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Wave front set defined by wave packet transform
and its application

Keiichi Kato, Masaharu Kobayashi and Shingo Ito

Abstract.

We introduce the wave front set W FP9 by using the wave packet
transform. This is another characterization of the Fourier—Lebesgue
type wave front set WFxryq. We apply this to the propagation of
singularities for the wave equation.

§1. Introduction

In this talk, we introduce the wave front set W FP4 (Definition 1.1)
by using the wave packet transform.

The wave packet transform has been introduced by Cérdoba—Fefferman
[1]. For u € §'(R™) and ¢ € S(R™) with ¢(0) # 0, the wave packet trans-
form Wyu is defined by

) Woulw,€) = [ = uty)e™dy,

which has the information of frequency of u around .

Definition 1.1. Let 1 < p,q < 00, s € R, (z0,&) € R" x (R™\{0})
and u € S'(R™). Then (x0,&0) ¢ WEP(u) means that there ezists
a neighborhood K of xg, a conic neighborhood T' of & and a function
¢ € C§°(R) with ¢(0) # 0 satisfying that

(2) xx (@)xr ()€ Woula, )l zllg < oo,

where (£) = (1 + |€]?)Y/2, xx and xr are characteristic functions of K
and T, respectively.
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As an application of WFP4 we give the following theorem on prop-
agation of singularities.

Theorem 1. Let 1 < p,q < oo and v € R. Suppose that u €
C(R; S8'(R™)) satisfies
(3) (0 £i|D|)u(t,z) =0, (t,z)€ R™,
u(0, z) = up(z), z € R,

where i = /=1 and |D| = FYE|F. If (z0,&) ¢ WEPI(ug) then
(wo % 22t, &0) & WEFP(u(t,-)) for all t € R.

We briefly review some background on the wave front sets and prop-
agation of singularities. The notion of wave front set, introduced by
Hormander [3] is a main tool of microlocal analysis. There are many
kind of wave front sets. For example, C* type, analytic type, Sobolev
type, Fourier-Lebesgue type and so on (see Hormander [4], Sato-Kawai~
Kashiwara [8], Pilipovié-Teofanov—Toft [6]). Here, we focus on the
Fourier-Lebesgue type wave front sets. For 1 < ¢ < oo and s € R,
the Fourier-Lebesgue space FLZ(IR™) is the set of all distributions u €
S'(R™) such that @(¢) = [, u(z)e™ ¢ is a function and 1€y a(E)l| g-
We note that FL2(R™) is the sobolev space H*(R"). While, the Fourier—
Lebesgue type wave front set W Fxpa(u) defined by [6] is defined as fol-
lows. For (zg,&) € R™ x (R"\{0}), (z0,%0) ¢ WFxpa(u) means that
there exist a conic neighborhood I' of £, and a function a € C§*(R")
with a(zo) # 0 satisfying that

) Ixe(€)(€)°@(E) g < oo

We note that WFrr: is the Sobolev type wave front set WFpys. Al-
though a considerable number of studies have been done on the prop-
agation of singularity in the framework of Sobolev type wave front set
(see Beals [2]), a few works have been done in the framework of Fourier—
Lebesgue type wave front set ([6], [7]).

In Theorem 2, we show WP coincides with W F'ze. Thus, using
Theorem 1 and Theorem 2, we obtain the result concerning the propaga-
tion of singularity in the framework of the Fourier—Lebesgue type wave
front set.

Theorem 2. For 1 <p,q < oo, s € R and u € §'(R™), we have

(5) WEPUu) = WFrpa(u).
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Notation. For x € R"™ and r > 0, B.(z) stands {y € R™; |y—=z| < r}.
FIf€) = Flo) = Jgn f(z)e ™ ¢dz is the Fourier transform of f. For
a subset A of R™, we denote the complement of A by A€, the set of
all interior points of A by A° and the closure of A by A. Throughout
this paper, C and C; (i = 1,2,3,...) serve as positive constants, if the
precise value of which is not needed and C denote positive constants
depending on N.

§2. Sketch of the proof of Theorem 2

To show Theorem 2 we use the following lemma.

Lemma 1. (Kato-Kobayashi—Ito [5]) Let ¢ be a measurable function
on R™ such that (-Y*¢ € LY(R™) for allk € R, F € S'(R"), 1 < q < oo,
and T',T' be open conic sets satisfying I' ¢ T' C R™. Assume that
Ixe ()€ F @)l Lg < 00 and [()"NF(€)|zg < oo for some s € R and

N € N. Then we have

I (€16 (€ F)Olzg < Cauv (llXF(€)< PFOly+ | o, )

for some positive constant Cs nc.

