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Singular fibers in barking families of degenerations
of elliptic curves

Takayuki Okuda

Abstract.

Takamura [Ta3] established a theory of splitting families of degen-
erations of complex curves of genus g > 1. He introduced a powerful
method for constructing a splitting family, called a barking family, in
which the resulting family of complex curves has a singular fiber over
the origin (the main fiber) together with other singular fibers (subordi-
nate fibers). He made a list of barking families for genera up to 5 and
determined the main fibers appearing in them. This paper determines
most of the subordinate fibers of the barking families in Takamura’s
list for the case g = 1. (There remain four undetermined cases.) Also,
we show that some splittings never occur in a splitting family.

§1. Introduction

Let 7 : M — A be a proper surjective holomorphic map from a
smooth complex surface M to an open disk A :={s € C : |s] <} inC
with radius § > 0. We call 7 : M — A a family of complex curves of
genus g > 1 over A if # has at most finitely many singular fibers and
the other fibers are smooth complex curves of genus g. In particular,
7 : M — A is called a degeneration of complex curves of genus g if
the fiber Xo := 7~ 1(0) over the origin is singular and the other fibers
X, :=7"1(s) (s # 0) are all smooth.

In this paper, we consider the following problem: How does a singu-
lar fiber split in a deformation? Let us recall the concept of a splitting
family of degenerations. Let M be a smooth complex 3-manifold and set
At := {t € C : |t| < £}, an open disk with sufficiently small radius £ > 0.
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Consider a proper flat surjective holomorphic map ¥ : M — A x Af.
For t € AT, set Ay := A x {t}, My := U~ 1(A;) and 7y := \II|Mt My —
A;. Suppose that mg : My — Ay coincides with a given degeneration
7: M — A. Then we call ¥ : M — A x AT a deformation family of the
degeneration 7 : M — A and each m; : M; — A, (t € AT\ {0}) a defor-
mation of the degeneration w : M — A. In particular, ¥ : M — A x AT
is called a splitting family if every deformation m; : M; — A; of the
degeneration 7 : M — A is a family of complex curves with at least two
singular fibers. Set X, ; := U~i(s,t) (= m; '(s)). Clearly Xgp is the
original singular fiber X of the degeneration 7 : M — A. For a fixed
t € AT\ {0}, let s1,52,...,5n (N > 2) be the singular values of 7, that
is, Xs; 1, Xsst)- -, Xsy,e are the singular fibers of 7, : M; = A,. (note:
The singular values s1, s2, ..., sy depend on ¢, but the number of them
and the types of the singular fibers do not.) In this case, we say that the
singular fiber Xo splits into the singular fibers X, ¢, Xos t, -+ Xon,t-

To classify atomic degenerations — degenerations admitting no split-
ting family — Takamura [Ta3] introduced a powerful method for con-
structing splitting families. Splitting families obtained by this construc-
tion are called barking families. In a barking family, the original singular
fiber X of the degeneration 7 : M — A is deformed to a simpler singu-
lar fiber of its deformation 7y : My — A, in such a way that a part of X
looks “barked” off from Xj,. See Fig. 2 in Section 2. The resulting sin-
gular fiber appears over the origin of A; under Takamura’s construction,
so we denote it by Xg ;. In such a situation, we write!

bark
Xo — Xo,z,

and call Xy ; the main fiber.

In [Ta3], for genera up to 5, Takamura made a list of barking families
which enabled him to show that a degeneration is absolutely atomic —
that is, any degeneration topologically equivalent to it is atomic — if
and only if its singular fiber is either a Lefschetz fiber or a multiple
of a smooth complex curve. For instance, he listed thirty five barking
families for degenerations of complex curves of genus g = 1, that is, for
degenerations of elliptic curves, and determined the type of the main
fiber of each of them as follows, where we use Kodaira’s notation? for

Mn the same situation, Takamura [Ta3] wrote Xo — Xo,. In this paper,

we use “—” only for splittings and distinguish « Pk o from it.

2See Table 1 in Section 2.
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singular fibers (see also the list in Section 12):

(1.1)
[I1.1]
[I1.2]
[Ir*.1]
[IT*.2]
[IT*.3]
[(II*.4]
[II*.5]
[IT*.6]
[r=.7
[II*.8]
[II*.9]
[II1.1]
[I11.2]
[I11.3]
[II1*.1]
[IIT".2]
[IIT*.3]
[IIT*.4]

Takamura’s list

II bark 11

Il bark I1

I 22k rrp

I+ 22k, ry

bark I;

bark
_

irr

I1r* Is

Ir* bark Ig

I bark I;

bark
E—

1rr I

I7* 2ok rppe

IT* 22 i

17 2k,

177 22k,

III bark

I
I 22,y
IIrs 22k,
IIrs 22k, 1

IIre B2k,

[III*.5] IIT* 22K, g
[III*.6] III* 2%, 13
(IIr*.7 I 2% 1,
[I1I*.8] IIT* 22 g
(III*.9] III* 22 v+
[(Ivi] Iv 221
(Iv.2] 1v 2251,
[(IV.3] IV 2251,
[(IV.4] IV 225 g7
[TV*1] Iv* 22, 1
[IV*.2] Iv* 22k, s
[(IV*.3] Iv* 22X, g
[(IV*.4] Iv* 227
[ra] 12,
[1r.2] I3 251,
(L] I 51
[I:.2] Ir 2255 1

In a barking family, there appear not only the main fiber but also
other singular fibers, which are called subordinate fibers. In what follows,
when the original singular fiber Xy splits into the main fiber Xy and

subordinate fib

ers X, ¢y Xso,ty -+

7XSN,t (si # O), we write

Xo—Xop + Xey o+ Xyt + -+ Xont

— we always put the main fiber Xo . on the initial term to distinguish
it from the subordinate fibers. The main fiber of a barking family is
explicitly described. On the other hand, it is not clear what subordinate
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fibers will appear. The aim of this paper is to determine the subordinate
fibers of Takamura’s barking families for degenerations of elliptic curves.

Our results are summarized in two theorems. Firstly, the following
theorem determines the subordinate fibers of most of the barking families
in the above list (note: four cases remain undetermined, see Remark 1.1
below):

Main Theorem A (Theorem 10.10). Each barking family in Taka-
mura’s list (1.1) except [I1T*.8], [IV.3], [IV.4], [I5.2] splits the sin-

gular fiber as follows:

[I1.1)IT — L+ 1)
[I1.2) IT — I + I
[IT*.1] IT* — IIT* + I,
[IT*.2] IT* — IV* + IT
[II*3) II* — I} + L+ 1
[IT*.4] IT* —> Iy

‘L +L+L+L+1
[II1*.5) II* — I} + 1,
[IT*.6] II* — I} + I
[(I1*7) II* — Is+ I + 1)
[IT*.8] IT* — III" + I
[IT*.9] IT* — IIT* + I,
[[II.1] IIT — I, + I
[III.2] [IT — 1, + I,
[[I1.3] ITT — I, + I
[[II*.1] IIT* — IV* + I

[[IT*.2] III* — I} + I,
[IIT*.3) III* — I} + 1

(IIT1*.4] [IT" — I+ L+ 6L +1
[IIT*.5) III* — Ig+ L + I + Iy
[[IT*.6] [II* — I} + I

[[IT*.7] III* — I + I + I
[[II*.9] III* — IV* + 1,

[IVA] IV — L+ 1

[IV.2] IV — L+ L + 1,

[IV*1] IV* — T+ I

[IV*2) IV — I+ + I
[IV*3] IV* — Ig+ 1 + I
[IV*A4] IV* — '+ Iy

g1 I — L+ 6L+ 1

(A — 1+ 1L

(I7,.2] I}, — Inya+ 1 + 11

Remark 1.1. We have not been able to determine the subordinate
fibers of the four exceptional barking families [I11*.8], [IV.3], [IV.4],

[I5-2] (see also Remark 6.6):

[II11*.8]
[IV.3]
[1V.4]
[13.2)

I — Ig+I1I+1, Is+ L+ 1L, ot Ig+ L + 1, + I
IV —wL+II,or L+ +1;
IV — II+1I, [T+ L, ot II+ I + I
If — I+ IT+1L, or Is+ 1) + I + 1.
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In contrast, there are splittings that never occur in a splitting fam-
ily. If in a splitting family for a degeneration of elliptic curves the singu-
lar fiber Xg splits into IV singular fibers X1, Xo,..., Xy, then we have
e(Xo) =e(X1)+e(Xa)+--+e(Xn), where e(X;) denotes the topolog-
ical Euler characteristic of the underlying reduced curve of X; (Lemma
3.1 (b)). However the converse does not hold. Even if the singular fibers
satisfy this equation, the splitting X — X7 + X5+ - - + X does not
always occur. In fact:

Main Theorem B (Theorem 5.8). None of the following splittings
occurs:

IV — I + I,
II* —s g+ 11, I, +III, Is+1V,
L+1;, Iz+1I7,
I, + I, (u+v =10),
I — I+ 11, Ig+1III, I;+1V,
Is+1Iy, I.+I,(u+v=09),
IV — I+ 11, I;+11I, I,+1V,
L+1, I.+I,(u+v=_8),
IF(n>0) — Inwa + 11, Inws+III, Inso+IV,
I+ I, (u+v=n+6 and (n,u,v) # (2,4,4)).
I — Is+ L+ 1.

Organization of this paper.

This paper is organized as follows. In Section 2, we first review
Takamura’s theory of barking families, mainly for degenerations with
stellar (star-shaped) singular fibers. In fact, most of the degenerations
of elliptic curves may be assumed to have stellar singular fibers.

