., pj 07 = pro. Up
to this point, our discussion was of a general nature.
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(3) We now suppose that X (= C) = v4(P*) C P? is the Veronese
curve of degree d. We still keep n(= 1) and N (= d). We understand well
Tx and Ny pv; in particular, det P! = Kx ® Ox(n+ 1) = Op ((n +
1)(d — 1)) and Ny/pyv = Opi(d + 2)®N =) by [Kaj85, Example 3.5].
Moreover, Nx /p~(—1) = ((’)si(an)) ® L with L = Op1(2). For 2 <
m < N — 1, there is an isomorphism i : G x P* — T, and i*Or,, (1) =
priOg(1)@priOpi1 (—2(m—n)), where we set G = G(m—n—1,N—n—1)
for short.

By an abuse of notations, we still denote by pr; : I';, — G and
pro : I, — P! the induced projections. Then, as det W* = det pr3 P! @
det &, we have

det W* = priOg(1) ® pryOp: ((n + 1)(d = 1) — 2(m —n))

on I'y,,. Finally, since g, is birational onto its image by [Zak93, 1.2.3.c],
we have

deg X7, = (det W*)dim Xs,

a4
. (”* nlmG> ~deg G- ((n+1)(d — 1) — 2(m — n)).

If we write Nx/PN = Op(d+n+1)°N=" and L = Opi(n + 1), then
deg X = ("+d7‘lr"G) -degG - ((n+1)(d — m +n —1)). In particular,
setting n = 1 and N = d, we obtain our initial formula. O

Remark 3.8. The following are some comments on Example 3.7.
(1) We would like to emphasize the identity deg C; = deg Cj_; and
the following “symmetry:”

(m—1)degC, = (m' —1)deg C,,

for every pair 2<m < m’ <d—1 with m+m’ =d+ 1. In fact, letting
Ga(k,N) ={0€ C* c CN} = G(k—1,N — 1) in our convention, we
observe (m—1)(d—m) =dimGa(m—1,d—1) = dimGa(m'—1,d—1) =
(m'=1)(d—m') and (d—m)deg Ga(m—1,d—1) = (m' —1)deg Ga(d—
m’,d—1) (the roles of d —m and m — 1 are switched), which establishes
the “symmetry.” There may be a reasonably nice symmetric bound for
deg X, (ordeg X, ,.,) and deg X} _,_, for X" C PV in general.
(2) We can also observe that the argument in Example 3.7 is some-
what close to our general approach to proving the reduction step Propo-
sition 3.4. The method in Example 3.7(2) is advantageous especially
when we know well Tx and Ny py under a smoothness assumption
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on the variety X. Moreover, in the example, we used the particu-
lar facts that C C PV satisfies N = degC and that N spa splits as
Op1 (d + 2)®d=1),

(3) If we apply Theorem 2.1 (the result only) to the Veronese curve
C C P4 noting a =d — 1 and ¢ = 1, we have deg C} < 2(d — 1). O

84. Reduction to the linearly non-degenerate case

In the remaining two sections, we will treat the case where X c PV
has positive defect, i.e., the (generalized) Gauss map is not birational.
In this case, we need to be concerned about another possible degeneracy,
which is the linear degeneracy of X C PY. The present section is rather
independent from other parts of the paper, and will reduce Theorem 1.1
to the linearly non-degenerate case which we already used in Section 2.

We start with some general remarks.

Remark 4.1. Let V be a C-vector space of dimV = N + 1, and let
W C V be a linear subspace of dimW = N. We suppose that P(V) is
our ambient space PV and P(W) is a hyperplane H. We take a vector
vg € V'\ W. There is then a direct sum decomposition V= W & Cuy
and
ATV = AT @ (AW A )

for every m > 0 in general. Let 1 < m < N — 1. The decomposition
ALY = AW @ ((A™W) A vg) induces a linear projection

h(=78) : P(A™TIV) ——s P(AW)

from P(A™HW) C P(A™F1V) ([Har95, Exercise 3.8]).