Suppose that (zo,&0) ¢ W Fxpa(u). Then there exist a conic neigh-
borhood T of & and a function a € CJ(R"™) with a(zg) # 0 satis-
fying pr(g)@)saa(g)”Lg < 0. For r > 0 and b € C{(R™) satis-
fying suppb C By.(xg) C suppa and b = 1 in Bsg.(zg), simple cal-
culation yields ||Xp(§)(§>531:(§)|| rg < oo. Take a neighborhood K of
zo and a function ¢ € CF(R™) satisfying K C B,(xo), ¢(0) # 0
and suppd C B,(0). Note that z € K and y — z € B,(0) imply
y € Bar(20). So xx(2)ply — z)u(y) = xx (2)é(y — 2)b(y)u(y). Let I’
be a conic neighborhood of &, such that I" C T. Since Wy(bu)(z,£) =
Flo(- — z)] * Flbu)(§) we have by Lemma 1

lxx (@)xr (€)(€)* Wou(z, &)z || g

<CsN¢K<“X1" §)(¢ bu(f)i

).

Since @(g)] has at most polynomial growth we obtain (o, &) ¢ WFP1
if we take an integer NN sufficiently large.

Conversely, if (xg,&0) ¢ WFP9 then we can choose I' being a conic
neighborhood of &, R € R and ¢ € C§°(R™) which satisfy ¢ = 1 in

&,
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B3r(0) and [[1XBx(so) (X)XT(E)(€) Wou(z, &)l Lzl < oo. Put K =
Bpr(zp) and take a € C§°(R™) satisfying a(xo) # 0 and suppa C Bgr(xo).
Since ¢(y —z) = 1 for z € K and y € suppa, we have xx(z)au(§) =
Xk (%) Jpn @€ — n)Wy(x,n)dn. So we have by Lemma 1

Ik (@)l 22 Ixr (f)(f)S@(E)HLg

< G (b (oer @€ Wau(z, Ol zlog

1
4 HW It () W, &)l 2

2

3

for a conic neighborhood I of &, satisfying IV C TI'. Since xx has
compact support and |Wyu(z,£)| is majored by a constant times (€)™
for sufficiently large Ny, we obtain (zg,&o) ¢ WFxrpa(u) if we take an
integer N > Ny sufficiently large.

§3. Sketch of the proof of Theorem 1

In the sequel, for a function f(¢,z) on R x R™, we denote f(t,&) =
Jan F& @)™ 8dx and Wy f(t,z,€) = Wy (f(¢,-))(z,€). Here, we only
treat the initial value problem

(6)

(0. —i|D|u(t,z) =0, (t,z) € R™*1,
u(0,z) = uo(x), z €R”,

since we can treat the case (8; + ¢|D|)u(t, z) = 0 in the same way. Let
¢ € C§°(R™) with ¢(0) # 0. The initial value problem (6) is transformed
by the wave packet transform to

- _§_ . —1 u(t,z, &) = iRy (w38, x
(7) { (815 |£| Vaz |€f> Wd> (tv 55) R¢( .2 ’6)7
W¢U(0, Z, g) = W¢,'U,0(.’L', §)a

where dn = (27)™"dn and

Rotust,.§) = [[ 5= (1nl - 1) atemer - Oanay
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Tt is easy to see that (7) is equivalent to the integral equation
(8) Wyult,x,€) = ellWyug <3} + |—§_|t7 5)

+i/ W=0lEIR, (u 0,z + Ifl( —0)@) de.
0

Let T > 0. For t € [-T,T], we show (zg — %t’ &) ¢ WEP9(u(t,-)) by
induction.

Since u(t, -) € S'(R™), there exists s € R satisfying ||{-)*a ( Mia <
oo for all @ € C§°(R™) and ¢t € [T, T]. Thus we have (xg — I&olt’&’) ¢
W FP4(u(t,-)) for all t € [-T,T] by Theorem 2.

Next we show (zo — 2t,&) ¢ WEFLY (u(t,)) for all ¢ € [-T,T]
and s < ¢ < r— 1 under the assumption (zg — |§0|t &) ¢ WEP(u(t,-))
for all t € [-T,T]. Let K be a neighborhood of zy — Ié_olt’ T be a conic

neighborhood of & and I' = I' N {|¢| > 1}. From the equation (8), it is
enough to show that

@ 15, = | u@oe (e gre)| || <o
) 12, = | |xx@xsoerie
x/ot R¢<¢u;0,x+|§‘(t— 9), )'dﬁ . Lg<oo
and
) 18, = ||
x/ot R¢((1—¢)u;0,x+|£l(t 0), )’d& ey <

for some ¥ € C§°(R™) and all ¢ € [-T,T]. From the assumption
(z0,&) ¢ WFP9(ug), there exist a constant € > 0, a function ¢; €
C§°(R™) with ¢1(0) # 0 and a conic neighborhood I of & such that
11X Bz (o) (@)XT7 (E)(E) W, o (@, E)lI 22 |22 < 0. Let Ky = Be(zo -

%Tt) and T'; be a conic neighborhood of & satisfying eT~1 > d; =
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supéerldlst(m ) oo |) and Ty CI'. If z € K; and ¢ € Ty then z + |§|
Bse(zg). Thus we have