To determine the subordinate fibers of the barking families in Taka-
mura’s list (1.1), we investigate the singular fibers in three steps: (1)
In Section 3, we first consider the Euler characteristics of the singular
fibers and give a list of the sets of subordinate fibers that can appear in
each of the barking families. (2) In Section 4, we recall the concept of
monodromies around singular fibers, and in Section 5, by comparing the
traces of monodromies, we prove Main Theorem B — we give a list of
splittings that never occur. In Section 6, based on the result of Section
5, we determine the subordinate fibers of five of Takamura’s barking
families. (3) Sections 7, 8, 9 are devoted to study of the singularities
of subordinate fibers. We investigate the singularities near proportional
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subbranches in Section 7 and those near the core in Section 8. In Section
9, we show useful lemmas which give us the number of the subordinate
fibers and that of their singularities. In Section 10, we determine the
subordinate fibers of the remaining barking families, and complete the
proof of Main Theorem A.

In Section 11, we give monodromy decompositions corresponding to
the splittings induced from Takamura’s barking families.

In Section 12, we provide Takamura’s list of barking families for
genus 1 with figures of the singular fibers, which will help the reader
comprehend the barking deformations.

§2. Takamura’s theory

Let us review Takamura’s theory of barking families. For details see
[Ta3].

First we recall the concept of linear degenerations. We begin with
preparation. Let m : M — A be a degeneration of complex curves of
genus g > 1 and express its singular fiber as Xo = >, m;0;, where ©; is
an irreducible component of Xy with multiplicity m;. In what follows,
we assume that the underlying reduced curve X{)ed = Zl ©; of Xy has
at most simple normal crossings, that is, (i) any singularity of Xg°d is
a node and (ii) any irreducible component ©; is not self-intersecting (so
©; is smooth).

For an irreducible component ©; of Xy, we denote by N; the normal
bundle of ©; in M. Let {pgl),pgz), .. .pgh)} be the set of the intersection

points on ©; with other irreducible components of X, and m{) (j =
1,2,...,h) be the multiplicity of the irreducible component intersecting

O; at pgj ). Then there exists a holomorphic section o; of the line bundle
Ni®(~mi) on O; such that

h
div(o;) = Zm(j)pz(-j),
j=1

where div(c;) denotes the divisor defined by o;. Here o; has a zero of
@

. Note that o; is uniquely determined up to multipli-
o

order m) at p
cation by a constant. We call o; the standard section of Ni® -
O,.

Take an open covering ©; = J, Uy such that U, x C is a local
trivialization of the normal bundle N; on ©;. We denote by (24, ()
coordinates of U, X C. Now define holomorphic functions m; o : Uy xC —

)1}
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C by

7772,04('207 Ca) = O'i,oz(za)é‘cryniu
where o; o, is the local expression of o; on U,. Then the set {m; 4}, of
holomorphic functions defines a global holomorphic function m; : N; —

C.

Definition 2.1. A degeneration 7 : M — A is said to be linear if
for any irreducible component O; of its singular fiber X,

(i): a tubular neighborhood N(©;) of ©; in M is biholomor-
phic to a tubular neighborhood of a zero-section of the normal
bundle N;, and

(ii): under the identification by the biholomorphic map of (i},
the following conditions are satisfied:

e The restriction 7r| N@©) coincides with the holomorphic
function m; defined above.

o If ©; intersects ©; at a point p, then there exist local
trivializations U, X C of N; and Ug x C of N; around p
such that neighborhoods of p in N(©;) and N(O;) are
identified by plumbing (za, (o) = ({8, 23) and = is locally
expressed as

W‘N(@i)(zaaCQ) =Za"'Sa s 7T|N(®j)(zﬁ7cﬁ) = Zgugglj’
where (2q4,Ca) € Ua x C and (z3,(g) € Ug x C.

Remark 2.2. Any degeneration of complex curves {even if the un-
derlying reduced curve of its singular fiber does not have at most simple
normal crossings), after successive blowing up and down, becomes a de-
generation topologically equivalent to some linear degeneration.

If #: M — A is linear, then we may express M locally as a hyper-
surface in some space as follows: We first identify M with the graph of
min M x A

Graph(n) = {(z,s) e M x A : w(x) —s =0}

via the natural projection Graph(w) > (x,s) — z € M. Recall that
for any irreducible component ©; of the singular fiber Xy, the map = is
expressed around O; as

(2, G) = 04(2:) G

where o; is the standard section of N?(_mi) on ©;. Then we obtain the
local expression of M around ©;:

az(zl)gm —s=0 in Ni x A.



210 T. Okuda

Fig. 1. A singular fiber of type IT* of a degeneration of
elliptic curves is stellar. Each circle denotes a com-
plex projective line, the number stands for its mul-
tiplicity, and each intersection point is a node.

Note that these hypersurfaces are glued around the intersection points by
plumbings (25, (j, s) = (i, 2, 8) where (2, (;, 8) € NyxAand (25,5, ) €
N. j X A.

For a linear degeneration m : M — A, its singular fiber Xy con-
sists of three kinds of parts: cores, branches and trunks. An irreducible
component O; of Xg is called a core if ©; intersects other irreducible
components at at least three points or the genus of ©; is positive. A
branch is a chain ), m;0; of complex projective lines attached with a
core on one hand, while a trunk is a chain ), m;0; of complex projec-
tive lines connecting other irreducible components on both hands. We
say that Xy is a stellar singular fiber if X, consists of one core and
branches emanating from the core. See Fig. 1. Otherwise Xy is said to
be constellar. If Xg is normally minimal, that is, (i) any singularity of
Xzed is a node and (ii) any irreducible component that is a (—1)-curve
(an exceptional curve of the first kind) intersects other irreducible com-
ponent at at least three points, then all the branches and trunks of X
contain no (—1)-curves.

A degeneration whose singular fiber is a (fringed) branch can be con-
structed explicitly and associated to a sequence of nonnegative integers
(the multiplicity sequence):
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Lemma 2.3. Let mg, m1,...,mxr1 (A > 1) be nonnegative integers®
satisfying the following conditions:

= m—”m@il— (t=1,2,..., ) is an integer greater than 1.

{m0>m1>--~>m,\>m>\+1:0 and

Then there exists a degeneration m: M — A with the singular fiber
Xo =moAg +m101 + meOz 4 - + MmOy,

where Ag = C, and ©1,04,...,0, are complex projective lines, and
each pair of ©; and ©;41 (1 =1,2,...,X — 1) and Ay and O, intersect
transversely al one point.

Proof. We take A copies ©1,0a,...,0, of the complex projective
line. Let ©; = U;UV; be an open covering by two complex lines U;, V; (=
C) with coordinates w; € U; \ {0} and z; € V; \ {0} satisfying z; = 1/w;.
Then we obtain a line bundle N; on ©; of degree —r; from U; x C and
Vi x C by identifying (z;, ;) € (V;\{0}) x C with (wy, ;) € (U;\{0}) xC
via

. — J— T
i P zm=—, G=w'n.
W;

Now consider the hypersurface W; in N; x A defined by

%

Hl: 2" (M — s =0, in V; x C x A.

{Hi:wm"*lngm —s=0, inU; x Cx A,

Under plumbings (wit1, 741, 8) = (¢, 24, 8) of Ny x Aand Nypy x A (i =
1,2,...,A—1), the hypersurfaces W7, Wa, ..., W) are glued, so that they
together define a smooth complex surface M. Letting # : M — A be
the natural projection, the central fiber is

Tr_l(O) =molAg +m101 +maBz + - + m)0,,

where Ag := {0} x C C Uy x C. Thus the holomorphic map 7 : M — A
is the desired degeneration. Q.E.D.

Remark 2.4. Precisely speaking, the holomorphic function =« :
M — A obtained in Lemma 2.3 does not satisfy the condition to be
a degeneration. Indeed 7 is not proper. Note that we consider the
restriction of a degeneration to a tubular neighborhood of a branch.

3In this paper, by convention, we append my;; = 0 to the sequence
™o, My, ..., my of positive integers, so that ry = (mx_i + mxy1)/m, equals
mx_1/myx. See [Ta3] Section 5.1.
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Next we define a special subdivisor of a stellar singular fiber. Let
7 : M — A be a linear degeneration of complex curves with the stel-
lar singular fiber Xo = mo©®g + 2?:1 Br(]), where ©g is the core and
Br'Y) (j =1,2,...,h) is a branch. Write Br¥) = mgj)ng) —i—mgj)@éj) +
4 m® 00 and let Bro) = moAY +mP0P + ...+ m) 09
be a fringed branch. Consider a ‘conn‘ectedA subdivisor Y' = ng@o +
Z?:l br? of X, where brl¥) .= ngj)(%gj)—kngj)@gj)%—- . -—|—n(uj(2) O(VJ&) (J=
1,2,...,h). Here Y satisfies 0 < v <A@ and 0 < ngj) < ml(-j) for each
i and j. Set br? = noA(()j) +n§j)@§j) +n§j>@§” +eee +n,(,]<3>@,(,2> For
the time being, we consider B ‘and E(J), omitting the superscript
(j) to simplify notation. We call br a subbranch of Br if one of the
following conditions is satisfied:
e v=20,1,0r
ev>2andni=rn;—ni—1 (i =12,...,v—1),
where 7; := (mij_1 + myy1)/m; (see Lemma 2.3). Set n,q1 = ryn, —
ny—1. If v =0, then we set n,+1; = ny := 0. Define the three types of
subbranches for a positive integer ! as follows:

Type A;: A subbranch br of Br is of type A; if In; < m; for each
i and n,41 <0.

Type B;: A subbranch br of Bris of type By if In; < m; for each
i, ny, =1 and m, = 1.

Type Cj: A subbranch br of Br is of type C) if In; < m; for each
i, Ny = Nyy1 and m, —m,41 divides (.

Now we return to a connected subdivisor Y of the stellar singular
fiber Xj.

Definition 2.5. Let Y = ng©¢ + Z?Zl br”) be a connected sub-
divisor of Xy such that ng < mg and each br is a subbranch of Br"’.
Y is called a crust of Xg if there exists a meromorphic section 7 of

the line bundle N&™ on ©¢ such that for some nonnegative divisor
k
D =3%"",a;q on O,

h
div(r) = =Y _n'p® + D,

=1

where Ny denotes the normal bundle of ©g in M, {p} is the set of

the attachment points on ©g with the branches Br. Moreover, for a

€) ()

positive integer I, if each br "’ is a subbranch of Br"’ of either type Aj,
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'."" "'%-..,”"' e “"’n-“. ey n‘:
Fig. 2. In the barking family [I1*.1], the singular fiber
of type II* is deformed to the main fiber of type
IIT*. It seems that the simple crust Y is “barked”

(peeled) off from the original singular fiber.

type Bj or type Cj, then we call Y a simple crust of Xo with barking
multiplicity 1.

