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Abstract.
Let ~ be a nonempty set of prime numbers. In the present paper, we continue our study of the pro-~ fundamental groups of hyperbolic curves and their associated configuration spaces over algebraically
closed fields of characteristic zero. Our first main result asserts, roughly
speaking, that if an F-admissible automorphism [i.e., an automorphism
that preserves the fiber subgroups that arise as kernels associated to the
various natural projections of the configuration space under consideration to configuration spaces of lower dimension] of a configuration
space group arises from an F-admissible automorphism of a configuration space group [arising from a configuration space] of strictly higher
dimension, then it is necessarily FC-admissible, i.e., preserves the cuspidal inertia subgroups of the various subquotients corresponding to
surface groups. After discussing various abstract profinite combinatorial technical tools involving semi-graphs of anabelioids of PSC-type
that are motivated by the well-known classical theory of topological
surfaces, we proceed to develop a theory of profinite Dehn twists, i.e.,
an abstract profinite combinatorial analogue of classical Dehn twists
associated to cycles on topological surfaces. This theory of profinite
Dehn twists leads naturally to comparison results between the abstract
combinatorial machinery developed in the present paper and more classical scheme-theoretic constructions. In particular, we obtain a purely
combinatorial description of the Galois action associated to a [schemetheoretic!] degenerating family of hyperbolic curves over a complete
equicharacteristic discrete valuation ring of characteristic zero. Finally,
we apply the theory of profinite Dehn twists to prove a "geometric version of the Grothendieck Conjecture" for-i.e., put another way, we
compute the centralizer of the geometric monodromy associated tothe tautological curve over the moduli stack of pointed smooth curves.
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§ Introduction
<;;; ~times be a nonempty subset of the set of prime numbers
In the present paper, we continue our study [cf. [SemiAn],
[CmbGC], [CmbCsp], [MT], [NodNon]] of the anabelian geometry of
semi-graphs of anabelioids of [pro-~} PSG- type, i.e., semi-graphs of anabelioids that arise from a pointed stable curve over an algebraically
closed field of characteristic zero. Roughly speaking, such a "semigraph of anabelioids" may be thought of as a slightly modified, Galois
category-theoretic formulation of the "graph of profinite groups" associated to such a pointed stable curve that takes into account the cusps
[i.e., marked points] of the pointed stable curve, and in which the profinite groups that appear are regarded as being defined only up to inner
automorphism. At a more conceptual level, the notion of a semi-graph of
anabelioids of PSC-type may be thought of as a sort of abstract profinite combinatorial analogue of the notion of a hyperbolic topological surface of finite type, i.e., the underlying topological surface of
a hyperbolic Riemann surface of finite type. One central object of study
in this context is the notion of an outer representation of IPSC-type [cf.
[NodNon], Definition 2.4, (i)], which may be thought of as an abstract
profinite combinatorial analogue of the scheme-theoretic notion of a degenerating family of hyperbolic curves over a complete discrete valuation
ring. In [NodNon], we studied a purely combinatorial generalization of
this notion, namely, the notion of an outer representation of NN-type [cf.
[NodNon], Definition 2.4, (iii)], which may be thought of as an abstract
profinite combinatorial analogue of the topological notion of a family
of hyperbolic topological surfaces of finite type over a circle.
Here, we recall that such families are a central object of study in the
theory of hyperbolic threefolds.
Another central object of study in the combinatorial anabelian geometry of hyperbolic curves [cf. [CmbCsp], [MT], [NodNon]] is the notion of a configuration space group [cf. [MT], Definition 2.3, (i)], i.e.,
the pro-~ fundamental group of the configuration space associated to a
hyperbolic curve over an algebraically closed field of characteristic zero,
where ~ is either equal to ~times or of cardinality one. In [MT], it
was shown [cf. [MT], Corollary 6.3] that, if one excludes the case of
hyperbolic curves of type (g,r) E {(0,3), (1, 1)}, then, up to a permutation of the factors of the configuration space under consideration, any
automorphism of a configuration space group is necessarily F-admissible
[cf. [CmbCsp], Definition 1.1, (ii)], i.e., preserves the fiber subgroups
that arise as kernels associated to the various natural projections of the
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configuration space under consideration to configuration spaces of lower
dimension.
In §1, we prove our first main result [cf. Corollary 1.9], by means of
techniques that extend the techniques of [MT], §4, i.e., techniques that
center around applying the fact that the first Chern class associated
to the diagonal divisor in a product of two copies of a proper hyperbolic curve consists, in essence, of the identity matrix [cf. Lemma 1.3,
(iii)]. This result asserts, roughly speaking, that if an F -admissible automorphism of a configuration space group arises from an F -admissible
automorphism of a configuration space group [arising from a configuration space] of strictly higher dimension, then it is necessarily
FC-admissible [cf. [CmbCsp], Definition 1.1, (ii)], i.e., preserves the
cuspidal inertia subgroups of the various subquotients corresponding to
surface groups.
Theorem A (F -admissibility and FC-admissibility). Let ~ be
a set of prime numbers which is either of cardinality one or equal
to the set of all prime numbers; n a positive integer; (g, r) a pair
of nonnegative integers such that 2g - 2 + r > 0; X a hyperbolic curve
of type (g, r) over an algebraically closed field k of characteristic tf. ~;
Xn the n-th configuration space of X; IIn the maximal pro-~ quotient
of the fundamental group of Xn; "OutFC(-) ", "OutF (-)" ~ "Out(-)"
the subgroups of FC- and F-admissible [cf. [CmbCsp], Definition 1.1,
(ii)} outomorphisms [cf. the discussion entitled "Topological groups" in
§OJ of "(-) ". Then the following hold:
(i)

Let a E OutF(IIn+d· Then a induces the same automorphism of IIn relative to the various quotients IIn+l --» IIn by
fiber subgroups of length 1 [cf. [MT], Definition 2.3, (iii)}. In
particular, we obtain a natural homomorphism
OutF (IIn+l) ---+ OutF (IIn).

(ii)

The image of the homomorphism
OutF (IIn+l) ---+ OutF (IIn)

of (i) is contained in
OutF 0 (IIn) ~ OutF(IIn).
For the convenience of the reader, we remark that our treatment of
Theorem A in §1 does not require any knowledge of the theory of semigraphs of anabelioids. On the other hand, in a sequel to the present paper, we intend to prove a substantial stengthening of Theorem A, whose

Combinatorial anabelian topics I

663

proof makes quite essential use of the theory of [CmbGC], [CmbCsp], and
[NodNon] [i.e., in particular, of the theory of semi-graphs of anabelioids
of PSC-type].
In §2 and §3, we develop various technical tools that will play a crucial role in the subsequent development of the theory of the present paper. In §2, we study various fundamental operations on semi-graphs
of anabelioids of PSC-type. A more detailed description of these operations may be found in the discussion at the beginning of §2, as well as in
the various illustrations referred to in this discussion. Roughly speaking,
these operations may be thought of as abstract profinite combinatorial
analogues of various well-known operations that occur in the theory of
"surgery" on topological surfaces-i.e.,
• restriction to a subsurface arising from a decomposition, such
as a "pants decomposition", of the surface or to a [suitably
positioned] cycle;
• partially compactifying the surface by adding "missing
points";
• cutting a surface along a [suitably positioned] cycle;
• gluing together two surfaces along [suitably positioned] cycles.
Most of §2 is devoted to the abstract combinatorial formulation of these
operations, as well as to the verification of various basic properties involving these operations.
In §3, we develop the local theory of the second cohomology group
with compact supports associated to various sub-semi-graphs and components of a semi-graph of anabelioids of PSC-type. Roughly speaking,
this theory may be thought of as a sort of abstract profinite combinatorial analogue of the local theory of orientations on a topological
surface S, i.e., the theory of the locally defined cohomology modules

-where U ~ S is an open subset, x E U. In the abstract profinite
combinatorial context of the present paper, the various locally defined
second cohomology groups with compact supports give rise to cyclotomes, i.e., copies of quotients of the once-Tate-twisted Galois module
Z(l). The main result that we obtain in §3 concerns various canonical synchronizations of cyclotomes [cf. Corollary 3.9], i.e., canonical isomorphisms between these cyclotomes associated to various local
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portions of the given semi-graph of anabelioids of PSC-type which are
compatible with the various fundamental operations studied in §2.
In §4, we apply the technical tools developed in §2, §3 to define
and study the notion of a profinite Dehn [multi-]twist [cf. Definition 4.4; Theorem 4.8, (iv)]. This notion is, needless to say, a natural
abstract profinite combinatorial analogue of the usual notion of a Dehn
twist in the theory of topological surfaces. On the other hand, it is defined, in keeping with the spirit of the present paper, in a fashion that
is purely combinatorial, i.e., without resorting to the "crutch" of considering, for instance, profinite closures of Dehn twists associated to cycles
on topological surfaces. Our main results in §4 [cf. Theorem 4.8, (i),
(iv); Proposition 4.10, (ii)] assert, roughly speaking, that profinite Dehn
twists satisfy a structure theory of the sort that one would expect from
the analogy with the topological case, and that this structure theory is
compatible, in a suitable sense, with the various fundamental operations
studied in §2.

Theorem B (Properties of profinite Dehn multi-twists). Let
I: be a nonempty set of prime numbers and Q a semi-graph of anabelioids
of pro-2:: PSC-type. Write
Autlgrphl (Q) ~ Aut(Q)

for the group of automorphisms of Q which induce the identity automorphism on the underlying semi-graph of Q and
Dehn(Q) ~f {a E Autlgrphl (Q) I O:glv

= idglv for any v

E

Vert(Q)}

-where we write aglv for the restriction of a to the semi-graph of anabelioids 9lv of pro-2:: PSC-type determined by v E Vert(Q) [cf. Definitions
2.1, (iii); 2.14, (ii); Remark 2.5.1, (ii)}; we shall refer to an element of
Dehn(Q) as a profinite Dehn multi-twist of Q. Then the following
hold:
(i)

(Normality) Dehn(Q) is normal in Aut(Q).

(ii)

(Structure of the group of pro finite Dehn multi-twists)
Write
def
2
~E
~E
Ag = Homz, (He (Q, Z ), Z )
for the cyclotome associated to Q [cf. Definitions 3.1, (ii),
(iv); 3.8, (i)}. Then there exists a natural isomorphism

:Dg: Dehn(Q) ~

EB
Node(Q)

Ag
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that is functorial, in 9, with respect to isomorphisms of semigraphs of anabelioids. In particular, Dehn(9) is a finitely
generated free z:E-module of rank Node(Q)~. We shall
refer to a nontrivial profinite Dehn multi-twist whose image
E EBNode(Q) Ag lies in a direct summand {i.e., in a single "Ag "}
as a profinite Dehn twist.
(iii)

(Exact sequence relating profinite Dehn multi-twists
and glueable outomorphisms) Write

IJ

Glu(Q) ~

Autlgrphl (Qiv)

vEVert(Q)

for the {closed} subgroup of "glueable" collections of outomorphisms of the direct product TivEVert(Q) Autlgrphl (Qiv) consisting of elements (av)vEVert(Q) such that Xv(av) = Xw(aw) for
any v, wE Vert(Q)-where we write 9lv for the semi-graph of
anabelioids of pro-2:, PSC-type determined by v E Vert(Q) {cf.
Definition 2.1, (iii)} and Xv: Aut(9lv) ---+ (Zz;)* for the pro:E cyclotomic character of v E Vert(Q) {cf. Definition 3.8,
(ii)}. Then the natural homomorphism
Autlgrphl (9)
a

-----+
H

TivEVert(Q) Autlgrphl (9lv)
.
(agiJvEVert(Q)

factors through Glu(Q) ~ TivEVert(Q) Autlgrphl (Qiv), and, moreover, the resulting homomorphism p'(;ert: Autlgrphl (9) ---+
Glu(Q) {cf. (i)} fits into an exact sequence of profinite groups
Vert

1 -----+ Dehn(Q) -----+ Autlgrphl (9) ~ Glu(Q) -----+ 1.
The approach of §2, §3, §4 is purely combinatorial in nature. On the
other hand, in §5, we return briefly to the world of flog} schemes in order to compare the purely combinatorial constructions of §2, §3, §4
to analogous constructions from scheme theory. The main techinical
result [cf. Theorem 5.7] of §5 asserts that the purely combinatorial
synchronizations of cyclotomes constructed in §3, §4 for the profinite
Dehn twists associated to the various nodes of the semi-graph of anabelioids of PSC-type under consideration coincide with certain natural
scheme-theoretic synchronizations of cyclotomes. This technical
result is obtained, roughly speaking, by applying the various fundamental operations of §2 so as to reduce to the case where the semi-graph of
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anabelioids of PSC-type under consideration admits a symmetry that
permutes the nodes [cf. Fig. 6]; the desired coincidence of synchronizations is then obtained by observing that both the combinatorial and
the scheme-theoretic synchronizations are compatible with this symmetry. One way to understand this fundamental coincidence of synchronizations is as a sort of abstract combinatorial analogue of the cyclotomic
synchronization given in [GalSct], Theorem 4.3; [AbsHyp], Lemma 2.5,
(ii) [cf. Remark 5.9.1, (i)]. Another way to understand this fundamental
coincidence of synchronizations is as a statement to the effect that
the Galois action associated to a [scheme- theoretic!]
degenerating family of hyperbolic curves over a complete equicharacteristic discrete valuation ring of
characteristic zero-i.e., "an outer representation of
IPSC-type"-admits a purely combinatorial description [cf. Corollary 5.9, (iii)].
That is to say, one central problem in the theory of outer Galois representations associated to hyperbolic curves over arithmetic fields is precisely the problem of giving such a "purely combinatorial description"
of the outer Galois representation. Indeed, this point of view plays a
central role in the theory of the Grothendieck-Teichmiiller group. Thus,
although an explicit solution to this problem is well out of reach at
the present time in the case of number fields or mixed-characteristic local fields, the theory of §5 yields a solution to this problem in the case
of complete equicharacteristic discrete valuation fields of characteristic
zero. One consequence of this solution is the following criterion for an
outer representation to be of IPSC-type [cf. Corollary 5.10].
Theorem C (Combinatorial/group-theoretic nature of
scheme-theoreticity). Let (g, r) be a pair of nonnegative integers such
that 2g- 2 + r > 0; I; a nonempty set of prime numbers; R a complete
discrete valuation ring whose residue field k is separably closed of characteristic tj_ :E; S 1og the log scheme obtained by equipping S ~£ Spec R
with the log structure determined by the maximal ideal of R; (Mg,r )s
the moduli stack of r-pointed stable curves of genus g over S whose
r marked points are equipped with an ordering; (Mg,r )s <;;;; (Mg,r )s
-

-log

the open substack of (Mg,r)s parametrizing smooth curves; (Mg,r)s the
log stack obtained by equipping (Mg,r)s with the log structure associated to the divisor with normal crossings (Mg,r)s \ (Mg,r)s <;;;; (Mg,r)s;
x E (Mg,r)s(k) a k-valued point of (Mg,r)s; 8 the completion of the
local ring of (Mg,r )s at the image of x; T 1og the log scheme obtained by
equipping T ~£ Spec 8 with the log structure induced by the log structure
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of (M~~;)s; tlog the log scheme obtained by equipping the closed point
ofT with the log structure induced by the log structure of T 10g; Xiog
the stable log curve over tlog corresponding to the natural strict ( 1-)
morphism tlog ---+ (M~~;)s; Irlog the maximal pro-2:. quotient of the log
fundamental group 1r1 (T1og) of T 1og; I 8 1og the maximal pro-2:. quotient
of the log fundamental group 1fl (Slog) of Slog j QXlog the semi-graph of
anabelioids of pro-2:. PSC-type determined by the stable log curve Xiog
[cf. [CmbGC], Example 2.5}; pu'1~~:
x, Irlog ---+ Aut(Qx 1ag) the natural
outer representation associated to Xiog [cf. Definition 5. 5}; I a profinite
group; p: I ---+ Aut(Qx 1og) an outer representation of pro-2:. PSG- type
[cf. [NodNon], Definition 2.1, (i)}. Then the following conditions are
equivalent:
(i)

p is of IPSC-type [cf. [NodNon], Definition 2.4, (i)}.

(ii)

There exist a morphism of log schemes ¢log: Slog ---+ T 1og over
S and an isomorphism of outer representations of pro2:. PSC-type p ~ pu'1~~
[cf. [NodNon], Definition 2.1,
x, o J"'1og
'f'
(i)}-where we write fq,1og: Is1og ---+ Irlog for the homomorphism
induced by ¢log-i.e., there exist an automorphism f3 of g x1og
and an isomorphism a: I ~
such that the diagram

1;g

I
a

~

11

Aut(Qx1ag)

11
p x~og olq)og

I slog

Aut(Qx1og)

-where the right-hand vertical arrow is the automorphism of
Aut(Qxlog) induced by (3-commutes.
(iii)

There exist a morphism of log schemes ¢log: slog ---+ T 1og over
such that p = pu'1~~
S and an isomorphism a: I ~
x, of'f'-i>log o
a-where we write fq,1og: J 8 1og ---+ Irlog for the homomorphism
induced by ¢log-i.e., the automorphism "(3" of (ii) may be
taken to be the identity.

1;g

Before proceeding, in this context we observe that one fundamental intrinsic difference between outer representations of IPSC-type and
more general outer representations of NN-type is that, unlike the case
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with outer representations of IPSC-type, the period matrices associated to outer representations of NN-type may, in general, fail to be
nondegenerate~cf. the discussion of Remark 5.9.2.
Here, we remark in passing that in a sequel to the present paper,
the theory of §5 will play an important role in the proofs of certain
applications to the theory of tempered fundamental groups developed in
[Andre].
Finally, in §6, we apply the theory of profinite Dehn twists developed in §4 to prove a "geometric version of the Grothendieck
Conjecture" for~i.e., put another way, we compute the centralizer of
the geometric monodromy associated to~the tautological curve over the
moduli stack of pointed smooth curves [cf. Theorems 6.13; 6.14].
Theorem D (Centralizers of geometric monodromy groups
arising from moduli stacks of pointed curves). Let (g, r) be a
pair of nonnegative integers such that 2g - 2 + r > 0; ~ a nonempty
set of prime numbers; k an algebraically closed field of characteristic
zero. Write (Mg,r )k for the moduli stack of r-pointed smooth curves
of genus g over k whose r marked points are equipped with an ordering; C9 ,r -+ Mg,r for the tautological curve over Mg,r {cf. the dis-

cussion entitled "Curves" in §0}; ITMg,r ~f 'ifl ( (Mg,r )k) for the etale
fundamental group of the moduli stack (M 9 ,r)k; Ilg,r for the maximal
pro-~ quotient of the kernel N 9,r of the natural surjection 1r1 ( ( Cg,r )k) -»
'ifl ( (Mg,r )k) = ITMg,r; Ilcg,r for the quotient of the etale fundamental group 7rl((C9 ,r)k) of (C 9 ,r)k by the kernel of the natural surjection
N 9 ,r -» IT 9 ,r; Outc (IIg,r) for the group of outomorphisms {cf. the discussion entitled "Topological groups" in §OJ of IIg,r which induce bijections on the set of cuspidal inertia subgroups of Ilg,r· Thus, we have a
natural exact sequence of profinite groups

which determines an outer representation
Pg,r: ITMg,r ---+ Out(Ilg,r) .
Then the following hold:

(i)

Let H ~ ITMg,r be an open subgroup of ITMg,r. Suppose that
one of the following two conditions is satisfied:

(a)

2g- 2 + r > 1, i.e., (g, r) rf. {(0, 3), (1, 1)}.

(b)

(g,r) = (1, 1), 2 E ~'and H = ITMg,r·
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Then the composite of natural homomorphisms

~

Zout(II 9 ,,.)(Im(pg,r))

~

Zout(II 9 ,r)(Pg,r(H))

(cf. the discussion entitled "Topological groups" in §0} determines an isomorphism

Here, we recall that
{

Z/2Z X Z/2Z
Z/2Z

{1}
(ii)

§0.

Aut(Mq,r)k ((C9 ,r)k)

is isomorphic to

if(g,r) = (0,4);
if (g, r) E {(1, 1), (1, 2), (2, 0)};
if (g, r) tf_ {(0, 4), (1, 1), (1, 2), (2, 0)}.

Let H ~ Outc(II 9 ,r) be a closed subgroup of Outc(II9 ,r) that
contains an open subgroup of Im(p9 ,r) ~ Out(IIg,r). Suppose
that
2g- 2 + r > 1, i.e., (g, r) tf_ {(0, 3), (1, 1)}.
Then H is almost slim (cf. the discussion entitled "Topological groups" in §0}. If, moreover,
2g-2+r > 2, i.e., (g,r) tf_ {(0,3),(0,4),(1,1),(1,2),(2,0)},
then H is slim (cf. the discussion entitled "Topological groups"
in §0}.

Notations and conventions

Sets: If S is a set, then we shall denote by 2 8 the power set of S and
by s~ the cardinality of s.
Numbers: The notation $times will be used to denote the set of all
prime numbers. The notation N will be used to denote the set or [additive] monoid of nonnegative rational integers. The notation Z will be
used to denote the set, group, or ring of rational integers. The notation
Q will be use~ to denote the set, group, or field of rational numbers.
The notation Z will be used to denote the profinite completion of Z.
If p E $times, then the notation Zp (respectively, Qp) will be used to
denote the p-adic completion of Z (respectively, Q). If I: ~$times, then
the notation Z2; will be used to denote the pro-:B completion of Z.
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Monoids: We shall write

Mgp

for the groupification of a monoid M.

Topological groups: Let G be a topological group and P a property
of topological groups [e.g., "abelian" or "pro-~" for some~ C:: s:}Jtime.s].
Then we shall say that G is almost P if there exists an open subgroup
of G that is P.
Let G be a topological group and H C:: G a closed subgroup of
G. Then we shall denote by Z 0 (H) (respectively, Nc(H); Cc(H)) the
centralizer (respectively, normalizer; commensurator) of H in G, i.e.,

Zc(H) ~f {g E Glghg- 1 = h for any hE H},
(respectively, Nc(H) ~f

{

g

E

GIg· H · g- 1

=

H};

Cc(H) ~f {g E G I H n g·H·g- 1 isoffiniteindexinH andg·H·g- 1 }

);

we shall refer to Z (G) ~f Zc (G) as the center of G. It is immediate
from the definitions that

Zc(H) C:: Nc(H) C:: Cc(H) ; H C:: Nc(H).
We shall say that the closed subgroup H is centrally terminal (respectively, normally terminal; commensurably terminal) in G if H = Zc(H)
(respectively, H = N 0 (H); H = C 0 (H)). We shall say that G is slim if
Zc(U) = {1} for any open subgroup U of G.
Let G be a topological group. Then we shall write cab for the
abelianization of G, i.e., the quotient of G by the closure of the commutator subgroup of G.
Let G be a topological group. Then we shall write Aut( G) for the
group of [continuous] automorphisms of G, Inn(G) C:: Aut(G) for the
group of inner automorphisms of G, and Out(G) ~f Aut(G)/Inn(G).
We shall refer to an element of Out( G) as an automorphism of G. Now
suppose that G is center-free [i.e., Z (G) = {1} ]. Then we have an exact
sequence of groups
1 --+ G (..=+Inn( G)) --+Aut( G) --+ Out( G) --+ 1.
If J is a group and p: J-+ Out(G) is a homomorphism, then we shall
denote by

G

out
A

J

the group obtained by pulling back the above exact sequence of profinite
groups via p. Thus, we have a natural exact sequence of groups
1--+G--+G

out
A

J--+J--+1.
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Suppose further that G is profinite and topologically finitely generated.
Then one verifies easily that the topology of G admits a basis of characteristic open subgroups, which thus induces a profinite topology on the
groups Aut( G) and Out( G) with respect to which the above exact sequence relating Aut( G) and Out( G) determines an exact sequence of
profinite groups. In particular, one verifies easily that if, moreover, J
is profinite and p: J -+ Out (G) is continuous, then the above exact
out
sequence involving G >1 J determines an exact sequence of profinite
groups.
Let G, J be profinite groups. Suppose that G is center-free and
topologically finitely generated. Let p: J -+ Out( G) be a continuous
out
homomorphism. Write AutJ(G >1 J) for the group of [continuous]
out
automorphisms of G >1 J that preserve and induce the identity automorphism on the quotient J. Then one verifies easily that the operation
of restricting to G determines an isomorphism of profinite groups
~

out

AutJ(G

>1

J)/Inn(G)

----7

Zout(GJ(Im(p)).

