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Mixed functions of strongly polar weighted
homogeneous face type

Mutsuo Oka

Abstract.

Let f(z,z) be a mixed polynomial with strongly non-degenerate
face functions. We consider a canonical toric modification 7 : X — C"
and a polar modification mg : ¥ — X. We will show that the toric
modification resolves topologically the singularity of V and the zeta
function of the Milnor fibration of f is described by a formula of a
Varchenko type.

81. Introduction

Recall that a mixed polynomial f(z,z) with n complex variables
variables z = (21,...,2,) € C™ is called a polar weighted homogeneous
polynomial if there exist a weight vector P = (p1, ..., pn) and a non-zero
integers d, such that

flpoz poz)=p*f(z,2), poz=(p"2,...,0""2), peC, |p|=1.

Similarly f(z,z) is called a radially weighted homogeneous polynomial if
there exist a weight vector Q@ = (g1,...,¢,) and a positive integer d,
such that

f(toz,toz) =t%f(z,7), toz= (tTz,...,t7z,), t € RT

If f is both radially and polar weighted homogeneous, we have an asso-
ciated Rt x S'-action on C" by

(t,p)oz = (11 PP 21,...,tpPr2,),  (t,p) € RT x S

Received January 26, 2012.

Revised July 19, 2012.

2010 Mathematics Subject Classification. 14P05, 32S55.

Key words and phrases. Strongly polar weighted homogeneous, Milnor fi-
bration, toric modification.



174 M. Oka

The integers d, and d, are called the radial and the polar degree respec-
tively and we denote them as d, = rdeg, f and d, = pdegp f. Usually a
polar weighted homogeneous polynomial is also assumed to be radially
weighted homogeneous [7]. We assume this throughout in this paper.

We say that f(z,Z) is strongly polar weighted homogeneous if p; = g;
for j =1,...,n. Then the associated RT x S! action on C" reduces to
a C* action which is defined by

(1,2) = (1, (21, .-, 2n)) = Toz = (21771, . .., 2n7P"), T € C*.

Furthermore f is called a strongly polar positive weighted homogeneous
polynomial if pdegp f > 0.

The purpose of this paper is to generalize the result of Varchenko
([10]) to non-degenerate mixed functions of strongly polar weighted ho-
mogeneous face type (Theorem 11).

§2. Non-degeneracy and associated toric modification

Throughout this paper, we use the same notations as in [6], [9],
unless we state otherwise. We recall basic terminologies for the toric
modification.

2.1. Non-degenerate functions

Let f(z) =3_, , av,,2"2" be a convenient mixed analytic function.
Here “mixed analytic” implies that Zy’ u Gv,pZ W is an analytic func-
tion of 2n complex variables z = (z1,...,2,) and w = (w1,...,wy,). f
is convenient if it contains some monomial z;j E?j with a non zero coef-
ficient for any j = 1,...,n. The Newton polyhedron I' . (f) is defined
by the convex hull of the union U, {v + p+R?% |a, , # 0}. The Newton
boundary I'(f) is the union of the compact faces of I'y (f). If f is a
holomorphic function germ, a,,,, = 0 unless p = (0, ...,0) and the New-
ton boundary T'(f) coincides with the usual one. For a positive weight
vector P = (p1,...,pn), we associate a linear function £p on I'(f) by
lp(T) =Tp1+ -+ Tnpn for 7 € T(f). It takes a minimum value which
we denote by d(P, f) or d(P) if f is fixed. Let A(P) be the face where
£p takes the minimal value and put fp := ZU-‘,—/.LEA(P) ay,,2°z" and we
call fp the face function of f with respect to P.

A mixed function f(z,%) is called of strongly polar positive weighted
homogeneous face type if for each face A of dimension n — 1, fa(z,Z) is
a strongly polar positive weighted homogeneous polynomial.

Recall that f is non-degenerate for P (respectively strongly non-
degenerate for P) if the polynomial mapping fp : C** — C has no
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critical point on f5'(0) (resp. on C*"). In the case that fp is a polar
weighted homogeneous polynomial, two notions coincide ([9], Remark 4).
In particular, two notions for non-degeneracy coincide for holomorphic
functions.

Consider a mixed monomial M = z”z*. The radial degree rdeg (M)
and the polar degree pdeg (M) with respect to P are defined by

rdegp( M) sz(’/l + .uz pdegp M) Z pz Mz

Note that the face function fp is a radially weighted homogeneous poly-
nomial of degree d(P) by the definition.

Consider the space of positive weight vectors N*. Recall that an
equivalent relation ~ on Nt is defined by

for LQe N*, P~ Q < A(P) = A(Q).

This defines a conical subdivision of N which is called the dual Newton
diagram for f and we denote it by I'*(f).

2.2. Admissible subdivision and an admissible toric mod-
ification

We recall the admissible toric modification for beginner’s conve-
nience. We first take a regular simplicial subdivision ¥* of the dual
Newton diagram I'*(f). Such a regular fan is called an admissible reg-
ular fan. See [6], Definition IIT (3.1.3). The primitive generators of
one dimensional cones in X* are called vertices. Namely a vertex has
a unique expression as a primitive integral vector P = %(p1,...,pn)
with ged(p1,...,pn) = 1. P is strictly positive if p; > 0 for any j.
Let V be the vertices of ¥* and let V* C V be the vertices which
are strictly positive. (We denote the strict positivity by P > 0.) To
each n-dimensional simplicial cone 7 of ¥*, we associate a unimodu-
lar matrix, which we denote it by 7 by an abuse of notation. Thus if
Py, ..., P, are primitive vertices of 7, we also identify 7 with the uni-
modular matrix (P, ..., P,) € SL(n;Z). On the other hand, as a cone,
T = {Ele aiP;la; > 0,i = 1,...,n}. We say that ¥* is convenient
if the vertices of X* are strictly positive except the obvious elementary
ones E; =*(0,...,1,...0) (1 is at j-th coordinates), j = 1,...,n. We
assume that f is convenient and thus we assume also that ¥* is conve-
nient hereafter.

We denote by K (respectively by K ) the set of simplices of £* (resp.
s-simplices of ¥*). Note that an s-simplex corresponds to an (s + 1)-
dimensional cone. For each 7 = (Py,...,P,) € K,_1, we associate



176 M. Oka

affine space C" with the toric coordinates u; = (ur1,...,Ur,) and a
toric morphism 7, : C? — C™ with z = n,(u,), z; = uf’ll <oy for
j = 1,...,n where C" is the base space and z = (z1,...,2,) is the

fixed coordinates. Let X be the quotient space of the disjoint union
[1,C7 by the canonical identification u, ~ u, iff u; = m,-1,(u,) where
m,—1, is well defined on u,. The quotient space is a complex manifold
of dimension n and we have a canonical projection 7 : X — C™ which is
called the associated toric modification. Recall that m gives a birational
morphism such that = : X \ 771(0) — C*\ {0} is an isomorphism, as
we have assumed that 3* is convenient. Here 0 is the origin of C". It
also gives a good resolution of the function germ f at the origin if f(z)
is a non-degenerate holomorphic function germ. However for a mixed
non-degenerate germ, m does not give a good resolution in general ([9]).

2.3. Configuration of the exceptional divisors

We recall the configuration of exceptional divisors of # : X — C".
For further detail, see [6], p. 73. For each vertex P € V1 of ¥*, there cor-

responds an exceptional divisor E(P). The restriction 7 : X \ 771(0) —
C™\ {0} is biholomorphic and the exceptional fiber 7=*(0) is described
as:
7T_1(0) = UpeV+E(P).