We then restrict this projection h to the Grassmannian G(m,N) C
P(A™T1V) via the Pliicker embedding. The indeterminacy set G(m, N)N
P(A™HW) is nothing but G(m, H) := {[A] € G(m,N); A Cc H}. If
[A] € G(m,N)\ G(m, H), then h([A]) € P(AN™W) is contained in the
Grassmannian G(m — 1, H) C P(A™W) (of (m — 1)-planes in H). In
fact, h([A]) is represented by an (m — 1)-dimensional linear subspace
Alg C H. Thus, the linear projection induces a morphism

h:G(m,N)\G(m,H) — G(m —1,H) by [A] — [A|#].
This map will be the cornerstone of our subsequent reduction argu-
ments. O

Lemma 4.2. Let X C PN be a projective variety of dim X = n.
Let [H] € (PN)*\ X3 _,, where (PN)* is the dual projective space (recall
dim X% _; < N —1 in general). Then
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(1) X, NG(m,H) =0 in G(m,N) for any m withn <m < N.
(2) The restricted projection morphism h : G(m,N)\ G(m,H) —
G(m — 1, H) induces a finite morphism h : X}, — h(X})).

Proof. (1) Welet X* = X% _,. Let [H] € (PV)*, and suppose that
there exists (W] € X; NG(k, H) for some k (n < k < N). Then we shall
show [H] € X*.

We consider the incident variety I = {([V],[L]) € G(k,N) x G(N —
1,N); [V] e X}, V C L}, and the naturally induced diagram:

IcG(k,N)xG(N—-1,N) =1 G(N —1,N) = (PN)*

ﬂkl
X; C G(k,N)

We note that my_1(I) = X*. This can be checked directly and also
by the method in 3.1(2). Furthermore, ([W],[H]) € I holds. Thus,
[H] = 1 (W], [H])) € my1(T) = X*.

(2) This is rather a general fact. We again look at the linear projec-
tion P(A™T1V) ——» P(A™W) from P(A™T1W) associated to H as in Re-
mark 4.1. We saw X, NP(A™ W) = X2 NG(m, H) = () in (1). We take
an arbitrary point y € X,. Then h(y) is given by the unique intersection
point (P(A™TIW), y) NP(A™W) in P(A™ V), where (P(A™ W), ) is
the smallest linear subspace containing P(A™ W) and y. We set S :=
h=t(h(y))(C X},). We would like to show that S consists of isolated
points. By definition of the projection, we have S C (P(A™T1W), ). If
dim S > 0, we have S NP(A™TIW) #£ ), since P(A™ W) is a hyper-
plane in (P(A™*1W),y). This implies X, NP(A™ W) # (), which is a
contradiction to (1). Q.E.D.

Lemma 4.3. Let X C PN be a projective variety of dim X = n.
Let L = PM c PN (n < M < N) be the smallest linear subspace
containing X . In particular, X C L is linearly non-degenerate in L. Let
the integer m satisfy n < m < N, and let k = max{n,m — (N — M) =
M- (N-m}n<k<M,eg,k=nifm=n,k=M-1if
m=N —1). Then

(1) deg X}, = deg)?,’g, where Gy, : Tj, — )A(g C G(k,L) is the k-th
Gauss map for X C L.

(2) There ezists a non-empty Zariski open subset UY C X} such
that, for every y € U}, Xy := pm(g;'(y)) C X is a linear subspace in
PN, where py, : Ty — X is the projection.

We note that (2) is very similar to [Zak93, 1.2.3.c]. We provide
a proof here because in [Zak93] the proof is given under the blanket
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assumption that X is linearly non-degenerate. The proof below shows
how to obtain the general case from that case. Alternatively, a close
reading of the proof in [Zak93] shows that the blanket assumption of
linear non-degeneracy is not actually used in it, so the new justification
given below is strictly speaking unnecessary.