Let G and H be topological groups. Then we shall refer to a homomorphism of topological groups ¢: G -+ H as a split injection (respectively, split surjection) if there exists a homomorphism of topological
groups 7/J: H -+ G such that 7/J o ¢ (respectively, ¢ o 7/J) is the identity
automorphism of G (respectively, H).
Log schemes: When a scheme appears in a diagram of log schemes,
the scheme is to be understood as the log scheme obtained by equipping
the scheme with the trivial log structure. If xlog is a log scheme, then
we shall refer to the largest open subscheme of the underlying scheme of
X log over which the log structure is trivial as the interior of X 1og. Fiber
products of fs log schemes are to be understood as fiber products taken
in the category of fs log schemes.
Curves: We shall use the terms "hyperbolic curve", "cusp", "stable log
curve", "smooth log curve", and "tripod' as they are defined in [CmbGC],
§0; [Hsh], §0. If (g, r) is a pair of nonnegative integers such that 2g2 + r > 0, then we shall denote by Mg,r the moduli stack of r-pointed
stable curves of genus g over Z whose r marked points are equipped with
an ordering, by Mg,r t;;: Mg,r the open substack of Mg,r parametrizing

smooth curves, by M~~; the log stack obtained by equipping M 9 ,r with
the log structure associated to the divisor with normal crossings M 9 ,r \
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Mg,r <;;;; M 9 ,n by Cg,r --7 Mg,r the tautological curve over Mg,n and
by Dg,r <;;;; Cg,r the corresponding tautological divisor of marked points
of C9 ,r --7 Mg,r· Then the divisor given by the union of D9 ,r with the
inverse image in C9 ,r of the divisor M 9 ,r \ M 9 ,r <;;;; M 9 ,r determines
-

-log

a log structure on C9 ,r; denote the resulting log stack by C9 ,r· Thus,
-log

-log

we obtain a (1- )morphism of log stacks C9 ,r --r M 9 ,r· We shall denote
by Cg,r

<;;;;

Cg,r the interior of c~~;. Thus, we obtain a (1-)morphism of

def
stacks C9 ,r --7 Mg,r· LetS be a scheme. Then we shall write (M 9 ,r)s =
def
-log
def -log
Mg,r XspecZ S, (M 9 ,r)s = Mg,r XspecZ S, (M 9 ,r)s = Mg,r XspecZ
def def
(-log)
def
s, (Cg,r)s
= Cg,r XspecZ s, (Cg,r)s = Cg,r XspecZ S, and cg,r s =
-log

cg,r XspecZ S.

Let n be a positive integer and X 10 g a stable log curve of type (g, r)
over a log scheme slog. Then we shall refer to the log scheme obtained

M~~; given by forgetting
the last n points via the classifying (1- )morphism S 1og --r M~~; of X 1og
by pulling back the (1- )morphism

M~~;+n

as the n-th log configuration space of

§1.

--7

xlog.

F-admissibility and FC-admissibility

In the present §, we consider the FC-admissibility [cf. [CmbCsp],
Definition 1.1, (ii)] ofF-admissible automorphisms [cf. [CmbCsp], Definition 1.1, (ii)] of configuration space groups [cf. [MT], Definition 2.3,
(i)]. Roughly speaking, we prove that if an F-admissible automorphism
of a configuration space group arises from an F-admissible automorphism of a configuration space group [arising from a configuration space]
of strictly higher dimension, then it is necessarily FC-admissible, i.e.,
preserves the cuspidal inertia subgroups of the various subquotients corresponding to surface groups [cf. Theorem 1.8, Corollary 1.9 below].

Lemma 1.1 (Representations ansmg from certain families
of hyperbolic curves). Let (g, r) be a pair of nonnegative integers such
that 2g - 2 + r > 0; l a prime number; k an algebraically closed field
of characteristic cJ l; B and C hyperbolic curves over k of type (g, r);
n a positive integer. Suppose that (r, n) cJ (0, 1). Fori= 1, · · · , n, let
fi: B -=+ C be an isomorphism over k; si the section of B xk C ~
B determined by the isomorphism fi. Suppose that, for any i cJ j,
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Im(si) n Im(sj) = 0. Write
Z ~B

xk

U

C \

Im(si)

C

B

xk

C

i=l, ... ,n

for the complement of the images of the Si 's, where i ranges over the
integers such that 1 ::; i ::; n; pr for the composite Z '---+ B x k C ~ B
(thus, pr: Z -+ B is a family of hyperbolic curves of type (g, r +
n)}; IIB (respectively, IIc; IIz) the maximal pro-l quotient of the etale
fundamental group 1r1 (B) (respectively, 1r1 (C); 1r1 ( Z)) of B (respectively,
C; Z ); pr: IIz -» IIB for the surjection induced by pr; IIz; B for the
kernel of pr; Pz;B: IIB -+ Out(IIz;B) for the outer representation of
IIB on IIz; B determined by the exact sequence

b be

a geometric point of B and ZIJ the geometric fiber of pr: Z -+
= 1, · · · , n, fix an inertia subgroup (among its various
conjugates) of the etale fundamental group 1r1 (ZIJ) of ZIJ associated to
the CUSp of Zb determined by the section Si and denote by

Let

B at b. For i

Is, <;;; IIz;B
the image iniiz;B ofthis inertia subgroup of7ri(ZIJ)· Then thefollowing
hold:

(i)

(Fundamental groups of fibers) The quotient IIz;B of the
etale fundamental group 1r1 (ZIJ) of the geometric fiber ZIJ coincides with the maximal pro-l quotient of 1r1 ( Zb).

(ii)

(Abelianizations of the fundamental groups of fibers)
Fori = 1, · · · , n, write Js, <;;; II~/ B for the image of Is, <;;; IIz; B
in II~/w Then the composite lsi '---+ IIz;B-» II~fB determines
an isomorphism Is,

-=+ J 8 i;

moreover, the inclusions Js, '---+

II~/ B determine an exact sequence
n

1--+

(EJj

JsJ/Jr--+ II~fB--+ IICf--+ 1

i=l

-where

n
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is a Zz-submodule such that
ifr
ifr
and, moreover, if r

= 0,

# 0,

= 0 and i = 1, · · · , n, then the composite

i=l

is an isomorphism.

(iii)

(Unipotency of a certain natural representation) The
action ofiiB on IIz/B determined by PZ/B preserves the exact
sequence
n

1 -----7

(

EB JsJ IJr

-----7

rrz.;

B -----7

II(;b

-----7

1

i=l

[cf. (ii)} and induces the identity automorphisms on the
subquotients (EB~=l JsJ I Jr and IIcf; in particular, the natural homomorphism IIB --+ Autz 1 (IIZ./ B) factors through a
uniquely determined homomorphism
n

IIB

-----7

Homz 1

(rr(f, (EfJ JsJ/Jr) ·
i=l

Proof. Assertion (i) follows immediately from the [easily verified]
fact that the natural action of 1r 1 (B) on 1r1 ( ZlJ)ab r2J55 Zz is unipotent-d.,
e.g., [Hsh], Proposition 1.4, (i), for more details. [Note that although
[Hsh], Proposition 1.4, (i), is only stated in the case where the hyperbolic
curves corresponding to B and C are proper, the same proof may be applied to the case where these hyperbolic curves are affine.] Assertion
(ii) follows immediately, in light of our assumption that (r, n) # (0, 1),
from assertion (i), together with the well-known structure of the maximal pro-l quotient of the fundamental group of a smooth curve over an
algebraically closed field of characteristic # l. Finally, we verify assertion (iii). The fact that the action of IIB on IIz;B preserves the exact
sequence appearing in the statement of assertion (iii) follows immediately from the fact that the surjection IIZ./ B --* IIcf is induced by the
open immersion Z Y B x k C over B. The fact that the action in question induces the identity automorphism on (ffi~=l JsJI Jr (respectively,
II 0b) follows immediately from the fact that the f/s are isomorphisms

Combinatorial anabelian topics I

675

(respectively, the fact that the surjection II~~ B ---» lief is induced by the
open immersion Z '---+ B xk Cover B).
Q.E.D.

Lemma 1.2 (Maximal cuspidally central quotients of certain
fundamental groups). In the notation of Lemma 1.1, fori= 1, · · · , n,
write

Ilz;B -* IIcz/B)[iJ (-* lie)
for the quotient of Ilz;B by the normal closed subgroup topologically
normally generated by the Isj 's, where j ranges over the integers such
that 1 :::; j :::; n and j # i;
IIcz; BJ[iJ

__, lEcz; B)[iJ

for the maximal cuspidally central quotient (cf. [AbsCsp], Definition 1.1, (i)} relative to the surjection II(Z/B)[i] ---»lie determined by the
natural open immersion Z '---+ B x k C;

for the kernel of the natural surjection lE(Z/B)[iJ ---»lie; and
lEz;B

clef

=

lE(Z/B)[l] Xrrc · · · Xrrc lEcz/B)[n] ·

Then the following hold:

(i)

( Cuspidal inertia subgroups) Let 1 :::; i, j ::; n be integers.
Then the homomorphism Is, -+ I~J determined by the composite lsi '---+ IIz;B---» lE(Z/B)[jJ is an isomorphism (respectively,
trivial) if i = j (respectively, i # j ).

(ii)

(Surjectivity) The homomorphismiiz;B-+ lEz;B determined
by the natural surjections liz; B ---» lEcz; B)[i] ~where i ranges
over the integers such that 1 ::; i ::; n~is surjective.

(iii)

(Maximal cuspidally central quotients and abelianizations) The quotient IIz;B ---» lEz;B of Ilz;B (cf. (ii)} coincides with the maximal cuspidally central quotient (cf.
[AbsCsp], Definition 1.1, (i)} relative to the surjection IIz;B---»
lie determined by the natural open immersion Z '---+ B xk C.
In particular, the natural surjection liz; B ---» II~~ B factors
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through the surjection IIz;B _...., lEz;B, and the resulting surjection lE z; B _...., II~~ B fits into a commutative diagram
1 -----+

EB~=l I~

1 -----+ (E9~=1

-----+ lEz;B -----+ IIc -----+ 1

1

1
JsJ/Jr

-----+

nab

Z/B -----+

1
nab

c

-----+ 1

-where the horizontal sequences are exact, and the vertical
arrows are surjective. Moreover, the left-hand vertical arrow
coincides with the surjection induced by the natural isomorphisms Is, ~ Js, {cf. Lemma 1.1, (ii}} and lsi ~I~ {cf. (i)}.
Finally, if r =f. 0, then the right-hand square is cartesian.
Proof. Assertion (i) follows immediately from the definition of the
quotient lEcz; B)[J] ofiiz; B, together with the well-known structure of the
maximal pro-1 quotient of the fundamental group of a smooth curve over
an algebraically closed field of characteristic =f. l [cf., e.g., [MT], Lemma
4.2, (iv), (v)]. Assertion (ii) follows immediately from assertion (i).
Assertion (iii) follows immediately from assertions (i), (ii) [cf. [AbsCsp],
Proposition 1.6, (iii)].
Q.E.D.

Lemma 1.3 (The kernels of representations arising from certain families of hyperbolic curves). In the notation of Lemmas 1.1,
1.2, suppose that r =f. 0. Then the following hold:

(i)

(Unipotency of a certain natural outer representation)
Consider the action of IIB on lEz; B determined by the natural
isomorphism

lE ZjB

~

-------t

Z/B Xrrcb II C

nab

(cf. Lemma 1.2, (iii}}, together with the natural action of IIB
on II~~ B induced by Pz; B and the trivial action of IIB on IIc.
Then the outer action of IIB on lEz;B induced by this action coincides with the natural outer action of IIB on lEz; B
induced by p z; B. In particular, relative to the natural identification lsi ~ I~ (cf. Lemma 1.2, (i}}, the above action of IIB
on lEz;B factors through the homomorphism
IIB

-------t

Homz,

(rrc, EB Is,)~ Homz, (rr0 EB Is,)
b,

i=l

i=l
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obtained in Lemma 1.1, (iii).

(ii)

(Homomorphisms arising from a certain extension) For
= 1, · · · , n, write cpi for the composite

i

n

IIB---+ Homz 1 (rr(f,

E9 Is )---+ Homz (rrc.b,
j=l

1

1

Is;)

-where the first arrow is the homomorphism of (i), and the
second arrow is the homomorphism determined by the projection pri: EB7=l I 81 --» Is;. Then the homomorphism cpi coincides with the image of the element of H 2 (IIB x IIc,IsJ
determined by the extension
1 ---+ Is, ---+ II~[i] ---+ IIB

X

Ilc ---+ 1

-where we write II~[i] ~f IIz/Ker(IIz;B--» lEz;B[iJ)-ofiiB x

IIc by Is; ~I~ {cf. Lemma 1.2, (i)} via the composite

~ H 1 (IIB, H 1 (IIc,IsJ) ~ Hom(IIB, Hom(IIc,IsJ)

H 2 (IIB x IlcJsJ

-where the first arrow is the isomorphism determined by the
Hochschild-Serre spectral sequence relative to the surjection
IIB x IIc

(iii)

pr1

---»

IIB.

(Factorization) Write B (respectively, C) for the compactification of C (respectively, B) and IIB (respectively, II0 ) for the
maximal pro-l quotient of the etale fundamental group 1r 1 (B)
(respectively, 1r1 (C)) of B (respectively, C). Then the homomorphism cpi of (ii) factors as the composite

IIB

---»

IIlf

~ IIIi' ~ Homz IIIi', Is,)
1 (

Y

Homz 1 ( II(;.b, Is,)

-where the first (respectively, second; fourth) arrow is the homomorphism induced by B Y B (respectively, fi : B ~ C;
C Y C), and the third arrow is the isomorphism determined
by the Poincare duality isomorphism in etale cohomology, relative to the natural isomorphism I 8 , ~ Zz(1). {Here, the "(1)"
denotes a "Tate twist".}

(iv)

(Kernel of a certain natural representation) The kernel
of the homomorphism IIB ---+ Autz 1 (II~~ B) determined by Pz; B
coincides with the kernel of the natural surjection IIB --» II}f.
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Proof. Assertions (i), (ii) follow immediately from the various definitions involved. Next, we verify assertion (iii). It follows from assertion
(ii), together with [MT], Lemma 4.2, (ii), (v) [cf. also the discussion
surrounding [MT], Lemma 4.2], that, relative to the natural isomorphism l 8 i ~ Zz (1), the image of cPi E Hom(IIB, Homz 1 (II(f, Is,)) via the
isomorphisms
Hom(IIB, Homz 1 (IIcf, Is,))~ Hom(IIB, Homz 1 (IIcf, Zz(1)))
~ H 2 (IIB x Ilc,Zz(1)) ~ H 2 (B xk C,Zz(1))

-where the first (respectively, second) isomorphism is the isomorphism
induced by the above isomorphism Is, ~ Zz(1) (respectively, the
Hochschild-Serre spectral sequence relative to the surjection IIB xiic ~
IIB )-is the first Chern class of the invertible sheaf associated to the divisor determined by the scheme-theoretic image of Si: Bi '-+ B Xk C.
Thus, since the section si extends uniquely to a section si: B '-+ B xk C,
whose scheme-theoretic image we denote by Im(si), it follows that the
homomorphism cPi E Hom(IIB, Homz 1 (IIcf, Is,)) coincides with the image of the first Chern class of the invertible sheaf on B x k C associated
to the divisor Im(si) via the composite
2-

-

~

2-

-

2

H (B xk C, Zz(1)) +-- H (B xk C,IsJ--+ H (B xk C,IsJ

~

H 2 (IIB x IIc,IsJ

~

Hom(rrB, Homz 1 (IIc,IsJ)

-where the first arrow is the isomorphism induced by the above isomorphism Is, ~ £ 1(1), and the second arrow is the homomorphism induced
by the natural open immersion B xk C '-+ B xk C. In particular, assertion (iii) follows immediately from [Mln], Chapter VI, Lemma 12.2
[cf. also the argument used in the proof of [MT], Lemma 4.4]. Finally,
we verify assertion (iv). To this end, we recall that by Lemma 1.1, (iii),
the homomorphism IIB --+ Autz 1 (II~~ B) factors through the homomorphism IIB --+ Homz 1 ( II(;b,

E9~=l

Js,)

of assertion (i). Thus, assertion

(iv) follows immediately from assertion (iii). This completes the proof
of assertion (iv).
Q.E.D.

Definition 1.4. For D E { o, • }, let :E 0 be a set of prime numbers
which is either of cardinality one or equal to the set of all prime numbers;
(g 0 , r 0 ) a pair of nonnegative integers such that 2g 0 - 2 + r 0 > 0; X 0
a hyperbolic curve of type (g 0 , r 0 ) over an algebraically closed field of
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characteristic f/- 2j 0 ; d 0 a positive integer; X;?o the d 0 -th configuration
space of X 0 [cf. [MT], Definition 2.1, (i)]; II~0 the pro-2j 0 configuration space group [cf. [MT], Definition 2.3, (i)] obtained by forming the
maximal pro-2j 0 quotient of the etale fundamental group 1r1 (Xio) of

Xio·
(i)

We shall say that an isomorphism of profinite groups a: IIdo ~
IIj. is PF-admissible [i.e., "permutation-fiber-admissible"] if a
induces a bijection between the set of fiber subgroups [cf. [MT],
Definition 2.3, (iii)] ofiido and the set of fiber subgroups ofiij •.
We shall say that an outer isomorphism IIdo ~ IIj. is PFadmissible if it is determined by a PF-admissible isomorphism.

(ii)

We shall say that an isomorphism of profinite groups a: IIdo ~
IIj. is PC-admissible [i.e., "permutation-cusp-admissible"] if
the following condition is satisfied: Let

be the standard fiber filtration of IIdo [cf. [CmbCsp], Definition
1.1, (i)]; then for any integer 1 s; as; d 0 , the image a(Ka) <;;;;
IIj. is a fiber subgroup of IIj. of length d 0 - a [cf. [MT], Definition 2.3, (iii)], and, moreover, the isomorphism Ka-d Ka ~
a(Ka-d/a(Ka) determined by a induces a bijection between
the set of cuspidal inertia subgroups of Ka-d Ka and the set
of cuspidal inertia subgroups of a(Ka-l)/a(Ka)· [Note that it
follows immediately from the various definitions involved that
the profinite group Ka-1/ Ka (respectively, a(Ka-d/a(Ka))
is equipped with a natural structure of pro-2j 0 (respectively,
pro-2j•) surface group [cf. [MT], Definition 1.2].] We shall say
that an outer isomorphism IIdo ~ IIj. is PC- admissible if it is
determined by a PC-admissible isomorphism.
(iii)

We shall say that an isomorphism of profinite groups a: IIdo ~
IIj. is PFC-admissible [i.e., "permutation-fiber-cusp-admissible"] if a is PF-admissible and PC-admissible. We shall say
that an outer isomorphism IIdo ~ IIj. is PFC-admissible if it
is determined by a PFC-admissible isomorphism.
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(iv)

We shall say that an isomorphism of profinite groups a: lido -=+
is P F-cuspidalizable if there exists a commutative diagram

lid.

1

1
--t
a

-where the upper horizontal arrow is a PF-admissible isomorphism, and the left-hand (respectively, right-hand) vertical
arrow is the surjection obtained by forming the quotient by a
fiber subgroup of length 1 [cf. [MT], Definition 2.3, (iii)] of
lido+ 1 (respectively, lid.+ 1 ). We shall say that an outer isomorphism lido -=+ lid. is P F-cuspidalizable if it is determined
by a PF-cuspidalizable isomorphism.

Remark 1.4.1. It follows immediately from the various definitions
involved that, in the notation of Definition 1.4, an automorphism a of
lido is PF-admissible (respectively, PC-admissible; PFC-admissible) if
and only if there exists an automorphism CJ of lido that lifts the automorphism [cf. the discussion entitled "Topological groups" in §0] of lido
naturally determined by a permutation of the d 0 factors of the configuration space involved such that the composite a o CJ is F-admissible
(respectively, C-admissible; FC-admissible) [cf. [CmbCsp], Definition
1.1, (ii)]. In particular, a(n) F-admissible (respectively, C-admissible;
FC-admissible) automorphism of lido is P F-admissible (respectively, PCadmissible; P FC-admissible):
F-admissible

<¢===

FC-admissible

===?

C-admissible

PF-admissible

<¢===

PFC-admissible

===?

PC-admissible.

Proposition 1.5 (Properties of PF-admissible
phisms). In the notation of Definition 1.4, let a: lido -=+
isomorphism. Then the following hold:

(i)

~0

=

~·.

isomorbe an

lid.
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(ii)

Suppose that the isomorphism a is PF-admissible. Let 1 ::;
n :S: d 0 be an integer and H ~ lido a fiber subgroup of length
n of lido. Then the subgroup a(H) ~ IIj. is a fiber subgroup
of length n of IIj.. In particular, it holds that d 0 = d•.

(iii)

Write so ~lido (respectively, s• ~ IIj.) for the normal closed
subgroup of II do (respectively, IIj.) obtained by taking the intersection of the various fiber subgroups of length d 0 - 1 (respectively, d• -1). Then the isomorphism a is PF -admissible
if and only if a induces an isomorphism so ~ s·.

Proof. Assertion (i) follows immediately from the [easily verified]
fact that :B 0 may be characterized as the smallest set of primes I;* for
which II~0 is pro-:B*. Assertion (ii) follows immediately from the various
definitions involved. Finally, we verify assertion (iii). The necessity of
the condition follows immediately from assertion (ii). The sufficiency
of the condition follows immediately from a similar argument to the
argument used in the proof of [CmbCsp], Proposition 1.2, (i). This
completes the proof of assertion (iii).
Q.E.D.