Note that V\ Vt = {E;;7 = 1,...,n} and E‘(EJ) is not compact and
7T|E(Ej) : E(EJ) — {z; = 0} is biholomorphic. Let V be the strict
transform of V to X. Recall that E(P) := E(P) NV is non-empty if
and only if dim A(P; f) > 1.

2.3.1. Stratification. We define the toric stratification and the Mil-

nor stratification of the exceptional fiber 771(0). For each simplex
T=(P1,...,P;) of ¥*, we define

NE(T)*:FWQc BE(P, )\UQEVQeéT 5(Q )
V(r)* =E(r)*nV, E(r)* = E(r)*\ V(7).

In the case of 7 = (P), we simply write E(P), V(P) and E(P)*. Then
we consider two canonical stratifications of 771(0):

(1) Toric stratification : T := {E(7)* |7 NVt #£ 0},
(2)  Milnor stratification : M := {E(7)*, V(r)* |7 NV # 0}.
Here 7 N VT # () implies E(7) € 71(0). We call 7 the support simplex

of E(7), V(7). If T is a subsimplex of &, we denote it as 7 < . The
basic properties are
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Proposition 1. (1) E(P)NEQ) # 0 if and only if (P, Q) is
a simplex of X*.

(2) Lett = (P1,...,P) be a k-simplez and let o = (P1,...,P,)
and o' = (P1,..., Py, Qk+1,.-.,Qn) be (n — 1)-simplices for
which 7 < o and T < ¢’. Put

B(r)y = {5 € C gy = 0,i <k, gy £ 0,5 2 k+1}
E(T):, = {0y € CY |tgr; = 0,i <k, ugr; 0, § > k+1}.

al T

Then we have E()% = E(1)%,. In particular,

E(r)* = E(r)p =2Ch),
(3) L, peE(7)* is a toric stratification of E(P).

Proof. As a unimodular matrix, c~'o’ takes the following form

v, (I, B
g "‘(o C)

where O is (n — k) x k zero matrix and Ij, is the k x k identity matrix.
From this expression, it is clear that the restriction of the morphism
Tg-1gr : C — C* gives the isomorphism 7¢ : E(7)%, — E(7)* where
e is the toric morphism associated with the unimodular matrix C. The
other assertion is obvious. See [6], Prop. III (1.3.2), Cor. IIT (1.3.3) for

further detail. Q.E.D.

2.4. Milnor fibration

Let f be a strongly non-degenerate function which is either holomor-
phic or mixed analytic. We consider the Minor fibration by the second
description: f: E{(e,8)* — Dj where

B(e,8)" = B n f1(Dj)
B2t ={z e C"||zl| <€}, Dj :={p€C|0<|p| <5}.
The Milnor fiber is given by F, . := f~(n) N B2" with 0 # |n| < 6.
Note that as long as ¢ is smaller than the stable radius g and § < ¢,
the fibering structure does not depend on the choice of £ and 4.
Let 7w : X — €™ be the associated toric modification. The restriction

7: X \71(0) = C™\ {0} is biholomorphic. Then the Milnor fibration
can be replaced by 7*f = fon: E(e,6)* — Dj where

B(e,6)" = {z € X|0 < |f(n(x))] < 6} N B.
B, ={z||r(z)| < ¢}
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Note that B. can be understood as an e-neighborhood of 771(0). Let
V be the strict transform of V to X. The above setting is common for
holomorphic functions and mixed functions.

83. A theorem of Varchenko

We first recall the result of Varchenko for a non-degenerate con-
venient holomorphic function f(z). Consider a germ of hypersurface
V = f~50). For I C {1,...,n}, let fI be the restriction of f on the
coordinate subspace C! where

CI:{Z|Zj:07j¢I}7 C*I:{Z|Zj:0 — ]¢I}

Let St be the set of primitive weight vectors P = (p;);cs of the variables
{24 € I} such that p; > 0 for all ¢ € T and dim A(P, fI) = |I| — 1.
P € 8; can be considered to be a weight vector of z putting p; =0, j ¢ I.
Then the result of Varchenko ([10], see also [6]) can be stated as follows.

Theorem 2. The zeta function of the Milnor fibration of f is given
by the formula

C(t) = HCI(t), Cr(t) = H (1 — t4PF))=x(P)/d(P.fT)
I

PeSy

The term x(P) is the Euler—Poincaré characteristic of the toric Milnor
fiber F(P)* where

F(P) = {z' € CT| fp(a') =1},
and it is a combinatorial invariant which satisfies the equality:

(3) X(P) = (=114 1|1 Vol Cone(A(P; 1), 0).

84. Revisit to the proof

For the proof of Theorem 2, we use an admissible toric modification
as in the proof in [6]. We will generalize this theorem for a convenient
non-degenerate mixed function of strongly polar weighted homogeneous
face type in the next section. For this purpose, we give a detailed de-
scription of the proof so that it can be used for a mixed function of
strongly polar weighted homogeneous face type without any essential
change. Let ¥* be an admissible regular, convenient subdivision and let
m: X — C” be the associated toric modification.
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4.1. Compatibility of the charts

Let 7 = (Py,...,Py) € Ki_1 and suppose that we have two co-
ordinate charts ¢ and ¢’ such that 7 < 0,0’ and 7 = o0 No’. Put
o= (Py,...,P,) and o/ = (Py,..., Py, Qk41,-.-,Qn). We also assume
that E(r)* € T. This implies 7(£(7)) = {0}. Then we have

Proposition 3. The matriz o'~ ‘o takes the form

0_/—10__ Ik B
—\O0 C

where O is the (n — k) X k zero matriz and C is a (n — k) x (n — k)-
unimodular matriz. Put B = (b; ;). The toric coordinates are related

by

4 (ua':k+17""u0'7n) :Wc(u%kJrl?'”qu,n)y
( ) R . n bij . 1 k
ud’,z’—ua,zxnj:k+1ua’j,’b— yoo oy K.

In particular, we have the commutative diagram

cr 5 E(r)ncn
lﬂ—a’*la lﬂ—c
crn X B(rnncy
where p,p’ are the projections into E(7) defined by p(uy) = u’,, p'(uyr) =
u,, where u, = (Ugki1;--->Uosn) aNd W = (U’ kg1, - -5 Uol m)-

4.2. Tubular neighborhoods of the exceptional divisors

First we fix C*° function p(t) such that p =1 for ¢ < R and mono-
tone decreasing for R <t < 2R and p =0 for £ > 2R. The number R is
large enough and will be chosen later. For o = (Py,..., P,) € Ky—1, we
define p, (uy) = p(||uy|). For each exceptional divisor S = E(P)* € T,
we consider the set of (n — 1)-simplices Kp = {0 € K,—1 | P € ¢}. For
each 0,0’ € Kp, after ordering the vertices of 0,0’ as o = (P, Py, ..., Py,)
and ¢’ = (P,Pj,...,P.), we define the distance function distp from
E(P) by

distp : X = R, distp(w) = Z distp , (W)
oceKp

distp,» (W) := po(us(w)) |u0,1 (w)]

where u,(w) is the coordinate of w in C? and ul, := (o2, -, Uon)-
Put B o(P) = {(0,u}) | lul || < K}. We assume that R is sufficiently
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large so that Ugrex, Br o (P) = E(P). Note that the distance function
is continuous on X and C* on X \ E(P). We put

N.(E(P)) = distp " ([0,€]).

Lemma 4. Suppose that o = (ay, az,...,a,) € C* witha ¢ 71(0)
and a1 # 0. Put a(t) = (tan, ag,. .., ap) for 0 <t <1, r, = distp(a(t))
and S(r;) = distp (r;). Then a(0) € E(P) and lim;, o Ty S(al(t))
is the real orthogonal space vt of the vector v := (a1,0,...,0). That
is, the tangent space ToS() converges to the real hyperplane vt when
t goes to zero.