We call the meromorphic section 7 a core section. Note that 7

is not uniquely determined by Y. Setting ro := Z? ,my 2 /mo and

rh = Zf (ny () /ng, the following holds:

Lemma 2.6. Suppose that Oqg is a complex projective line. Then
a connected subdivisor Y is a crust of Xo {equivalently, Y has a core
section 1) if and only if ro < r{. Moreover T has no zero, that is, D =0
exactly when ro = rj.

Takamura constructed a deformation family of 7 : M — A associ-
ated with a simple crust Y. We call a deformation family obtained by
his method a barking family. In a barking family, the original singular
fiber X is deformed to a simpler singular fiber in such a way that a part
of Xg looks “barked” off from Xg. The resulting singular fiber appears
over the origin of A, so we denote it by Xo: and call it the main fiber.
See Fig. 2

In a barking family, there appear not only the main fiber but also
other singular fibers over some points away from the origin of A, which
are called subordinate fibers. Tt is easy to see this. Under the deforma-
tion, the topological type of the singular fiber over the origin changes,
so the local monodromy around it also changes (see Section 4 for de-
tails). On the other hand, the global monodromies before and after the
deformation — that is, the two monodromies each of which is induced
by a loop in A (resp. A;) parallel to its boundary OA (resp. dA;) —
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coincide. We then deduce that there appear other singular fibers with
nontrivial monodromies. Thus every barking family turns out to be a
splitting family. Therefore:

Theorem 2.7 (Takamura [Ta3]). Let 7 : M — A be a linear de-
generation with the stellar singular fiber Xo. If Xo has a simple crust
Y, then m: M — A admits a splitting family ¥ : M — A x Al

Remark 2.8. In this paper, for a degeneration which is not neces-
sarily relatively minimal, a splitting family of it is defined to satisfy that
each deformation has at least two singular fibers (see Section 1). Thus
singular fibers of a deformation in a splitting family possibly become
smooth fibers after blowing down. Such singular fibers are said to be
fake.

Kodaira’s notation.

Before proceeding, we supply Kodaira’s list of singular fibers of (rel-
atively) minimal degenerations of elliptic curves [Ko]. See Table 1. For
a singular fiber X, we denote by e(X) the topological Euler character-
istic of the underlying reduced curve X9 of X. Ax € SL(2,Z) is the
standard monodromy matrix of X and its trace is denoted by Tr(Ax).

Note that minimal singular fibers of type I}, II*, I1I* and IV*
in this table are normally minimal and their underlying reduced curves
have at most simple normal crossings. In contrast, minimal singular
fibers of type II, IIl and IV have a singularity that is not a node.
However, after successive blowing up, they become normally minimal
degenerations such that X™¢ has at most simple normal crossings. In
this paper, such degenerations are also referred to be of type II, IT1
and IV.

83. Constraints from Euler characteristics

In [Ta3], Takamura listed thirty five barking families for degener-
ations of complex curves of genus g = 1, that is, for degenerations of
elliptic curves, and determined the type of the main fiber of each of them
as follows (see also the list in Section 12):
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a singular fiber X e(X) Ax Tr(Ax)
mly . 1 0
(m>2) a multiple torus 0 (0 1) 2
a (multiple) projective line 1 1
mh with one node ! 0 1 2
1 n
mly n (0 1) 2
a projective line 0 1
i with one cusp 2 (—1 1 !
two projective lines 0 1
Hr with second order contact 3 (—1 0 0
three projective lines intersecting -1 1
v i 4 -1
transversally at one point -1 0
-1 0
* —
I3 6 ( 0 _1> 2
. -1 —-n
I 6+n ( 0 V1> -2
1 -1
ir* 10 1
eeeeeeo 6 )
0 -1
*
oeeceeo oG
% ia 8 ((1) :D -1

Table 1. Kodaira’s notation.
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bark

[I1.1] 11227 [III*.5] III* 2255 g
[I1.2] II 221, [III*.6] III* 225, 13
(Ir+.a] Ir- 22 rrr- [II1*.7) IIT* 251,
(I1*.2) I1* 2255 1y [III*.8] IIT* 22X, I
(I7*.3] IT* 22X, 13 [II1*.9] III* 22, v~
[IT*.4] II* 22, 1, [Iv.] IV 225
[IT*.5] IT* 22, 3 [Iv.2] IV 2571,
[IT*.6] II* 225,12 [IV.3] IV 225 1,
(1.7 I1* 25 I [IV.4] IV 225 g7
[I7*.8] II* 22 177" [IV*.1] Iv* 22K, g
[(I1*.9] I1* 22, 1717 [IV*.2] IV* 22K,
[I1I.1] IIT 22,7, [IV*.3] IV* 22K, 1
[I11.2] IIT 221 [IV*.4] IV* 22 I
[III1.3] IIT-22%, 71, [Ixa] Ip 22,
(IIr*.1] 111~ 225 v+ [1r.2) I3 225
[I1I*.2] IIr* 22, 1> [rxa] 1220
[I11*.3) IIT* 225 13 [1x.2) Ir 21,

[III*.4] IIT* 225, 1>

The aim of this paper is to determine the subordinate fibers of the above
barking families. In this section, we give a list of the sets of subordinate
fibers that can appear in each of the barking families, using results on
Euler characteristics of singular fibers of degenerations.

For a singular fiber X, we denote by e(X) the topological Euler
characteristic of the underlying reduced curve of X.

Lemma 3.1. Let m : M — A be a degeneration of complex curves
of genus g > 1 with the singular fiber Xo and let U : M — A x Al
be a splitting family of m : M — A, say, Xo splits into singular fibers
X1,Xo,..., XN (N > 2) of a deformation 7y : My — As.
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(a):  Then the following formula holds:

N

e(Xo) —2(1—g) = > {e(Xi) —2(1-g)}.

i=1
(b):  In particular, if g = 1, then the following holds:
(31) G(XQ) :e(Xl) +6(X2) ++6(XN)

Proof.  (a) The left hand side equals the Euler characteristic e(M)
of M, while the right hand side equals e(M;) (see [BPV, p. 97]). Since
M, is diffeomorphic to M, we have e(M) = e(M,), which confirms the
assertion.

(b) clearly follows from (a). Q.E.D.

Consider a barking family ¥ : M — A x A of the degenera-
tion m : M — A of elliptic curves. Recall that for a singular fiber
Xt := UT(s,t) (t # 0), we call X5 the main fiber if s = 0, and a
subordinate fiber if s # 0. Suppose that ¥ : M — A x A' splits the
original singular fiber Xy into the main fiber X ; and subordinate fibers
X1ty Xsgits--r Xsn,t (N > 1). In these notations, we restate (3.1) in
Lemma 3.1 as

N

(3.2) e(Xo) = e(Xo) + Y _ e(Xs, 0)-
i=1

This confirms (a) of the following:
Lemma 3.2. Let m : M — A be a degeneration of elliptic curves
with the singular fiber Xo. Suppose that a barking family ¥ : M —

A x Al splits the original singular fiber Xq into the main fiber Xo; and
subordinate fibers Xg, 1, Xsy ty- s Xyt (N > 1). Then:

(a):  The sum of the Euler characteristics of the subordinate
fibers is e(Xo) — e(Xot):

Ze(Xsi,t) = e(Xo) — e(Xo,4)-

(b):  Ife(Xo)—e(Xos) =1 holds, then U splits Xg into the main
fiber Xo 1 and one subordinate fiber I :

Xo — X(),t + 1.
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Proof. 1t remains to show the second statement (b). From the
assumption e(Xo) — e(Xo+) = 1 together with (a), we have

e(Xsl, ) +6(X82, )+t e(Xsy ot )= 1.

Note that every subordinate fiber of any barking family is a reduced
curve only with A-singularities (Lemma 7.1). In particular, each subor-
dinate fiber X, ; is not a multiple torus (whose Euler characteristic is
0), thus e(Xs, + ) > 1. Hence we have N = 1 (that is, X, + is the unique
subordinate fiber) and e(Xs, +) = 1. This equality holds exactly when
X, ¢ is mIy (m > 1). By Lemma 7.1 again, X,, ; is a reduced curve, so
m = 1. Accordingly X, ; is I;. Q.E.D.

Lemma 3.2 (b) immediately yields the following:

Proposition 3.3 (Case: e(Xo) — e(Xo+) = 1). In each of the fol-
lowing barking families, the subordinate fiber is I .

[rr.a) 172 [II1*.1] III* 225 ry-
[Ir.2] 11257 [III*.3] IIT* 22513
[I1*.1] II* 22 1717 [[II*.6] III* 22 13
[IT*.5] IT* 22X, 1 [III*.9] III* 22, v+
[IT*.6] II* 22X, 1 [Iv.i] IV 221,
[I1*.8] II* 22, 771+ [TV=*1] Iv* 22K, 1
[(I1*.9] II* 2%, 1717 [(IV*.4] Tv* 22K, 1
[[11.1] III->2%, 1, [1x.1) 122
[I11.3] IIT >0,

If e(Xo) — e(Xo,t) > 2, then we need another criterion to determine
the subordinate fibers. However by Lemma 3.2 (a) we can narrow down
candidates.

Lemma 3.4 (Case: e(Xo) — e(Xo,) = 2). In each of the following
barking families, the set of subordinate fibers is one of {II}, {I2}, and
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{I, 1,}.
[Ir-.2] 11+ 22 v+ [Iv.3] IV 22 g,
[I17.3] 11" 5 13 [IV.4] IV 22X gp
[Ir-.7 I 2% g (IV*.2] [v* bek, g
[II1.2] 11125 (Iv*.3] IVt Pk g
[IIr*.2] 111 ->25 17 2] I
(117 I1r- 2%, (2] I
[Iv.2] 1v -2k,

Lemma 3.5 (Case: e(Xg) — e(Xo,) = 3). In each of the follow-
ing barking families, the set of subordinate fibers is one of {III}, {I3},
{II, Il}, {.[27]1}, and {11,11,11}.