§<11) Tipr = HHXst(avo)($>XT/(§)<5>TW¢1U0($,ﬁ)’ < 00,

el
where T'; = Ty N {|¢] > 1}

Next we show (10). By the assumption of induction and Theorem
2 we can take a conic neighborhood I of &, and ¥, € C§°(R™) such
that ¢, = 1 near zop — ég—‘t and ||Xpu(§)(§)“'@(t,§)||Lg < oo for all
€ [-T,T]. Take ¢’ > 0 satisfying ¢y = 1 on Bg(z¢ — ng—‘t) Let
¢2 € C’go(Rn) with ¢2(0) 7é 0 and supp ¢2 C BQE/(O), Ky = B, (.770 -
é%l-t) and Ty be a conic neighborhood of & satisfying Ty C T and
€T > dy = supger,dist(ff, 2%). Put T, = Ty N {l¢] > 1}. By
integration by parts and an inequality

€lml — _ 1
<'"' |§|)<” O < % = 38

we have
T Xg, (€)(6)°
Ig'z),fzﬁmwe = CKQ,@/O /}Rn ("I; §>2N {1/19’11,(9 n)ldﬁ

< Cky o0 (Jr + Jpinye),

L
5

where Ja = [i | [4 x5, ()€)7(n — &)~V [You(6,n)|dn|12d¢ and N €
N. Since (£) < 2(n — &) or (£) < 2(n) hold, we have

(€)° C

=& (e = (- €2Vl

for 2N > |o|. Thus if we take an integer N sufficiently large, then
Young’s inequality, (12) and the assumption of induction yield

(12)

1

JF” S C ”—
()2N=lell,

T
e @erdoue o), o < oo

On the other hand, if n ¢ I/, ¢ € T' and 2N > |o| then we have

(€)° C C
- 628 = (=N lal = (= M ()

(13)
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where N1 + Ny = 2N — |o|. Since Im(@, £)| has at most polynomial
growth with respect to £, Young’s inequality and (13) yield

1 T\l gou(o
J(Iw)c < C H_T / Ml df < oo,
Ml Jo (EHN= I
3
if we take N7 and N, sufficiently large. Thus we have [ (2) < 0.
K>,Ta,¢0,%

Finally we show (11). Let ¢; € C°°(R™) equal to 0 for |n| < 1 and
equal to 1 for |n| > 2 and put (2(n) =1 — {1(n). It suffices to show that

(3)
L % 6000 §j§2 Xk (T)XF, () I£|/ |R;|d6 el < o0,
where
= hl,lilzgnﬁo// R ¢2 |§|(t - )) (' |£| ) (hln)CJ(n)

(1 — ¥g(2))u(0, 2)b(hod)e “En—v 148 dzdndy

for b € S(R™) with b(0) = 1. From the structure theorem of S'(R™),
there exist I,m > 0 and f,(0,-) € L%(R"™) for multi-indices « such that

(14) u(0,&) = (&' Y D*falf

la]<m

We note that z € Ky, & € f’z, y—z— (t— 0)¢/|€] € supp g2 and
Z € supp (1 — ¢g(&)) imply |Z — y| > ¢’ > 0 and, hence, |Z —y| > C(Z).
Since

(—A,)Nee=iE=v)m (1= Ay)Nagiv (=8

—i(E-y)n _ iy (n—¢§) —
‘ T g e o n—g
for positive integers N3 and Ny, (14) and integration by parts imply
1Fa(6, )12
|R1| < C/ 2N3 1— ;a|<§ 7)>2N4

On the other hand, since {2 € C§°(R"™) we have

(15) (1 —An)N {( - 77'—5[5)(2(77)} < Wg\,—_l‘
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Since
N3 ,—i(Z—y)- Ny iy-(n—
1 — ANW) se—i(Z-y)n and -6 — (1 —A,)Neet (n—¢)
(2 —y)2s (n — &)2Ns

for positive integers N3 and Ny, (14), (15) and integration by parts imply

f/:l 07' 2
|Rs| < C/Rn <,,7>2N3!|—1—(|a|<)§”in>21\’4 dn.

e~ tE—y)n — (

Since

(€)1 3 ¢
<7]>2N3~1—|a[<5 _ n>2N4 — <,,7>2N3—2-~|cz|—o'<é~ _ 77>2N4—(T—1

for N3 > 2+ |a| + 0)/2 and Ny > (0 + 1)/2, we have by Young’s
inequality

€ ¢l
‘ /n (n)2Ns—1-lal(¢ — n)2Na dn

Thus if we take N3 and N4 sufficiently large, we obtain

T
(3)
IKgfz,(ﬁz,il)s < CKQ’Ns’N4/() ‘

1

1
<
o [

<.>2N4—¢7-1

Lt La

ﬁ@mww<m

Hence we get the inequality (11). Taking K € K1N K, ' C I';NTy and
¢ € Cg°(R™) with ¢(0) # 0 and supp ¢ C supp ¢1 N supp ¢2, we obtain
(o — &ot/|€ol, &o) € WFZ,  (u) for t € [-T,T)]. Since T is an arbitrary
positive number, we obtain the desired result. Q.E.D.
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