This lemma states that the tubular neighborhood AN, (E(P)) be-
haves infinitesimally as |uy,1| = constant. For the proof, see the Appen-
dix (§4.5).

4.2.1. Tubular neighborhood of V(7). Consider the stratum V(7)
with 7 = (P1,...,P;). Let K, be the set of coordinate charts o such
that 7 < 0. We order the vertices so that o = (P1,..., Px,...,P,). We
can write

*f(ua) _ ud(P1) . d(Pk)f(ua)
™ fa d(Pl)”_ iff:k)f (u))

where f(ug) = fA(u;) + R(uy), u, = (Uokt1s---sUom)-

The function fa is by definition the face function of the face A :=
N5_ A(P;). The second term R vanishes on (7). Thus the polynomial
fA is a defining polynomial of V(T) in the coordinate chart C}}. Take
another o’ € K, and write o’ ' as in (4). Then we have

H udt™ fro(ul) f[ Ul Fror (W),

i=1
Thus we have
(5) Fror(iy) = fro(ul) x ] uyd, 3m; € Z.
j=k+1

Thus from now on, we fix an (n — 1)-simplex o = o(7) for each 7 and
put

Ve(r) = {us € E(r) NCy || fro ()] < Ve}-
We call C? the canonical coordinates chart of E(r). Now for each 7 =
(P1,...,P;) € K such that E(7)* C 7—1(0), we put

Ne(E(T)) = ﬂleNs(E'(Pj)),
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where N.(E(r)) is a tubular neighborhood of E(7).

4.2.2. Truncated tubular neighborhoods. Let p.. : No(E(7)) = E(7)
be the projection. Recall that p,. is defined by the simple projection
u, — u,, for any chart C} with o = (P,...,P,). Now we define trun-
cated Milnor stratification as follows. The truncated strata and trun-
cated tubular neighborhoods for the Milnor fibration are defined by

Ne (E(T))tr = p;sl (ES (T)tT)a
N(V(1)" = pr (Ve(r)™),

where { E.(r)" = (B(r) \ Ne(V(7)) \ Ur<r (N (B(7))),
Ve ()" = Ve(7) \ Ur<r Ne(E(T")).

Thus we can write N (S)'" = p71(S*"), using the notations

e {Eje('r)tra S = E(T)*,
Vo(r)tr, S =V(r)*~.

Note that E, (7)™, V.(7)i" are relatively compact subsets of E(7)* which
is homotopy equivalent to E(7)* and V(7) respectively. Put

No(mH(0)) = Upyer oy (Ne(Be(m))” UN(V (7)) ).

Note that N.(7=1(0)) is a homotopy equivalent cofinal system of the
neighborhood of 771(0). We consider the Milnor fibration over D} with
0L e

7*f: Nes — Df, Nes = (7*f)"1(D3) N No(7~1(0)).

4.3. Recipe of the proof

Step 1. First we will show that the restriction of 7* f : N, s — Dj over
each tubular neighborhood N (S)!" is a fibration in the way that each
fiber is transverse to the boundary of N.(S). Thus the restriction to
the boundaries ON,(S)*" is also a fibration.

Step 2. Then using the additive formula for the Euler characteristic
and the corresponding product formula for the zeta function (see [6],
Chapter 1), the calculation of the zeta function of the Milnor fibration
is reduced to the calculation of the Milnor fibration restricted to each e-
tubular neighborhood N, (S)¥". This fibration is again a locally product
of the Milnor fibration of the restriction to the normal slice of S and
the stratum S*".
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Step 3. Finally we determine the set of strata which contribute to the
zeta function (Lemma 5). They correspond bijectively to U;S;.

We say that a simplex 7 = (P,..., Px) is of a divisor type if (up to
an ordering of the vertices) P; € V* and the other vertices { P, ..., P}
is a subset of the non-positive vertices {E1,...,E,}. A simplex 7 of a
divisor type is called to be of a mazimal dimensional face if A(P) N
I'(f!) is a maximal dimensional face of I'(f!) (i.e. dim A(P;) = |I|—1)
where I = {i| E; ¢ 7}.

For a subset I C {1,2,...,n}, consider the set of vertices S} of X*
such that there exists an (n — |I|)-simplex 7 of a divisor type with a
maximal dimensional face ( 7 € K,_|;|) whose vertices are {P, E;|j ¢
I}. The key assertion is the following.

Lemma 5. Take a stratum S € M.
(1) The Milnor fibration is decomposed into the fibrations restricted on
N:(S)'™ for each S € M. This fibration is topologically determined by
the corresponding face function. _
(2) The zeta function of the normal slice is non-trivial only if S = E(1)*
and 7 = (P, ..., P) is of a divisor type.
(3) The zeta function of the tubular neighborhood N(S)'" is non-trivial
if and only if T is of a mazimal dimensional face.
(4) There is a bijective correspondence from S; to Si.

Here the normal slice for S = V(7) implies normal plane of V (r)
in the fixed coordinate chart o(7) and the standard metric in this affine
space. The proof of Lemma 5 occupies the rest of this subsection.

Recall that in the Milnor stratification M, there are two type of
strata: E(7)* and V(r)* with 7 = (Py,..., Py). Let £(r) = #{i | d(P,) >
0} and we refer to £(7) as the strict positivity dimension of 7. Take a (n—
1)-simplex ¢ = (Py,..., P,) having 7 as a face. We write (u1,...,us)
for simplicity instead of (us.1, ..., Us,n), the canonical toric coordinates
of C? and o = (Py,..., Py).

Case 1. S = E(7)
As E(1) € 71(0), we may assume that P, € V' so that d(P;) > 0
hereafter. Put A := Nk, A(P). 7*f takes the form

7™ fa = Urpfa(u), f(u)= fa(w)+ R(u),

where R is contained in the ideal (uq,...,u) and therefore it vanishes
on E(1)NCY and u’ = (ug41, ..., uy) are the coordinates of E(7) NC~.
We consider the homotopy f; = Ui kf: for 0 < ¢t < 1 where f;(u) :=

{ T f = Ulykf(u), where Uy j 1= u‘li(Pl) . --UZ(Pk),
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fa(u) +tR(u). Note that f; = 7*f and fo = 7* fa is associated to the
face function fa.

4.3.1. Smoothness. Consider the family of the restriction of Milnor
fibering f; : N.(S") N fTHDE) — D%, 6 < e and their Milnor fibers
Fo.5(r) := f{1(6) N N.(8'") and S = E(7)*. Consider (a submatrix of)
the jacobian matrix

(#) : J::( Of: (P),...,%@))

Ougy1

_ ofa ,, OR dfa
=Upg (8uk+1 (u)+ t6Uk+1 (u),..., B (u) + D (u)) .

By the non-degeneracy, there exists k+1 < j < n such that %(u’ ) # 0.
As R and %’-‘;ﬁ, j > k+ 1 are constantly zero on E(r), this implies that

ng;(u’) # 0 for sufficiently small € and § < ¢, ¢ < k. Thus J # (0,...,0)
for any u € F; 5(7) with u’ € S*", as S*" is relatively compact. So Fy 5(7)
is also smooth.

4.3.2. Transversality. We consider the transversality of F; s and the
boundary O(N,.(S')) at the intersection of B := d(N.(S)) N N.S’ or

B’ = 9(N.(S'")) N V.(S’) where §' = E(r')* with
= (P,..., P ..., Pn).