[III*.4] IIT* 2%, [1x.2] I3 2 I,
[IIT*.5] IIT* 2%, [
bark

[I1T*.8] IIT* 2%, g

Lemma 3.6 (Case: e(Xo) — e(Xo:) = 5). The sum of the Euler
characteristics of the subordinate fibers of the following barking family
18 b:

[I1*.4] IT* -2,

84. Monodromies around singular fibers

Next we consider the monodromies around singular fibers of splitting
families (not necessarily barking families).

Let # : M — A be a (relatively) minimal degeneration of elliptic
curves with the singular fiber Xy. We take a base point s¢ in A\{0} and a
loop (simple closed curve) g in A\ {0} passing through the base point sg
and circuiting around the origin with the counterclockwise orientation.
Then 77 1(lp) is a real 3-manifold and the restriction 7 : 7 =1(Ig) — lo
is a Y-bundle over S', where ¥ is an elliptic curve. Here 77 1(lp) is
obtained from X x [0, 1] by the identification of the boundaries 3 x {0}
and ¥ x {1} via an orientation-preserving homeomorphism f of 3. The
isotopy class [f] of f is called the topological monodromy around Xj.
Then f induces an automorphism p := f. on Hy(X,Z), which is called
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the (homological) monodromy around Xy. Under an identification of ¥
and R?/Z2, fixing a basis of H1(X,Z), we obtain an isomorphism

Awt(H,(2,7)) — SL(2, 7).

In the subsequent discussion, we consider p as an element of SL(2,Z).

Next suppose that U : M — A x Al is a splitting family of the
degeneration 7 : M — A, that is, the deformation 7y : M; — Ay of
m: M — A for a fixed t # 0 has singular fibers X7, X5,..., Xy (N > 2).
Then we say that X splits into X7, Xo, ..., X and express Xog — X1+
X5+ -+ Xpn. Now we define the local monodromies around the singular
fibers X (k=1,2,...,N) as follows: Set s := m;(X)). We take a base
point s5 in A¢ \ {s1,52,...,5n} (s0 the fiber X, = m; *(s}) is smooth).
For each k = 1,2,...,N, we take a loop I in A;\ {s1,82,...,5n}
passing through the base point s and circuiting around sp with the
counterclockwise orientation. Then the loop [ induces an orientation-
preserving homeomorphism fj, of 3, which defines the local topological
monodromy [fi] and the local (homological) monodromy pj € SL(2,Z)
around Xj.

The following is known (see [U]):

Lemma 4.1. The monodromy p around Xo (resp. the local mon-
odromy pi, around Xy, for each k =1,2,..., N) is conjugate to the stan-
dard monodromy matriz* corresponding to the singular fiber X (resp.
Xk)-

Possibly after renumbering, we may assume that [; oly o ---oly is
homotopic to a loop rounding all the singular values si, s, ..., sy with
the counterclockwise orientation. Let D C A x At be the set of singular
values of ¥. We now take a path [ in (A x AT)\ D connecting so € Ag
and s{, € A¢. Note that for any point (s,t) € [, the fiber X ; = U~1(s,t)
is smooth. Since the loop I"tol; 0ly0---0ly ol is homotopic to the
loop lo, the topological monodromy [f] is conjugate to the composition
of the local topological monodromies [f1] o [f2] o« o [fn]. Similarly:

Lemma 4.2. The monodromy p is conjugate to the composition of
the local monodromies p1,p2, ..., pN-

We prepare notation. SL(2,Z) = (a,b|a® = b* = —F) is generated

by
_( 0 1 (0 1
a.—<_1 1) and b.—<_1 0).

4See Table 1 in Section 2.
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Setting®

1y 11 I 1 0
So:=a b—(o 1) and sy :=ba" " = 11 )

then sp and s are also generators of SL(2,7Z): indeed we have a = sgs9
and b = sps280 = S28052. Since s2 = (s982)s0(s0s2) !, s2 is conjugate
to sg.

Next we express the standard monodromy matrices of singular fibers
as a product of so and sg as follows (see [U)):

A]n = (So)n (n Z 1)

Arr = 5082

Arrr = 808280 = 525052

Arv = 50525082

A = (s082)°
Arrre = (s082)" 50

Arve = (s082)"

Aps (s02)° (50)™ (n > 0).

The number of sg, s contained in each product coincides with the Euler
characteristic of the corresponding singular fiber. Note that s¢ is the
standard monodromy matrix Ay, of the singular fiber I;. It is known
that for any degeneration of elliptic curves except with mlIy (m > 2),
the singular fiber splits into singular fibers of type I; (whose Euler char-
acteristic e(Iy) is equal to 1) after successive deformations. See [Ka],

Example 4.3. The barking family [I11.1] splits the singular fiber
IIT into the main fiber I; and a subordinate fiber I:

I — L+ L.

Lemma 4.2 states that, if Xy splits into X1, X2,..., Xy, then a mon-
odromy matrix of Xy is conjugate to the composition of monodromy
matrices of X1, Xa,..., Xy (that is, conjugacies of the standard mon-
odromy matrices corresponding to X7, Xo, ..., Xy respectively). In this
case, the standard monodromy matrix Ary; of I11 is decomposed into
conjugacies of the standard monodromy matrices corresponding to I

5The notations s, and sy are used in [FM] Section 2.4, where ‘s’ is defined
as sy := aba.
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and I:
Arrr = 508250
= s2(sg "s250)
= sp(s25083 ") (808280 = $25052)
= Ap, - (s2Ar,s5h).
In Section 11, we will give decompositions of the standard mon-

odromy matrix corresponding to the splittings induced from Takamura’s
barking families.

§5. Constraints from monodromies

From Lemmas 4.1 and 4.2, it is a necessary condition for a singular
fiber X to split into singular fibers X1, Xs,..., Xy (N > 2) that some
monodromy matrix of Xy is conjugate to the composition of monodromy
matrices of X1, Xo,..., Xy, which means that monodromies give some
constraints to splittings. In this section, we prove that none of the
following splittings occurs (Theorem 5.8):

IV — Iy + IQ,
I — Ig+ 11, I;+III, Ig+1V,
L+, L+,
I, + I, (u+v =10),
I — I;+I1I, Ie+III, I;+1V, Is+1],
I+ L (u+v=9),
IV — Ie+ 11, Is+11I, ILbt+1V, I+ I,
I,+ 1, (u+v=38),
I'n>0)— ILnya+ 11, IL,3+III, I, o+1V,
I+ I, (u+v=n+6and (n,u,v) # (2,4,4)).
Iy — s+ 1+ 1.

We begin with preparation.

Lemma 5.1. If matrices A1, As € SL(2,7Z) are conjugate, then
Tr(A;) = Tr(Az), where Tr(A;) denotes the trace of A;.

Proof. By assumption, we may write A; = PA; P~ for some P €
SL(2,Z). Hence

Tr(A1) = Tr((PA2)P™Y) = Tr(P~H(PA2)) = Tr(As).
Q.E.D.
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The following is useful:

Lemma 5.2. Suppose that o singular fiber X splits into two singular
fibers In(n>1) and Y:
X -—1I,+Y.

Then
Tr(Ax) = Tr(Ay) mod n,
where Ax and Ay are the standard monodromy matrices of X and Y.

Proof. If X splits into I, and Y, then for some monodromy matrix

Cz(i Z)on,

L (1 n a b\ [ a+nc b+nd
B'_AIHC_<0 1)(0 d>*< ¢ d )

is a monodromy matrix of X. Then we have
Tr(B) = a +nc+d=Tr(C) + nc.

Thus
Tr(B) = Tr(C) mod n.

Where Ax and Ay denote the standard monodromy matrices corre-
sponding to X and Y respectively, B is conjugate to Ax, while C
is conjugate to Ay. By Lemma 5.1 we have Tr(B) = Tr(Ax) and
Tr(C) = Tr(Ay). Accordingly

Tr(Ax) = Tr(Ay) mod n.
Q.E.D.

We now consider the singular fiber IV. Since the Euler characteristic
of IV is 4 and that of I is 2,

e(IV) = e(l2) +e(lz)

holds. Note that, if a singular fiber Xy splits into two singular fibers X3
and Xo, then e(Xg) = e(X;)+e(X2) (Lemma 3.1 (b)). So it is plausible
that some deformation family splits the singular fiber IV into two Is.
However this is not the case. If I'V splits into two I, by Lemma 5.2, we
have

Tr(A;y) = Tr(Ap,) mod 2,
which contradicts that Tr(A;y) = —1 and Tr(Ay, ) = 2. Thus the split-
ting
IV — L+ 1
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does not occur. We have shown the first statement of the following
lemma, and we can show the others by the same argument:

Lemma 5.3. (a):  The singular fiber IV never splits as fol-
lows:
IV — L+ L.

(b):  The singular fiber IT* never splits as follows:
I — Ig+II, I, +III, Is+1V,
Li+15, s+,
IL,+ I, (u+v = 10).

(¢):  The singular fiber IIT* never splits as follows:

I — I+ 11, Ig+ 111, I5+1V,
L+, Li+I,(u+v=9).

(d):  The singular fiber IV* never splits as follows:

IV — Ig+II, Is+1II, I,+1V,
L+1y, L,+1IL (u+v=38).

(e):  The singular fiber L} (n > 1) never splits as follows:

Iy — Inga + 11, Inyz+ 111, Ino+1V,
I.+1I, (u+v=n+6, (n,u,v)#(2,4,4)).

Next we consider splittings of I§. The standard monodromy matrix
of Ij is Aj; = —F, where E is the identity matrix.

Lemma 5.4. Suppose that the singular fiber I splits into two sin-
gular fibers X and Y:
Ig —X+Y.