Lemma 1.6 (C-admissibility of certain isomorphisms). In the
notation of Definition 1.4, let a2: II~ ~ II2, a~: II'[ ~IIi, ai: II'[ ~
IIi be isomorphisms of profinite groups which, for i = 1, 2, fit into a
commutative diagram

pr{i}

1
i

II'[~ IIi
-where the vertical arrow "pr~} " is the surjection induced by the projection "XP -+ xp!! obtained by projecting to the i-th factor. Then the
isomorphism a~ is C-admissible. In particular, (g 0 , r 0 ) = (g•, r•).
Proof. Write I; ~f :B 0 = I;• [cf. Proposition 1.5, (i)]. Now it follows from the well-known structure of the maximal pro-:B quotient of
the fundamental group of a smooth curve over an algebraically closed
field of characteristic rf. I; that II~ is a free pro-:B group if and only if
r 0 # 0 [cf. [CmbGC], Remark 1.1.3]. Thus, if ro = r• = 0, then it is
immediate that a~ is C-admissible; moreover, it follows, by considering
the rank of the abelianization of II~ [cf. [CmbGC], Remark 1.1.3], that
go = g•. In particular, to verify Lemma 1.6, we may assume without loss
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of generality that r 0 , r• "# 0. Then it follows from [CmbGC], Theorem
1.6, (i), that, to verify Lemma 1.6, it suffices to show that cxi is numerically cuspidal [cf. [CmbGC], Definition 1.4, (ii)], i.e., to show that the
following assertion holds:
Let IIy <;;;; II~ be an open subgroup of II~. Write
rr•y ~f cx 11 (I1°y ) C- rr•1l yo -+ X 0 (respectively' y• -+
x•) for the connected finite etale covering of xo (respectively, x•) corresponding to the open subgroup
IIy <;;;; II~ (respectively, IIy <;;;; rrr), and (gy, ry) (respectively, (g}r, ry )) for the type of yo (respectively,
y•). Then it holds that ry = r}r.
On the other hand, in the notation of the above assertion, one verifies
easily that for any l E I: and 0 E { o, • }, if II~, <;;;; II~ is an open
subgroup of II~ contained in II~, then the natural inclusion II~, '-+II~
induces a surjection
Ker( (II~, )ab --» (II~, )ab) ®zE «:l!l --» Ker( (II~)ab --» (II~)ab) ®zE «:l!l
-where we write (II~), (II~,) for the maximal pro-I: quotients of the
--/

etale fundamental groups of the compactifications Y, Y of Y, Y', respectively. Thus, since any open subgroup of II~ contains a characteristic open subgroup of II~, it follows immediately from the well-known
fact that for 0 E {o,•}, (II~)ab (respectively, (II~)ab) is a free z:E_
module of rank 2g~ + r~ - 1 (respectively, 2g~) [cf., e.g., [CmbGC],
Remark 1.1.3] that to verify the above assertion, it suffices to verify that if IIy <;;;; II~ in the above assertion is characteristic, then the
isomorphism IIy -:::'t IIy determined by cxi induces an isomorphism of
Ker((IIy)ab--» (IIy)ab) ®zE «J!l with Ker((IIY.)ab--» (IIy)ab) ®zE «J!l for
some lEI:.
To this end, for 0 E { o, • }, write II~ <;;;; II~ for the normal open
subgroup of II~ obtained by forming the inverse image via the surjection
D
( pr{1}'

D ) . ITO
pr{2}
· 2 --» ITO
1 x ITO
1

of the image of the natural inclusion II~ X II~ '-+ II~ X II~; Z 0 -+
xp for the connected finite etale covering corresponding to this normal
open subgroup II~ <;;;; II~; II~/Y for the kernel of the natural surjection
II~ --» II~ induced by the composite zD -+ xp '-+ x 0 X k x 0 ~ x 0
Then the natural surjection II~ --» II~ determines a representation

.
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moreover, the isomorphisms a2, ai, and ai determine a commutative
diagram
IIy --------+ Aut((II~;y)ab)

1

1

-where the vertical arrows are isomorphisms. [Here, we note that since
IIy is a characteristic subgroup of IIi, and the composite ai o (ai) -l is an
automorphism of IIi, it follows that IIy = ai (IIY.), hence that a 2 induces
an isomorphism II~ -=+ II2;.] On the other hand, it follows from the
definition of zD that zD is isomorphic to the open subscheme of yD X k
Y 0 obtained by forming the complement of the graphs of the various
elements of Aut(Y 0 I X 0 ). Thus, it follows from Lemma 1.3, (iv)-by
replacing the various profinite groups involved by their maximal pro-l
quotients for some l E I;-that the isomorphism IIy -=+ IIy determined
by ai induces an isomorphism of Ker( (IIY. )ab ---» (IIy )a b) 16iz" Qz with
Ker((IIy )ab ---» (IIy)ab) 16iz" Qz for some l E I;. This completes the proof
of Lemma 1.6.
Q.E.D.

Lemma 1. 7 (PFC-admissibility of certain PF-admissible isomorphisms). In the notation of Definition Lf_, let a: II do -=+ II d. be
a PF -admissible isomorphism. Then the following condition implies
that the isomorphism a is PFC-admissible:

Let H 0 c;;; IIdo be a fiber subgroup of length 1 [cf.

[MT], Definition 2.3, (iii)}. Write H• ~f a(H

0 )
c;;;
for the fiber subgroup of length 1 obtained as
the image of H 0 via a [cf. Proposition 1. 5, (ii)}.
[Thus, it follows immediately from the various definitions involved that H 0 (respectively, H•) is equipped
with a natural structure of pro-I.;o (respectively, proI_;•) surface group.) Then the isomorphism H 0 -=+
H• induced by a is C-admissible.

IId.

Proof. Let D E { o, • }. Then one may verify easily that the following fact holds:
Let 1 :s; a :s; d 0 be an integer and F' c;;; F c;;; II~0
fiber subgroups of II~0 such that F is of length a,
and F' is of length a - 1. Then there exists a fiber
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subgroup H ~ F ~ II~0 of II~0 of length 1 such that
the composite
H '--7 F _..,. F IF'

arises from a natural open immersion of a hyperbolic
curve of type (g 0 , r 0 + d 0 -1) into a hyperbolic curve
of type (g 0 , r 0 + d 0 - a). [Note that it follows immediately from the various definitions involved that
H (respectively, F IF') is equipped with a natural
structure of pro-2: 0 surface group.] In particular, the
composite is a surjection whose kernel is topologically
normally generated by suitable cuspidal inertia subgroups of H; moreover, any cuspidal inertia subgroup
of F IF' may be obtained as the image of a cuspidal
inertia subgroup of H.
On the other hand, one may verify easily that Lemma 1. 7 follows immediately from the above fact. This completes the proof of Lemma 1. 7.
Q.E.D.

Theorem 1.8 (PFC-admissibility of certain isomorphisms).
For D E { o, • }, let 2: 0 be a set of prime numbers which is either of
cardinality one or equal to the set of all prime numbers; (g 0 , r 0 )
a pair of nonnegative integers such that 2g 0 -2+r 0 > 0; X 0 a hyperbolic
curve of type (g 0 , r 0 ) over an algebraically closed field of characteristic
tf. 2: 0 ; d 0 a positive integer; II~0 the pro-2: 0 configuration space group
[cf. [MT], Definition 2.3, (i)} obtained by forming the maximal pro-2: 0
quotient of the etale fundamental group of the d 0 -th configuration space
of X 0 ;
a : II~a ~ II~.

an isomorphism of [abstract] groups. If

then we suppose further that the isomorphism a is PF-admissible [cf.
Definition 1.4, (i)}. Then the following hold:

= 2: •.

(i)

2:0

(ii)

The isomorphism a is an isomorphism of profinite groups.

(iii)

The isomorphism a is PF-admissible. In particular, d 0 = d•.
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If a is PF-cuspidalizable [cf. Definition 1.4, (iv}j, then a
is PFC-admissible [cf. Definition 1.4, (iii)}. In particular,
(go, ro) = (g•, r•).

Proof. Assertion (ii) follows from [NS], Theorem 1.1. In light of
assertion (ii), assertion (i) follows from Proposition 1.5, (i). Assertion
(iii) follows from Proposition 1.5, (ii); [MT], Corollary 6.3, together with
the assumption appearing in the statement of Theorem 1.8. Assertion
(iv) follows immediately from Lemmas 1.6, 1.7.
Q.E.D.

Corollary 1.9 (F-admissibility and FC-admissibility). Let I;
be a set of prime numbers which is either of cardinality one or equal
to the set of all prime numbers; n a positive integer; (g, r) a pair
of nonnegative integers such that 2g - 2 + r > 0; X a hyperbolic curve
of type (g, r) over an algebraically closed field k of characteristic tf. I;;
Xn the n-th configuration space of X; IIn the maximal pro-2; quotient
of the fundamental group of Xn; "OutFC (-) ", "OutF (-)" <;:;: "Out(-)"
the subgroups of FC- and F-admissible [cf. [CmbCsp], Definition 1.1,
(ii}} outomorphisms [cf. the discussion entitled "Topological groups" in
§OJ of "(-) ". Then the following hold:

(i)

Let a E OutF (IIn+l). Then a induces the same automorphism of IIn relative to the various quotients IIn+l -+> IIn by
fiber subgroups of length 1 [cf. [MT], Definition 2.3, (iii)}. In
particular, we obtain a natural homomorphism

(ii)

The image of the homomorphism

of (i} is contained in

Proof. First, we verify assertion (i). Let H 1 , H 2 <;:;: IIn+l be two
distinct fiber subgroups of IIn+l of length 1. Observe that the normal
closed subgroup H <;:;: IIn+l of IIn+l topologically generated by H 1 and
H 2 is a fiber subgroup of IIn+l of length 2 [cf. [MT], Proposition 2.4,
(iv)], hence is equipped with a natural structure of pro- I; configuration
space group, with respect to which Hi <;:;: H may be regarded as a fiber
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subgroup of length 1 [cf. [MT], Proposition 2.4, (ii)]. Moreover, it follows
immediately from the scheme-theoretic definition of the various configuration space groups involved that one has natural outer isomorphisms
IIn+dHi-=+ IIn and HIH 1 -=+ HIH 2 . Thus, since fori E {1,2}, we
have natural outer isomorphisms
rv

.

IIn +-- IIn+ I/ H"

rv

--7

.

(HI H")

out
><I

IIn+ I/ H

[cf. the discussion entitled "Topological groups" in §OJ which are compatible with the various natural outer isomorphisms discussed above,
one verifies easily [cf. the argument given in the first paragraph of the
proof of [CmbCsp], Theorem 4.1] that to complete the proof of assertion
(i), by replacing IIn+l by H, it suffices to verify assertion (i) in the case
where n = 1. The rest of the proof of assertion (i) is devoted to verifying
assertion (i) in the case where n = 1.
Let a E AutF (II 2) be an F-admissible automorphism of II 2; a1,
2
a E Aut(III) the automorphisms of II 1 induced by relative to the
quotients II2---» II 2IH 1 -=+ II 1, II 2 ---» II 2IH 2 -=+ II 1, respectively. Now
it is immediate that to complete the proof of assertion (i), it suffices to
verify that the difference a1 o (a 2)- 1 E Aut(III) is II 1-inner. Therefore,
it follows immediately from [JR], Theorem B, that to complete the proof
of assertion (i), it suffices to verify that
(*I): for any normal open subgroup N t;;;; II 1 of II 1,
it holds that a1(N) = a2(N).
To this end, let N t;;;; II 1 be a normal open subgroup of II 1. Write
IIN ~f II2 xrr, N for the fiber product of II 2 ---» II 21H 1 -=+ II 1 and

a

pr,

N '---+ II1 and FN for the kernel of the composite IIN = II 2 Xrr, N '---+
II2 ---» II2I H 2 -=+ II 1. Then the surjection IIN ---» N x II 1 determined by
the natural surjection IIN ---» IIN I FN -=+ II 1 and the second projection

IIN = II2 Xrr, N ':; N fits into a commutative diagram of profinite
groups

-------+ II 1 -------+ 1

1
1 -------+ N

1

II

-------+ N x II 1 ~ II 1 -------+ 1

-where the horizontal sequences are exact, and the vertical arrows are
surjective. Write PN: II 1 --7 Aut(FNb) for the natural action determined
by the upper horizontal sequence and VN t;;;; FNb for the kernel of the
natural surjection FNb ---» Nab induced by the left-hand vertical arrow.
Now we claim that
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FJ:l preserves VN s;;;
and, moreover, the resulting action pfv: II 1 ---+
Aut(VN) factors as the composite
(*2): the action PN of II 1 on

FJ;l,

-where the second arrow is injective.
Indeed, the fact that the action PN of II 1 on FJ.:rb preserves VN s;;; FJ.:rb
follows immediately from the definition of PN [cf. also the above commutative diagram]. Next, let us observe that it follows immediately from
the various definitions involved that if we write f: Y ----7 X for the connected finite etale Galois covering of X corresponding to N s;;; II 1 , then
the right-hand square of the above diagram arises from a commutative
diagram of schemes
(Y x k

x) \ r 1 ~

x

1

I

Yxkx

~X

-where we write r f s;;; y Xk X for the graph off, and the left-hand
vertical arrow is the natural open immersion. Thus, it follows immediately from a similar argument to the argument used in the proof of
Lemma 1.1, (i) [cf. also [Hsh], Proposition 1.4, (i)], that FN, N are
naturally isomorphic to the maximal pro-:E quotients of the etale fundamental groups of geometric fibers of the families of hyperbolic curves
.
y X k X \ r f' y X k X --t X over X' respectiVely. Therefore, by the
well-known structure of the maximal pro-:E quotient of the fundamental
group of a smooth curve over an algebraically closed field of characteristic tj_ :E, we conclude-by considering the natural action of II 1 on the
set of cusps of the family of hyperbolic curves Y x k X \ r f ~ Xthat the resulting action pfv: II1 ---+ Aut(VN) factors as the composite
II 1 --* III/N---+ Aut(VN), and that if X is affine (respectively, proper),
then for any l E :E, the resulting representation III/N---+ Aut(VN®z"Q 1)
is isomorphic to
the regular representation of III/N over Qz (respectively, the quotient of the regular representation of
III/N over Qz by the trivial subrepresentation {of dimension 1/).
In particular, as is well-known, the homomorphism III/N---+ Aut(VN®z"
Q 1), hence also the homomorphism III/N---+ Aut(VN), is injective. This
completes the proof of the claim (*2 ).
pr~
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a

Next, let us observe that since
is F-admissible, it follows immediately from the definition of "p Y/' that the automorphism a induces a
commutative diagram
v

Ill ~
<>2 1~

Aut(VN)

11

Prl(N)
Ill -----'---'-+ Aut(Val (N))
-where the vertical arrows are isomorphisms that are induced by a.
Thus, by considering the kernels of p'fv, p~1 (N)' one concludes from the
claim (*2 ) that a1 (N) = a2 (N). This completes the proof of (*I), hence
also of assertion (i).
Assertion (ii) follows immediately from Theorem 1.8, (iv) [cf. also
Remark 1.4.1]. This completes the proof of Corollary 1.9.
Q.E.D.

Remark 1.9.1. The discrete versions of Theorem 1.8, Corollary 1.9
will be discussed in a sequel to the present paper.

§2.

Various operations on semi-graphs of anabelioids of PSCtype

In the present §, we study various operations on semi-graphs of
anabelioids of PSC-type. These operations include the following:
(Opl) the operation of restriction to a sub-semi-graph [satisfying certain conditions] of the underlying semi-graph [cf. Definition 2.2,
(ii); Fig. 2 below],
(Op2) the operation of partial compactification [cf. Definition 2.4, (ii);
Fig. 3 below],
(Op3) the operation of resolution of a given set [satisfying certain
conditions] of nodes [cf. Definition 2.5, (ii); Fig. 4 below], and
(Op4) the operation of generization [cf. Definition 2.8; Fig. 5 below].
A basic reference for the theory of semi-graphs of anabelioids of PSCtype is [CmbGC]. We shall use the terms "semi-graph of anabelioids of
PSC-type", "PSC-fundamental group of a semi-graph of anabelioids of
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PSC-type", "finite etale covering of semi-graphs of anabelioids of PSCtype", "vertex', "edge", "cusp", "node", "verticial subgroup", "edge-like
subgroup", "nodal subgroup", "cuspidal subgroup", and "sturdy" as they
are defined in [CmbGC], Definition 1.1. Also, we shall apply the various notational conventions established in [NodNon], Definition 1.1, and
refer to the "PSC-fundamental group of a semi-graph of anabelioids of
PSC-type" simply as the "fundamental group" [of the semi-graph of anabelioids of PSC-type]. That is to say, we shall refer to the maximal
pro-~ quotient of the fundamental group of a semi-graph of anabelioids
of pro-~ PSC-type [as a semi-graph of anabelioids!] as the "fundamental
group of the semi-graph of anabelioids of PSC-type".
Let ~ be a nonempty set of prime numbers and 9 a semi-graph of
anabelioids of pro-~ PSC-type. Write CG for the underlying semi-graph
of 9, Ilg for the [pro-~] fundamental group of 9, and Q--+ 9 for the
universal covering of 9 corresponding to Ilg. Then since the fundamental
group Ilg of 9 is topologically finitely generated, the profinite topology
of Ilg induces [profinite] topologies on Aut(IIg) and Out(IIg) [cf. the
discussion entitled "Topological groups" in §0]. If, moreover, we write
Aut(Q)
for the automorphism group of 9, then by the discussion preceding
[CmbGC], Lemma 2.1, the natural homomorphism
Aut(Q) -----+ Out(Ilg)
is an injection with closed image. [Here, we recall that an automorphism
of a semi-graph of anabelioids consists of an automorphism of the underlying semi-graph, together with a compatible system of isomorphisms
between the various anabelioids at each of the vertices and edges of the
underlying semi-graph which are compatible with the various morphisms
of anabelioids associated to the branches of the underlying semi-graphcf. [SemiAn], Definition 2.1; [SemiAn], Remark 2.4.2.] Thus, by equipping Aut(Q) with the topology induced via this homomorphism by the
topology of Out(Ilg ), we may regard Aut(Q) as being equipped with the
structure of a profinite group.
Definition 2.1.
(i)

For z E VCN(Q) such that z E Vert(Q) (respectively, z E
Edge(Q)), we shall say that a closed subgroup of Ilg is a VONsubgroup of Ilg associated to z E VCN(Q) if the closed subgroup is a verticial (respectively, an edge-like) subgroup of
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z E VCN(Q) such that
z E Vert(Q) (respectively, z E Edge(Q)), we shall say that a
closed subgroup of Ilg is the VCN-subgroup of Ilg associated
to z E VCN(Q) if the closed subgroup is the verticial (respectively, edge-like) subgroup of Ilg associated to z E VCN(Q) [cf.
IIg associated to z E VCN(Q). For

[NodNon], Definition 1.1, (vi)].
(ii)

For z E VCN(Q), we shall write

for the anabelioid corresponding to z E VCN(Q).
(iii)

For v E Vert(Q), we shall write

for the semi-graph of anabelioids of pro- I: PSC-type defined as
follows [cf. Fig. 1 below]: We take Vert(9lv) to consist of the
single element "v", Cusp(Qiv) to be the set of branches of Q
which abut to v, and Node(9lv) to be the empty set. We take
the anabelioid of 9lv corresponding to the unique vertex "v"
to be 9v [cf. (ii) ]. For each edge e E E(v) of Q and each branch
b of e that abuts to the vertex v, we take the anabelioid of 9lv
corresponding to the branch b to be a copy of the anabelioid
9e [cf. (ii)]. For each edge e E E(v) of Q and each branch b of e
that abuts, relative to Q, to the vertex v, we take the morphism
of anabelioids (Qiv)eb ---+ (9lv)v of 9lv-where we write eb for
the cusp of 9lv corresponding to b-to be the morphism of
anabelioids 9e---+ 9v associated, relative to Q, to the branch b.
Thus, one has a natural morphism

of semi-graphs of anabelioids.

Remark 2.1.1. Let v E Vert(Q) be a vertex of Q and IIv ~ IIg
a verticial subgroup of IIg associated to v E Vert(Q). Then it follows
immediately from the various definitions involved that the fundamental
group of 9lv is naturally isomorphic to IIv, and that we have a natural
identification
Aut(Qv) ~ Out(IIv)
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and a natural injection
Aut(Qiv) '---+ Aut(Qv).

g
Fig. 1.

9lv

Definition 2.2 (cf. the operation (Opl) discussed at the beginning
the present §2).
(i)

Let lK be a [not necessarily finite] semi-graph and lHI a sub-semigraph of lK [cf. [SemiAn], the discussion following the figure
entitled "A Typical Semi-graph"]. Then we shall say that lHI is
of PSG- type if the following three conditions are satisfied:
( 1)

lHI is finite [i.e., the set consisting of vertices and edges of
lHI is finite] and connected.

(2)

lHI has at least one vertex.

(3)

If v is a vertex of lHI, and e is an edge of lK that abuts
to v, then e is an edge of lHI. [Thus, if e abuts both to a
vertex lying in lHI and to a vertex not lying in lHI, then the
resulting edge of lHI is a "cusp", i.e., an open edge.]

Thus, a sub-semi-graph of PSC-type lHI is completely determined by the set of vertices that lie in JHI.
(ii)

Let lHI be a sub-semi-graph of PSC-type [cf. (i)] of G. Then one
may verify easily that the semi-graph of anabelioids obtained
by restricting g to lHI [cf. the discussion preceding [SemiAn],
Definition 2.2] is of pro-'2:. PSC-type. Here, we recall that the
semi-graph of anabelioids obtained by restricting g to lHI is the
semi-graph of anabelioids such that the underlying semi-graph
is lHI; for each vertex v (respectively, edge e) of lHI, the anabelioid corresponding to v (respectively, e) is Yv (respectively,
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9e) [cf. Definition 2.1, (ii)]; for each branch b of an edge e
of IHI that abuts to a vertex v of IHI, the morphism associated
to b is the morphism 9e ---+ 9v associated to the branch of G
corresponding to b. We shall write

for this semi-graph of anabelioids of pro- I: PSC-type and refer
to QIJHI as the semi-graph of anabelioids of pro-I: PSC-type obtained by restricting Q to IHI [cf. Fig. 2 below]. Thus, one has
a natural morphism

of semi-graphs of anabelioids.

v

X

X

g
IHI: the sub-semi-graph of PSC-type whose set of vertices

Fig. 2. Restriction

= {v}
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Definition 2.3. Let (g, r) be a pair of nonnegative integers such
that 2g - 2 + r > 0.

(i)

We shall say that g is of type (g, r) if g arises from a stable log
curve of type (g, r) over an algebraically closed field of characteristic rf_ I:, i.e., Cusp(Q) is of cardinality r, and, moreover,

~where

c ~f
9

{

0
1

if Cusp(Q)
if Cusp(Q)

= 0,
-# 0.

[Here, we recall that it follows from the discussion of [CmbGC],
Remark 1.1.3, that Ilgb is a free zr;_module of finite rank.]
(ii)

Let lHl be a sub-semi-graph of PSC-type [cf. Definition 2.2, (i)].
Then we shall say that lHl is of type (g, r) if the semi-graph of
anabelioids Q[Ifll, which is of pro-I: PSC-type [cf. Definition 2.2,
(ii)], is of type (g, r) [cf. (i)].

(iii)

Let v E Vert(Q) be a vertex. Then we shall say that v is
of type (g, r) if the semi-graph of anabelioids 9\v, which is of
pro-I: PSC-type [cf. Definition 2.1, (iii)], is of type (g, r) [cf.

(i) ].
(iv)

We shall say that Q is totally degenerate if each vertex of Q is
of type (0, 3) [cf. (iii)].

(v)

One may verify easily that there exists a unique, up to isomorphism, semi-graph of anabelioids of pro- I: PSC-type that is of
type (g, r) [cf. (i)] and has no node. We shall write
gmodel
g,r

for this semi-graph of anabelioids of pro- I: PSC-type.

Remark 2.3.1. It follows immediately from the various definitions
involved that there exists a unique pair (g, r) of nonnegative integers
such that g is of type (g, r) [cf. Definition 2.3, (i)].

Definition 2.4 (cf. the operation (Op2) discussed at the beginning
the present §2).
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(i)

We shall say that a subset S c;::; Cusp(Q) of Cusp(Q) is omittable if the following condition is satisfied: For each vertex
v E Vert(Q) of Q, if v is of type (g, r) [cf. Definition 2.3, (iii);
Remark 2.3.1], then it holds that 2g- 2 + r- (E(v) n S)~ > 0.

(ii)

Let S c;::; Cusp(Q) be a subset of Cusp(Q) which is omittable
[cf. (i)]. Then by eliminating the cusps [i.e., the open edges]
contained in S, and, for each vertex v of Q, replacing the anabelioid 9v corresponding to v by the anabelioid of finite etale
coverings of 9v that restrict to a trivial covering over the cusps
contained in S that abut to v, we obtain a semi-graph of anabelioids
Q.s
of pro-2:, PSG-type. We shall refer to Q.s as the partial compactification ofQ with respect to S [cf. Fig. 3 below]. Thus, for each
v E Vert(Q) = Vert(Q.s), the pro-2:, fundamental group of the
anabelioid (Q.s)v corresponding to v E Vert(Q) = Vert(Q.s)
may be naturally identified, up to inner automorphism, with
the quotient of a verticial subgroup IIv c;::; Ilg of IIg associated
to v E Vert(Q) = Vert(Q.s) by the subgroup of IIv topologically normally generated by the lie c;::; IIv for e E E (v) n S.
If, moreover, we write IIg.s for the [pro-2:,] fundamental group
of Q.s and N s c;::; Ilg for the normal closed subgroup of Ilg
topologically normally generated by the cuspidal subgroups of
IIg associated to elements of S, then we have a natural outer
isomorphism

Remark 2.4.1.
IIg/Ns ~ IIg. 5 •
(i) Let S 1 c;::; S 2 c;::; Cusp(Q) be subsets of Cusp(Q). Then it follows immediately from the various definitions involved that the
omittability of S2 [cf. Definition 2.4, (i)] implies the omittability
of S1.
(ii) If Q is sturdy, then it follows from the various definitions involved that Cusp(Q), hence also any subset of Cusp(Q) [cf. (i)],
is omittable. Moreover, the partial compactification of Q with
respect to Cusp (g) coincides with the compactification of Q [cf.
[CmbGC], Remark 1.1.6; [NodNon], Definition 1.11].
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x~x

g

~X

Fig. 3. Partial compactification

Definition 2.5 (cf. the operation ( Op3) discussed at the beginning
the present §2). Let S c;;; Node(Q) be a subset of Node(Q).
(i)

We shall say that S is of separating type if the semi-graph
obtained by removing the closed edges corresponding to the
elements of S from CG is disconnected. Moreover, for each node
e E Node(Q), we shall say that e is of separating type if {e} c;;;
Node(Q) is of separating type.