Put A" = N"A(P;). Let o(7’) be the fixed chart for 7/ and let v =
(v1,...,v,) be the toric coordinates of € 7y for simplicity. As we are
considering a tubular neighborhood of polydisk type,

B ={v]||distp,(v)| =¢,k+1<i<m} or
B ={v||diste, (v)| = &, k+1 < < m, [far(v")| = vE}.

By (5) for some integers m;,i =m+1,...,n,

far ") = farta) T .
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Putting Ug+1,m = H;":k_H u;l(Pj), we can write further that

Jfg(“) = gl,kﬁ(u),
fe(u) = fa(u') —|—~tR(u)
= Ukt1,m (fA’ (u")+ R (') + tR(u)) ,

D) ) = U (B ) + ().
fo(w) = U1 U1 (Far (@) + B (W) + tR(w) ),
R=U 1 Ury1mR,

where u”’ = (Upmy1, - ,un) and R’ in the ideal generated by

Uk+1y 9y Um-

Note that R(u) is in the ideal generated by {u;u; |i < k < j < m}. Thus
the transversality follows from the fact that the jacobian submatrix

Ry, Sf, distp, ... ., distp,)
8($01, Yol - - -y Tom, yam)

;Ui = ZTo1 iycrj

has rank m — k + 2. For the proof of this assertion, we use the polar
coordinates as follows.

Assume that S’ = V(7') is non-empty, i.e., namely dim A’ > 1.
Put g := fa/(v"). On a neighborhood of a chosen point uf € 8V, ('),
by the non-degeneracy of f on A’, g can be used as a member of a
coordinate chart. For example, we may assume that there exists an

open neighborhood U(u?), u® = (¥,..., 4% uf) such that

(U1, s Um, @ Umt2y -« -5 Un)
is a coordinate chart on U(u®) and (g, vm 42, - - . , U ) is a coordinate chart
of U(u®) N E(7"). We use the polar coordinates for ug,1,...,Umn, g. SO
put

Ul = To1 + Wot,

uj:pjea'iiaj:k+17"'7m7 g:pgeegi'
The tranversality can be checked using the subjacobian with respect to
(Io'ly Yo1s P41+ -5 Pm; pg):

Assertion 6. Under the above notations, we have

rank 3(%&, gft, diStpk+1, ey diSth, pg)
8(X(719 Yo1,Pk+1s-+-5Pm, pg)

>=m—k—|—3.
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For the proof, see §4.5.2 in Appendix 4.5.

Remark 7. Assume d(P;) > 0 for some 2 < 4 < k. Then the Milnor
fiber F 5 also intersects with the boundary of the tubular neighborhood:
distp, = €. The transversality with this boundary is treated considering

it as the transversality of the Milnor fiber in the stratum E ('), 7/ =
7\ {P;} with ON.(E(7))!". Thus this case is treated in the pair 7/ < 7.

Thus we have observed that the Milnor fibration of #* f is the union
of fibrations restricted on N.(S)" and dN.(S)" with § = E(7)"" or
S = 17(7)” with 7 = (P1,...,Pp). Using the homotopy 7% f:, this
restriction is equivalent to the fibration defined by #}fa where A =
NE_,A(P;). This proves the first assertion (1).

4.4. Zeta functions

Next, we consider the assertion for the zeta function (2).

4.4.1. Case 1. Stratum V.(r). We first consider the stratum V,(7):
Let g : No(Vo(7)) — ‘75(1) be the projection of the tubular neighbor-

hood. At each point z € V(7)!", the Milnor fibration is homotopically
defined by 7*fa = fa (A =NE_ A(P;)). Recall that

k
fa() = [Tuf™ x fa(w).
=1

Put g = fa(u'). Take a point z € V(7). Assume %ﬁ%(m) # 0
for example. Then we may assume that locally (g,urt2,...,uy,) is
a coordinate system of a neighborhood, say U(z) of z € V(r) and
also (u1, ey Uk, G, Uk, - e ,un) is a coordinate system of the open set
Nk {lui] < n} N5 (U(x)). By the relative compactness of the trun-

cated strata V(7)'", we may also assume that ¢ < 7 so that
Nz {distp, < e} N (U() © NSy {lwil <7} gt (U(x)).

In the normal slice of z, uy,...,ux, g are coordinates. The Milnor fiber
restricted on N (V(7)"") is locally equivalent to the product of U(z) and
the Milnor fibration of the polynomial h = ¢ Hle uf(P") (=the defining

polynomial in the normal slice) in C**1. Namely the fibration
fa: N(V(r)'") N Nes N (U(x)) — Dj

is isomorphic to the product of U(z) and the restriction to the normal
slice:

fA,a) : 1[)51(%) n Ng,g — D;
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We consider two tubular neighborhoods:

N.(E(r)'") = {u|distp,(u) <e&,i=1,...,k},
N(E()Y = {u||w] <e,i=1,...,k}.

By the cofinal homotopy equivalent argument, we can consider the nor-
mal Milnor fibration in the latter space and we see easily that the fiber
is given by

k
Fy = {(ur,...,un,9) | g [ [ui™ =6, lg] < V&, wil < e}
i=1
and it is homotopic to (S!)¢ where § < ¢ and £ is the strict positivity
dimension of 7. As V() C 7~1(0), £ > 1. Thus the Euler characteristic
of Fy is also zero and the monodromy is trivial. There are no contribution
from this stratum to the zeta function.

4.4.2. Case 2. Stratum S = E(7)"". Now we consider the Milnor
fibering on the tubular neighborhood over the strata S = E(7)". We
have seen that the Milnor fibration of f is again isomorphic to the
fibration defined by fA and the latter is locally product of the base
space and the Milnor fibration of the restriction to the normal slice.
This normal slice function is locally described by the product function
uf(Pl) e uZ(P")fA(u’). The factor fa(u') is a constant on the normal
slice u' = const. We know that the fiber in this normal slice is ho-
motopic to ged(d(Py),...,d(Ps)) copies of (S1)¢~! where £ is the strict
positivity dimension of 7. See for example [6], p. 48. Therefore the Euler
characteristic of this slice Milnor fiber is non-zero if and only if £ = 1.
This implies 7 is of a divisor type. Assume for example that d(Py) > 0
and d(P;) = 0,2 < i < k. This implies P; = E,(;) fori = 2,...,k
and 7 = (P1,E,),...,E,g)) and A(Py; f7) is a face of I'(f1) where
I={1,...,n}\{v(2),...,v(k)}. The Milnor fiber F* restricted to this
stratum is defined by

Fr={u| v fa(u) =6, v € E(r)""}

is homotopically d(P;) disjoint polydisk of dimension.k — 1 defined by
{uy = 6Y4UP) |y < e,5=2,...,k} over (0,u) with

u' = (Ukt1,- - Uon)-

Thus the zeta function of the Milnor fibration of the normal slice is
(1 — t¥ P and thus by a standard Mayer—Vietoris argument, the zeta
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function of the Milnor fibration over this stratum is
(7) Cs(t) = (1 — 1 PIEOD
Now the proof of Lemma 5 reduces to:

Lemma 8. Assume that 7 = (P, Ey(1y, ..., E,x)) as above. Then
x(E(1)*) # 0 only if A := A(P) NR! is a face of mazimal dimension
of D(f1) where I = {1,...,n}\ {v(1),...v(k)}.

Proof. Put I ={1,...,n}\{v(1),...,v(k)}. Then

X(E(r)") = X(E(r)" \ V(7)) = =x(V(7)")

as E(T)* >~ k) As o = (Py,...,P,) is a unimodular matrix,
P := Pl is a primitive vector and A = A(P;) "R’ and fa is nothing
but (fI)p.