Proof. (o) Suppose M = N. Then L = PV, k = m, and then
(1) is trivial and (2) is [Zak93, 1.2.3.c]. We suppose M < N — 1 for
the remainder. If m = n, then we have k = n and X = )2:; Here,
by definition of T';, and 'y, )A(,’;(C G(n,H)) can be identified with
X (C G(n,N)) via the natural inclusion G(n,H) C G(n,N). This is
the meaning of X = X. Then (1) is clear, and (2) for X follows from
that for )A(;"L, for which [Zak93, 1.2.3.c] can be applied. We may suppose
n<M<N-—-1and n+1<m < N for the remainder.

The following are some preliminary considerations. We take a hy-
perplane H C PV containing L. We consider the (m — 1)-th Gauss map
9am-1 " Lam-1 = Xf,, ) CG(m—1,H) for X C H. Let us denote
by C¥ < CN*! the linear subspace corresponding to H C PV. If we take
a vector vg € CVT1\ CY, we have an inclusion G(m — 1, H) C G(m, N)
by [W] — [(W,v9)], where (W,v) is the linear subspace spanned by
W and vy (what we mean is the smallest linear subspace in PV con-
taining W and the point in PV corresponding to vp). Then we can
see that X, C G(m,N) is a cone over X3 ., C G(m — 1, H) with
“the vertex” G(m,H). This is due to (a) if [V] € X} \ G(m, H),
then VN H € Xy, 4, and (b) for every given W] € Xj  ,, if
[V] € G(m,N)\ G(m,H) and if VN H = W, then [V] € X, In other
words, after a choice of vy € CVN*1\ C¥, we have a linear projection

h: P(A™HICN*TY) s P(A™CR)

from P(A™TICY) c P(A™TICNF) (see Remark 4.1). The map h in-
duces a morphism

h: G(m,N)\ G(m, H) — G(m — 1, H) by [V] — [V]x].

Now, we have X = h=' (X}, ), where the Zariski closure is taken
in G(m, N). (Recall that X C H and dimX < m — 1 < dim H.) Since
h is a restriction of a linear projection and X7, is a cone over Xj . 4,
we have

deg X, = deg X}y 1.
We also note the following. Let 2 = [W] € X, ;. Then

Xy =Xy,
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holds for any y = [V,| € X} \ G(m,H) such that V, N H = W,
where Xp . = pH,m_1(gI_1}m_1(Z)) C X with the projection pg m—1 :
I'tm—1 — X. To see this, we first note that, for x € X and [V] €
G(m,N), (z,[V]) € Iy, if and only if there exists [T] € g, (p, ' (x)) C X}
such that T" C V, where p, : I', =+ X and g, : I';, = X are the pro-
jections. This can be concluded from 3.1(2). Then z € X, if and
only if there exists [T] € g,(p,'(x)) C X} such that T C V, (as
X C H, we have T C H). This is equivalent to the existence of
[T] € gun(py,(x)) C Xj, such that T C V, N H = W, namely
& € Xp.. In particular, we have shown that our assertions (1) and (2)
are reduced to those of Xj; ;. We shall proceed by induction, taking
special care to keep m, M,n and N in balance.

(i) If M = N —1, then we can only take H = L and k = max{n, m—
1} = m — 1. Noting that X, _, = Xir.m—1, we have (1) and (2) by the
reduction above. We suppose M < N —2 for the remainder. If m = n+1,
then we have k = n and X = )/(\';, and we have (1) and (2) as in (o).
We may suppose n < M < N—2and n+2 < m < N for the remainder.

We take a linear subspace Ly = P¥=2 so that L € Ly C Ly := H
(H is the one taken above). We have a morphism

ho : G(m — 1,L1) \ G(m — 1,L2) — G(m — 27L2) by [V] — [V|L2]

(Recall that X C Ly and dim X < m — 2 < dim Ly.) We can see that
X7, mo1 CG(m—1,Ly) is a cone over X7, . o C G(m —2,Ly) with
“the vertex” G(m — 1, Lz). We then have deg X}, = deg X} ;=
deg X7, ,,_o, and (2) is also reduced to that of X7, . .