(ii)

Suppose that S is not of separating type [cf. (i)]. Then one
may define a semi-graph of anabelioids of pro-I; PSC-type
as follows: We take the underlying semi-graph CG>-s to be
the semi-graph obtained by replacing each node e of CG contained inS such that V(e) = {v1,v2} c;;; Vert(Q)-where v1,
v2 are not necessarily distinct-by two· cusps that abut to v1 ,
v2 E Vert(Q), respectively. We take the anabelioid corresponding to a vertex v (respectively, node e) of CG>-s to be Yv (respectively, Ye)· [Note that the set of vertices (respectively, nodes)
of CG>-s may be naturally identified with Vert (g) (respectively,
Node(Q) \ S).] We take the anabelioid corresponding to a cusp
of CG>-s arising from a cusp e of Q to be Ye· We take the anabelioid corresponding to a cusp of CG>-s arising from a node
e of Q to be Ye· For each branch b of CG>-s that abuts to a
vertex v of a node e (respectively, of a cusp e that does not
arise from a node of CG), we take the morphism associated to
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b to be the morphism 9e -+ 9v associated to the branch of
CG corresponding to b. For each branch b of CG>-s that abuts
to a vertex v of a cusp of CG>-s that arises from a node e of
CG, we take the morphism associated to b to be the morphism
9e -+ 9v associated to the branch of CG corresponding to b. We
shall denote the resulting semi-graph of anabelioids of pro-2;
PSC-type by

9rs
and refer to 9rs as the semi-graph of anabelioids of pro-2;
PSC-type obtained from g by resolving S [cf. Fig. 4 below].
Thus, one has a natural morphism

9rs--+ g
of semi-graphs of anabelioids.

Remark 2.5.1.

(i)

Let 81 <;;; 8 2 <;;; Node(Q) be subsets ofNode(Q). Then it follows
immediately from the various definitions involved that if 8 2 is
not of separating type [cf. Definition 2.5, (i)], then 8 1 is not of
separating type.

(ii)

Let v E Vert(Q) be a vertex of Q. Then one may verify easily that there exists a unique sub-semi-graph of PSC-type [cf.
Definition 2.2, (i)] CGv of CG such that the set of vertices of
CGv is equal to { v }. Moreover, one may also verify easily that
Node(QIIGJ [cf. Definition 2.2, (ii)] is not of separating type [cf.
Definition 2.5, (i)], relative to 9I1Gv, and that the semi-graph
of anabelioids of pro-2; PSC-type
(QIIGv )>-Node(QI<Gv)
[cf. Definition 2.5, (ii)] is naturally isomorphic to 9lv [cf. Definition 2.1, (iii)].
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Fig. 4. Resolution
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Definition 2.6.

(i)

LetS<;;; VCN(Q) be a subset ofVCN(Q). Then we shall denote
by
Aut 8 (Q) <;;; Aut(Q)
the [closed] subgroup of Aut(Q) consisting of automorphisms a
of Q such that the automorphism of the underlying semi-graph
G of Q induced by a preserves Sand by

the [closed] subgroup of Aut(Q) consisting of automorphisms
a of Q such that the automorphism of the underlying semigraph G of Q induced by a preserves and induces the identity
automorphism of S. Moreover, we shall write
Autlgrphl (Q) ~f AutiVCN(Q)I (Q).
(ii)

Let H <;;; Ilg be a closed subgroup of Ilg. Then we shall denote
by
OutH (Ilg) <;;; Out(IIg)
the [closed] subgroup of Out(Ilg) consisting of outomorphisms
[cf. the discussion entitled "Topological groups" in §OJ of Ilg
which preserve the Ilg-conjugacy class of H <;;; Ilg. Moreover,
we shall denote by
AutH (Q) ~f Aut(Q) n OutH (Ilg) .

(iii)

Let JH[ be a sub-semi-graph of PSG-type [cf. Definition 2.2, (i)]
of G. Then VCN(QIJHI) [cf. Definition 2.2, (ii)] may be regarded
as a subset of VCN(Q). We shall write
AutllHII (Q)

clef

C

AutiVCN(QIIll)l (Q)
AutlHI(Q)

clef

Aut VCN(QIIll) (Q)
Aut Vert(QIIll) (Q) .

Proposition 2. 7 (Subgroups determined by sets of components). LetS<;;; VCN(Q) be a nonempty subset ofVCN(Q). Then:
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It holds that
AutiSI (Q) =

n

Autrrz (Q)

zES

-where we use the notation IIz to denote a VCN-subgroup (cf.
Definition 2.1, (i)} ofiig associated to z E VCN(Q).

(ii)

It holds that
Autlgrphl (Q) =
zEVCN(g)

-where we use the notation IIz to denote a VCN-subgroup of
IIg associated to z E VCN (Q).
(iii)

The closed
in Aut(Q).
is normal
is normal

subgroups Aut lSI (Q), Aut 8 (Q) ~ Aut(Q) are open
Moreover, the closed subgroup Aut lSI (Q) ~ Aut 8 (Q)
in Aut 8 (Q). In particular, Autlgrphl (Q) ~ Aut(Q)
in Aut(Q).

Proof. Assertion (i) follows immediately from [CmbGC], Proposition 1.2, (i). Next, we verify assertion (ii). It follows immediately from
[CmbGC], Proposition 1.5, (ii), that the right-hand side of the equality
in the statement of assertion (ii) is contained in Aut(Q). Thus, assertion (ii) follows immediately from assertion (i). Assertion (iii) follows
immediately from the finiteness of the semi-graph G, together with the
various definitions involved.
Q.E.D.

Definition 2.8 (cf. the operation (Op4) discussed at the beginning
the present §2). Let S ~ Node(Q) be a subset of Node(Q). Then we
define the semi-graph of anabelioids of pro-~ PSC-type

as follows:
(i)

We take Cusp(Q""s) ~f Cusp(Q).

(ii)

We take Node(Q""s) ~f Node(Q) \ S.

(iii)

We take Vert(Q""s) to be the set of connected components of
the semi-graph obtained from G by omitting the edges e E
Edge(Q) \ S. Alternatively, one may take Vert(Q""s) to be
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the set of equivalence classes of elements of Vert(Q) with respect to the equivalence relation "rv" defined as follows: for v,
w E Vert(Q), v "'w if either v = w or there exist n elements
e 1 , · · · , en E S of Sand n + 1 vertices vo, VI,··· , Vn E Vert(Q)
of Q such that v 0 ~f v, Vn ~f w, and, for 1 :::; i :::; n, it holds
that V(ei) = {vi-l,vi}·
(iv)

For each branch b of an edge e E Edge(Q-v-7s) (= Edge(Q) \ Scf. (i), (ii)) and each vertex v E Vert(Q__,s) of Q__,s, b abuts,
relative to Q__,s, to v if b abuts, relative to Q, to an element of
the equivalence class v [cf. (iii)].

(v)

For each edge e E Edge(Q-v-7s) (= Edge(Q) \ S-cf. (i), (ii))
of Q__, 8 , we take the anabelioid of Q-v-7s corresponding to e E
Edge(Q~s) to be Ye [cf. Definition 2.1, (ii)].

(vi)

Let v E Vert(Q__, 8 ) be a vertex of Q~s· Then one verifies
easily that there exists a unique sub-semi-graph of PSC-type
[cf. Definition 2.2, (i)]lH!v of G such that the set of vertices of
lHiv consists of the elements of the equivalence class v [cf. (iii)].
Write
Tv ~f Node(QIIHIJ \ (S n Node(QIIHIJ)

[cf. Definition 2.2, (ii)]. Then we take the anabelioid of Q__,s
corresponding to v E Vert(Q__,s) to be the anabelioid determined by the finite etale coverings of

[cf. Definition 2.5, (ii)] of degree a product of primes
(vii)

E

2::.

Let b be a branch of an edge e E Edge(Q__,s) (= Edge(Q) \ Scf. (i), (ii)) that abuts to a vertex v E Vert(Q~s). Then since b
abuts to v, one verifies easily that there exists a unique vertex w
of Q which belongs to the equivalent class v [cf. (iii)] such that b
abuts to w relative to Q. We take the morphism of anabelioids
associated to b, relative to Q~s, to be the morphism naturally
determined by the morphism of anabelioids

corresponding to the branch b relative to Q and the morphism
of semi-graphs of anabelioids of pro-2:: PSC-type
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[cf. (vi); Definition 2.1, (iii)]. Here, we recall that the anabelioid obtained by considering the connected finite etale coverings of glw may be naturally identified with gw [cf. Remark 2.1.1].
We shall refer to this semi-graph of anabelioids of pro-~ PSC-type g""" 8
as the generization of g with respect to S [cf. Fig. 5 below].

e

X

~

g

X

X

~

Fig. 5. Generization

Remark 2.8.1. It follows immediately from the various definitions
involved that if g is of type (g, r) [cf. Definition 2.3, (i)], then the
generization g--+Node(Q) of g with respect to Node(g) is isomorphic to
g;::~del [cf. Definition 2.3, (v)].

Proposition 2.9 (Specialization outer isomorphisms). LetS
Node(g) be a subset ofNode(g). Write ITg~s for the {pro-~} fundamental group of the generization g"""s of g with respect to S [cf. Definition 2.8}. Then the following hold:
~

(i)

There exists a natural outer isomorphism of profinite
groups
<[>g~s : ITg~s ~

ITg

which satisfies the following three conditions:
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(1)

<Pg~s

(2)

<Pg~s

(3)

Let v E Vert(Q__,s) be a vertex of Q__,s; lHiv, Tv as in
Definition 2.8, (vi). Then <Pg~s induces a bijection between the IIg~s -conjugacy class of any verticial subgroup
IIv .~ IIg~s of IIg~s associated to v E Vert(Q__,s) and the
IIg -conjugacy class of subgroups determined by the image
of the outer homomorphism

induces a bijection between the set of cuspidal subgroups of IIg~s and the set of cuspidal subgroups of Ilg.

induces a bijection between the set of nodal subgroups of II 9 ~s and the set of nodal subgroups of IIg associated to the elements of Node(9) \ S.

Ilcg IIHiv) >-Tv ---+ ITg
induced by the natural morphism (91lHiv h-Tv -+ Q [cf. Definitions 2. 2, {ii); 2. 5, {ii)} of semi-graphs of anabelioids
of pro-'2:, PSG-type.
Moreover, any two outer isomorphisms IIg~s -0 IIg that satisfy the above three conditions differ by composition with a
graphic [cf. [CmbGC], Definition 1.4, {i)} automorphism [cf.
the discussion entitled "Topological groups" in §0} of IIg~s.

(ii)

The isomorphism

Out(Ilg) ~ Out(IIg~s)
induced by the natural outer isomorphism of {i) determines an
injection
Aut 8 (9) ~ Aut(9__,s)
[cf. Definition 2. 6, {i)}.
Proof. First, we verify assertion (i). An outer isomorphism that
satisfies the three conditions of assertion (i) may be obtained by observing that, after sorting through the various definitions involved, a
finite etale covering of Q__,s amounts to the same data as a finite etale
covering of Q. The final portion of assertion (i) follows immediately,
in light of the three conditions in the statement of assertion (i), from
[CmbGC], Proposition 1.5, (ii). This completes the proof of assertion
(i). Assertion (ii) follows immediately from [CmbGCJ, Proposition 1.5,
(ii), together with the three conditions in the statement of assertion (i).
This completes the proof of Proposition 2.9.
Q.E.D.
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Definition 2.10. Let S <;;;; Node(9) be a subset of Node(Q). Write
for the [pro<E] fundamental group of the generization 9"-"+s of 9
with respect to S [cf. Definition 2.8]. Then we shall refer to the natural
outer isomorphism
<I>g~s : ITg~s ~ IIg
IIg~s

obtained in Proposition 2.9, (i), as the specialization outer isomorphism
with respect to S.

Proposition 2.11 (Commensurable terminality of closed
subgroups determined by certain semi-graphs). Let lHI be a
sub-semi-graph of PSC-type [cf. Definition 2.2, (i)} .of G and S <;;;;
Node(QIIHI) [cf. Definition 2.2, (ii)} a subset ofNode(91IHI) that is not of
separating type [cf. Definition 2.5, (i)}. Then the natural morphism
(QIIHI)>--s --+ 9 [cf. Definitions 2.2, (ii); 2.5, (ii)} of semi-graphs of anabelioids of pro-'L. PSC-type determines an outer injection of profinite
groups
Ilcglllllh-s y Ilg ·

Moreover, the image of this outer injection is commensurably terminal in IIg [cf. the discussion entitled "Topological groups" in §0}.
Proof. Write H ~f (QIIHI)>--s and T ~f Node(QIIHI) \ S. Note that it
follows from the definition of 9 IIHI that T may be regarded as the subset
of Node(Q) determined by Node(H); for simplicity, we shall identify T
with Node(H). Now it follows immediately from the definition of "9"-"+r"
that the composite
<P-1
<j)IIll

S

g;:;T

II1{ -----'--+ IIg ---+

IIg~T

factors through a verticial subgroup IIv <;;;; IIg~r of
a vertex v E Vert(9"-"+T ), and that the composite

IIg~r

associated to

of the resulting outer homomorphism II11 --+ IIv [which is well-defined
in light of the commensurable terminality of IIv in Ilg~ 5 -cf. [CmbGC],
Proposition 1.2, (ii)] and the natural outer isomorphism IIv '::::' IIw~r)lv
[cf. Remark 2.1.1] may be identified with "<I>:;:;l " [cf. Definition 2.10].
Thus, Proposition 2.11 follows immediately from the fact that <I> 11 ~r
is an outer isomorphism, together with the fact that IIv <;;;; IIg~s is
commensurably terminal in IIg~s [cf. [CmbGC], Proposition 1.2, (ii)].
This completes the proof of Proposition 2.11.
Q.E.D.
n~T
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Lemma 2.12 (Restrictions of outomorphisms). Let H <;;; Ilg
be a closed subgroup of Ilg which is normally terminal [cf. the discussion entitled "Topological groups" in §OJ and a E OutH (Ilg) [cf. Definition 2. 6, (ii)}. Then the following hold:

(i)

There exists a lifting a E Aut(Ilg) of a such that a preserves
the closed subgroup H <;;; Ilg. Moreover, such a lifting a is
uniquely determined up to composition with an H -inner
automorphism of Ilg.

(ii)

Write aH for the automorphism [cf. the discussion entitled
"Topological groups" in §OJ of H determined by the restriction
of a lifting a as obtained in (i) to the closed subgroup H <;;; Ilg.
Then the map

OutH (Ilg)----+ Out(H)
given by assigning a c--+ aH is a homomorphism.

(iii)

The homomorphism

OutH (Ilg)----+ Out(H)
obtained in (ii) depends only on the conjugacy class of the
closed subgroup H <;;; IIg, i.e., if we write H"'~ ~fry· H · ry- 1 for
ry E Ilg, then the diagram

OutH(IIg) ----+ Out(H)

1

II

OutH"~ (Ilg) ----+ Out(H"'~)

-where the upper (respectively, lower) horizontal arrow is the
homomorphism given by mapping a c--+ aH (respectively, a c--+
aH"~ ), and the right-hand vertical arrow is the isomorphism
obtained by mapping¢ E Out(H) to
Inn("Y~ 1 )

H"'~

~

¢

Inn("'!)

H~H ~ H"'~

-commutes.

Proof. Assertion (i) follows immediately from the normal terminality of H in Ilg. Assertion (ii) follows immediately from assertion
(i). Assertion (iii) follows immediately from the various definitions involved.
Q.E.D.
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Definition 2.13. Let H <;;; Ilg be a [closed] subgroup of Ilg which
is normally terminal [cf. the discussion entitled "Topological groups" in
§0]. Then we shall write
Out IHI (IIg) <;;; OutH (Ilg)
for the closed subgroup of OutH (IIg) consisting of outomorphisms [cf.
the discussion entitled "Topological groups" in §0] a of Ilg such that the
image aH of a via the homomorphism OutH (Q) ---+Out( H) obtained in
Lemma 2.12, (ii), is trivial. Also, we shall write
Aut IHI (Q) ~f Out IHI (Ilg) n Aut(Q) .

Definition 2.14.
(i)

Let T <;;; Cusp(Q) be an omittable [cf. Definition 2.4, (i)] subset of Cusp(Q). Write IIg.r for the [pro-~] fundamental group
of Q.y [cf. Definition 2.4, (ii)] and NT <;;; Ilg for the normal closed subgroup of Ilg topologically normally generated
by the cuspidalsubgroups of IIg associated to elements ofT.
Then one verifies easily that the natural outer isomorphism
Ilg / Ny -"+ ITg.r [cf. Definition 2.4, (ii)] induces a homomorphism OutNr (IIg) ---+ Out(IIg.r) that fits into a commutative
diagram
AutT (Q)

----+ Aut(Q.y)

1

1

OutNr(IIg) ----+ Out(IIg.r)
-where the vertical arrows are the natural injections.
a E OutNr (IIg), we shall write
ag.r E

For

Out(IIg.r)

for the image of a via the lower horizontal arrow in the above
commutative diagram. If, moreover, a E AutT (Q), then, in
light of the injectivity of the right-hand vertical arrow in the
above diagram, we shall write [by abuse of notation]
ag.r E

Aut(Q.y)

for the image of a via the upper horizontal arrow in the above
commutative diagram.
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(ii)

Let lHI be a sub-semi-graph of PSC-type [cf. Definition 2.2, (i)]
of G and S ~ Node(Qillll) [cf. Definition 2.2, (ii)] a subset of
Node(Qillll) that is not of separating type [cf. Definition 2.5, (i)].
Write II(QIJHih-s for the [pro-~] fundamental group of (Qillll)>-s
[cf. Definition 2.5, (ii)]. Then the natural outer homomorphism II(QIJHI);-s --t IIg is an outer injection whose image is
commensurably terminal [cf. Proposition 2.11]. Thus, it follows from Lemma 2.12, (iii), that we have a homomorphism
Out 11 WIJHil;-s (IIg) --t Out(II(QIJHI);-s) that fits into a commutative diagram

1

1

-where the vertical arrows are the natural injections.
o: E Out 11 WIJHil;-s (IIg), we shall write

For

for the image of o: via the lower horizontal arrow in the above
commutative diagram. If, moreover, o: E Autllll>-S (Q), then, in
light of the injectivity of the right-hand vertical arrow in the
above diagram, we shall write [by abuse of notation]

for the image of o: via the upper horizontal arrow in the above
commutative diagram. Finally, if T ~ Cusp((Qillll)>-s) is an
omittable subset of Cusp((Qillll)>-s), then we shall write
Autllll>-S•T (Q) ~ Autllll>-S (Q)
for the inverse image of the closed subgroup AutT ( (Qillll)>-s) ~
Aut((Qillll)>-s) of Aut((Qillll)>-s) in Autllll>- 8 (Q) via the upper
horizontal arrow Autllll>- 8 (Q) --t Aut((Qillll)>-s) of the above
commutative diagram; thus, we have a natural homomorphism
[cf. (i)]
Autllll>-S•T (Q)

---t

0:

f--7

Aut( ( (Qillll)>-s ).r)
O:((QIIIll);-s)oT ·
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Let z E VCN(Q) be an element of VCN(Q) and Ilz <:;;_ Ilg
a VCN-subgroup of Ilg associated to z E VCN(Q). Then it
follows from [CmbGC], Proposition 1.2, (ii), that the closed
subgroup Ilz <:;;_ Ilg is commensurably terminal. Thus, it follows from Lemma 2.12, (iii), that we obtain a homomorphism
Outrrz (IIg) --+ Out(IIz) that fits into a commutative diagram
Aut{z}(Q) ----+ Aut(Qz)

-where the left-hand vertical arrow is injective, and the righthand vertical arrow is an isomorphism. For a E Outrrz (IIg),
we shall write
az E Out(IIz)
for the image of a via the lower horizontal arrow in the above
commutative diagram.

§3.

Synchronization of cyclotomes

In the present §, we introduce and study the notion of the second
cohomology group with compact supports of a semi-graph of anabelioids
of PSC-type [cf. Definition 3.1, (ii), (iii) below]. In particular, we show
that such cohomology groups are compatible with graph-theoretic localization [cf. Definition 3.4, Lemma 3.5 below]. This leads naturally
to a discussion of the phenomenon of synchronization among the various cyclotomes [cf. Definition 3.8 below] arising from a semi-graph of
anabelioids of PSC-type [cf. Corollary 3.9 below].
Let 2: be a nonempty set of prime numbers and g a semi-graph of
anabelioids of pro-2: PSC-type. Write lG for the underlying semi-graph
of Q, Ilg for the [pro-2:] fundamental group of Q, and g --+ g for the
universal covering of g corresponding to Ilg.
Definition 3.1. Let M be a finitely generated zE_module and v E
Vert(Q) a vertex of Q.
(i)

We shall write
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-where we regard M as being equipped with the trivial action
of Ilg-and refer to H 2 (Q, M) as the second cohomology group
of Q.
(ii)

Let s be a section of the natural surjection Cusp(Q)
Cusp(Q). Given a central extension of profinite groups

--+>

1 --+ M --+ E --+ ITg --+ 1 ,
and a cusp e E Cusp(Q), we shall refer to a section of this
extension over the edge-like subgroup Ils(e) r::: Ilg of Ilg determined by s(e) E Cusp(Q) as a trivialization of this extension
at the cusp e. We shall write
H~(Q,M)

for the set of equivalence classes
[E, (~e: Ils(e)-+ E)eECusp(Q)]
of collections of data (E, (~e: Ils(e) -+ E)eECusp(Q)) as follows:
(a) Eisa central extension of profinite groups
1 --+ M --+ E --+ Ilg --+ 1 ;
(b) for each e E Cusp(Q), ~e is a trivialization of this extension
at the cusp e. The equivalence relation "~" is then defined as
follows: for two collections of data (E, (~e)) and (E', (~~)),we
shall write (E, (~e))~ (E', (~~))if there exists an isomorphism
of profinite groups a: E ..:::t E' over Ilg which induces the identity automorphism of M, and, moreover, for each e E Cusp(Q),
maps ~e to ~~. We shall refer to H; (Q, M) as the second cohomology group with compact supports of 9.
(iii)

We shall write

[cf. (ii); Definition 2.1, (iii)] and refer to H;(v, M) as the
second cohomology group with compact supports of v.
(iv)

The set H;(Q, M) is equipped with a natural structure of
module defined as follows:
•

zE_

Let [E, (~e)J, [E', (~~)] E H;(Q, M). Then the fiber product E x rr 9 E' of the surjections E --+> ITg, E' --+> ITg is
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an extension of Ilg by M x M. Thus, the quotient S of
E xrr 9 E' by the image of the composite

M
m

'-+

M

c-t

(m, -m)

X

M

'-+

E

X Ilg

E'

is an extension of Ilg by M. On the other hand, it follows
from the definition of S that for each e E Cusp(Q), the sections ~e and~~ naturally determine a section~~: Ils(e) -+ S
over Ils(e)· Thus, we define

[E, (~e)]+ [E', (~~)] ~f [S, (~~)].
Here, one may verify easily that the equivalence class
[S, (~~)] depends only on the equivalence classes [E, (~e)J,
[E', (~~)], and that this definition of "+" determines a
module structure on
(Q, M).