Then
Tr(Ax) + Tr(Ay) = 0.

Proof. If I§ splits into X and Y, then for monodromy matrices
B and C of X and Y, we have Aj; = BC, where Apg is the standard
monodromy matrix of I§. Since Az = —F, we have —E = BC, that is,
B = —C~!. In particular,
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Since B (resp. C) is conjugate to Ax (resp. Ay), by Lemma 5.1 we
have Tr(B) = Tr(Ax) and Tr(C) = Tr(Ay). Thus

TI'(Ax) + TI'(Ay) =0.
Q.E.D.

Lemma 5.5. Suppose that the singular fiber I5 splits into three
singular fibers I, (n > 1), X and Y :

If— I, +X+Y.

Then
Tr(Ax) + Tr(Ay) = 0 mod n.

Proof. If I splits into I3, X7 and X3, then for monodromy matrices
B and C of X and Y, we have Ay = Ay, BC. Since Ajy = —F and

1 n i, _f(a b
AI":(O 1),Wr1t1ngB—(C d)’
1 (1 n a b\ [(a+nc b+nd
—C _AI"B_(O 1)(0 d)_( c d )

Then we have
—Tr(C) = a+nc+d = Tr(B) +ne.

Thus
- Tr(B) 4+ Tr(C) = 0 mod n.

Since B (resp. () is conjugate to Ax (resp. Ay), by Lemma 5.1 we
have Tr(B) = Tr(Ax) and Tr(C) = Tr(Ay). Accordingly

Tr(Ax) + Tr(Ay) = 0 mod n.
Q.E.D.

Lemma 5.6. (a):  The singular fiber I never splits as fol-
lows:

I — L+II, L+III, L+IV,
Is+ 15, I4+1, I3+1Is.

(b):  The singular fiber 1§ never splits as follows:

IS — I3+ I+ I4.
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Proof. (a) we only show that the splitting I§ — I4+ I does not
occur, because we can give the proof for the other splittings by the same
argument. If 1§ splits into /4 and I, by Lemma 5.4, we have

'I‘l“(ALl) + TI‘(A]I) =0,
which contradicts that Tr(Ay,) = 2 and Tr(Ar;) = 1. Thus the splitting
I — I+ 11

does not occur.
(b) If I splits into I3, Iy and I;, by Lemma 5.5, we have

Tr(Ap,) + Tr(Ap ) = 0 mod 3.
which contradicts that Tr(Ar,) = Tr(Ar, ) = 2. Thus the splitting
Iy — Is+ 1+ 1.

does not occur. Q.E.D.

Remark 5.7. We can give an alternative proof of Lemma 5.6 (a)
except for the splitting If —> I, + I5 as follows; For instance, suppose
that I splits into Iy and I1. By Lemma 5.2, we then have

Tr(Ars) = Tr(Arr) mod 4,

which contradicts that Tr(Az;) = —2 and Tr(A;;) = 1. Thus the split-
ting

does not occur.

‘We summarize Lemmas 5.3 and 5.6 as follows:
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Theorem 5.8. None of the following splittings occurs:

IV — I + I,
Il —s s+ 11, L+III, Is+1V,
I+ 15, Is+1If,
I, + I, (u+ v =10),
IIT* — I+ I, Ig+III, Is+1V, I+I7,
I+ I, (u+v=29),
IV* —s Ig+1I, Is+III, I +IV, IL+I
L,+1I,(u+v=238),
IF(n>0) —> Inys + 11, Inps+ I, I+ 1V,
L+ 1L, (u+v=n+6 and (n,u,v) # (2,4,4)).
I — L+ L+,

§6. Determination of subordinate fibers, 1

In this section, based on the result of the previous section, we de-
termine the subordinate fibers of Takamura’s barking families [IT*.7],
(II1*.7], [IV*.3], [I.1], [I}.2].

Proposition 6.1. The barking family [IT*.7] splits the singular
fiber 1T* as follows:
Irs —s Ig + I —|—Il,

where Ig is the main fiber and the two Iy are subordinate fibers.
Proof. In the barking family [I1*.7], IT* is deformed to I:

I 22,

By Lemma 3.4, the set of subordinate fibers is one of (i) {11}, (ii) {I=},
and (iii) {I1,]1 }. Now Lemma 5.3 (b) eliminates the cases (i) and (ii).
Thus the subordinate fibers are two 7. Q.E.D.

Proposition 6.2. The barking family [II1I*.7] splits the singular
fiber I1T* as follows:

I — I, + I + Iy,

where I7 is the main fiber and the two I are subordinate fibers.
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Proof. In the barking family [ITI*.7], I1T* is deformed to I7:
I 22

By Lemma 3.4, the set of subordinate fibers is one of (i) {II}, (ii) {2},
and (iii) {I1,I1}. Now Lemma 5.3 (c) eliminates the cases (i) and (ii).
Thus the subordinate fibers are two I;. Q.E.D.

Proposition 6.3. The barking family [IV*.3] splits the singular
fiber IV* as follows:

Iv* —>I6 + Il +Il,

where Ig is the main fiber and the two Iy are subordinate fibers.
Proof. In the barking family [IV*.3], IV* is deformed to Is:

v bak, g

By Lemma 3.4, the set of subordinate fibers is one of (i) {II}, (ii) {2},
and (iil) {[1,[1}. Now Lemma 5.3 (d) eliminates the cases (i) and (ii).
Thus the subordinate fibers are two I;. Q.E.D.

Proposition 6.4. The barking family [I5.1] splits the singular fiber

15 as follows:
Ig —-—‘—)14 + 11+Il,

where Iy is the main fiber and the two I; are subordinate fibers.

Proof. In the barking family [I5.1], I§ is deformed to I4:
Ig — Iy

By Lemma 3.4, the set of subordinate fibers is one of (i) {IT}, (ii) {I2},
and (iii) {/1,/;}. Now Lemma 5.6 (a) eliminates the cases (i) and (ii).
Thus the subordinate fibers are two I5. Q.E.D.

Proposition 6.5. The barking family [I7%.2] splits the singular fiber
I as follows:
I — Inya + I + 1,

where I,14 is the main fiber and the two I, are subordinate fibers.
Proof. 1In the barking family [I}%.2], I is deformed to Ip,14:

I;'.; bark In+4.
By Lemma 3.4, the set of subordinate fibers is one of (i) {II}, (ii) {I2},
and (iii) {I1,/:}. Now Lemma 5.3 (e) eliminates the cases (i) and (ii).
Thus the subordinate fibers are two I;. Q.E.D.
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Remark 6.6. For the barking families [IV.3], [I1I*.8], [I}.2],
we cannot determine the subordinate fibers but we can narrow down
candidates:

e The splitting of IV induced from the barking family [IV.3] is
one of the following:

IV — I, + II,
IV—IL+L+1.

In fact, by Lemma 3.4, the set of subordinate fibers is one of (i)
{II}, (ii) {I2}, and (iil) {1, 1}, and Lemma 5.3 (a) eliminates
the case (ii).

o The splitting of /11* induced from the barking family [T11*.8]
is one of the following:

I — Ig + II + 14,
IIT* —s I + L+ I,
I —Ig + I + I + 1.

In fact, by Lemma 3.5, the set of subordinate fibers is one of (i)
{III}, (i) {Is}, (iii) {II, L1}, (iv) {I2, 1}, and (v) {I1, 1, 1},
and Lemma 5.3 (¢) eliminates the cases (i) and (ii).

e The splitting of I§ induced from the barking family [I§.2] is
one of the following;:

Ig—)fg + 11+ Iy,
Ig—)Ig + L1+ 6L+ 1.

In fact, by Lemma 3.5, the set of subordinate fibers is one of (i)
{IIT}, (i) {Is}, (i) {II, L}, (iv) {2, 1}, and (v) {I1, 1, 1 },
and Lemma 5.6 eliminates the cases (i), (ii) and (iv).

§7. Singularities near proportional subbranches

Let w : M — A be a linear degeneration of complex curves with a
stellar singular fiber Xy = my©®qg + Z?Zl Br). If there exists a simple
crust Y of Xy, then we can construct a splitting family of = : M —
A, which is called a barking family associated with Y (Theorem 2.7).
Suppose that Y = n0@0+2?:1 br¥ isa simple crust of Xy with barking
multiplicity [.

Recall( t)hat each subbranch of Y is of type A4;, B; or C;. A sub-

G (4
1

branch br ™’ is said to be proportional if mgny ) = nomy’ (equivalently
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ng/mop = ngj)/mgj) =... = n(J)/m(])). Note that every proportional
subbranch of simple crusts is of type A;. Indeed, any proportional sub-
branch of type By is of type A;, and no proportional subbranch is of type
C;. Moreover every proportional subbranch E(J) has the same length

as that of Br”’ (that is, () = A()) and satisfies nyi) 4 = 0.
The following 1emma is 1mportant ([Ta3] Proposition 16.2.6):

Lemma 7.1. Suppose that ¥ : M — A x Al is a barking family
of the degeneration m: M — A associated with a simple crust Y. Then
any subordinate fiber of U is a reduced curve only with A-singularities®.
Moreover these singularities lie (i) near the core or (i) near the edge” of
each proportional subbranch if it exists.

Remark 7.2. By Lemma 7.1, every subordinate fiber in barking
families is a reduced curve only with isolated singularities. In particular,
for degenerations of elliptic curves, none of mI, (m > 2), IV*, IIT* I1T*,
mlI’ (m > 2) appears as a subordinate fiber.