(ii) If M = N — 2, then Ly = L and k = max{n,m — 2} = m — 2.
Noting that )A(;;FQ = X7, m_2 we have (1) and (2) as before. We
suppose M < N — 3 for the remainder. If m = n + 2, then we have
k=nand X: = X, and have (1) and (2) as before.

(iii) We can continue this process at most N — M times: L C L; C
... C Ly C Ly with L; = PN=J. After (i =)N — M steps, we have in
fact Ly_p = PM = L and k = max{n,m — (N — M)} =m — (N — M).
The rest is similar. Q.E.D.

Remark 4.4. If a subvariety X C PV is linearly non-degenerate,
then X N H is linearly non-degenerate in H = PV~! for a general hy-
perplane H ([CGNO98, Proposition 1.1] for example). In that sense, we
do not have to be concerned about linear (non-)degeneracy in further
steps. O
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§5. Reduction to the birational generalized Gauss map case

Here we consider the case when the (generalized) Gauss map is
not birational, i.e., the case when the defect is positive. In fact, the
birationality of the m-th Gauss map g, : I's,, — X, is equivalent
to dimT,,, = dim X}, (cf. Lemma 4.3(2), which is essentially [Zak93,
1.2.3.c]). Proposition 5.1 below reduces Theorem 1.1 to the cases of zero
defect: Theorem 2.1 and Proposition 3.4.

Proposition 5.1. Let X C PV be a projective variety of dim X = n
and deg X = d > 1. Let the integer m satisfy n < m < N and suppose
that the m-th Gauss map gm : I'yy = X C G(m, N) is not birational
(then it has to hold true that n > 1 and 1 < def,, X <n—1). Then

deg X in G(m,N) is equal to deg(X NH)} _; in G(m —1,H)

for a general hyperplane H C PV,

In particular, letting n’ = n — def,, X, m’ = m — def,, X and N’ =
N — def,, X, for a general linear subspace L = PN ¢ PV, the m'-
th Gauss map Goy : Ly — (X N L), ¢ G(m/,L) for the subvariety
(XNL)CL is birational, and

deg X7 in G(m,N) =deg(X NL)", in G(m', L).
Furthermore, Gn : D — (X N L), C G(n',L), which is the standard
Gauss map of (X N L) C L, is birational.

Let us now state a slightly more precise version of Theorem 1.1 which
we obtain as a corollary of Theorem 2.1, Proposition 3.4 and Proposition
5.1.

Corollary 5.2. Let X C PV be a projective variety of dim X = n
and deg X =d > 1.

(1) Let Nx be the dimension of the smallest linear subspace (X)(=
PNx) ¢ PN containing X, let a := Nx —n, and let € be an integer with
e=d (moda) and 1 <e <a. Then

1 /1 " ,
deg X' < d,1<(d5)(da+€2)+2d2> <d(d-1)",
=i \a
where n' :==n — def, X .
(1°) Suppose that deg X = d(d — 1)" holds in (1). Then for a
general linear subspace PN' C PN where N’ = N—def, X, X' := XNPN’
satisfies dim X’ = n’ and deg X' = d and is smooth and contained in a
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linear subspace P+l c PN In particular, X is contained in a linear
subspace P"t1 C PN by Remark 4.4.
(2) Let m be an integer with n < m < N. Then

deg X, < C" deg X\ with
n’ + dim G(m", N")

C’”zdegF(n”,m”;N”)( . )degG(m”,N”),

n
where n” = n — def,, X,m"” = m — def,, X and N” = N — def,, X.

Eventually, the classification of the varieties in (1’) above is reduced
to that of hypersurfaces X in P"*+! with possibly degenerate Gauss map
v: X --» X* C (P*F1)*. This is also a classical subject (see [Zak93] for
example).