H';

•

Let [E, (~e)] E H~(Q, M) be an element of H~(Q, M) and
pr,

~

a E ;z;I;. Now the composite E x M -» E -» Ilg determines an extension of Ilg by M x M. Thus, the quotient
P of E x M by the image of the composite
M

'-+

MxM

m

c-t

(m, -am)

'-+

ExM

is an extension of Ilg by M. On the other hand, it follows
from the definition of P that for each e E Cusp(Q), the
section ~e and the zero homomorphism Ils(e) -+ M naturally determine a section~~: Ils(e) -+ P over Ils(e)· Thus,
we define

a· [E, (~e)] ~f [P, (~~)].
Here, one may verify easily that the equivalence class
[P, (~~)] depends only on the equivalence class [E, (~e)]
and a E ZI;, and that this definition of "·" determines a
Z2;-module structure on H~(Q, M).
Finally, we note that it follows from Lemma 3.2 below that
the zE-module "H~(Q, M)" does not depend on the choice of
the section s. More precisely, the Z2;-module "H'{;(Q, M)" is
uniquely determined by g and M up to the natural isomorphism
obtained in Lemma 3.2.
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Lemma 3.2 (Independence of the choice of section). Let M
be a finitely generated Z2:,-module and s, s' sections of the natural surjection Cusp(Q) --+> Cusp(Q). Write H~(Q, M, s), H~(Q, M, s') for the
Z2:,-modules "H~(Q, M)" defined in Definition 3.1 by means of the sections s, s', respectively. Then there exists a natural isomorphism of
Z2:,-modules
H~(Q,M,s) ~ H~(Q,M,s').

Proof. Let [E, (~e)] E H~(Q, M, s) be an element of H~(Q, M, s).
Now it follows from the various definitions involved that, for each e E
Cusp(Q), there exists an element re E lig such that lis'(e) = re · lis(e) ·
1; 1 . For each e E Cusp(Q), fix a lifting 7fe E E of re E lig and write
~~: lis'(e) -+ E for the section given by

---+
f--7

E
7fe~e(a)7f; 1

·

Then it follows immediately from the fact that M c:;; E is contained in
the center Z(E) of E that this section~~ does not depend on the choice of
the lifting 7fe E E of re E lig. Moreover, it follows immediately from the
various definitions involved that the assignment "[E, (~e)] f--7 [E, (~~)]"
determines an isomorphism of ZI:, -modules
H~(Q,M,s) ~ H~(Q,M,s').

This completes the proof of Lemma 3.2.

Q.E.D.

Lemma 3.3 (Exactness of certain sequences). Let M be a
finitely generated Z2:,-module. Suppose that Cusp(Q) =f=. 0. Then the
natural inclusions lie "-+ lig -where e ranges over the cusps of Q, and,
for each cusp e E Cusp(Q), we use the notation lie to denote an edge-like
subgroup of lig associated to the cusp e-determine an exact sequence
of ZI:, -modules

Homz~ (ligb, M) ---+

E9

Hom 2 ~ (lie, M) ---+ H~ (Q,

M)

---+ 0 .

eECusp(Q)

Proof. Let s be a section of the natural surjection Cusp(Q) ......,
Cusp(Q). Then given an element
( ¢e:

lie -+

M)eENode(Q)

E

EB
eECusp(Q)

Homz~ (lie, M),
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one may construct an element
pr2

[M X Ilg ( ---7> Ilg), (~e: Ils(e)-+ M X Ilg)eENode(Q)]

-where we write ~e: Ils(e) -+ M x Ilg for the section determined by
Te: Ils(e) -+ M and the natural inclusion Ils(e) '---+ Ilg -of H;(Q, M).
In particular, we obtain a map EBeECusp(Q) Hom;z~ (IIe, M) -+ H;(Q, M),
which, as is easily verified, is a homomorphism ofZr,-modules. Now the
exactness of the sequence in question follows immediately from the fact
that Ilg is free pro-'B [cf. [CmbGC], Remark 1.1.3]. This completes the
proof of Lemma 3.3.
Q.E.D.

Definition 3.4. Let M be a finitely generated zr-_module.
(i)

Let E be a semi-graph of anabelioids. Denote by VCN(£) the
set of components of E [i.e., the set of vertices and edges of£]
and, for each z E VCN(£), by Ilsz the fundamental group of
the anabelioid Ez of E corresponding to z E VCN(£). Then we
define a central extension of Q by M to be a collection of data

as follows:
(a)

For each z E VCN(£), az: M '---+ Ilsz is an injective homomorphism of profinite groups whose image is contained
in the center Z(IIsJ of Ilsz. [Thus, the image of az is a
normal closed subgroup of Ilsz .]

(b)

For each branch b of an edge e that abuts to a vertex v of
E, we assume that the outer homomorphism Ilse -+ Ilsv
associated to b is injective and fits into a commutative
diagram of [outer] homomorphisms of profinite groups
M

M

-i.e., where the lower horizontal arrow is the outer injection associated to b.
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(c)

Write EI a for the semi-graph of anabelioids defined as
follows: We take the underlying semi-graph of [I a to be
the underlying semi-graph of E; for each z E VCN(£), we
take the anabelioid (EI a) z of EI a corresponding to z E
VCN(E) to be the anabelioid determined by the profinite
group IIc:ziim(az) [cf. condition (a)]; for each branch b
of an edge e that abuts to a vertex v of E, we take the
associated morphism of anabelioids (Eia)e -+ (Eia)v to
be the morphism of anabelioids naturally determined by
the morphism Ee -+ Ev associated, relative to E, to b [cf.
condition (b)].

(d)

(3: EI a ~ g is an isomorphism of semi-graphs of anabelioids.

There is an evident notion of isomorphisms of central extensions of g by M. Also, given a central extension of g by M,
and a sections of the natural surjection Cusp(Q) -+> Cusp(Q),
there is an evident notion of trivialization of the given central extension of g by M at a cusp of g [cf. the discussion of
Definition 3.1, (ii), (iv)].
(ii)

Let
1 ---+ M ---+ E ---+ IIg ---+ 1

be a central extension of IIg by M. Then we shall define a
semi-graph of anabelioids

-which we shall refer to as the semi-graph of anabelioids associated to the central extension E -as follows: We take the
underlying semi-graph of gE to be the underlying semi-graph of
Q. We take the anabelioid of YE corresponding to z E VCN(Q)
to be the anabelioid determined by the fiber product E x IIg IIz
of the surjection E -+ IIg and a natural inclusion IIz Y rigwhere we use the notation IIz ~ Ilg to denote a VCN-subgroup
[cf. Definition 2.1, (i)] of Ilg associated to z E VCN(Q); for
each branch b of an edge e that abuts to a vertex v of g, if
we write (QE)v, (QE)e for the anabelioids of YE corresponding
to v, e, respectively, then we take the morphism of anabelioids
(QE)e -+ (QE)v associated to the branch b to be the morphism
naturally determined by the morphism of anabelioids Ye -+ 9v
associated, relative to g, to b.
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In the notation of (ii), one may verify easily that the semigraph of anabelioids gE associated to the central extension E
is equipped with a natural structure of central extension of g
by M. More precisely, for each z E VCN(Q), if we denote
by O:z: M '--7 li(QE)z = E Xrr 9 liz the homomorphism determined by the natural inclusion M '--7 E and the trivial homomorphism M --+ liz, then there exists a natural isomorphism
(3: YE/(az)zEVCN(Q) ~ Q such that the collection of data

forms a central extension of g by M, which we shall refer to
as the central extension of g by M associated to the central
extension E.

Lemma 3.5 (Graph-theoretic localizability of central extensions of fundamental groups). Let M be a finitely generated ZL;module. Then the following hold:

(i)

(Exactness and centrality) Let

be a central extension of g by M (cf. Definition 3.4, (i)}.
Write lie for the pro-'2:, fundamental group of E, i.e., the maximal pro-'2:, quotient of the fundamental group of E {cf. the discussion preceding [SemiAn], Definition 2.2}. Then the compos/3

ite E --+ E/a ~
groups

g determines an exact

sequence of profinite

1 ---+ M ---+lie ---+ lig ---+ 1

(h)

which is central.
(ii)

(iii)

(Natural isomorphism I) In the notation of (i), the central
extension ofQ by M associated to the central extension (t 2 ) {cf.
Definition 3.4, (iii)} is naturally isomorphic, as a central
extension of Q by M, to (t 1 ).
(Natural isomorphism II) Let
1 ---+ M ---+ E ---+ lig ---+ 1
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be a central extension of IIg by M. Then the pro- I:. fundamental group of the semi-graph of anabelioids !JE .associated
to the central extension E fcf. Definition 3.4, (ii)}-i.e., the
maximal pro- I:. quotient of the fundamental group of QE -is
naturally isomorphic, over IIg, to E.

(iv)

(Equivalence of categories) The correspondences of (i), (ii),
(iii) determine a natural equivalence of categories between
the category of central extensions of Q by M and the category of
central extensions of IIg by M. [Here, we take the morphisms
in both categories to be the isomorphisms of central extensions of the sort under consideration.} Moreover, this equivalence extends to a similar natural equivalence of categories
between categories of central extensions equipped with trivializations at the cusps of g fcf. Definitions 3.1, (ii); 3.4,
(i)}.

Proof. First, we verify assertion (i). If Node(Q) = 0, then assertion
(i) is immediate; thus, suppose that Node(Q) =f. 0. For each connected
finite etale covering E' -+ E of E, denote by ITs' the pro-2:. fundamental
group of E', by VCN(E') the set of components of E' [i.e., the set of
vertices and edges of E'], and by Vert(E') the set of vertices of E'; for
each z E VCN(E'), denote byE~ the anabelioid of E' corresponding to
z E VCN(E') and by ITs~ the fundamental group of E~. Now we claim
that
(*I): the composite in question E -+ E/a ~ Q induces an isomorphism between the underlying semigraphs, as well as an outer surjection ITs --» IIg.
Indeed, the fact that the composite in question determines an isomorphism between the underlying semi-graphs follows from conditions (c),
(d)ofDefinition 3.4, (i). In particular, we obtain a bijection VCN(E) ~
VCN(Q). Now for each z E VCN(E) ~ VCN(Q), again by conditions
(c), (d) of Definition 3.4, (i), the composite E -+ E/a ~ g induces
an outer surjection IIsz --» IIz, where we use the notation Ilz <;;: IIg
to denote a VCN-subgroup [cf. Definition 2.1, (i)] of Ilg associated to
z E VCN(Q). Therefore, in light of the isomorphism verified above between the semi-graphs of E and Q, one may verify easily that the natural
outer homomorphism ITs -+ IIg is surjective. This completes the proof
of the claim (*1)·
For each vertex v E Vert(E) ~ Vert(Q) [cf. claim (*I)], it follows
from the assumption that Node(Q) =f. 0 that any verticial subgroup
IIv <;;: IIg of IIg associated to a vertex v E Vert(Q) is a free pro-2:.
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group [cf. [CmbGC], Remark 1.1.3]; thus, there exists a section of the
natural surjection IIt:v ---» IIv. Now for each vertex v E Vert(Q), let
us fix such a section of the natural surjection IIt:v ---» IIv, hence alsosince the extension IIt:v of IIv by M is central [cf. condition (a) of
Definition 3.4, (i)]-an isomorphism tv: M x IIv -=+ IIt:v. Let ~h ---+ g
be a connected finite etale Galois covering of g and write [ 1 ~f E Xg
gl· Then it follows from the claim (*I) that E1 is connected; moreover,
one may verify easily that the structure of central extension of g by
M on E naturally determines a structure of central extension of 91 by
M on E1, and that for each vertex v E Vert(E) -=+ Vert(Q) and each
vertex w E Vert(EI) -=+ Vert(Q1) that lies over v, the normal closed
subgroup II(t:1 )w <;;; IIEv corresponds to M X IIw <;;; M X IIv relative
to the isomorphism tv: M x IIv -=+ IIt:v fixed above, i.e., we obtain an
isomorphism tw: M X IIw -.':+ II(EI)w.
Now for a finite quotient M---» Q of M and a connected finite etale
Galois covering 9 1 ---+ g of g, we shall say that a connected finite etale
covering E2 ---+ E of E satisfies the condition (tQ,QJ if the following two
conditions are satisfied:

(t~,gJ E2 ---+ E factors through E1 ~ E xg 91 ---+ E, the resulting
covering E2 ---+ E1 is Galois, and for each vertex v E VCN(EI),
the composite
M '---+ II(EI)v ---+ Ilt: 1 ---» Ilt:1 /Ilt: 2

is surjective, with kernel equal to the kernel of M

(t~,gJ E2 ---+ E is

---»

Q.

Galois.

Then we claim that
( *2 ): for any finite quotient M ---» Q of M and any
connected finite etale Galois covering 9 1 ---+ g, there
exists-after possibly replacing 9 1 ---+ g by a connected finite etale Galois covering of g that factors
through 9 1 ---+ Q-a connected finite etale covering of
E which satisfies the condition (tQ,QJ·
Indeed, let M ---» Q be a finite quotient of M, 91 ---+ g a connected finite
etale Galois covering of g, and E1 ~f E x g 9 1. For each vertex v E
Vert(EI)-=+ Vert(Q1) [cf. the above discussion], denote by II(EI)v ---» Qv
the quotient of II(EI)v obtained by forming the composite
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Thus, we have a natural isomorphism Q ..'::'t Qv. Next, let e be a node of
£ 1; b, b' the two distinct branches of e; v, v' the [not necessarily distinct]
vertices of £ 1 to which b, b' abut. Then since the quotient Q [c:::: Qv c::::
Qv'] is finite, one may verify easily that-after possibly replacing (h -+ Q
by a connected finite etale Galois covering of Q that factors through
91 -+ Q-the kernels of the two composites II(£1)e Y IIcsiJv --tt Qv,
II(t:l)e Y II(t:l)v' --tt Qv'-where II(t:l)e Y II(t:1)v, II(t:1)e Y II(t:l)v'
are the natural outer injections corresponding to b, b', respectivelycoincide. Moreover, if we write Ne <;;; II(t:l)e for this kernel, then it
follows immediately from condition (b) of Definition 3.4, (i), that the
actions of Q induced by the natural isomorphisms Q ..'::'t Qv ;;._ II(t:1)e / Ne,
Q ..'::'t Qv' ;;._ IIcsn)Ne on the connected finite etale Galois covering
of (El)e corresponding to Ne <;;; II(t:l)e coincide. Therefore, since the
underlying semi-graph of £ 1 is finite, by applying this argument to the
various nodes of £ 1 and then gluing the connected finite etale Galois
coverings of the various (£ 1)v 's corresponding to the quotients II(t:l)v --tt
Qv to one another by means of Q-equivariant isomorphisms, we obtain
a connected finite etale Galois covering £ 2 -+ £ 1 which satisfies the
condition (tq, 9J.
Write £g -+ £ for the Galois closure of the connected finite etale
covering £ 2 -+ £; thus, since £ 1 is Galois over £, we have connected
finite etale Galois coverings £g -+ £ 2 -+ £ 1 of £ 1. Now it follows
immediately from the condition (tq,gJ that £ 2 -+ £ 1 induces an isomorphism between the underlying semi-graphs. In particular, it follows from Lemma 3.6 below, in light of the claim ( *d, that the natural
outer homomorphisms IIs 2 Y IIs 1 --tt IIg 1 induce outer isomorphisms
II £2 /IIvert
~ Jftop(G
£2 ..'::'t II £1 /IIvert
£1 ..'::'t II 91 /IIvert
91 1
1)I: ' where we write
"II(~r)t <;;; IIc _)" for the normal closed subgroup of "IIc _)" topologically
normally generated by the verticial subgroups and 1ri0 P(Gl)I: for the
pro- I; completion of the [discrete] topological fundamental group of the
underlying semi-graph G 1 of Q1. On the other hand, since for each vertex v E Vert(£) ..'::'t Vert(Q) and each vertex w E Vert(£1) ..'::'t Vert(Ql)
that lies over v, the isomorphism tw: M x IIw ..'::'t II(t:l)w arises from the
isomorphism tv : M x IIv ..'::'t IIsv, one may verify easily that the closed
subgroup II(t:2)w <;;; IIsv is normal. [Here, we regard w E Vert(£1) as
an element of Vert(£2) by the bijection Vert(£2) ..'::'t Vert(£1) induced
by £2 -+ £1 .] In particular, it follows immediately that the connected
finite etale Galois covering £g -+ £ 2 arises from a normal open subgroup of the quotient IIs2 --tt IIs2 /IIE;~rt ..'::'t 1r1(G1)2::. Therefore, there
exists a connected finite etale Galois covering Q~ -+ Q that factors
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through 9 1 ---+ g [and arises from a normal open subgroup of the quotient ITg 1 --» 0 P(Gl)E] such that the connected finite etale covering
E2 Xg 1 g~ of E is Galois. Now it follows immediately from the fact that
E2 ---+ [ satisfies the condition (t~,g 1 ) that E2 x g 1 g~ ---+ [ satisfies both
conditions (t~,g) and (t~,g), as desired. This completes the proof of
the claim (*2).
Next, we claim that

1ri

(*3 ): the composite [ ---+ [ j a ~ g, together with the
composites
M '---+ ITt:v ---+ ITt:
for v E Vert(E), determine an exact sequence ofprofinite groups
1 --+ M --+ ITt: --+ ITg --+ 1 .

Indeed, it follows immediately from the claim (*2)-by arguing as in
the final portion of the proof of (*2 )-that any connected finite etale
Galois covering of [ is a subcovering of a covering of [ which satisfies
the condition (tq,gJ for some finite quotient M--» Q of M and some
connected finite etale Galois covering 9 1 of Q. Therefore, the exactness of
the sequence in question follows immediately from the various definitions
involved, together with the claim (*l). This completes the proof of the
claim (*3).
Finally, we claim that
(*4 ): the exact sequence of profinite groups
1 --+ M --+ ITt: --+ ITg --+ 1

of (* 3 ) is central, i.e., if we write p: ITg ---+ Aut(M)
for the representation of ITg on M determined by this
extension ITt:, then p is trivial.
Indeed, it follows immediately from condition (a) of Definition 3.4, (i),
that ITgert ~ Ker(p), where we write ITgert ~ ITg for the normal closed
subgroup of ITg topologically normally generated by the verticial subgroups of ITg. On the other hand, it follows immediately from condition (b) of Definition 3.4, (i), by "parallel transporting" along loops
0 P(G) ~
0 P(G)E of the representaon G, that the restriction to
0 P(G)E ---+ Aut(M) [cf.
tion [ITg --» ITg/ITgert ~]
Lemma 3.6 be0
low] induced by p--where we write
P(G) for the [discrete] topological fundamental group of the semi-graph G and 0 P(G)E for the pro~ completion of 7ri 0 P(G)-is trivial. In particular, since the subgroup

1ri

1ri

1ri

1ri

1ri
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n~op(G) c:;; n~op(G)I: is dense, the representation pis trivial, as desired.
This completes the proof of the claim (* 4 ), hence also the proof of assertion (i).
Assertion (ii) follows immediately from the various definitions involved. Next, we verify assertion (iii). It follows immediately from
assertion (i), together with Definition 3.4, (iii), that if we write IlgE
for the pro-2:; fundamental group of QE, then we have a natural exact
sequence of profinite groups

On the other hand, it follows immediately from the definition of gE
that one may construct a tautological profinite covering of 9E [i.e., a
pro-object of the category B(QE) that appears in the discussion following [SemiAn], Definition 2.1] equipped with a tautological action by
E. In particular, one obtains an outer surjection IlgE --» E that is
compatible with the respective outer surjections to Ilg. Thus, one concludes from the "Five Lemma" that this outer surjection IlgE --» E is
an outer isomorphism, as desired. This completes the proof of assertion
(iii). Assertion (iv) follows immediately, in light of assertions (i), (ii),
(iii), from the various definitions involved. This completes the proof of
Lemma 3.5.
Q.E.D.

Lemma 3.6 (Quotients by verticial subgroups). Let 1{ be a
semi-graph of anabelioids. Write IIH for the pro-2:; fundamental group of
1{ (i.e., the pro- I; quotient of the fundamental group of H) and II1{rt c:;;
IIH for the normal closed subgroup of IIH topologically normally generated by the verticial subgroups of IIH. Then the natural injection
II1{'rt '-+ IIH determines an exact sequence of profinite groups

-where we write n~op (JHI)E for the pro-2:; completion of the (discrete}
topological fundamental group 1r~op (JHI) of the underlying semi-graph lHI
of H.
Proof.
volved.

This follows immediately from the various definitions inQ.E.D.
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Theorem 3. 7 (Properties of the second cohomology group
with compact supports). Let I: be a nonempty set of prime numbers, Q a semi-graph of anabelioids of pro- I: PSG- type, and M a finitely
generated ZL; -module. Then the following hold:

(i)

(Change of coefficients) There exists a natural isomorphism of ZL; -modules

that is functorial with respect to isomorphisms of the pair
(Q, M). If, moreover, Cusp(Q) = 0, then there exists a natural isomorphism of ZL; -modules

that is functorial with respect to isomorphisms of the pair
(Q,M).
(ii)

(iii)

(Structure as an abstract profinite group) The second cohomology group with compact supports H~ (Q, M) of Q is (noncanonically} isomorphic to M.
(Synchronization with respect to generization) LetS <;;;;;
Then the specialization
outer isomorphism <l>g~s : ITg~s -=+ ITg with respect to S (cf.
Definition 2.1 0} determines a natural isomorphism

Node(Q) be a subset of Node(Q).

that is functorial with respect to isomorphisms of the triple

(Q, S, M).
(iv)

(Synchronization with respect to "surgery") Let IHl be
a sub-semi-graph of PSC-type (cf. Definition 2.2, (i)} of IG,
S <;;;;; Node(QIIHI) (cf. Definition 2.2, (ii)} a subset ofNode(QIIHI)
that is not of separating type (cf. Definition 2.5, (i)}, and
T <;;;;; Cusp((QIIHI)>-s) (cf. Definition 2.5, (ii)} an omittable (cf.
Definition 2.4, (i)} subset ofCusp((Q!IHI)>-s). Then there exists
a natural isomorphism -given by "extension by zero"-

H~(((Q!IHI)>-s).r, M) ~ H~(Q, M)

(cf. Definition 2.4, (ii)} that is functorial with respect to isomorphisms of the quintuple (Q, IHI, S, T, M). In particular, for
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each vertex v E Vert(Q) of Q, there exists a natural isomorphism of Zl:; -modules
H~(v, M) ~ H~(Q, M)

[cf. Remark 2.5.1, (ii)} that is functorial with respect to isomorphisms of the triple (Q, v, M).

(v)

(Homomorphisms induced by finite etale coverings) Let
11. -+ Q be a connected finite etale covering of Q. Then the
image of the natural homomorphism

is given by
[IIg : IIt-l] · H~(H., M).

Proof. Assertion (iii) follows immediately from condition (1) of
Proposition 2.9, (i).
Next, we verify assertions (i), (ii) in the case where Cusp(Q) # 0.
The existence of a natural isomorphism H~ (Q, M) _:::; H~ (Q, Zl:;) ®zE M
follows immediately from Lemma 3.3. On the other hand, the fact that
H~(Q, M) is [noncanonically] isomorphic toM follows immediately from
Lemma 3.3, together with the following well-known facts [cf. [CmbGC],
Remark 1.1.3]:
(A) Ilg is a free pro-L. group.