V(r)" ={u=(u,...,un) [u € E(r)", fp, () = 0}

= {z' € C'| fp(2") = 0}
= {z' € C"'| fA(z") = 0}

where o is a (n — 1)-simplex with o = (Py,..., P,) and the Euler char-
acteristic of the variety {z! € C*!|fi(z!) = 0} is non-zero if only if
dim A =n — k with A = A(P;) NR! (See for example, Theorem (5.3),
[5])- Q.E.D.

4.4.3. Correspondence of St and S;. For afixed I C {1,...,n} with
|I| = k, let us consider the set of vertices S; which is the set of vertices
P € V7 such that there exists a simplex 7 = (P, ..., P;) € K, Py =P
of a divisor type with a maximal face such that P; = E,; for j =

= {v(@i),i =1,...,k} and A = A(P)NRL. As7isa
regular simplex, the I component P’ of P is a primitive vector such
that A(PL, f1) = A and d(P!, fI) = d(P, f). The proof of Theorem 2
is now completed by the following.

Proposition 9. There is a one-to one correspondence of S; and St

by
£:8) - S, P— Pl

Proof. We check the surjectivity of £. Take a face = of I'(f) of
maximal dimension. Consider the set of covectors X*(=) = {P|A(P) D

E}. Tt is obvious that F; € ¥*(Z) if 1 ¢ I. Then there exists a vertex
P > 0 of * such that {P,E;|i ¢ I} is a simplex of K. Then A(P)N
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R! = Z and P is primitive. Thus P! € S;. Assume that P,Q € Z*(2).
The cone of X*(=) has n — |I| + 1 dimension. The cones spanned by
{P,E;|i ¢ I} and {Q, E;|i ¢ I} have dimension n — || + 1 and thus
they must contain an open subset in their intersection. This is only
possible if P = ). This proves the injectivity. Q.E.D.

4.5. Appendix

4.5.1. Proof of Lemma 4. Put J = {j|a; =0} and I ={1,...,n}\
J. As a ¢ n~1(0), this implies {E;|j € J} are vertices of 0. Then
we restrict the argument to C! and f?. Thus we may assume for sim-
plicity that «; # 0 for 1 < j < n. Then using the equality u, 1 =

o1 [[—g alj] and putting p; = |ug1| = /22, + 2, we get

3distp,g/(ua/) b
Py, = ) [Tl + ol
b .] 2

odistp o/ (u,) Yo,1 - b

Tya,l“lug,:a, = o, oo [I ;|9 + o(p1),

adistp,g/ (uq/)

T = olo)

6distp,a/(uc,/) .

oy, mew = o) 25j<n
where o, = (af,0h,...,00,) = Ty-1,(a) and Uy ; = Ty j + Yo, ;0. Here
o(r1) is by definition a smaller term than p; when p; — 0. This implies
that in C} with real coordinates (4,1, Y0.1,- - - Ton, Yon),

grad distp(a(t)) = (ﬁla | ,ﬁ| | ..,0) + O(t), namely
grad distp (a(t)) fmary ( ﬁ”ﬁf | -, 0)
aq

with oy = aq + b1,
n

B = plag) + Z p(agr) H || > 0.

o’'eKp,0'#0 j=k+1

This proves the assertion.
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4.5.2. Proof of Assertion 6. Fix a point ug € dV.(7')". Put Uy ,, =
I, ud(P) and u; = Z,1 + 1Ys1. Recall that

H T, R(w) = Fara) + R (o) + tR(w),
Recall that R'(u’) does not contain uy, ..., ux and contained in the ideal
generated by (ug+1,...,Un) and R is contained in the ideal generated

by u;u;, ¢ < k < j < m. First note that

ofs df,
aw{ﬂ Urmdz,, (W), ay{; = Ui,mJy,, (1),

aft = Uy mJi(u), i=k+1,...,m,g,
Joos () = 42D (Far(u) + RI(W) + tR(w) ) + ¢ 2500,

Ty, (u) = i 421 (fAf(U”) + R'(u') + tR(u)) + it 20,

H(w) = A2 (Fac ') 4 R () + () + (5080 4 1250,
E+1<i<m,

Jo(u) =1+t 250,

Note that the respective orders of fas (u”)and rj, k+1 < j < mare /e
and £. The second term of J;, i # ¢ is at most €. Thus the main term

of J; is fl—(&z%i—(!—/—) and the order is % The order of Jg is 1. Thus we
observe that

of, ofs _8f of: of
Xe (51‘:1’ 8’!/:1’ arkj—l T Br;’ 3_?";)
proj (d(P1) -d(Pi) d(Pm) d(Pr,)
~ ull .1 ull e Ty ,0).
Here a ~ b implies lim.,pa/lja|| = lim.ob/||b|| in the projective

space. Xc is a complex vector. As a real matrix, this corresponds to
2 x (m — k + 3) real matrix:

oRfy ORfr ORfr ROf ORf: X

X = 8$U} ’ ByU} ’ Brk_tl e 8’[“"'% ’ BrgA — 1

R = o fr O fr OSfe O3 fr O3S X2
8120-1 ? Bydl ? a'f‘]c+1 rry Brm ? 81"9

by X¢ = X1 +iX5. Let us write the first 2 x 2-minor of this matrix:

ORf,  ORf
L1 Z12) _ [ Bz, By,
21 T29 axfft O ft

0xo1 OYo1
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That is, . A
oft  Of

(211 + 121, 12 + 1x22) = (51;’ 5.%: ]

By Lemma 4, we see also that

Odistp, Odistp, Odistp, Odistp, Odistp,
051 = OYp1 " Orppr’ T Ory T Oryg

>N(o,...,1,...,0)

forany K4+ 1 <i<m.
Therefore the rank of Jacobian matrix is infinitesimally equivalent
to the rank of

AR fr, Sfy, diste,,,, ..., distp, ,1g)
O(To1,Yo1s Thetls - -3 Tmy Tg)
C(RA(P) Juy) R(Ed(Py)/u1) *

PRI S(d(Py)/uy)  S(id(Py)/us) *

0 0 I g1

in the projective sense for each row vectors. Put d(P1)/u; = a + 3.
Then the upper left 2 x 2-matrix A is nothing but

4= )

and det A = a? + 32 # 0. This is enough to see that the rank of the
Jacobian is m — k 4 3. This proves the transversality.

4.5.3. Cofinal homotopy equivalent sequence. Let X be a manifold
and let {E;},{E}},j € N be a decreasing sequence of submanifolds
such that the inclusions ¢j41 : Ejp1 < Ej, and o @ B, — B are
homotopy equivalences. Suppose further that

! !
Ej+1 C E’j+1 C E]- C Ej.

Then the inclusions ;41 @ Ejp1 — Ej and &,y @ Ej, C Ejy are
homotopy equivalences as ;11 0, = ¢j,, and € o&jr1 = tj+1. Fur-
thermore suppose that they are total spaces of fibrations over the same
base space Z with the commutativity in the following diagram:

/ /
Ei. < FEwn < E < FE

LA S

VA

Then the corresponding fibrations are also homotopy equivalent. We
refer this argument as a cofinal homotopy equivalent sequence argument.
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85. Mixed functions

5.1. Main result

Now we are ready to state our main result. First we prepare:

Proposition 10. Assume that f(z,%) is a convenient mized func-
tion of strongly polar positive weighted homogeneous face type. Then
for any weight vector P, fp is also a strongly polar positive weighted
homogeneous polynomial with weight P.