5.3 (A reduction of Proposition 5.1). Here we make a reduction step

in Proposition 5.1 and prepare some notations for the later arguments.
(1) We shall slightly simplify the notations as follows: let

I'={(z,[V]) € Xyeg xG(m,N); Tx, CV}CX xG(m,N),

p:T'— X and ¢ : T' — G(m, N) be the projections, and set Y := X/, =
q(T") to obtain a commutative diagram as follows:

r —1-vYy=X:cG(m,N)

al
X c PN

We set X, = p(¢~(y)) C X for every y € Y. By [Zak93, 1.2.3.c],
there exists a non-empty Zariski open subset Yy C Y such that, for
every y € Yy, the fiber ¢ 1(y) C T, viewed as a subset of X x {y} C
PN x {y} = PV (or after identifying ¢~!(y) and X, by the projection p)
is a linear subspace P" in PV with r = dim ' — dim Y = def,,(X). Since
X is not linear, we have r < n, and since ¢ : I' — Y is not birational
(i.e., dimT' > dimY’), we have r > 0. Thus, 0 < r < n.

(2) Let H C PN be a general hyperplane and let Xz = X N H C
PN-1, By Bertini’s theorem, we may suppose Xp reg = Xpeg N H. We
let g : Ty — G(m — 1, H) be the (m — 1)-th Gauss map of Xy C H =
PN—1, which comes with the following maps:

Iy  —2 5 Yy=(Xg)5_, CGm—1,H)

|

Xy CH
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(3) By Remark 4.1, we have a morphism
h:G(m,N)\G(m,H) — G(m —1,H) by [V] — [V]u],

which is a restriction of a linear projection in a larger projective space
via the Pliicker embedding of these Grassmannians. By Lemma 4.2, for
every [H] € (PN)*\ X% _,, h is regular around Y and gives a finite
morphism h : Y — h(Y). We then let

Ux = {[H] € (P)"; Xnpeg = Xpeg N H, [H] € (PV)"\ X3},

which is non-empty and Zariski open. We will establish in Corollary 5.7
that, for every [H| € Ux, the projection h gives a birational morphism
h:Y — Yg. We then have degY = deg Yy, since h is a restriction of
a linear projection in a larger projective space. That is nothing but our
assertion deg X* = deg(X N H)*,_,. Hence Proposition 5.1 is reduced
to Corollary 5.7. O

We shall use the setup in 5.3 for the rest of this section. Our aim is
to show that h(Y) =Yy and h : Y — Y is birational in 5.3(3).

Lemma 5.4. Let [H| € Ux. Then (1) dimYy >0, and (2) h(Y) =
Yu in G(m — 1, H); in particular, h is well-defined as a morphism h :
Y =Yy,

Proof. (1) Suppose dimYy = 0. Then m = n, Xy is an (n — 1)-
plane and deg(X N H) = 1. That means X is linear, which is excluded
from the beginning.

(2) We first show that Yy C h(Y) (without using the fact that ¢ :
I' = Y has positive dimensional fibers). In any case, we have T'x,, » =
Tx. N H for any 2’ € XH,yreg- It is enough to show that there exists
a non-empty Zariski open Yy o C Yy such that Yy o C A(Y). If ¢ =
[V'] € Yy is general, there exists (2/,[V']) € I'y for some 2’ € X reg,
ie., Tx, 2 CV' C H. By Lemma 4.2, Tx ,» ¢ H (otherwise [T'x ,/] €
XN G(n,H)). Thus, we can take v € Tx v \ H. We set V = (V' ,v) =
P™. Then we see (2/,[V]) € I'(C X x G(m,N)), y .= [V] € Y, and
Vig =V’  ie, h(y) =y'. Thus, ¥ € h(Y).