(B) For any cusp e 0
of Z2:;-modules

E

Cusp(Q) of Q, the natural homomorphism

EB

lie

--+

Ilgb

eECusp(Q)\{eo}

zL:

is a split injection of free
-modules [cf. the discussion entitled
"Topological groups" in §0], and its image contains the image
of Ile 0 in Ilgb.
This completes the proof of assertions (i), (ii) in the case where

Cusp(9)

# 0.

Next, we verify assertions (i), (ii) in the case where Cusp(Q) = 0.
The existence of a natural isomorphism H~ (Q, M) -=+ H 2 (Q, M) is wellknown [cf., e.g., [NSW], Theorem 2.7.7]. Now it follows from assertion
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(iii) that to verify assertions (i), (ii) in the case where Cusp(Q) = 0, we
may assume without loss of generality-by replacing Q by Q--+Node(Q)that Node(Q) = 0. Then the existence of a natural isomorphism H';_(Q, M)
~ H~(Q, zE) i?9z>:; M and the fact that H~(Q, M) is [noncanonically] isomorphic to M follow immediately from the existence of a natural isomorphism H~ (Q, M) ~ H 2 (Q, M) and the fact that any compact Riemann
surface of genus =f. 0 is a "K(1r, 1)" space [i.e., its universal covering
is contractible], together with the well-known structure of the second
cohomology group of a compact Riemann surface. This completes the
proof of assertions (i), (ii) in the case where Cusp(Q) = 0.
Next, we verify assertion (iv) in the case where lHl = G and S = 0,
i.e., ((QIIHI);.-s).r = Q.r. Thus, suppose that lHl = G and S = 0. Now
define a homomorphism of zE-modules

as follows: Let Q.r --+ Q.r be a universal covering of Q.r which is
compatible [in the evident sense] with the universal covering g --+ Q
of Q, s• a section of the natural surjection Cusp(?f.r) --* Cusp(Q.r),
and [E•, (~:: lls•(e) --+ E•)eECusp(Q.r)l E H~(Q.r, M) an element of
H~(Q.r, M). Write E for the fiber product of the surjection E• --* ITg.r
and the natural surjection llg --* ITg.r [arising from the compatibility
of the respective universal coverings]. Next, we introduce notation as
follows:
• for e E Cusp(Q.r) (= Cusp(Q) \ T ~ Cusp(Q)), denote by
~e : lle --+ E-where we use the notation lle ~ ITg to denote an
edge-like subgroup of llg associated toe such that the composite lle '-+ ITg --* ITg.r determines an isomorphism of lle with
lls•(e) ~ ITg.r-the section over lle naturally determined by
the composite

and
• for e E Cusp(Q) \ Cusp(Q.r) (= T ~ Cusp(Q)), denote by
~e : lle --+ E-where we use the notation lle ~ ITg to denote an
edge-like subgroup of llg associated to e-the section over lle
naturally determined by the trivial homomorphism lle --+ E•.
Then it follows immediately from the various definitions involved that
the assignment "[E•, (~:)eECusp(Q.r)l f---7 (E, (~e)eECusp(Q))" determines a
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homomorphism of 22; -modules

as desired.
Next, we verify that this homomorphism H~(g.r, M) --+ H~(g, M)
is an isomorphism. First, let us observe that it follows from assertion (ii)
that, to verify that the homomorphism in question is an isomorphism, it
suffices to verify that it is surjective. The rest of the proof of assertion
(iv) in the case where IHI = CG and S = 0 is devoted to verifying this
surjectivity. To verify the desired surjectivity, by induction on the cardinality T~ of the finite set T, we may assume without loss of generality
that rtt = 1, i.e., T ={eo} for some e 0 E Cusp(Q).
To verify the desired surjectivity, let [E, (Le)eECusp(Q)] E H~(g, M)
be an element of H~(g, M). Then since IIg is a free pro-2:, group,
there exists a continuous section IIg --+ E of the surjection E __., IIg,
hence also-since the extension E of IIg is central-an isomorphism
M x IIg ~ E. Write IIg __., II for the maximal cuspidally central quotient
[cf. [AbsCsp], Definition 1.1, (i)] relative to the surjection IIg --* IIg.T,
Err for the quotient of E by the normal closed subgroup of E corresponding to {1} x Ker(IIg __., II) C:: M x IIg [thus, Err ~ M x II], and
N C:: Err for the image of the composite

Now we claim that N C:: Err is contained in the center Z(Err) of Err,
hence also normal in Err. Indeed, since the composite

is injective, and its image coincides with the kernel of the natural surjection II __., IIg.T, it holds that the image of the composite
~eo

r-..;

IIs(eo) '--+ E--* Err +- M

X

II

is contained in M x Ker(II --+ IIg.T). On the other hand, since the
extension E of IIg is central, it follows from the definition of the quotient
II of IIg that the image of M x Ker(II __., IIg.T) in Err via M x II ~ Err
is contained in the center Z(Err) of Err. This completes the proof of the
above claim.
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Now it follows from the definition of N ~ Err, together with the
above claim, that we obtain a commutative diagram of profinite groups
1 -------+ M -------+

E

-------+

1

II

Ilg

-------+ 1

1

1 -------+ M -------+ Err/N -------+ ITg.T -------+ 1

-where the horizontal sequences are exact, and the vertical arrows are
surjective. In particular, we obtain an extension Err/N of ITg.T by M,
which is central since the extension E is central. For e E Cusp(Q.T) =
Cusp(Q) \ {e 0 }, write
~ ITg.T for the edge-like subgroup of ITg.T
[associated to e E Cusp(Q.T )] determined by the image of lis( e) ~ Ilg
and L: for the section
--+ Err/N over
determined by Le: lis( e) --+E.
Then it follows immediately from the various definitions involved that
the image of

rr:
rr:

rr:

[Err/N, (L:)e'ECusp(Q.T)] E

H;(Q.T, M)

in H'1(Q, M) is [E, (Le)eECusp(Q)] E H'1(Q, M). This completes the proof
of the desired surjectivity and hence of assertion (iv) in the case where
lHI = CG and S = 0.
Next, to complete the proof of assertion (iv) in the general case,
one verifies immediately that it suffices to verify assertion (iv) in the
case where T = 0, i.e., ((QIJHI)>--s).T = (QIJHI)>--S· Thus, suppose that
T = 0. Write 1-l d~f (QIJHI)>--S· To define a natural homomorphism o(zE_
modules H'1(1-l, M) --+ H'1(Q, M), let H--+ 1-l be a universal covering of
1-l which is compatible [in the evident sense] with the universal covering
Q--+ g of g, sH a section of the natural surjection Cusp(H) ---» Cusp(H),
and [EH,(L!':IIsH(e)--+ EH)eECusp(H)] E H'1(1-l,M) an element of
H'1(1-l, M). Since the extension EH of IIH by M is central, the section L!': IIsH(e) --+ EH naturally determines an isomorphism

M

~

X IlsH(e)

----+ E

1{

XrrH IlsH(e)

of the direct product M X IIsH(e) with the fiber product EH XrrH IIsH(e)
of the surjection EH ---» IIH and the natural inclusion IIsH(e) '--+ IIH·
Write gEH for the semi-graph of anabelioids associated to the central
extension EH [cf. Definition 3.4, (ii)]. Then one may define a central
extension of g by M

(E,a,/3: E/a-=+ 9)
[cf. Definition 3.4, (i)] whose restriction to 1-l, relative to the isomorphism (3: [/a -=+ g, is isomorphic to the semi-graph of anabelioids
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9 gH as follows: We take the underlying semi-graph of £ to be the
underlying semi-graph of 9; for each vertex v E Vert(QIIHI), we take
the anabelioid Ev of £ corresponding to the vertex v E Vert(QIIHI) to
be the anabelioid (9 E'li) v of 9 E'li corresponding to the vertex v; for
each vertex v E Vert(Q) \ Vert(QIIHI), we take the anabelioid Ev of £
corresponding to v E Vert(Q) \ Vert(QIIHI) to be the anabelioid associated to the profinite group M X IIv. Then the above isomorphisms
M X Ils'H(e) ..:::t E 11 Xrr'li Ils'H(e) induced by the various L?/'s naturally
determine the remaining data [i.e., consisting of anabelioids associated
to edges and morphisms of anabelioids associated to branches] necessary
to define a semi-graph of anabelioids £ which is naturally equipped with
a structure of central extension of 9 by M whose restriction to 1{ is
naturally isomorphic to the semi-graph of anabelioids 9E'H, as desired.
Now it follows from Lemma 3.5, (i), that if we denote by II.s the
pro-~ fundamental group of £-i.e., the maximal pro-~ quotient of the
fundamental group of £-then II.s is a central extension of IIg by M.
Thus, it follows from the equivalences of categories of Lemma 3.5, (iv),
that the sections L?/-where e ranges over the cusps of 9 that abut to
a vertex of 9IIHI-and the tautological sections IIe' '-+ M x lie' = II.s , where e' ranges over the cusps of 9 that do not abut to a vertex of 91~
naturally determine an equivalence class [II.s, (Le)eECusp(Q)] E H;(Q, M).
In particular, we obtain a map

by assigning [E 11 , (L?/)eECusp(H)] f--7 [II.s, (Le)eECusp(Q)]· Moreover, it follows immediately from the various definitions involved that this map is
a homomorphism of
-modules, as desired.
Next, we verify that this homomorphism H;(H, M) --+ H;(Q, M)
is an isomorphism. Since, for any vertex v E Vert(QIIHI), the natural
morphism 9lv --+ 9 factors through (QIIHI)~s = 1{ --+ 9, by replacing 1{
by 9lv [cf. Remark 2.5.1, (ii)], we may assume without loss of generality
that 1{ = 9lv· Moreover, if Node(Q) = 0, then assertion (iv) in the
case where T = 0 is immediate; thus, we may assume without loss
of generality that Node(Q) i= 0. On the other hand, it follows from
assertion (ii) that to verify that the homomorphism in question is an
isomorphism, it suffices to verify that it is surjective. The rest of the
proof of assertion (iv) in the case where T = 0 is devoted to verifying
the surjectivity of the homomorphism H;(v, M)--+ H;(Q, M).
Let :1 be a semi-graph of anabelioids of pro-~ PSC-type such that
there exist a vertex w E Vert(:!) and an "omittable" cusp e E C( w)
[i.e., a cusp that abuts to w such that { e} is omittable] such that Je{e}

zr;
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is isomorphic to Q, and, moreover, the isomorphism Je{e} -=+ Q induces
an isomorphism of (.llw)e{e} -=+ 9lv· [Note that one may verify easily
that such a semi-graph of anabelioids of pro-~ PSC type always exists.]
Then it follows immediately from assertion (iv) in the case where lHI = G
and S = 0, together with the various definitions involved, that we have
a commutative diagram

1

1

~where

the left-hand horizontal arrows are isomorphisms induced by
the isomorphisms (J"Iw)•{e} -=+ 9lv, Je{e} -=+ Q, respectively, and the
right-hand horizontal arrows are isomorphisms obtained by applying assertion (iv) in the case where lHI = G and S = 0. In particular, to verify
the desired surjectivity of the homomorphism H'1 (v, M) --+ H'1 (Q, M),
by replacing Q (respectively, v) by J (respectively, w), we may assume
without loss of generality that C(v) -=1- 0.
To verify the desired surjectivity of the homomorphism H'1 (v, M) --+
H'1(Q, M) in the case where C(v) -=1- 0, let [E, (Le)eECusp(Q)] E H'1(Q, M)
be an element of H'1(Q, M). Now it follows from Lemma 3.3, together
with the assumption that C(v) -=1- 0, that we have two exact sequences
of Z2.;-modules
HomzE (ligb, M) -----+

EB

HomzE (lie, M) -----+ H~ (Q, M) -----+ 0 ;

eECusp(Q)

HomzE (li9!v , M) -----+

EB

HomzE (lie, M) -----+ H~ (v, M) -----+ 0 .

eECusp(Qiv)

Let e0 E C(v) be a cusp of Q that abuts to v. Here, note that it follows immediately from the definition of 9lv that eo may be regarded
as a cusp of 9lv· Then it follows immediately from the facts (A), (B)
used in the proof of assertions (i), (ii) in the case where Cusp(Q) -=1- 0
that there exists a lifting ( rPe)eECusp(Q) E EBeECusp(Q) HomzE (lie, M)
of [E, (Le)eECusp(Q)] E H'1(Q, M) [with respect to the first exact sequence of the above display] such that if e -=1- eo, then rPe = 0. Write
( 7Pe)eECusp(Qiv) E EBeECusp(Qiv) HomzE (lie, M) for the element such that
7Peo = rPeo, 7Pe = 0 for e -=1- eo. Then it follows immediately from
the definitions of the above exact sequences and the homomorphism
H'1(v, M) --+ H'1(Q, M) in question that the image of (7Pe)eECusp(Qiv) E
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(IIe, M) in H'1(v, M) is mapped to [E, (te)eECusp(Q)]
via the homomorphism H'1 (v, M) --+ H'1 (g, M) in question.
This completes the proof of assertion (iv) in the case where T = 0, hence
also of assertion (iv) in the general case.
Finally, we verify assertion (v). If Cusp(Y) = 0, then it follows immediately from a similar argument to the argument used in the proof
of assertions (i), (ii) in the case where Cusp(Y) = 0, together with the
well-known structure of the second cohomology group of a compact Riemann surface, that assertion (v) holds. Next, suppose that Cusp(Y) :10.
Write g® for the double of g [cf. [CmbGC], Proposition 2.2, (i)]-i.e.,
the analogue in the theory of semi-graphs of anabelioids of pro-~ PSCtype to the well-known "double" of a Riemann surface with boundary.
Write 1{® for the double of 1-i. Then it follows from the various definitions involved that the connected finite etale covering 1-i --+ g determines
a connected finite etale covering 1{® --+ g® of degree [IIg : IIH]· Next,
let us observe g (respectively, 1-i) may be naturally identified with the
restriction [cf. Definition 2.2, (ii)] of g® (respectively, 1-i®) to a suitable sub-semi-graph of PSC-type of the underlying semi-graph of g®
(respectively, 1-i®). Thus, it follows from assertion (iv) that we have a
commutative diagram of Z2;-modules
EBeECusp(Qiv) HomzL'

E

H'1 (g, M)

1

1

-where the horizontal arrows are the isomorphisms of assertion (iv), and
the vertical arrows are the homomorphisms induced by the connected
finite etale coverings 1-i --+ g' 1{® --+ g®' respectively-and hence that
assertion (v) in the case where Cusp (g) :1 0 follows immediately from
assertion (v) in the case where Cusp(Y) = 0. This completes the proof
of assertion (v).
Q.E.D.

Definition 3.8.
(i)

We shall write
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and refer to Ag as the cyclotome associated to g. For a vertex
v E Vert(Q) of Q, we shall write

and refer to Av as the cyclotome associated to v E Vert(Q).
Note that it follows from Theorem 3.7, (ii), that the cyclotomes
Ag and Av are free JLE-modules of rank 1.
(ii)

We shall write

for the natural homomorphism induced by the natural action of
Aut(Q) on H;(Q, JLE) and refer to Xg as the pro-!:. cyclotomic
character of Q. For a vertex v E Vert(Q) of Q, we shall write
Xv

dcl

=

X9lv: Aut(Qiv)--+ Aut(Av)

~E

C:::

(Z )*

and refer to Xv as the pro-!:. cyclotomic character of v.

Remark 3.8.1. One verifies easily that if l E !:., then the composite

coincides with the pro-l cyclotomic character of Aut(Q) defined in the
statement of [CmbGC], Lemma 2.1.

Corollary 3.9 (Synchronization of cyclotomes). Let 2:. be a
nonempty set of prime numbers and Q a semi-graph of anabelioids of
pro-!:. PSC-type. Then the following hold:

(i)

(Synchronization with respect to generization) LetS~
Node(Q) be a subset of Node(Q). Then the specialization outer
isomorphism <l?g~s : Ilg~s ~ Ilg with respect to S [cf. Definition 2.1 0} determines a natural isomorphism

that is functorial with respect to isomorphisms of the pair
(Q,S).
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(ii)

(Synchronization with respect to "surgery") Let lHI be
a sub-semi-graph of PSC-type (cf. Definition 2.2, (i}} of IG,
S <;;; Node(QIIHI) (cf. Definition 2.2, (ii}} a subset ofNode(QIIHI)
that is not of separating type (cf. Definition 2.5, (i}}, and
T <;;; Cusp((9IIHI);.-s) (cf. Definition 2.5, (ii}} an omittable (cf.
Definition2.4, (i}} subset ofCusp((QIIHI);.-s). Then there exists
a natural isomorphism ~given by "extension by zero"~
Ag ~ Acwhllll>--s).T

(cf. Definition 2.4, (ii}} that is functorial with respect to isomorphisms of the quadruple (Q, lHI, S, T). In particular, (by taking the inverse of this isomorphism} we obtain, for each vertex
v E Vert(Q) of Q, a natural isomorphism of z2:.-modules
Sl)nv:

Av ~ Ag

that is functorial with respect to isomorphisms of the pair
(Q, v).

(iii)

(Synchronization with respect to finite etale coverings)
Let 1{ --+ Q be a connected finite etale covering of Q. Then there
exists a natural isomorphism

that is functorial with respect to isomorphisms of the pair
(Q, H).
(iv)

(Synchronization of cyclotomic characters) Let v E
Vert(Q) be a vertex ofQ and a E Aut{v}(Q) (cf. Definition 2.6,
(i}}. Then it holds that

Xg(a) = Xv(agiJ
{cf. Definitions 2.14, (ii}; 3.8, (ii}; Remark 2.5.1, (ii}j.

(v)

(Synchronization

associated

to

branches)

Let e

E

Edge(Q) be an edge of Q, b a branch of e that abuts to a vertex
v E V( e), and Ile <;;; Ilg an edge-like subgroup of ITg associated
to e E Edge(Q). Then there exists a natural isomorphism
Sl)n b : Ile ~- Av

that is functorial with respect to isomorphisms of the quadruple (Q, b, e, v).
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(Difference between two synchronizations associated
to the two branches of a node) Let e E Node(Q) be a
node of Q with branches b1 =1- b2 that abut to vertices v1 , v 2 E
Vert(Q), respectively. Then the two composites
Sl)n bl

sl)n VI

Sl)n b2

sl)n v2

IIe ~ Av 1 ~ Ag ; IIe ~ Av 2 ~ Ag
differ by the automorphism of Ag given by multiplication by
-1 E zE.
Proof. Assertion (i) (respectively, (ii)) follows immediately from
Theorem 3.7, (iii) (respectively, Theorem 3.7, (iv)). Assertion (iv) follows immediately from assertion (ii).
Next, we verify assertion (iii). It follows immediately from Theorem 3. 7, (v), that the homomorphism of zE_modules kf{ -tAg obtained
by applying the functor "Homz, ( -, zE)" to the induced homomorphism
H'1(Q, zE) -t H'1(1-l, zE) and dividing by the index [IIg : II1-d is an isomorphism. This completes the proof of assertion (iii).
Next, we verify assertion (v). First, we observe that to verify assertion (v), by replacing Q by Qlv and e E Edge(Q) by the cusp of
Qlv corresponding to b, we may assume without loss of generality that
e E Cusp(Q). Then we have homomorphisms of zE_modules

-where the first arrow is the natural inclusion into the component indexed by e, and the second arrow is the surjection appearing in the
exact sequence of Lemma 3.3 in the case where M = IIe. Here, we note
that it follows immediately from the facts (A), (B) used in the proof of
Theorem 3.7, (i), (ii), that the composite of these homomorphisms is an
isomorphism. Therefore, we obtain a natural isomorphism

by forming the inverse of the image of the identity automorphism of
IIe via the composite of the homomorphisms of the above display. This
completes the proof of assertion (v).
Finally, we verify assertion (vi). First, we observe that one may
verify easily that there exist
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• a semi-graph of anabelioids of pro- I; PSC-type 1{t,
• a sub-semi-graph of PSC-type lf(t of the underlying semi-graph
of 1{t,
• an omittable subset st ~ Cusp((1it)IJKt), and
• an isomorphism

such that the node e 11_t E Node(1it) of 1{t corresponding, relative to
the isomorphism ((1it)IJKt ).st -"+ g, to the node e E Node(g) is not of
separating type. [Note that it follows immediately from the various definitions involved that Node(g) l;- Node(((1it)!JKt ).st) may be regarded
as a subset of Node(1it).] Thus, it follows immediately from assertions
(i), (ii)~by replacing g (respectively, e) by (1it)-v-+Node(Ht)\{eHt} (respectively, eHt )~that to verify assertion (vi), we may assume without
loss of generality that Node(g) = {e }, and that e is not of separating
type.
Next, we observe that one may verify easily that there exists a semigraph of anabelioids of pro-2; PSC-type 1{+ such that
• Node(Ji+) consists of precisely two elements eH+, e~+;

• V( e'H+) consists of precisely one element VH+ of type (0, 3) [cf.
Definition 2.3, (iii)].
• e~+ is of separating type;
• (1i+)___,{e~+} is isomorphic to g.
Thus, if we write JK:I: for the unique sub-semi-graph of PSC-type of the
underlying semi-graph of 1{+ whose set of vertices = {v'H+}, then it follows immediately from assertions (i), (ii)~by replacing g (respectively,
e) by Ji:I:IJK+ (respectively, eH+)~that to verify assertion (vi), we may
assume without loss of generality that Node(g) = {e }, that e is not of
separating type [so Vert(g) consists of precisely one element], and that
g is of type (1, 1).
Write v E Vert(g) for the unique vertex of g. Note that it follows
immediately from the various assumptions on g that glv is of type (0, 3).
Write e1, ez E Cusp(glv) for the cusps of glv corresponding, respectively,
to the two branches b1, bz of the node e; write e3 E Cusp(glv) for the
unique element of Cusp(g!v) \ {e 1, e 2 }. Then since gfv is of type (0, 3),
there exists a graphic isomorphism of glv with the semi-graph of anabelioids of pro-2; PSC-type [without nodes] determined by the tripod
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[cf. the discussion entitled "Curves" in §OJlPt \ {0, 1, oo} over an algebraically closed field k of characteristic rf. ~ such that the cusps e 1 , e 2 of
9lv correspond to the cusps 0, oo of
{0, 1, oo }, respectively, relative
to the graphic isomorphism. Thus, by considering the automorphism of
{0, 1, oo} over k given by "t H 1/t", we obtain an automorphism
Tv E Aut(Qiv) of 9lv that maps e1 H e2, e2 H e1. Moreover, since
this automorphism of
{0, 1, oo} induces an automorphism of the
stable log curve of type (1, 1) obtained by identifying the cusps 0 and
oo of
{0, 1, oo}, we also obtain an automorphism Tg E Aut(Q) of
Q. Note that it follows immediately from the definition of Tv, together
with the well-known structure of the etale fundamental group of the
tripod
{0, 1, oo }, that the automorphism Tv induces the identity
automorphism of the anabeloid Wlv)e 3 corresponding to e 3 .
Next, let us observe that it follows immediately from the definition
of 9lv, together with the proof of assertion (v), that fori= 1, 2, there
exists a natural isomorphism lie -=+ liei -where we use the notations
lie, liei to denote edge-like subgroups of lig, liglv associated to e, ei,
respectively-such that the composite

JPl \

JPl \

JPl \

JPl \

JPl \

sryn b~

.st)n v

lie~ lie, ~ Av [= AgiJ ~ Ag

-where we write b~ for the [unique] branch of ei -coincides with the
composite in question
.SiJn bi

£it)n v

lie~ Av ~ Ag.

Next, let us observe that it follows immediately from the functoriality portion of assertion (v) that the automorphisms Tv, Tg induce a
commutative diagram of Z~-modules
sl)n

lie -----+ liel

11

b~.

~Av

[= AgiJ ~ Ag

11

11

11

sl)nb~.

lie -----+ lie2 ~ Av [= AgiJ ~ Ag
-where the vertical arrows are the isomorphisms induced by the automorphisms Tv, Tg. Now by considering the well-known local structure
of a stable log curve in a neighborhood of a node, one may verify easily
that the left-hand vertical arrow in the above diagram is the automorphism of lie given by multiplication by -1 E z:~. Thus, to complete the
verification of assertion (vi), it suffices, in light of the commutativity
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of the above diagram, to verify that Tv E Aut(9lv) induces the identity
automorphism of Aglv = Av. On the other hand, this follows immediately from assertion (v), applied to the cusp e3, together with the fact
that the automorphism Tv induces the identity automorphism of (Qiv)e 3 •
This completes the proof of assertion (vi).
Q.E.D.