Proof. The assertion is proved by the descending induction on
dim A(P). The assertion for the case dim A(P) = n — 1 is the defi-
nition itself. Suppose that dim A(P) = k and the assertion is true for
faces with dim A > k + 1. In the dual Newton diagram, P is con-
tained in the interior of a cell, say =, whose vertices @1, ..., Qs satisfy
dim A(Q;) > k+1for j=1,...,s. This implies P is a linear combina-
tion -7 a; Q; with a; > 0 and dim A(Q;) > k+1. This also implies that
A(P) = Ni_; A(Qy). Write fp(z,2) = >, ckz” 2. As fq, is polar
weighted homogeneous polynomial with weight @) ;, we have the equality:
pdegg z"+zH* = m; for j = 1,...,s where m; a positive integer which
is independent of k. This implies fp is polar weighted homogeneous
polynomial of weight P with polar degree }77_, a;m; > 0. Q.E.D.

We take a regular convenient simplicial subdivision £* of T (f) (=regu-
lar fan) and we consider the toric modification 7w : X — C™ with respect
to X* as in §2. Let Sy be as in §2. Now we can generalize the theorem
of Varchenko for the mixed polynomial f(z,z) as follows.

Theorem 11. Let f(z,Z) a convenient non-degenerate mized poly-
nomial of strongly polar positive weighted homogeneous face type. Let
V = f~YV) be a germ of hypersurface at the origin and let V be the
strict stransform of V to X. Then
(1) V is topologically smooth and real analytic smooth variety outside of
7~10).

(2) V(7)* is a real analytic smooth mized variety for any T € K.
(3) The zeta function of the Milnor fibration of f(z,Z) is given by the
formula

¢(t) = HCI(t), Cr(t) = H (1- 1tpdeg(P,fé))~><(P)/1:>deg:(P,fé‘>)
I

PeSy

Proof. The proof is essentially the same as the proof of Theorem
2, given in the previous section. We fix a toric modification 7 : X — C™
agsociated with a regular simplicial subdivision ¥* as in the holomorphic
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case. Take a stratum S = V(7)* or § = E(7)* with 7 = (P4, ..., P;) and
put £ = NF_ A(P; f). Let us take first a toric chart o = (Py,..., P,)
with 7 < o with toric coordinates u = (us1,. .., Usrn ). For simplicity, we
write u,; = u; hereafter. The pull-back 7} f takes the following form.
Put r; = rdegpjf and p; = pdegpjf forj=1,... k.

LELJL ~

(8) mf =1l u * g x f(u,a)

() fu) = fa(w', @) + R(u, )

where u’ := (ug41,...,u,). The term fA(u’7ﬁ’) is a mixed polyno-
mial which does not contain the variables uq, ..., ux by the strong polar

weightedness assumption. Namely we have

T +p] rj Py

k
Tafa(u, @) = H ;7 x fa(u, @)

We will first see that ‘7(7')* is real analytically non-singular and Vis
topologically non-singular on this stratum. First we assume that R(u, @)
is a continuous function such that the restriction of R to E(7)* is zero
for a while. Thus we see that V(7)* = {(0,u') | fa(u/, @) = 0}. For any
x' € V(r)*, put x = (1,...,1,x') € C&*. Then % € 7% fX'(0) = fx(0)
and by the non-degeneracy assumption of f on the face A, X is a non-
singular point. That is, there exists a j, k + 1 < j < n, such that
8fA( ) # 0. This implies that V(7)* is non-singular at x’. Now we
con31der Uy, ..., U as parameters and by implicit function theorem, we
can solve f(u) = 0 in u; so that u; is analytic in {u;; # j,k+1 <
i < n} and continuous in w4, ..., u;. This implies that V is topological
manifold. This proves the assertions (1), (2).
Now we consider the Milnor fibration. The second term R(u, @) in

(9) is a linear combination of monomials of the type u'@5" - - udr@lr
with

a;+b;>0,i=1,...,k,

aj,bj ZO, k—i—lSJSn

Here a;,b; might be negative for ¢ < k. See Example 5.1.3. However
the inequality a; 4+ b; > 0 is enough to see the continuity of }A%(u7 i) and
lim,, , 0 }Ni(u,ﬁ) = 0 for any 1 < i < k. See also the polar coordinate
expression below for further detail. Thus the function R is a continuous
blow-analytic function in the sense of Kuo [3]. We put f; = fa + tR as
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before. We use the notations:

k k

. EET I TR rites ri-rg
f=0]lw ™ a7 fa=ia]ly ™ 4
i=1 =1

To show that the Milnor fibration is well-defined for any 0 < ¢ <1
by ft over this stratum and it is isomorphic to that of fo = fA, we use
the polar toric coordinates. So put u; = pjewj for j =1,...,k. By
the strong polar weighted homogenuity, the function takes the following
form

10)  wf(p0,w) = gt e et F(p, 6, )
(11) ]?(,07 0,u) = fA(u/) + R(p,0,u’) where
(12> W;fA(pv 9, 11’) = 101{1 cee p;keiplel T eipkgka(ul)

and W = (ugt1,--.,Un), p=(p1,.-.,0x) and 8 = (01,...,6;). We put
fo=pit . pieem O RO T FA LR

The reminder R is an analytic function of the variables (p, 8,1’) and
contained in the ideal generated by p1,. .., pr. This implies that B = 0
on V(7). The tubular neighborhood N(S) is defined by

distp,(u) <e,j=1,...,k, S= E(T)*

N.(9): ~ ~
(5) { distp,(u) < e,j=1,....,k, [fa| <€, S =V(1)*.

The Milnor fiber Fy 5 of ft in this neighborhood is defined as:
Pt e e (P (W) + tR(p, 6, 1)) = 6

where p = (p1,...,px) and 0 = (64,...,0), p; < e,1 < j < k and
§ <L e.

5.1.1. Smoothness. First, we will show the smoothness of the Milnor
fiber of ft. Take any uj = (Ugkt+1,---,Uopn) € S and uy € Fy 5 with
up = (u0,...,Uko, uy). By the non-degeneracy assumption and the
strong-polar weighted homogenuity, the jacobian matrix

ORfa,Sfa)
a(xk-i-la Ye+1y-++5Tn, yn)

Torfa =

has rank two. Thus

Tor(fe) = p52 - ppretPron . e®Pr0e (J_ ) (FA) + tTsk(R))(10)
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and the second term of the right side is smaller than the first. Thus
Jsx(f¢) has rank two over an open neighborhood U(up) if § < e. As
SI™ is relatively compact, we can cover by a finite such open sets.

5.1.2. Transversality. We consider the transversality of F; s and the
boundary ON.(S'") at the intersection of B := IN.(S*")NN.S" or B’ =
ON(S'™) N V.(S') where §' = E(r')* with 7/ = (P1,..., P, ..., Pn).
We use the canonical toric chart C? of 7/ and let u = (uq,...,u,) be
the coordinates for simplicity. The boundaries are described as follows.

B ={u|distp,(u) =¢,k+1<i<m} or
B’ ={u|distp,(u) =&, k+ 1 < i <m, [fa (0”)] = V&}.