The rest of this section investigates the singularities of subordinate
fibers near a proportional subbranch. Let # : M — A be a linear
degeneration of complex curves with a stellar singular fiber Xy and ¥ :
M — A x Al be a barking family associated with a simple crust Y with
barking multiplicity {. Suppose that ¥ has a proportional subbranch br
of a branch Br of X;. First recall that near the branch Br, M is given
by the following data (see [Ta3] Chapter 7): fori =1,2,...,

Hi . w;{ni—1—lni—1nirn.;flni ( i1 n,b +tdfz) 5= 07
inU; x C x A x Af,
A\
Hy et grtng (G en gl )~ s =0,
inV; x Cx A x Al
Note that, substituting ¢ = 0 into these equations, we obtain
H|t0 i —s =0,
Hi|,_ 2T — s =0,

which are the local expressions of M near Br. See the proof of Lemma,
2.3. For a fixed (s,t) € A x AT, we consider the fiber X, = U~'(s,t)
of W. The following is required ([Ta3] Section 7.2):

6An A-singularity is a singularity analytically equivalent to 32 = z#+! for
some positive integer p.

"To be precise, near the ‘terminal’ irreducible component O, of the
branch Br¥) corresponding to each proportional subbranch br(?.
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Lemma 7.3. Let m,n,l be positive integers satisfying m — In > 0
and m',n’ be nonnegative integers satisfying m’ —In’ > 0. Set h(z,() :=
f (zp/Cp) for a non-vanishing holomorphic function f and positive inte-
gers p,p' (p < p'). Then a complex curve Cs; in C? defined by

’ ’ 7 l
Cs,t . ,m —In Cm—ln (zn gn +th) —s=0

is singular if and only if
(i) s=0or

in m
(ii): m' =n'=0 and (ln;m) s" = (ln_mtc> ;

n m
where ¢ 1= h(0,0) and m and 7 are the relatively prime integers satis-
fying 7/ = n/m. In the case (i), (z,() € Cs . is a singularity exactly

when
In—m

z=0 and ("= te.

m

Since br is proportional, we have my+1 = nx41 =0, so
' my—In n d ¢ !
. AT A —
Moe 1 G (A +th> —s=0.

Lemma 7.3 ensures that for some (s,%) (s,t # 0), the curve 7—[3\\3 , has

singularities. In what follows, we write m = my and n := n,\: and

denote by m and 7 the relatively prime integers satisfying #/m = n/m.
For a fixed £ # 0, the equation

A m
<ln—m> " (ln—md>
s = t%c
In m

for s has 7 solutions, say, $1,82,...,85. Since (0,() satisfying (" =
n—mde is a singularity of #3|, , for some s, each Hﬁ\fsk , hasn/n (=

lev,
ged(m, n)) singularities.
The above result is summarized as follows:

Proposition 7.4. Let m : M — A be a linear degeneration of com-
plex curves with a stellar singular fiber Xo and let ¥ : M — A x Al
be a barking family associated with a simple crust Y with barking multi-

plicity I. Suppose that Y has a proportional subbranch brt?) of a branch
Br® of Xo. Write ﬁ(j) = molAg +m1O1 +meBs + - - -+ myOy and
E(j) = ngAg + 1101 + n9B3 + -+ + nxOx and let m and 7 be the
relatively prime positive integers satisfying 1/ = ny/mx. Then in the
deformation m : My — Ay for a fizred t # 0, there exist i subordinale
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fibers that have singularities near the edge of Br"). Moreover, each of
these subordinate fibers has n/7i (= ged(m, n)) singularities near the edge

of Br).

¢8. Singularities near the core

We next investigate the singularities of subordinate fibers near the
core.
Let m : M — A be a linear degeneration of complex curves with

a stellar singular fiber Xg = mp©qg + Z?zl Br and let ¥ : M —
A x A" be a barking family of the degeneration 7 : M — A associated
with a simple crust ¥ = ng©g + Z?=1 br. Write Br?) — moA(()j ) 4

mgj)@gj) +eet mE\J&>@§\j<3')’ br = NOA((JJ) + ”gj)egj) +oe ”,%) @%)

and let p¥) be the attachment point on Oy with Br?. For brevity, we
assume that the subbranches E(l),ﬁ(2), e ,Bf(v) are proportional and
E(UH),B—E@H), . ,B-r_(h) are not.

Let Ny be the normal bundle of ©¢ in M. Recall that the local

expression of M near the core Oy is given by

l
o(2)¢™ — s+ Y 1CxtFlo(2)T(2)¢mOTFMO = 0 in Np x A x AT,
k=1

equivalently
o(z)(mo_lno (C"O + th(z))l —5=0,

where o is the standard section of Ng’ (=mo) and 7 is a core section of

NE™ for Y (see [Ta3] Chapter 16). Substituting ¢ = 0 into this equation,
we obtain
o(z){™ —s=0 in Ny x A x {0},

which is the local expression of M around ©g. See the paragraph subse-
quent to Remark 2.2. Note that ¢ has a zero of order mgj ) at p\9), while
7 has a pole of order ngj ) at p\9). Suppose that 7 has a zero of order a;
at ¢; (1=1,2,...,k) on Oy.

Fixing s,t # 0, consider a fiber X, = ¥71(s,t) of ¥ : M —
A x AT, Set F := g(z)¢mo~m0 ((mo + th(z))l. Then (2,() € X5 is a
singularity if and only if

0 0
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equivalently
gmo=tno (¢ +#87(2)) " {2 (2)C™ + 4 (0.(2)7(2) + lo(2)7(2))}
=0,
¢mo=ino=l (¢mo 4 th(z))Fl o(z) (moC™ + (mg — Ing) tr(2)) =0,
where 0, := Lo and 7, = 7. Set K(2) := noo, (2)7(2) + moo ()7 (2),

which is called the plot function®. Then the above equations hold pre-
cisely when

(ro = Inammaydr ()

{K(z)—o a(z) £0, 7(2) #0,

In particular, whether (z,¢) € X, is a singularity does not depend on
s. Noting that every point (z,() in X ; satisfies

o(z)¢motno (¢ + th(z))l —s5=0,
s is given by

Cmo ln()

s=o0(z "O-l—td )

(
l
oo ()
0 Mo
l

- lTLO mo

Hence:

Lemma 8.1. Fizt # 0. A point (z,{) € Ny is a singularity of some
subordinate fiber X, ; of the deformation m : My — A if and only if the
following condition is satisfied:

{mz) =0, o(z)#0, 7(2)#0,

_ Ing— d
¢no = lmozmoydr ().

In this case, the following holds:

s = (—m—°—>la(z)¢mo.

l’)’l,o — Mo

8Note that K(z) is not a function on ©y but a meromorphic section of a
line bundle N>"™™ g Qg, on O, where Qg is the cotangent bundle of ©.
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We call a zero « of the plot function K (z) an essential zero if o(o) #
0 and 7(a) # 0. For an essential zero o of K(z), Lemma 8.1 implies
that (o, 8) € Ny is a singularity of a subordinate fiber X ; if and only
if

k)
i
s= (i) ola)sm.

Eliminating /3, we have

lng _ mo - ~ -
Sﬁo _ < lno ) (lno mo) tdmoo(a)nOT(a)mo,

fro = no=mo ()

l’no — My mo

where g and 7ig are the relatively prime integers satisfying 7g/mo =
ng/mg. This equation for s has g solutions, say, s1, 82, ..., 85,. Observe
that the equation

Ine —
gro = 0" M04d ()
mo
for B has ng solutions, say 1,052, ..., 8n,- Then ng/fig (= ged(mo,no))
points among («, 81), (o, B2), - . -, (c, By ) lie on one of the subordinate
fibers X51,t7 X32,t7 cas ;Xsﬁo,t-

Lemma 8.2. Let o be an essential zero of K(z). Then:
(a):  There exist g subordinate fibers Xs, t, Xsy ts- .-, Xsn ¢ that
have singularities with z-coordinate . (In fact, s1,82,. .., Sqg
are given as the solutions of the following equation for s:

_ Ing Mo _ _ _
sho — (lncl’r_zqmo) (lnonzomo) tdmoo.(a)no,r(a)m().)
(b):  Moreover the number of such singularities on each of these
subordinate fibers is ng/Tio.

_ dlog(a™ ™)

Next we write K(z) = orw, where w(z) : . Here w

2
is a meromorphic section of the cotangent bundle Q1@0 on By. Recall

the assumption that the subbranches E(J) (j =1,2,...,v) are propor-
tional (so mongj) - mgj)no = 0) and the others are not. Then w(z) is
holomorphic at p™),p®) ... p(*) whereas w(z) has a pole of order 1 at
ptD) p+2) 1 5(A) On the other hand, w(z) has a pole of order 1 at
41,92, - - -, qr (which are zeros of the core section 7). Moreover

K(z) =0, )0
IR ]
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Lemma 8.3 ([Ta3] Lemma 21.3.5). Let gg denote the genus of the
core ©g. Then

> orda (K (2)) = (h—v)+k+(290—2) = Y _ord,i (w).
K(a)=0,0(x)#0,7(a)#0 j=1

We set x := (h—v)+k+ (290 —2) — 37, ord, (w), which is called
the core invariant.

Corollary 8.4. Let x denote the number of essential zeros of K (z).

Then we have
k<X,

where the equality holds precisely when the order of any essential zero of
K(z) equals 1.

Proof. For any essential zero « of the plot function K(z) we have
ord,(K(z)) > 1,

thus
ord, (K (z)) > &.
K(a)=0,0(ca)#0,7(a)7#0

From Lemma 8.3, the left hand side of this inequality is equal to the
core invariant x, which confirms the assertion.
Q.E.D.

Let aq, a9, ..., be the essential zeros of K(z), where x is the
number of essential zeros of K(z). By Lemma 8.2 (a), for each «;, there
exist ng subordinate fibers that have singularities with z-coordinate ¢,
and their singular values are given by

Ing _ mo - B B
Sﬁ'o _ ( lno > <l’ll0 mO) tdmOO'(Oéi)noT(Oli)mo.

Ing — mg mg

Thus, if o; and oy satisfy
ofaq)™ ()™ = o) " ()™,

then the singularities with z-coordinate o; and «; lie on the same sub-
ordinate fiber. We denote by k the number of the distinct values of
the set {o(a;)™7(a;)™ :4=1,2,...,x}. Then for a fixed ¢t # 0, the
deformation 7, : M; — A, has exactly ngk subordinate fibers that have
singularities near the core. This result together with Lemma 8.2 and
Corollary 8.4 confirms the following:
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Proposition 8.5. Let us consider the deformation m : My — Ay
of m: M — A for a fized t # 0. Then we have the following.