§4.

Profinite Dehn multi-twists

In the present §, we introduce and discuss the notion of a profinite
Dehn multi-twist. Although our definition of this notion [cf. Definition 4.4 below] is entirely group-theoretic in nature, our main result
concerning this notion [cf. Theorem 4.8 below] asserts, in effect, that
this group-theoretic notion coincides with the usual geometric notion of
a "Dehn multi-twist".
Let ~ be a nonempty set of prime numbers and Q a semi-graph of
anabelioids of pro-~ PSC-type. Write G for the underlying semi-graph
of Q, ITg for the [pro-~] fundamental group of Q, and Q--+ Q for the
universal covering of Q corresponding to ITg.
Definition 4.1. We shall say that Q is cyclically primitive (respectively, noncyclically primitive) if Node(Q)~ = 1, and the unique node
of Q is not of separating type (respectively, is of separating type) [cf.
Definition 2.5, (i)].

Remark 4.1.1. If Q is cyclically primitive (respectively, noncyclically primitive), then Vert(Q)~ = 1 (respectively, 2), and the [discrete]
topological fundamental group 7r~ 0 P(G) of the underlying semi-graph G
of Q is noncanonically isomorphic to Z (respectively, is trivial).

Lemma 4.2 (Structure of the fundamental group of a noncyclically primitive semi-graph of anabelioids of PSC-type).
Suppose that Q is noncyclically primitive [cf. Definition 4.1). Let
v, w E Vert(Q) be the two distinct vertices of Q [cf. Remark 4.1.1};
e, v, wE VCN(Q) elements ofVCN(Q) such that v(Q) = v, w(Q) = w,
and, moreover, e E N (v) n N (w). Then the natural inclusions lie' Ilv'
Ilu; "--+ ITg determine an isomorphism of pro-~ groups
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-where the inductive limit is taken in the category of pro-'2:. groups.
Proof. This may be thought of as a consequence of the "van Kampen Theorem" in elementary algebraic topology. At a more combinatorial level, one may reason as follows: It follows immediately from the
simple structure of the underlying semi-graph G that there is a natural
equivalence of categories between
• the category of finite sets with continuous Ilg-action [and Ilgequivariant morphisms] and
• the category of finite sets with continuous actions of H;;, IIw
which restrict to the same action on IIe [and IIv-,
Ilw-equivariant morphisms].
The isomorphism between Ilg and the inductive limit appearing in the
statement of Lemma 4.2 now follows formally from this equivalence of
categories.
Q.E.D.

Lemma 4.3 (Infinite cyclic tempered covering of a cyclically
primitive semi-graph of anabelioids of PSC-type). Suppose that
Q is cyclically primitive [cf. Definition 4.1}. Denote by 1riempW) the
tempered fundamental group of Q [cf. the discussion preceding [SemiAn],
Proposition 3.6}, by 1ri0 P(G) [c::- Z-cf. Remark 4.1.1} the [discrete} topological fundamental group of the underlying semi-graph G of Q, and by
Yoo -+ Q the connected tempered covering of Q corresponding to the natural surjection 1riempW) ---» 1riop(G) [where we refer to [SemiAn], §3,
concerning tempered coverings of a semi-graph of anabelioids}. Then the
following hold:

(i)

(Exact sequence) The natural morphism Yoo -+ Q induces
an exact sequence
1---+ 7riempWoo)---+ 7riempW)---+ 7riop(G)---+ 1.

Moreover, the subgroup 7riempWoo) ~ 1riempW) of 1riempW) is
characteristic.
(ii)

(Automorphism groups) There exist natural injective homomorphisms

Autlgrphl (Q)

Y

Autlgrphl Woo) , 1riop(G)

Y

AutWoo)

-where we write Autlgrphl Woo) for the group of automorphisms
of Q00 that induce the identity automorphism of the underlying semi-graph ofQ00 • Moreover, the centralizer of7ri 0 P(G) in
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Autlgrphl (g 00 ) satisfies the equality
ZAutlgrphi(Q 00 )(7T~ 0 P(IG))

(iii)

= Autlgrphi(Q) ·

(Action of the fundamental group of the underlying
semi-graph) Let roo E 7T~op(IG) <;;: Aut(Qoo) {cf. (ii)} be a
generator of 7Ti 0 P(IG) c::- Z. Write Vert(g 00 ) , Node(g 00 ) , and
Cusp(g00 ) for the sets of vertices, nodes {i.e., closed edges},
and cusps {i.e., open edges} of Q00 , respectively. Then there
exist bijections
V : Z ~ Vert(Qoo) , N : Z ~ Node(Qoo),

C :Z

X

Cusp(g) ~ Cusp(Qoo)

such that, for each a

E

Z,

•

the set of edges that abut to the vertex V (a) is equal to
the disjoint union of {N(a), N(a + 1)} and { C(a, z) I z E
Cusp(Q)};

•

the automorphism of Vert(Qoo) (respectively, Node(Qoo)i
Cusp(Qoo)) induced by roo E Aut(Qoo) maps V(a) (respectively, N(a); C(a, z)) to V(a + 1) (respectively, N(a + 1);
C(a + 1, z)).

(iv)

(Restriction to a finite sub-semi-graph) Let a::; bE Z be
integers. Denote by IG[a,b] the (uniquely determined} subsemi-graph of PSC-type {cf. Definition 2.2, (i)} of the underlying semi-graph of 9oo such that the set of vertices of IG[a,b]
is equal to {V(a), V(a + 1), · · · , V(b)} {cf. (iii)}; denote by
Q[a,b] the semi-graph of anabelioids obtained by restricting 9oo
to IG[a,b] {cf. the discussion preceding [SemiAn], Definition 2.2}.
Then Q[a,b] is a semi-graph of anabelioids of pro-:E PSCtype. Moreover, Q[a,a+l] is noncyclically primitive.

(v)

(Restriction to a sub-semi-graph having precisely one
vertex) Let a ::; c::; b E Z be integers. Then the natural morphism of semi-graphs of anabelioids Q[c,c] -+ Q[a,b] {cf. (iv)} determines an isomorphism Q[c,c] ~ Q[a,b]lv(c) -where we regard
V(c) E Vert(Q 00 ) as a vertex of Q[a,b]· Moreover, if we write
v E Vert(g) for the unique vertex of Q {cf. Remark 4.1.1},
then the composite of natural morphisms of semi-graphs of anabelioids Q[c,c] -+ 9oo -+ Q determines an isomorphism of Q[c,c]
with 9lv·
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(Natural isomorphisms between restrictions to finite
sub-semi-graphs) Let a s; b E Z be integers and "'oo E
7T~ 0 P(G) ~ Aut(g 00 ) the automorphism of goo appearing in
(iii). Then "(00 determines an isomorphism g[a,b] -"} g[a+l,b+l]·

Proof.
morphism

First, we verify assertion (i). To show that the natural
--7 g induces an exact sequence

goo

it suffices to verify that every tempered covering of goo determines, via
the morphism goo --7 g, a tempered covering of g. But this follows
immediately, in light of the definition of a tempered covering, from the
finiteness of the underlying semi-graph G and the topologically finitely
generated nature of the verticial subgroups of the tempered fundamental
group 7T~emp(g 00 ) of goo· On the other hand, the fact that the subgroup
7T~emp(goo) ~ 1riemp(g) is characteristic follows immediately from the
observation that the quotient 1riemp(g)--+> 7Tiemp(g)/7T~emp(g00 ) may be
characterized as the maximal discrete free quotient of 7T~emp(g) [cf. the
argument of [Andre], Lemma 6.1.1]. This completes the proof of assertion (i).
Next, we verify assertion (ii). The existence of a natural injection 7Ti 0 P(G) Y Aut(goo) follows immediately from the definition of
the connected tempered covering goo --7 g, together with the fact that
7T~0 P(G) is abelian. On the other hand, it follows immediately from
assertion (i), together with the various definitions involved, that any element of Autlgrphl (g) determines-up to composition with an element
of 1ri0 P(G) ~ Aut(g 00 )-an automorphism of g00 . Therefore, by composing with a suitable element of 7T~ 0 P(G) ~ Aut(g 00 ), one obtains a
uniquely determined element of Autlgrphl Woo), hence also a natural injective homomorphism Autlgrphl(g) Y Autlgrphl(g 00 ). Next, to verify the
equality ZAutlgrphi(Qoo)(7T~ 0 P(G)) = Autlgrphl(g), observe that 7T~emp(goo)
is center-free [cf. [SemiAn], Example 2.10; [SemiAn], Proposition 3.6,
(iv)]; this implies that we have a natural isomorphism 7T~emp(g) '::::'
out
1riemp(g00 ) ><1 1riop(G) [cf. the discussion entitled "Topological groups"
in §0]. Thus, in light of the [easily verified] inclusion Autlgrphl (g) ~
Z Autlgrphl Woo) (1riop (G)), the desired equality follows immediately from
[CmbGC], Proposition 1.5, (ii). This completes the proof of assertion
(ii).
Assertions (iii), (iv), (v), and (vi) follow immediately from the definition of the connected tempered covering goo --7 g.
Q.E.D.
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Definition 4.4. We shall write

Dehn(Q) ~f {a E Autlgrphl (9) I aglv = id91v for any v E Vert(Q)}
-where we refer to Definitions 2.1, (iii); 2.14, (ii); Remark 2.5.1, (ii),
concerning "aglv". We shall refer to an element of Dehn(Q) as a profinite
Dehn multi-twist of Q.

Proposition 4.5 (Equalities concerning the group of profinite Dehn multi-twists). It holds that

nzEVCN(Q) Autiiiz I (Q)

nvEVert(Q) Autiiiv I(9)

Dehn(Q)

nzEVCN(Q) Outiiizi(IIg)

c

Autlgrphl (9)

[cf. Definitions 2.13; 2.6, (i); [CmbGC], Proposition 1.2, (ii)}-where
we use the notation "II(_)" to denote a VCN-subgroup [cf. Definition 2.1, (i)} of IIg associated to "(-)" E VCN (9).
Proof. The first equality follows immediately from the various definitions involved [cf. also [CmbGC], Proposition 1.2, (i)]. The second
equality follows immediately from the fact that any edge-like subgroup
is contained in a verticial subgroup. The third equality follows immediately from Proposition 2.7, (ii). This completes the proof of Proposition 4.5.
Q.E.D.

Lemma 4.6 (Construction of certain homomorphisms). Let

e E Node(Q), e ~£ e(Q) E Node(Q).
(i)

Then the following hold:

Dehn(Q) be a profinite Dehn multi-twist of g and
Vert(Q). Write
for the unique element of the
complement V(e) \ {v} [cf. [NodNon], Remark 1.2.1, (iii)}.
Then there exists a unique lifting a[V] E Aut(IIg) of a which
preserves the verticial subgroup IIv <;;;: IIg of IIg associated to
v E Vert(Q) and induces the identity automorphism of IIv.
Moreover, this lifting a[V] preserves the verticial subgroup
IIw <;;;: IIg of IIg associated to w E Vert(Q), and there exists
a unique element 0-e,v E II-e of the edge-like subgroup II-e <;;;: IIg
of IIg associated to E Node(Q) such that the restriction of
a[V] to IIw is the inner automorphism determined by 0-e,v E II-e

Let a

E

v E V(e)

w

<;;;:

e

(<;;;:

IIw).
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For v E V(e), denote by fle,v: Dehn(Q)-+ Ag the composite of
the map
Dehn(Q) -----+ lie
given by assigning a

f--1

be,v E lie fcj, (i)} and the isomorphism
sl)nb

Sl)nv

lie~ Av ~ Ag

fcj, Corollary 3.9, (ii), (v)j-where we write v ~f v(Q) and
b for the branch of e determined by the unique branch of
which abuts to v. Then the map fle,v: Dehn(Q) -+ Ag is a
homomorphism of profinite groups which does not depend
on the choice of the element
E V(e), i.e., if w E V(e) \
{v}, then fle,v = fle,w· Moreover, the homomorphism fle,v
(= fle,w) depends only on e E Node(Q), i.e., it does not
depend on the choice of the element e E Node(Q) such that
e(Q) =e.

e

v

Proof First, we verify assertion (i). The fact that there exists a
unique lifting a[V] E Aut(lig) of a which preserves liv and induces the
identity automorphism of liv follows immediately, in light of the slimness
of liv [cf. [CmbGC], Remark 1.1.3] and the commensurable terminality
of liv in lig [cf. [CmbGC], Proposition 1.2, (ii)], from the fact that
a E Outiiivl(lig) [cf. Proposition 4.5]. The fact that a[V] preserves
liu; follows immediately, in light of the graphicity of a [V], from the fact
that liu; is the unique verticial subgroup H of lig such that H cf- liv
and lie t;;;; H [cf. [NodNon], Remark 1.2.1, (iii); [NodNon], Lemma 1.7],
together with the fact that a[V] preserves liv, lie t;;;; lig. The fact that
there exists a unique element be,v E lie of lie such that the restriction
of a[V] to liu; is the inner automorphism determined by be,v follows
immediately, in light of the slimness of liu; [cf. [CmbGC], Remark 1.1.3]
and the commensurable terminality of lie [cf. [CmbGC], Proposition
1.2, (ii)], from the fact that a E Outiiiu;l(lig) [cf. Proposition 4.5].
This completes the proof of assertion (i). Next, we verify assertion (ii).
The fact that the map fle,iJ is a homomorphism follows immediately
from the various uniqueness properties discussed in assertion (i). The
fact that the map fle,v does not depend on the choice of the element
v E V(e) follows immediately from Corollary 3.9, (vi). The fact that
the homomorphism fle,v does not depend on the choice of the element
e E Node(Q) such that e(Q) = e follows immediately from the definition
of the map fle,v· This completes the proof of assertion (ii).
Q.E.D.
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Definition 4.7. For each node e

E

Node(Q) of Q, we shall write

:De ~f ::De-,ii: Dehn(Q) -----+ Ag
for the homomorphism obtained in Lemma 4.6, (ii). [Note that it follows
from Lemma 4.6, (ii), that this homomorphism depends only on e E
Node(Q).] We shall write

::Dg ~f

EB

EB

:De: Dehn(Q) -----+

eENode(Q)

Ag.

Node(Q)

Theorem 4.8 (Properties of profinite Dehn multi-twists).
Let ~ be a nonempty set of prime numbers and g a semi-graph of anabelioids of pro-~ PSC-type. Then the following hold:
(i)

(Normality) Dehn(Q) is normal in Aut(Q).

(ii)

(Compatibility with generization) Let S c:;= Node(Q).
Then-relative to the inclusion Aut 8 (Q) c:;= Aut(Q__,s) fcf. Definition 2.8} induced by the specialization outer isomorphism
IIg -=+ IIg~s with respect to S fcf. Proposition 2.9, (ii)J-we
have a diagram of inclusions
Dehn(Q)

n

+--"

Dehn(Q__,s)

n

Moreover, if we regard Node(Q__,s) as a subset of Node(Q),
then the above inclusion Dehn(Q__,s) '---7 Dehn(Q) fits into a
commutative diagram of profinite groups

~g~sl
EBNode(Q~s) Ag

1~g
- t EBNode(Q) Ag

-where the lower horizontal arrow is the natural inclusion determined by the inclusion Node(Q__, 8 ) '---7 Node(Q) and the natural isomorphism Ag~s -=+ Ag (cf. Corollary 3.9, (i)j.
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(Compatibility with "surgery") Let lHI be a sub-semi-graph
ofPSC-type fcj. Definition 2.2, (i)J of!G, S s;;; Node(Qillll) fcf.
Definition 2.2, (ii)J a subset ofNode(Qillll) that is not of separating type fcj. Definition 2.5, (i)j, and T S: Cusp((Qillll)>-s)
fcj. Definition 2.5, (ii)} an omittable fcj. Definition 2.4, (i)J
subset of Cusp( (Qillll)>-s). Then the natural homomorphism

Autllli>-S•T(Q)

----+

Aut(((Qillll)>-s).r)

0:

f--7

O:((Q[JHih-s)oT

fcj. Definitions 2.4, (ii); 2.14, (ii)} induces a homomorphism

Dehn(Q)----+ Dehn(((Qillll)>-s).r).
Moreover, if we regard Node(((Qillll)>-s).r) as a subset of Node(Q), then the above homomorphism Dehn(Q) ---+
Dehn( ( (Qillll)>-s ).r) fits into a commutative diagram of profinite groups

Dehn(Q)

-t

Dehn(((Qillll)>-s).r)

-where the lower horizontal arrow is the natural projection,
and we apply the natural isomorphism Ag ~ A((Q[JHI)>-s).r (cf.
Corollary 3. 9, (ii)j.

(iv)

(Structure of the group of profinite Dehn multi-twists)
The homomorphism defined in Definition 4. 7
:Dg:

Dehn(Q) ----+

EB

Ag

Node(Q)

is an isomorphism of profinite groups that is functorial,
in Q, with respect to isomorphisms of semi-graphs of anabelioids of pro-2:, PSC-type. In particular, Dehn(Q) is a finitely
generated free zE-module of rank Node(Q)~. We shall
refer to a nontrivial profinite Dehn multi-twist whose image
E E9Node(Q) Ag lies in a direct summand fi. e., in a single "Ag "}
as a profinite Dehn twist.
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(v)

(Conjugation action on the group of profinite Dehn
multi-twists) The action of Aut(g) on E9Node(g) Ag

Aut(g)--+ Aut(Dehn(g)) ~Aut(

E9

Ag)

Node (g)

determined by conjugation by elements of Aut(g) [cf. (i)} and
the isomorphism of (iv) coincides with the action of Aut(g) on
E9Node(g) Ag determined by the action Xg of Aut(g) on Ag
and the natural action of Aut (g) on the finite set Node (g).
Proof. Assertions (i), (ii), and (iii) follow immediately from the
various definitions involved. Next, we verify assertion (iv). The functoriality of the homomorphism :Dg follows immediately from the various
definitions involved. The rest of the proof of assertion (iv) is devoted
to verifying that the homomorphism :Dg is an isomorphism. First, we
claim that
(*d: if g is noncyclically primitive [cf. Definition 4.1],
then the homomorphism :Dg is injective.
Indeed, this follows immediately from Lemma 4.2, together with the
definition of the homomorphism :Dg. This completes the proof of the
above claim ( *d·
Next, we claim that
(*2 ): if g is cyclically primitive [cf. Definition 4.1],
then the homomorphism :Dg is injective.
Indeed, let a E Ker(:Dg) t:;:: Out(Ilg) be an element of Ker(:Dg ). Since
we are in the situation of Lemma 4.3, we shall apply the notational conventions established in Lemma 4.3. Denote by a 00 E Autlgrphl Woo) the
automorphism of goo determined by a [cf. Lemma 4.3, (ii)]; for integers
a :::; b E Z, denote by a[a,b] E Autlgrphl (g[a,b]) the automorphism of g[a,b]
obtained by restricting a 00 E Autlgrphl(g 00 ). Then since a is a profinite
Dehn multi-twist, one may verify easily that a[a,b] is a profinite Dehn
multi-twist of g[a,b]· Thus, since g[a,a+l] is noncyclically primitive [cf.
Lemma 4.3, (iv)], it follows immediately from the fact that a E Ker(:Dg ),
together with the claim (*I), that a[a,a+l] is trivial. Moreover, for any
a < b E Z, it follows-by applying induction on b - a and considering,
in light of the claim (* 1 ), the various generizations [cf. assertion (ii)]
of g[a,b] with respect to sets of the form "Node(g[a.bJ) \ {e}"-that the
profinite Dehn multi-twist a[a,b], hence also the automorphism a 00 , is
trivial. In particular, it holds that a is trivial [cf. Lemma 4.3, (ii)], as
desired. This completes the proof of the above claim ( *2 ).
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Next, we claim that

(* 3 ): for arbitrary Q, the homomorphism :Dg is injective.
We verify this claim (* 3 ) by induction on Node(Q)~. If Node(Q)~ ::; 1,
then the claim (* 3 ) follows formally from the claims (*I) and (* 2 ). Now
suppose that Node(Q)~ > 1, and that the induction hypothesis is in force.
Let e E Node(Q) be a node of Q. Write JH[ for the unique sub-semi-graph
of PSC-type of G whose set of vertices is V(e). Then one may verify
easily that S ~f Node(Qillil) \ { e} is not of separating type as a subset
of Node(Qillil)· Thus, since (Qillil);.-s has precisely one node, it follows
immediately from assertion (iii), together with the claims (*I) and (* 2 ),
that the profinite Dehn multi-twist a(Qh11 ):..s of (Qillil);.-s determined by
a E Dehn(Q) is trivial. In particular, it follows immediately from the definition of a generization [cf., especially, the definition of the anabelioids
corresponding to the vertices of a generization given in Definition 2.8,
(vi)], together with the definition of a profinite Dehn multi-twist, that
the automorphism ag~{e} of the generization Q___,{e} determined by a
[cf. Proposition 2.9, (ii)] is a profinite Dehn multi-twist. Therefore,
since Node(Q___,{e})~ < Node(Q)~, it follows immediately from assertion
(ii), together with the induction hypothesis, that ag~{e} E Ker(:Dg~{e}),
hence also a E Ker(:Dg ), is trivial. This completes the proof of the claim

(*3)Next, we claim that

(*4 ): if Q is noncyclically primitive [cf. Definition 4.1],
then the homomorphism :Dg is surjective.
Indeed, this follows immediately from Lemma 4.2, together with the
various definitions involved. This completes the proof of the claim ( *4 ).
Next, we claim that

(* 5 ): if Q is cyclically primitive [cf. Definition 4.1],
then the homomorphism :Dg is surjective.
Indeed, let A E Ag be an element of Ag. Since we are in the situation
of Lemma 4.3, we shall apply the notational conventions established
in Lemma 4.3. Then it follows immediately from Corollary 3.9, (ii),
together with Lemma 4.3, (v), that for any integers a ::; 0 < b E Z,
the natural morphisms 9[o,o] -+ Q[a,b] and 9[o,o] -+ Q= -+ Q induce
isomorphisms Ag[a,bJ ~ Ag[o,o] --=+ Ag. By abuse of notation, write A E
Ag[a,bJ for the element of Ag[a,bJ corresponding to A E Ag. Now since
Q[D,l] is noncyclically primitive [cf. Lemma 4.3, (iv)], it follows from the
claims (*1), (* 4 ) that there exists a unique profinite Dehn multi-twist
A[o,l] E Dehn(Q[o, 1J) such that :Dg[ 0 , 11 (A[o,lj) =A.
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Next, we claim that
( t) : for any a :S: 0 < b E Z, there exists a [necessarily unique-cf. claim (* 3 )] profinite Dehn multi-twist
A[a,b] E Dehn(Q[a,bJ) such that ::De(A[a,bJ) =A for every
node e E Node(Q[a,bJ)·
We verify this claim (t) by induction on b-a. If b-a = 1, or equivalently,
[a, b] = [0, 1], then we have already shown the existence of a profinite
Dehn multi-twist A[o,l] E Dehn(Q[o, 1J) of the desired type. Now suppose
that 1 < b- a, and that for I E {[a, b- 1], [a+ 1, b]}, there exists a profinite Dehn multi-twist AI E Dehn(QJ) such that ::De(>-I) =A for every
node e E Node(QI). Then one may verify easily that Node(QI) may be
regarded as a subset of Node(Q[a,bJ), that H[a,b] ~f (Q[a,bJ)-.-..Node(Qr) is
noncyclically primitive, and that, if one allows v to range over the [two]
vertices of H[a,b], then the resulting semi-graphs of anabelioids (H[a,b]) lv
are naturally isomorphic to HI~£ (QI )~Node(9r) and Y[cr,cr]' where we
write ci forb (respectively, a) if I= [a, b-1] (respectively, I= [a+ 1, b]).
Let ITer <;;;; ITHr be a cuspidal subgroup of ITHr corresponding to the
cusp ei determined by the unique node of H[a,bJ; ITe 1cr,crl <;;;; ITg 1cr,crl
a cuspidal subgroup of ITglcr,crl corresponding to the cusp e[cr,cr] determined by the unique node of H[a,b]; ),I E Aut(ITHr) a lifting of the
automorphism of ITHr determined by AI E Dehn(QI) '-+ Aut(HI) [cf.
Proposition 2.9, (ii)] which preserves ITer and induces the identity automorphism of ITer. [Note that since AI E Dehn(QI ), one may verify
easily that such a lifting ),I E Aut(ITHr) exists.] Then for any element
6 E ITelcr,crl of ITeicJ,crl, it follows immediately from Lemma 4.2 that
by gluing-by means of the natural isomorphism ITer ..:::'t ITe 1CJ ,cl 1-the
automorphism ),I E Aut(ITHr) to the inner automorphism of ITgicr,crl
by 6 E ITelcr,crl, we obtain an automorphism A[a,b] [6] of ITH[a,bl, whichin light of [CmbGC], Proposition 1.5, (ii), together with the fact that
AI E Dehn(QI )-is contained in
Dehn(Y[a,b])