The argument is almost similar as that of the holomorphic case. So we
consider the case B’. Thus we assume that S’ = V(') is non-empty,
i.e., namely dim A’ > 1. Put g = fa/(u”) where u” = (Upmy1,..-,Un)-
It V(') # 0, on a neighborhood of any point uj € B’, by the non-
degeneracy of f on A’, g can be used as a member of a real analytic com-
plex coordinate chart. For example, we may assume that there exists an
open neighborhood U(uf)) such that (ui,...,um, g, Wmt2,...,wy) is a
real analytic complex coordinate chart on U(ug). Here (g, wm42, - ., Wn)
is real analytic complex coordinates of U(uj) N E(7'). See the next sub-
section for the definition. We use further the polar coordinates

Uy :pjeiejaj: 17"'7m7 g:pgeioga
p=1(p1,-spm), 0 =(01,...,0m), W= (Wmt2, -, Wen)-

The expression of (6) is now written as follows.

fe(w) = (H}il p;"ei”f"j) Fe(p, 0, pg,04, W),
(13) fe(u) = pgewg + Rl(pga g, W) + tR(p, 0, pg; 04, W),
e (I o)

Note that R’ and R are real analytic functions of variables Pg, 04, w and
0,8, pg, 04, W respectively and the restriction of R’. Note that R', R are
not analytic function in the variables uy,...,u,,. Here is the advantage
of using polar coordinates. Theoretically this is equivalent to consider
the situation on the polar modification along u; =0, i =1,...,m in the
sense of [9].

For simplicity, we assume that d(P;) = r; > 0. Put u1 = 251 + iy,
as before. Put

.— ritp1 .— T1—p1
a:= =50, bi=gh,

—_ 1™ i ipi0; _ ,a5b TT™ Ti ,ip;0;
Uim = [1j21 py €P7% = wiug [[;, p;’ €%
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We do the same discussion as in the case of holomorphic case. Consider
the Jacobian of f: with respect to variables {Zo1,Yo1, Prt1s -5 Pms Pg }-
Recall that R is a Laurent series in the variable u;, 4; but it only contains
monomials u7* a7 with my +n; > 1. Thus | a?vfl | and |%§;| is bounded

from above when |u1| is small enough. Thus as a complex vector,
aft 8ft aft 8,ft proj , @ b . a . b Tk+1 Tm
(6 , , ey =)~ (—+—, i—, yerey—0
Zo1 OYo1 OpPrt1 Opg up U1 ur U Pr4l Pm
Put 1/u; = o+ Bi. Then the 2 x 2 real matrix A of the first two
coefficients (as in the holomorphic case corresponding) is
. ala+b) —Bla+bd)
" \Bla—=-b) ala—0b)

and we see that det A = (a2 — b?)(a® + B2?) #0asa—b =p; > 0,
by tAhe positive polar weightedness. We consider the Jacobian matrix of
{Rft, Sfe, distp, 11, ...,distp_,|g|} in the variable

{x0'17 Yo1s Pk+1s-« -5 Pm; pg}

Under projective equivalence for each gradient vector, we get

RO [y, 30f;, distp, 11, . .., distp,,, |g]) proj (A X )
8('1'0'17 Yol Pk+1s-+ -5 Pm, pg) 0 Im—k—i—l )

This matrix has rank m — k + 3 as is expected. Thus the transversality
follows.

The proof of Theorem 11 is now given by the exact same argument
as that of Theorem 2. By Key Lemma below, the contribution to zeta
function is only from the strata E(7)" where 7 = (Py,...,FP) is a
simplex of maximal face type. Q.E.D.

5.1.3. Ezample. Consider the mixed function
f(z,z) = ziq’Zl + 25’22 -+ zg

f is a non-degenerate mixed function of strongly polar weighted homoge-
neous type. Then an ordinary blowing up 7 : X — C? is the associated
toric modification. Let us see in the chart o = (P, E») with P =*(1,1).
Let (u,v) be the toric chart. Then we have

2,5
7t f(u,v) = uda <v3v+1+ =2 )
a

and R = u?v%/4. We see R is a continuous blow-analytic function but
not C! in u.
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5.2. Key lemma

Let f1,..., fn be complex valued real analytic functions in an open
set U C C™. We say that (f1,..., fn) are real analytic complezx coordi-
nates if (Rf1,Sf1,...,Rfn, Sfn) are real analytic coordinates of U.

Lemma 12. Let f(g,8) = g7 Gy -~ 9,°3,° . Assume that
(91: RS gl)

are locally real analytic complex coordinates of (C%,0) and r; # Dj
for each j = 1,...,¢. Let §; = r; +pj, qj = 5 — p; and put go =
ged(q1, ..., qe). Then the Milnor fibration of f exists at the origin and
the Milnor fiber F is homotopic to qo disjoint copies of (S*)*~! and the
zeta function is given by

() = {?'””’ =2

Proof. Let g; = r; — p; and consider the linear C* action (¢,g) —
(tg1,...,tge). Then f can be understood as a polar homogeneous poly-
nomial in g1,...,gs. For the Milnor fibration, we can use the polydisk
B! which is defined by

B({: = {(gl7vg€)||gj| ngj:]-w"’e}’

as {Bl;e > 0} is a homotopy equivalent cofinal neighborhood system of
the point 0. Note that B! is diffeomorphic to the usual complex polydisk

{(21,--,20) €C*|z5] <e,§=1,...,4}.

Using this action and polydisk BZ, the Milnor fibration can be identified
with

f:B.Nnf YD) —= D} 0£6<e
where Ds = {p € C||p| < n} and D; = D; \ {0}. Put g; = r;e%%, j =
1,...,£ The Milnor fiber is given by F' = f~*(6)NB. = 52 F; (disjoint
union) and

Fy ={(g1,- o) |7 - rf = 6, (Bras + -+ + 0eqs) /a0 = 27 + i—ﬁw}
~(SH T i=1,...,q0.
The monodromy map is given by the periodic map
h:F = F, (g1,...,90) — (q1€2™/® . g,e?™i/ D).

Thus we can see easily F' ~ (S')¢~! and the zeta function is trivial
(Theorem 9.6, [4]). Q.E.D.
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5.3. An application and examples

5.3.1. Holomorphic principal part. Consider a holomorphic function
g(z) which is convenient and non-degenerate. Let R(z,Z) be a mixed
analytic function such that I'(R) is strictly above I'(g), i.e. T'(R) C
Int(T'4(f)). Consider a convenient non-degenerate mixed function

f(zvi) = g(z) + R(Z, Z)'

Then the Milnor fibration is determined by the principal part and there-
fore isomorphic to that of gr(z). Thus the Milnor fibration does not
change by adding high order mixed monomials above the Newton bound-
ary. The proof can be given by showing the existence of uniform radius
for the Milnor fibration of f; := g+t R, using a Curve Selection Lemma
([4, 2]). We just copy the argument in [9] for a family f;, 0 <t < 1.

5.3.2. Mized covering. Consider a convenient non-degenerate mixed
analytic function f(z,z) of strongly polar weighted homogeneous face
type. Consider a pair of positive integers a > b > 0 and consider the
covering mapping

niDp).

p: C—=C" ow)= ..  w
Put g(w,w) = f(o(w,W)) = f(wéw?,...,wew?). Consider a face func-
tion with respect to P, fp(z,z) with P = (p1,...,pn). It is a strongly
polar positive weighted homogeneous polynomial with weight vector P.
Thus it is a linear combination of monomials z”z* which satisfies the
equalities:

Zpi(%‘ + p) = rdeg f Zpi(l/i — pi) = pdeg f.
=1 i=1

Then we can observe that gp(w, W) = fp(p(w)) is a linear combination
of mixed monomials w® TP#w*+%  Thus we have

rdeg pw Torgantb — (g + byrdeg f,
pdegpw™ torFHt = (q — b)pdeg f

which implies that gp is a strongly polar weighted homogeneous poly-
nomial of the same weight P with radial degree rdeg f x (a + b) and
polar degree pdeg f(¢o(w)) = d(P, f)(a — b). gp is also non-degenerate
as ¢ : C*™ — C*" is an unbranched covering of degree (a—b)™. Therefore
the dual Newton diagram of ¢ is the same as that of f.