) The number of subordinate fibers in M,

(a): that have singularities near ©q
Here the equality holds precisely when the order of any essential
zero equals 1 and & = K.

(b): The number of singularities near ©q > < @X
' on each subordinate fiber in M; = ng
Here the equality holds precisely when the order of any essential
zero equals 1 and K = 1.

> < ngXx.

§89. Constraints from the numbers of singularities

In this section, we show two useful lemmas which give us the number
of the subordinate fibers and that of their singularities. See Lemmas 9.2
and 9.4.

Let w : M — A be a linear degeneration of complex curves with a
stellar singular fiber Xg = myOq + Z?Zl Br. Suppose that Xy has a
simple crust ¥ = ngOq + Z’.’_ br' of with barking multiplicity [. For

brevity, we assume that the subbranches br( ) ,br Br) ,B—f(v) are pro-

portional and the others are not (so v is the number of the proportional
subbranches). Let ¥ : M — A x AT be a barking family of 7 : M — A
associated with Y. We define the core invariant of Y as

X = (h—’l))—l—k+ 290—2 Zordpm

where gg is the genus of the core ©p and w := % log(o™07™0).

First we assume that Y has no proportional subbranches. Since
v =20, we have x = h+k+ (290 — 2). Then Lemma 7.1 ensures that the
subordinate fibers have singularities only near the core.

Lemma 9.1. Suppose that Y has no proportional subbranch. Set
¢ = ged(mo,no) and fig := ng/e. If x = 1, then for a fized t # 0, we
have the following.

(a):  m: My — Ay has exactly fig subordinate fibers.

(b):  Each subordinate fiber of w, : My — Ay has ¢ singularities.

(c):  The number of singularities of all the subordinate fibers of
my o My —)At 18 Mg -

Proof.  First note that the plot function K (z) has at least one essen-
tial zero. Otherwise, from Lemma 8.1, there would exist no singularities
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around the core, which implies that 7 : M; — A; has no subordinate
fibers. Accordingly

1 < (the number of essential zeros of K(z)).
On the other hand, Corollary 8.4 states that

(the number of essential zeros of K(z)) < .

From the assumption y = 1, we obtain
(the number of essential zeros of K(z)) = 1.

Namely K(z) has exactly one zero of order 1. By Proposition 8.5, we
have

(the number of subordinate fibers of m; : My — At) = fig,

(the number of singularities on each subordinate ﬁber) =c,

confirming (a) and (b).
(c) clearly follows from (a) and (b). Q.E.D.

In particular:

Lemma 9.2. Suppose that (i) ¢ is a complex projective line, (ii)
Xo has three branches, (iil) the core section T has no zero and (iv) Y
has no proportional subbranches. Set c := ged(mg,no) and fig := ng/c.
Then for a fized t # 0, we have the following.
(a):  me: My — Ay has exactly ng subordinate fibers.
(b):  Each subordinate fiber of m, : My — Ay has ¢ singularities.
(¢): The number of singularities of all the subordinate fibers of
e : My — Ay is ng.
Proof. By assumption, we have gg =0, h =3,k =0, andso x = 1.

Hence Lemma 9.1 confirms the assertion. Q.E.D.

Remark 9.3. By Lemma 2.6, we can restate the condition (iii)

o » o h (4) /o
of Lemma 9.2 as “ro = ry,” where ro := )5, my /mo and ry =

N .
St /0.
Next we assume that Y has a proportional subbranch.

Lemma 9.4. Suppose that (i) O is a complex projective line, (ii)
Xo has three branches, (iii) the core section T has no zero and (iv) Y
has a proportional subbranch Q(l) =ngQAg+n101+ 1205 +---+n)x0)

of ﬁ(l). Then E(l) is the unique proportional subbranch of Y (that is,
v =1). Moreover for a fized t # 0, we have the following.
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(a):  m: My — Ay has exactly 7y subordinate fibers.
(b):  Each subordinate fiber of m : My — A, has c singularities.
(c):  The number of singularities of all the subordinate fibers of
g - M; — At i8S Ny
Here ¢ := ged(my,my) and @iy :=ny/c.

Proof. By assumption, we have go =0, h = 3, k = 0. Thus

v
x=1—-v- Zordpu) (w),
=1

SO

v
X+ Z (ord,) (w) +1) = 1.
j=1

Recall that w(z) is holomorphic at p¥) for j = 1,2,...,v, that is,
ord,; (w) > 0. Noting that x > 0 and v > 1, we deduce that x = 0,

v = 1 and ord,u)(w) = 0. Hence br'” is the unique proportional sub-
branch. Since x = 0, from Proposition 8.5, every subordinate fiber of
m : My — A has no singularities near the core ©g. Therefore Proposi-
tion 7.4 confirms (a), (b) and (c). Q.E.D.

§10. Determination of the subordinate fibers, 2

We now determine the subordinate fibers of the remaining barking
families.

We first consider barking families whose simple crust has no pro-
portional subbranches. In the barking family [I11.2], I1T is deformed
to 11:

IIr 22,
By Lemma 3.4, the set of subordinate fibers is one of (i) {II}, (ii)
{I>}, and (iii) {I1, I }. Note that the simple crust for this family has no
proportional subbranches. See [I11.2] of the list in Section 12. Applying
Lemma 9.2, since ¢ = 2 and ng = 1, we deduce that there appears exactly
one subordinate fiber and it has two singularities. This condition is
satisfied only for the case (ii). Hence:

Proposition 10.1. The barking family [I11.2] splits the singular
fiber I11 as follows:
I — Il -+ I27

where I is the main fiber and I3 is a subordinate fiber.
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Similarly:

Proposition 10.2. The barking family [I11*.2] splits the singular
fiber I1T* as follows:
[T — I + I,

where I is the main fiber and I3 is a subordinate fiber.
In the barking family [IV.2], IV is deformed to I:

bark
—

v Is.

By Lemma 3.4, the set of subordinate fibers is one of (i) {II}, (ii) {I=},
and (iii) {I1,1;}. Applying Lemma 9.2, since ¢ = 1 and fig = 2, we
deduce that there appear two subordinate fibers and each of them has
one singularity. This condition is satisfied only for the case (iii). Hence:

Proposition 10.3. The barking family [IV.2] splits the singular
fiber IV as follows:
IV — I + I + I,

where Iy is the main fiber and the two Iy are subordinate fibers.
Similarly:

Proposition 10.4. The barking family [IV*.2] splits the singular
fiber IV* as follows:

= —>I§ + I + I,

where I is the main fiber and the two I are subordinate fibers.

In the barking family [I1T*.4], IIT* is deformed to I§:
I 22 g

By Lemma 3.5, the set of subordinate fibers is one of (i) {111}, (ii) {I5},
(i) {II, I}, (iv) {I2, 1}, and (v) {[1,[1,11}. Applying Lemma 9.2,
since ¢ = 1 and 79 = 3, we deduce that there appear three subordinate
fibers and each of them has one singularity. This condition is satisfied
only for the case (v). Hence:

Proposition 10.5. The barking family [I1I*.4] splits the singular
fiber I11T* as follows:

Hnrr—1I1 +hL+5L+ 1,

where I§ is the main fiber and the three I are subordinate fibers.
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Similarly:
Proposition 10.6. The barking family [I11*.5] splits the singular
fiber I1T* as follows:
Hnrr-—iIls+ L+ 5L +1,

where Ig is the main fiber and the three I are subordinate fibers.
In the barking family [1I*.4], IT* is deformed to Is:

ey
By Lemma 3.6, the sum of the Euler characteristics of the subordinate
fibers is 5. Applying Lemma 9.2, since ¢ = 1 and 7y = 5, we deduce that
there appear five subordinate fibers and each of them has one singularity.
Hence:

Proposition 10.7. The barking family [1I*.4] splits the singular
fiber IT* as follows:

Ir—iIn+hL+L+0L+1+ 1,

where I5 is the main fiber and the five Iy are subordinate fibers.

In the following cases, the simple crust has a proportional subbranch.
In the barking family [IT1*.2], I1* is deformed to IV*:

I 22, py-,
By Lemma 3.4, the set of subordinate fibers is one of (i) {II}, (ii)
{Iz}, and (iii) {1, [1}. Note that the simple crust for this family has
a proportional subbranch of length 2. See [IT*.2] of the list in Section
12. Applying Lemma 9.4, since ¢ = 1 and 712 = 1, we deduce that there
appears exactly one subordinate fiber and it has one singularity. This
condition is satisfied only for the case (i). Hence:

Proposition 10.8. The barking family [I11*.2] splits the singular
fiber 11 as follows:
I — IV* + 11,

where IV* is the main fiber and 11 is a subordinate fiber.
In the barking family [II*.3], IT* is deformed to I3:

Ir 22 7
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By Lemma 3.4, the set of subordinate fibers is one of (i) {II}, (ii)
{L}, and (iii) {I1,[1}. Note that the simple crust for this family has
a proportional subbranch of length 1. See [I1*.3] of the list in Section
12. Applying Lemma 9.4, since ¢ =1 and 7y = 2, we deduce that there
appear two subordinate fibers and each of them has one singularity. This
condition is satisfied only for the case (iii). Hence:

Proposition 10.9. The barking family [IT*.3] splits the singular
fiber IT* as follows:
Irr — I; + L+ 14,

where 15 is the main fiber and the two I, are subordinate fibers.
We summarize Propositions 3.3, 6.1-6.5, 10.1-10.9 as follows:

Theorem 10.10. Each barking family in Takamura’s list (1.1) ex-
cept [II1T1*.8], [IV.3], [IV.4], [I;.2] splits the singular fiber as follows:

[II1) I — L+ 1, [II1*.2] [I[* — I} + I,

[[1.2) 1] — I, + 1, [IIT*.3) IIT* — I} + 1)

[I1*1) IT* — IIT" + T, [[IT*.4) [II* — I+ L +0L+1

[II*.2) IT* — IV* + 11 [III*.5] [II* — Ig+ L+ L +1)

(Ir*.3) 11" — I+ L +1, [IIT*.6) III* — I + 1)

[II1*.4] IT* — I (IIT*.7) [II* — L;+ 1 + 1
+hLh+L+L+0L+06 IITF9 I — IV + 1

[IT*.5] [I* — I} + 1) [IVA) IV — L+1,

[II*.6) II" — I} + 1, [IV2] IV —L+I1L+1;

[Ir*.7) II* — g+ L+ 1 [IV*1] IV — I} + I

[I1*.8] IT* — III* + 1, [IV*2) IV — X+ 1L+ 1,

[IT*.9] II* — IIT* + I, [IV*3] IV — Ig+ 1L +1)

[II1.1] [T — L+ 1 [IV*4) IV* — I} + 1

(II1.2) IIT — L + I, 31 Iy — L+ L+ 1

[II1.3) IIT — I, + 1, [[x1] I} — I} + L

[IIr*A) IIT* — IV*+ 1) [[%.2] I} — Iypa+ 11 + L.