We next show that h(Y) C Yg. If y = [V] € Y is general, X, =
p(¢~1(y)) C X is a linear subspace P" with 0 < r < n. We can suppose,
if y € Y is general, that X, N X,., # 0 and X, N X, N H # 0. For any
z € Xy N Xyeq, we have (z,[V]) €T, ie., Tx» CV and ¢((z,[V])) = v.
For any &’ € Xp  eq, we have Tx,, oo = Tx o N H. Then for 2/ €
X, N Xprreg = Xy N Xpey N H, we have T, o = Tx o N H C VN H.
Thus, («/,[V N H]) € Ty and g (2/,[V N H]) = [V N H] = h(y). Thus,
h(y) € Y. Q.E.D.
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Remark 5.5. Let [H] € Ux. We set Iy = p~}(X,¢y) and Iy g =
p (X H.reg). We have a natural inclusion I'yy g — I'g which makes the
following diagram commutative:

Xpey +—2— Ty —2— Y cG(m,N)

incl.T incl.T J,h

XH,reg (L 1—‘H,O q—H> YH C G(mfl,H)

For every © € X g yeg(= Xreg N H), we have p~!(z) = {[V] € G(m, N);
Tx . CV}and py'(z) 2 {(W] € G(m —1,H); Tx,, . C W(C H)}. We
have a morphism p~'(z) — py'(z) by [V] = [V|g], and the converse
pg(x) — p~'(z) as follows by using the idea which appeared in the
proof of Lemma 5.4. By Lemma 4.2, we can take v € Ty ,, \ H. We set
V = (W,v) = P™, which is the linear subspace spanned by W and v.
We can see that (W, v) does not depend on the choice of v € Tx , \ H.
Then we also see that (z,[V]) € T, p((z, [V])) = 2 = pu((z, [W])), and
hoq((z,[V])) = w(V]) = [V N H| = [W] = gu((z,[W])). Thus, the
inclusion I'yy o — I is given by (x, [W]) — (z, [V]). O

Lemma 5.6. Let [H] € Ux. Then the surjection h : Y — Yy in
Lemma 5.4 has connected general fibers.

Proof. Suppose that general fibers of h : Y — Yy are disconnected.
Then for a general 3’ € Yz, h=1(y’) consists of a finite number of con-
nected components Fy, ..., Fy, C Y with k£ > 1. We may suppose that
(i) every F; is irreducible of dim F; = s, where s := dimY — dim Yy,
(ii) ¢ '(F;) NTo # 0 for any 4, where I'y := p~'(X,,), and (iii)
Xpy = pu(qa~'(y')) C Xg is a linear subspace (P""*71) by [Zak93,
1.2.3c] and X g, NX g ey # O (in particular, X, is irreducible). Need-
less to say, we have ¢~ (F;) Ng= (F;) =0 in T if i # j.

We set A; = ¢~ (F;) C I'. We first prove that (4;NLo)NC g o(= 4;N
I'y) # 0 for every i. If y; € F; is general, we have X,, N X g g # 0 (as
we saw in the proof of Lemma 5.4). This yields p(¢~"(y:)) N Xt req # 0,
and implies ¢~ (y;) Np~ (X g ,req) # 0. Since I'o = p~ (X g rey) (here
we understand py = p on 'y o in view of the left hand square in the
commutative diagram in Remark 5.5), we have ¢! (y;) N[0 # 0. Since
¢ Y (yi) NTyo C A;N T, our assertion holds.

We see clearly that II;4; is a disjoint union in I'. Thus, IT; A;|r,, ,
is a disjoint union too (note A|p, , # 0 for any 4 by the previous argu-
ment) and has at least d irreducible components. By the commutativity
of the diagram in Remark 5.5, we have ¢5'(y) NTwo = I Ailr o
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However, recalling that q;Il(y’ )N Ty is irreducible, we have obtained
a contradiction. Q.E.D.

The above Lemma 5.6 now immediately yields the following corol-
lary, which concludes the proof of Proposition 5.1.

Corollary 5.7. Let [H] € Ux. Then the morphism h:Y — Yy in
Lemma 5./ is birational.

Proof. By Lemma 4.2(2), the map h : Y — h(Y) is finite. By
Lemma 5.4(2), h(Y) = Yy, and by Lemma 5.6, h has connected general
fibers. This proves the corollary. Q.E.D.
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