Let m : X — C™ be an admissible toric modification. We use the
same notation as in the previous section. For each P € S;, consider the
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mapping ¢’ = ¢|cr and its restriction to F(gh):
! L c+!
L . TL
F(gp) 5 F*(fh).
Here the toric Milnor fibers are defined by:
F*(gp) = {w e C' | gp(w', ') = 1},
F*(fp) ={w| fp(z") = 1}.
Put x(P, f) = x(F*(f$)) and x(P, 9) = x(F*(gp))- As ¢p isa (a—b)!"I-
fold covering, we have

Proposition 13.

(14) X(Pag) = (a - b)|I|X(P7 f)a
{ rdegpg = (a + b)rdegp f,

15
(15) pdegp gp = (a — b)pdegp fp.

From this observation, we have

Theorem 14. Let g(w, W) = f(p(w,W)) and assume that f(z,%)
is convenient non-degenerate mized function of strongly polar positive
weighted homogeneous face type. Then g(w,w) = f(p(w,W)) is a non-
degenerate mixed function of strongly polar positive weighted face type.
The zeta functions of the Milnor fiberings of f and g are given by

Hcf 1@t), Crr= H (1- tpdegpr)X(Rf)/pdegpfp
PeSy

H Cot(t), Courlt H (1 — ¢Pdegrgr\x(Pg)/pdegrgr,

PeSy

Furthermore (4(t) is determined by that of (f(t) using the above Propo-
sition 13.

5.3.3. Case a —b = 1. We assume that ¢ —b = 1. Then Theorem
14 says that (¢(t) = (4(¢). In this case, ¢ : C** — C*" is a homeomor-
phism which extends homeomorphically to C™ — C™. This suggests the
following.

Corollary 15. Assume a — b =1 in the situation of Theorem 14.

(1) The Milnor fibrations of f(z,%) and g(w, &) are homotopically
equivalent and the links are homotopic and their zeta functions
coincide.
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(2) If in addition, f = fp is a strongly polar weighted homoge-
neous polynomial, the Milnor fibrations f,g are topologically
equivalent and the links are homeomorphic.

Proof. First, by Theorem 33 ([9]), f and g have stable radius for
their Milnor fibrations (in the first presentation). Take a common stable
radius rg > 0. For ro > r > 0, put

B; =B\ {0} = {z € C" |||z <, z # 0},
E.(f) = f7H0)n S, Ko(g) = g7 (0) N SE T,
V() = f7H0)N By, Vi(g) = ¢~ (0) N B;.

Then the following fibrations are obviously equivalent to the respective
Milnor fibrations:

g/lgl: Bi\Vr(g) = S".

Our homeomorphism ¢ preserves the values of ¢ and f. For any r < ry,
we can find a decreasing sequence of positive real numbers r; < rg,i =
1,2,... so that (B, ) D By, , and

T2i4+1

(B, V7 (9) 2 (Br,,» Ve, () 2 o((Br, . Vi.,.(9)

By the cofinal homotopy equivalence sequence argument,

¢ (B, Vo, (9) = (Br, s Vi1 o))

is a homotopy equivalence.

Assume now that f = fp is a strongly polar weighted homoge-
neous polynomial. Recall that we have C*-action defined by t o w =
(wrtPt, ... wutPr) and toz = (298P, ..., z,tP™). Put d = pdegpf =
pdegpg. The monodromy mapping of the global Milnor fibrations are
given by

{ FIfL: BENVE(f) — 81,

hg : F(g) = F(g), wi—e/low,
hy: F(f) = F(f), z—e’/?ow,
where F(g) = ¢g7'(1) € C™ and F(f) = f1(1) € C". As is easily
observed, we get the equality p(hg(w)) = hy(p(w)). More precisely the
equivalence of the global fibration follows from the diagram:
Cr\g ' 0) 5 C*\fH0)
Is 5
C* — C*
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and ¢ is S'-equivalent. Now we consider the links on the unit spheres

Ky ={z e C"|||zll =1, f(z,2) = 0},
Ky ={weC"[|w]| =1, g(w,w) = 0}.

The mappining ¢ does not keep the norm. So we need only normalize
it. This follows from the following observation for RT-actions:

p(tow) =t op(w), t € RT.

This equality implies that ¢ maps a RT-orbit to a RT-orbit. The hy-
persurfaces f~1(0) and g~1(0) are invariant under this action. For any
non-zero z, along the orbit z(t) := t o z. ||z(t)|| is monotone increasing
for 0 < t < oo. Let us define the normalization map ¢ : C* \ {0} —
S§27=1 by 4)(z) = z(r) where 7 is the unique positive real number so
that ||z(7)]] = 1. We define the homeomorphism ¢ : K, — Ky by
o(w) = ¢¥(v(w)). This proves the second assertion. Q.E.D.

5.3.4. Holomorphic case. The most interesting case is when f(z) is
a non-degenerate holomorphic function. Obviously f(z) is of strongly
polar weighted homogeneous face type.

Theorem 16. Let f(z) be a convenient non-degenerate holomorphic
function and let g(w, W) = f(p(w,W)), o(w, W) = (wiw?,..., wiwl).
Then (w, W) is a non-degenerate mized function of strongly polar positive
weighted homogeneous face type.

If a—b =1, the Milnor fibration of g is homotopically equivalent to that

of f(z).

The mixed functions g(w,w) obtained from non-degenerate holo-
morphic functions through the pull-back by a mixed covering ¢ give
many interesting examples of non-degenerate mixed functions of strongly
polar weighted homogeneous face type.

5.4. Examples

(1) Consider the following strongly polar homogeneous polynomial
(Example 59, [9])

gt(W, W) = —2’[11%’1171 + U}g’lf)g -+ t’w%ﬁ)g.

For ¢t = 0, go is pull-back of f(z) = —22; + 22 by the mixed covering
mapping ¢ : C? — C? with p(w) = (w?w;, w3ws). Thus gy is equivalent
to the trivial knot f = 0 and F' is contractible and {(t) = (1—t) by Theo-
rem 14. On the other hand, for ¢ > 1, we know that g; is non-degenerate
and x(F*) = =3, x(F) = —1 and ¢(¢) = (1—¢)~!. This shows that there
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are mixed functions of strongly polar weighted homogeneous face type
which are not the pull-back of holomorphic functions.

(2) Consider the moduli space M (P, pab, (p + 2r)ad) of convenient
non-degenerate strongly polar weighted homogeneous polynomials

f(2,2)

of two variables z = (21, z2) with weight P = (a,b), ged(a,b) = 1 and
pdegpf = pab, rdegpf = (p + 2r)ab. Here r is a positive integer. Put
hs(z,Z) = |21|?* + |22|2**. Consider the polynomials

fs(2,2) = hr_s(2,2 H(Zl aazz)H — Brz3) (3 — AxZ3)

where 0 < s <r and oq,...,0p, 61,7, ..,0s,7s are mutually distinct
non-zero complex numbers. As V(fs) C P! consists of p + 2s points, we
have x(F*) = —p(p + 25) and (g, (t) = (1 — tP2°)P+H2572 (See [8)).

For any n = 2 + m, we can consider a join type strongly polar
weighted homogeneous polynomial of m 42 variables z, w with w € C™:

Fy(2z,w,2,W) = fo(2,2) + wb"@} + - + wP @l

Then by join theorem ([1]), the Milnor fiber of Fy, s = 0,...,r have
different topology. In fact, the Milnor fiber is homotopic to a bouquet
of spheres and the Milnor number is (p — 1)™(p? + (25 — 2)p + 1). Thus
the topology of mixed polynomials is not combinatorial invariant.
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