§11. Supplement: Monodromy decompositions

In this section, we give decompositions of the standard monodromy
matrices corresponding to the splittings of the singular fibers induced
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by Takamura’s barking families. Recall that SL(2,7Z) is generated by

(11 d_lO
so=1| o 1 and sy ={( _; | |-

Note that, since sgs2s0 = s280S2, we have

s2 = (s082) so (5032)71 .

Decomposition of A;;.  The standard monodromy matrix of 11
is Ar; = sgs2. Ajr is decomposed into two conjugacies of Ay, as follows:

A[[ = S0S2 = Ah . (8082) Ah (8082)_1 .

In fact, the splitting IT — Iy 4+ I; occurs in the barking families [I1.1]
and [IT1.2].

Decomposition of Ar;;.  The standard monodromy matrix of
11T is Ajrr = sos280. Arrr is decomposed into Ar, and a conjugacy of
A I

Arrr = 808280 = Sg (8618280) = Ay, - 8214._[132‘1.
In fact, the splitting III — Iy + I; occurs in the barking families
[I1I.1], [III.2], [III.3].

Ajrr has other monodromy decompositions as follows (but we have

not found barking families that admit the corresponding splittings):

Arrr = (s082) so = Arr - Ay,
(I1T — IT + 1)
Arrr = sosaso = Ar, - (s0s2) Ar, (sos2) ™ - Ap,.

(III — L1+ 1 +Il)

Decomposition of A;y. The standard monodromy matrix of
1V is Arv = s0825052. Ary is decomposed into Ay, and a conjugacy of
Ap:

Ary = 50828082 = sg (8618280)
= AI3 . S2A11551.
In fact, the splitting IV — I+ I; occurs in the barking family [IV.1].

Ajy has another monodromy decomposition

Ay = 5089808y = 3(2,5250
= Ar, - (s0s2) Ar, (s052) ™" - Ar,,
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while the barking family [IV.2] induces the splitting [V — Iy + 11 + 1.

We have other monodromy decompositions of Ary as follows (but
we have not found splitting families that admit the corresponding split-
tings):

Ary = (s05250) 2 = Arrr - (5052) Ar, (5082) ",
(IV — III + I)
Ary = (8082)° = Arr - A,
(IV — I+ I1)
Ary = (8082) S082 = Arr - Ar, - (s082) Ar, (s0s2) ',
(IV—II+1+1)
Arv = 5382 (s082) 85 = A, - 241185,
(IV — L+ 1I)
Arv = 80825082
= Ay, - (sos2) Ar (5032)'1 - Aq, - (s082) Ar, (8052)'1.
(IV — Lh+0L+15 +Il)
Decomposition of Aj;~. The standard monodromy matrix of
IT* is Arp= = (5032)5. Ajr- is decomposed into Ayrp+ and a conjugacy

of A[ll
A = (s082)" s0s2 = Arr1+ - (s052)Ar, (s082) ™.
In fact, the splitting I1* — III* + I; occurs in the barking families
[Ir*.1], [II*.8], [IT*.9].
Aj~ is also decomposed into Ar; and a conjugacy of Ay, :

A = (5032)3 S0828082 = (3032)3 53 (salsgso)
= A]:;: . 82A11851.
Note that the barking families [I1*.5] and [II*.6] induce the splitting
I — I3+ 1.
We have other monodromy decompositions of Ay which respec-

tively correspond to the splittings induced by Takamura’s barking fam-
ilies as follows:

Arr- = (5052)* (5082) = Arv+ - Apr,
(I1*.2] II* — IV* + I1)

Arpe = (s052)° 5§ (55" 5250) 52 = Arz - 8241, 55" (s052) A, (s052) ™",
(I*.3) IT* — I3 + I, + I)
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Arp = s (8618230) 50825280
= Ar, - s9Ap 85 - A - (s082) Ar (3052)_1 - (s0%2) Ar, (3052)_1 -Ap,
(II*4) II* — Is+ L+ L+ L+ L + 1)
Arrs = s§ (s5%s253) (55 "85 %505550)
= Ap, - (sg"s2) An, (sg s2) ™ - (s5532) A (s5's32)
(LIT*.7) II* — Is + Iy + I)

-1

Decomposition of A;rr«.  The standard monodromy matrix of
IIT* is Arrp- = (3052)4 so0. Arrr+ is decomposed into Ay~ and Ay, :

Arrre = (8082)" s0 = Ay~ - A,

In fact, the splitting II1* — IV* + I; occurs in the barking families
[I1I*.1] and [II1*.9].
Aprr+ is also decomposed into Ay and a conjugacy of Ay, :

Aqrre = (s052)> sos280 = (8082)38(2) (80—18280)
= AI; . SzAIlsz_l.
Note that the barking families [I11*.3] and [I1I*.6] induce the split-
ting 111" — I3 + I;.
We have other monodromy decompositions of Ajrr« which respec-

tively correspond to the splittings induced by Takamura’s barking fam-
ilies as follows:

Arrre = 351 (5052)3 50525% = Sz_lAIi"SQ “Ap,,
(LLIT*.2] III* — I} + I)
Arrr = (s082)° sosas0 = Ags - Ar - (s082) Ar (sos2) " - A,
(IIT*. 4] IIT* — I§+ I + I + Ih)
Arrr- = sg (80_38253) (3515230) (salsgso)
= Ap - (80_282) Ap (80_282)V1 - 89Ar 85" - s2Ar 85t
([IIr*.5] I1I* — Is + I, + I + I1)
Arrr- = s (sg°s250) (59 5253)
= Ar, - (s9*s2) An, (sg*s2) " - (s3752) Any (55 52)
(U7 IIT* — I + I + 1)
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Decomposition of A;y~. The standard monodromy matrix of
IV*is Apy» = (3032)4. Ary~ is decomposed into A+ and a conjugacy
of A I ¢

A]V* = (8082)3 S082 = A]f . (8082) A[l (Sosg)Al .
In fact, the splitting IV* — I + I; occurs in the barking families
[IV*.1] and [IV*.4].

We have other monodromy decompositions of Ay« which respec-
tively correspond to the splittings induced by Takamura’s barking fam-
ilies as follows:

Apye = (s082)% s0s2 = Ary - Ar, - (s052) Ar (3032)._1,
(IV*.2) IV* — [F + I + I)
Ay = sg (3643233) (3513230)
= Az, - (s5°%s2) Ap (80'332)_1 - s9Ar syt

(IV*.3] IV — I+ 1, + 1)

Decomposition of Ar: (n > 0). The standard monodromy ma-
trix of I (n > 0) is Apx = (s0s2)” s2. Ar- is decomposed into Ay, ,,
and two conjugacies of Ay, as follows:

Ap

— no__ 2 —2\ 4.
ntd — 8082808250525¢ = S2 (808280 ) S0S0

= (s0s2) Az, (s0s2) " (sds2) Ar, (5852)_1 “Af -

In fact, the splitting IV* — I 4+ I3 occurs in the barking families
[I5.1] and [I}.2].

For n > 1, note that the barking family [I%.1] induces the splitting
Iy — I 4 + I. Then A;- is also decomposed into A;x | and Ay, as
follows:

A[; = (8082)3 804180 = A[*

n—1

-Ap,.

812. Appendix: Takamura’s list for genus g =1

In [Ta3], for genera up to 5, Takamura made a list of barking families
— precisely speaking, a list of simple crusts (and weighted crustal sets)
for constructing barking families — which enables him to show that
a degeneration is absolutely atomic if and only if its singular fiber is
either a Lefschetz fiber or a multiple of a smooth curve. Recall that in
a barking family, for a fixed ¢ # 0, the singular fiber X, ; over the origin
is called the main fiber and other singular fibers X, ; (s # 0) are called
subordinate fibers. As we saw in Section 2, the main fibers of barking
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families are explicitly described. In this paper, when the original singular
fiber X is deformed to the main fiber Xg ¢, we express Xo bark, Xo,t-

For the convenience of the reader, we provide Takamura’s list of
barking families for genus 1 with figures of the singular fibers:

[[1.1] IT 2%, 1

[I1.2] IT 225, 1,

[IT*.1] IT* 225, 111>
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Remark 12.1. (a): - Takamura [Ta3] introduced not only a

barking family associated with one simple crust (which we re-
viewed in Section 2) but also a barking family associated with
several crusts. The latter is called a compound barking fam-
ily. Note that the barking families [IT*.6], [IT*.7], [I1I*.7],
[I1I*.8] are compound barking families.

(b): The singular fiber I (n > 1) is constellar (constellation-
shaped), that is, it is obtained by bonding stellar singular
fibers. So [I’%.1] and [I}%.2] are barking families for constellar
case rather than for stellar case. See [Ta3] for details.

(c): This list contains no barking families for a degeneration
with the singular fiber mI,. In fact, for ml, (m > 2), we use
another method to construct a splitting family, which splits
mlI, into mI,_; and I;. See [Tal] for details.
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