<;;;;

Autlgrphj (Y[a,b]) '-+ Autlgrphj (H[a,b])

<;;;;

Out(ITH[a,bl)

[cf. Proposition 2.9, (ii)]. Now it follows immediately from the definition
of the homomorphism "::De" that the assignment 6 f--7 ::De 9 [a,bl (>.a ' b[6])where we write eg 1a,bl for the node of Y[a,b] corresponding to the unique
node of H[a b]-determines a bijection ITe 1CJ,CJ 1 ..:::'t Ag. Thus, since
::De (AI) = >. for every node e E N ode(Q I), we conclude that there exists
a unique element 6 E ITeicJ.crl of ITelcr,crl such that ::De(A[a,bJ[6]) =A for
every node e E Node(Q[a,bJ)· This completes the proof of the claim (t).
!
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Write A= E Autlgrphj (Q=) for the automorphism of g= determined
by the A[a,b] 's of the claim (t), Now since :De (A[a,b]) = A for arbitrary
a < b E Z and e E Node(Q[a,bj), one may verify easily, by applying
the claim (*3 ), that the automorphism A= commutes with the natural
action of 7Ti 0 P(G) c:::: Z on g=· Thus, the automorphism A= determines
an automorphism Ag E Autlgrphl (Q) of g [cf. Lemma 4.3, (ii)]. Moreover,
it follows immediately from the definition of Ag, together with the fact
that fle(A[a,bJ) = A for arbitrary a < bE Z and e E Node(Q[a,bj), that
Ag is a profinite Dehn multi-twist such that :Dg(Ag) = A E Ag. This
completes the proof of the claim (*5).
Finally, we claim that
(* 6): for arbitrary Q, the homomorphism :Dg is surjective.
For each node e E Node(Q) of Q, it follows from assertion (ii) that we
have a commutative diagram of profinite groups
Dehn(Qov-+Node(Q)\ {e}) -------+

:Dg~Node(Q)\{e}

1

Ag

Dehn(Q)
l:Dg

-------+ EBe'ENode(Q) Ag

-where the lower horizontal arrow is the natural inclusion into the
component indexed by e. Now since Node(Q__,Node(Q)\{e})ij = 1, it follows
from the claims (*4), ( *5) that the left-hand vertical arrow :Dg~Node(Q)\{e}
in the above commutative diagram is surjective. Therefore, by allowing
"e" to vary among the elements of Node(Q), we conclude that :Dg is
surjective. This completes the proof of the claim (*6)-hence also, in
light of the claim (*3 )-of assertion (iv).
Finally, assertion (v) follows immediately from the various definitions involved, together with assertion (iv). This completes the proof of
Theorem 4.8.
Q.E.D.

Remark 4.8.1. In the notation of Theorem 4.8, denote by
1riemp(Q) the tempered fundamental group of Q [cf. the discussion preceding [SemiAn], Proposition 3.6], by 1riop(G) the [discrete] topological
fundamental group of the underlying semi-graph G of Q, by g= -+ Q
the connected tempered covering of Q corresponding to the natural surjection 1riemp(Q) --» 7Ti 0 P(G) [where we refer to [SemiAn], §3, concerning
tempered coverings of a semi-graph of anabelioids], by Autlgrphi(Q=) the
group of automorphisms of g= that induce the identity automorphism
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of the underlying semi-graph of 9oo, and by Dehn(9oo) ~ Autlgrphl Woo)
the group of "profinite Dehn multi-twists" of 9 00 -i.e., automorphisms
of Q00 which induce the identity automorphism on the underlying semigraph of 9oo, as well as on the anabelioids of 9oo corresponding to the
vertices of Q00 • Then the following hold:
(i)

The natural morphism Q00 -+ Q induces an exact sequence
1 -Hr~empWoo)--+ niempW)--+ n~op(G)--+ 1.
Moreover, the subgroup 7f~emp(9oo) ~ niempW) of niempW) is
characteristic.

(ii)

There exist natural injections
Autlgrphl (Q)

'-7

Autlgrphl Woo) , DehnW)
niop(G)

'-7

'-7

DehnWoo) ,

AutWoo)

-where the third injection is determined up to composition
with a ni 0 P(G)-inner automorphism-which satisfy the equalities
ZAutlgcphi(Q=)(niop(G))

= AutlgrphiW);

DehnW) = Autlgrphl W) n DehnWoo).
(iii)

There exists a natural isomorphism
DehnWoo) ..=+

IJ

Ag ·

Node(Q=)
Indeed, assertion (i) (respectively, (ii)) follows immediately from a similar argument to the argument used in the proof of Lemma 4.3, (i) (respectively, Lemma 4.3, (ii)), together with the various definitions involved. On the other hand, the existence of the natural isomorphism
asserted in assertion (iii) follows immediately from the fact that the
various homomorphisms :D(Q=)Illll-where lHI ranges over the sub-semigraphs of PSC-type [cf. Definition 2.2, (i)] of the underlying semi-graph
of Q00 , and we write (9oo)IJHI for the semi-graph of anabelioids obtained
by restricting 9oo to lHI [cf. the discussion preceding [SemiAn], Definition
2.2], which [as is easily verified] is of pro-L. PSC-type-are isomorphisms.
[Note that since (9oo)IJHI is of pro-L. PSC-type, the fact that :D(Q=)Illll is an
isomorphism is a consequence of Theorem 4.8, (iv). However, since lHI is
a tree, it follows from the simple structure of lHI that one may verify that
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is an isomorphism in a fairly direct fashion, by arguing as in the
proofs of the claims (*1), (*4) that appear in the proof of Theorem 4.8,
(iv).]
In particular, it follows immediately from assertions (ii), (iii) that
one may recover the natural isomorphism
1)(9oo)IJHI

Dehn(9)

-:::t

ZI1Node(Qool Ag

II

(1r~op(G)) -:::t

Ag

Node(Q)
of Theorem 4.8, (iv).

Definition 4.9. We shall write
Glu(9) C:

II

Autlgrphl(91v)

vEVert(Q)
for the [closed] subgroup of "glueable" collections of outomorphisms
of the direct product flvEVert(Q) Autlgrphl (91v) consisting of elements
(av)vEVert(Q) such that Xv(av) = Xw(aw) [cf. Definition 3.8, (ii)] for any
v, wE Vert(9).

Proposition 4.10 (Properties of automorphisms that fix the
underlying semi-graph).

(i)

(Factorization) The natural homomorphism
Autlgrphl (9)

---+

flvEVert(Q) Autlgrphl (91v)

a

f-t

( agiJvEVert(Q)

[cf. Definition 2.14, (ii); Remark 2.5.1, (ii)} factors through
the closed subgroup Glu(9) C: flvEVert(Q) Autlgrphl (91v)·
(ii)

(Exact sequence relating profinite Dehn multi-twists
and glueable outomorphisms) The resulting homomorphism p'(;ert: Autlgrphl (9) -+ Glu(9) [cf. (i)} fits into an exact
sequence of profinite groups
Vert

1 ---+ Dehn(9) ---+ Autlgrphl (9) ~ Glu(9) ---+ 1 .
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(iii)

(Surjectivity of cyclotomic characters) The restriction of
the pro-2', cyclotomic character Xg of Q [cf. Definition 3.8,
(ii)} to Autlgrphl (Q) C:: Aut(Q)

Xg IAutlgrphl (Q): Autlgrphl (Q) --+

CzL;)*

-hence also Xg -is surjective.
(iv)

(Liftability of automorphisms) Let lHI be a sub-semi-graph
ofPSC-type [cf. Definition 2.2, (i)} of!G and S C:: Node(Qillil)
[cf. Definition 2.2, (ii)} a subset of Node(Qillil) that is not of
separating type [cf. Definition 2. 5, (i)j. Then the homomorphism
Autlgrphl (Q)

--+

Autlgrphl ( (Qillil)>-S)

a

f-t

a(QIIHlh-s

[cf. Definitions 2.5, (ii); 2.14, (ii)} is surjective.
Proof. Assertion (i) follows immediately from Corollary 3.9, (iv).
Next, we verify assertion (ii). It follows immediately from the various
definitions involved that Ker(p~ert) = Dehn(Q) C:: Autlgrphi(Q). Thus,
to complete the proof of assertion (ii), it suffices to verify that the homomorphism p~ert is surjective.
Now we claim that
(*I): if Q is noncyclically primitive [cf. Definition 4.1],
then the homomorphism p~ert is surjective.
Indeed, this follows immediately from Corollary 3.9, (v); Lemma 4.2,
together with the various definitions involved. This completes the proof
of the claim (*1).
Next, we claim that
(* 2 ): if Q is cyclically primitive [cf. Definition 4.1],
then the homomorphism p~ert is surjective.
Indeed, since we are in the situation of Lemma 4.3, we shall apply the
notational conventions established in Lemma 4.3. Then it follows immediately from the fact that Vert(Q)~ = 1 [cf. Remark 4.1.1], together
with Lemma 4.3, (v), that the composite of natural morphisms 9[o,o] -+
Q= -+ Q determines a natural identification Glu(Q) -=+ Autlgrphl (Q[o,o] ).
Let a = a[o,o] E Glu(Q) -=+ Autlgrphl (Q[o,o]) be an element of Glu(Q) -=+
Autlgrphl (Q[o,o]). For each a E Z, denote by a[a,a] E Aut(Q[a,a]) the automorphism of 9[a,a] determined by conjugating the automorphism a of
9[o,o] by the isomorphism 1':?:a: 9[o,o] -=+ 9[a,a] [cf. Lemma 4.3, (iii), (vi)].
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Then for any c < b E Z, it follows from the various definitions involved
that the various CY[a,a] 's satisfy the gluing condition necessary to apply
the claim ( *1), hence that we may glue them together [cf. the proof of
the claim (*3 ) below for more details concerning this sort of gluing argument] to obtain a(n) [not necessarily unique] element of Autlgrph](Q[c,bJ)·
Thus, by allowing c < b E Z to vary, we obtain a(n) [not necessarily
unique] element CY 00 E Autlgrph](Qoo) of Autlgrph](Q 00 ). Now it follows
immediately from the definition of a 00 that for any 1 E 1riop(G), the
automorphism [aoo, I] ~f CYoo . I. a~1 . ~-l of Yoo is a "profinite Dehn
multi-twist" of Y00 , i.e., [a 00 , 1] E Dehn(Qoo) [cf. Remark 4.8.1]. Moreover, one may verify easily that the assignment 1 H [aoo,l] determines
a 1-cocycle 1ri 0 P(G) H Dehn(Q00 ). Thus, by Remark 4.8.1, (iii), together
with the [easily verified] fact that

1

H (z,

rr zE)

=

{o}

z

zE

-where we take the action of Z:: on I1z
to be the action determined by
the trivial action of Z:: on
and the action of Z:: on the index set ;L given
by addition-we conclude that there exists an element (3 E Dehn(Q00 )
such that the automorphism (3 o a 00 commutes with the natural action of
1riop(G) on Yoo· In particular, it follows from Lemma 4.3, (ii), that (3oa 00
determines an element agE Autlgrph](Q) of Autlgrphi(Q). Now since (3 E
Dehn(Q00 ), it follows immediately from the various definitions involved
that p~ert(ag) =a E Glu(Q) -=+ Autlgrph](Q[o,oj)· This completes the
proof of the claim (*2).
Finally, we claim that

zE

(*3): for arbitrary Q, the homomorphism p~ert is surjective.
We verify this claim (*3) by induction on Node(Q)~. If Node(Q)~ : _: ; 1,
then this follows immediately from the claims (*I), (* 2 ). Now suppose that Node(Q)~ > 1, and that the induction hypothesis is in force.
Let e E Node(Q) be a node of Q. Write lHI for the unique sub-semigraph of PSC-type of([; whose set of vertices is V(e). Then one may
verify easily that S ~£ Node(QIJHI) \ { e} is not of separating type as
a subset of Node(QIJHI). Thus, since (QIJHI)r-s has precisely one node,
and (av)vEV(e) may be regarded as an element of Glu((QIJHI)r-s), it follows from the claims (* 1 ), (* 2 ) that there exists an automorphism (3 E
Autlgrph]((QIJHI)r-s) of (QIJHI)r-s such that p(JI~l>-s(/3) = (av)vEV(e) E
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Glu((QIJHI)>-s). Write ,6----+{e} E Autlgrphi(((QIJHI)>-S)--+{e}) for the automorphism of ((QIJHI)>-S)--+{e} determined by ,6 E Autlgrphi((QIJHI)>-s) [cf.
Proposition 2.9, (ii)]. Then it follows immediately from Corollary 3.9,
(i), together with the definition of a generization [cf., especially, the definition of the anabelioids corresponding to the vertices of a generization
given in Definition 2.8, (vi)], that the element
def

E

(,6--+{e}' (av)v\lV(e))
Autlgrphi(((QilHI)>-S)----+{e}) X f1v\lV(e) Autlgrphi(Qiv)

may be regarded as an element of Glu(Q--+{e})· Now since Node(Q----+{e})~
< Node(Q)~, it follows from the induction hypothesis that there exists an automorphism a-v-+{e} E Autlgrphl (Q--+{e}) of Q--+{e} such that
p~:~e} (a--+{e}) = 1 E Glu(Q--+{e})· On the other hand, since ,6--+{e}
arises from an element ,6 of Autlgrphi((QIJHI)>-s), it follows immediately
from [CmbGC], Proposition 1.5, (ii), that a--+{e} E Autlgrphi(Q--+{e}) is
contained in the image of Autlgrphi(Q) '---+ Autlgrphl(g----+{e}) [cf. Proposition 2.9, (ii)]. Moreover, since P(Q'f~h-s(,B) = (av)vEV(e) E Glu((QIJHI)>-s),
it follows immediately from our original characterization of a--+{e} that
p~ert(a--+{e}) = (av)vEVert(Q) E Glu(Q). Thus, we conclude that p~ert is
surjective, as desired. This completes the proof of the claim ( *3 ), hence
also of assertion (ii).
Next, we verify assertion (iii). First, let us observe that one may
verify easily that there exist a semi-graph of anabelioids of pro-I: PSCtype 1i that is totally degenerate [cf. Definition 2.3, (iv)], a subset S C:::
Node(H), and an isomorphism of semi-graphs of anabelioids 1i--+s .::t
Q. Now since we have a natural injection Autlgrphi(H) '---+
Autlgrphl (1i--+s) .::t Autlgrphl (Q) [cf. Proposition 2.9, (ii)], it follows
immediately from Corollary 3.9, (i), that to verify assertion (iii), by
replacing Q by 1i, we may assume without loss of generality that Q is
totally degenerate. On the other hand, it follows immediately 'from assertion (ii), together with Corollary 3.9, (ii), that to verify assertion (iii),
it suffices to verify the surjectivity of XQiv for each v E Vert(Q). Thus, to
verify assertion (iii), by replacing Q by 9lv, we may assume without loss
of generality that Q is of type (0, 3) [cf. Definition 2.3, (i)]. But assertion
(iii) in the case where Q is of type (0, 3) follows immediately by considering the natural outer action of the absolute Galois group Gal(Q/Q) of
the field of rational numbers Q~where we use the notation ij to denote
an algebraic closure of Q~on the semi-graph of anabelioids of pro-I:
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PSC-type associated to the tripod lP'~ \ {0, 1, oo} over Q. This completes
the proof of assertion (iii).
Finally, we verify assertion (iv). Write 1{ ~f (QIIHI)>-S· Then it
follows immediately from assertion (ii), together with Theorem 4.8, (iii),
that the homomorphism Autlgrphl (Q) --+ Autlgrphl (H) in question fits
into a commutative diagram of profinite groups
PVert

1 ------+ Dehn(Q) ------+ Autlgrphl (Q) ~ Glu(Q) ------+ 1

1

1

pVert

1

1 ------+ Dehn(H) ------+ Autlgrphi(H) ~ Glu(H) ------+ 1
-where the horizontal sequences are exact. Now since the left-hand vertical arrow is surjective [cf. Theorem 4.8, (iii), (iv)], to verify assertion
(iv), it suffices to verify the surjectivity of the right-hand vertical arrow.
But this follows immediately from assertion (iii), together with the definition of "Glu(- )". This completes the proof of assertion (iv). Q.E.D.

§5.

Comparison with scheme theory

In the present§, we discuss [cf. Proposition 5.6; Theorem 5.7; Corollaries 5.9, 5.10 below] the relationship between intrinsic, group-theoretic
properties of profinite Dehn multi-twists [such as length, nondegeneracy, and positive definiteness-d. Definitions 5.1; 5.8, (ii), (iii) below]
and scheme-theoretic characterizations of properties of outer representations of pro-~ PSC-type [such as length, strict nodal nondegeneracy, and
IPSC-ness-cf. Definition 5.3, (ii) below; [NodNon], Definition 2.4, (i),
(iii)]. The resulting theory leads naturally to a proof of the graphicity
of C-admissible outomorphisms contained in the commensurator of the
group of profinite Dehn multi-twists [cf. Theorem 5.14 below].
Let ~ be a nonempty set of prime numbers and Q a semi-graph of
anabelioids of pro-~ PSC-type. Write G for the underlying semi-graph
of Q, llg for the [pro-~] fundamental group of Q, and Q--+ Q for the
universal covering of Q corresponding to Ilg.
Definition 5.1. Let p: I --+ Aut(Q) (C:.: Out(Ilg)) be an outer representation of pro-~ PSC-type [cf. [NodNon], Definition 2.1, (i)] which
is of NN-type [cf. [NodNon], Definition 2.4, (iii)] and E Node(Q) an

e
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element of Node(Q). Write Ih ~f ITg o~t I [cf. the discussion entitled
"Topological groups" in §0]; v, wE Vert(Q) for the two distinct elements
of Vert(Q) such that V(e) = {v, w} [cf. [NodNon], Remark 1.2.1, (iii)];
fe, fv, Iv; ~ IIr for the inertia subgroups of IIr associated to e, v, w,
respectively, i.e., the centralizers of lie-, II:u, IIv; ~ IIr in IIr, respectively
[cf. [NodNon], Definition 2.2]. Then it follows from condition (3) of
[NodNon], Definition 2.4, that the natural homomorphism Iv x Iv; --+ Ie
is an open injection. Write
lng 92:; (~
e, p ) clef
=

[

Ie : Iv

x Iv; ]

for the index of Iv x Iv; in fe; we shall refer to lng~(e, p) as the !:,-length
ofe with respect top. Note that it follows immediately from the various
definitions involved that the !:,-length of e with respect to p depends only
on e ~f e(Q) E Node(Q) and p. Write
lng 92:; ( e, p ) clef
= lng 92:; (~e, p ) ;
we shall refer to lng~(e,p) as the !:,-length ofe E Node(Q) with respect
to p.

Lemma 5.2 (Outer representations of SVA-type and profinite Dehn multi-twists). Let p: I--+ Aut(Q) (~ Out(Ilg)) be an outer
representation of pro-!:, PSG- type which is of SVA-type {cf. [NodNon],
Definition 2.4, (ii)} and e E Node(Q) an element of Node(Q). Write
IIr ~f ITg o~t I {cf. the discussion entitled "Topological groups" in
§0}; v,
E Vert(Q) for the two distinct elements of Vert(Q) such that
V(e) = {v, w} {cf. [NodNon], Remark 1.2.1, (iii)}; Ie, fv, Iv; ~ IIr for

w

the inertia subgroups of ITr associated toe, v,

w,

respectively; e ~f e(Q);

v ~f v(Q). Then the following hold:

(i)

(Outer representations ofSVA-type and profinite Dehn
multi-twists) The outer representation p factors through the
closed subgroup Dehn(Q) ~ Aut(Q). By abuse of notation,
write p for the resulting homomorphism I --+ Dehn(Q).

(ii)

(Outer representations of SVA-type and homomorphisms of Dehn coordinates) The natural inclusions Iv,
Iv; Y Ie and the composite Ie Y IIr --»I determine a diagram
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of profinite groups
I:;; x Iw

1
I-e

---------+ I ---------+ 1

-where the lower horizontal sequence is exact, and the closed
subgroups Iv, Iw s;;; Ie determine sections of the surjection
Ie---» I, respectively-hence also homomorphisms
St)n bv

I~

Iv -t fe/ Iw

~lie= lie

-=+

.st)n v

Av

-=+

Ag

-where the first "~" denotes the isomorphism given by the
composite Iv Y III ---»I, and b:;; denotes the branch of e determined by the [unique} branch of e that abuts to v. Moreover,
the composite of these homomorphisms
I-t Ag
coincides with the composite
I ~ Dehn(Q) ~ Ag

[cf. (i); Definition 4. 7}. In particular, if p is of SNN-type
[cf. [NodNon], Definition 2.4, (iii)}, then the image of the
composite I

!'..t Dehn(Q) ~

Ag coincides with lng~ (e, p) · Ag s;;;

Ag.

(iii)

(Centralizers and cyclotomic characters) Suppose that p
is of SNN-type [cf. [NodNon], Definition 2.4, (iii)}. Let
e E Node(Q) be a node of Q. Then Xg (a) = 1 [cf. Definition 3.8, (ii)} for any a E ZAut{'}(g)(Im(p)) s;;; Aut{e}(Q) [cf.
Definition 2. 6, (i)j.

Proof.
Assertion (i) follows immediately from condition (2') of
[NodNon], Definition 2.4. Next, we verify assertion (ii). The fact that
the natural inclusions I:;;, Iw Y Ie and the composite Ie Y III ---»I give
rise to the diagram and homomorphisms of the first and second displays
in the statement of assertion (ii) follows immediately from [NodNon],
Lemma 2.5, (iv); condition (2') of [NodNon], Definition 2.4. On the
other hand, it follows immediately from the various definitions involved
that the image of each f3 E I via the composite of I ~ Iv with the
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action Iv -+ Aut(IIg) given by conjugation coincides with the "a[VJ" of
Lemma 4.6, (i), in the case where one takes "a" to be p(f3). Thus, it
follows immediately from the definition of Iw that the image of j3 E I
via the composite I I;- Iv -+ Ie/ Iw ..=+ II;e coincides with the "6e,v" of
Lemma 4.6, (i), in the case where one takes "a" to be p(j3). Therefore, it
follows immediately from the definition of ;De that the homomorphisms
of the final two displays of assertion (ii) coincide. Thus, the final portion
of assertion (ii) concerning p of SNN-type follows immediately from the
definition of ~-length. This completes the proof of assertion (ii). To verify assertion (iii), let us first observe that, by Theorem 4.8, (v), the conjugation action of a E Aut{e} (Q) on the Ag ~ EBNode(Q) Ag :;_ Dehn(Q)
indexed by e E Node(Q) is given by multiplication by Xg(a). On the
other hand, since N 3 lng~ (e, p) =f. 0, it follows from the final portion of
assertion (ii) that the projection of Im(p) to the coordinate indexed by
e is open. Thus, the fact that a lies in the centralizer Z Aut{e} (Q) (Im(p))
implies that x9 (a) = 1, as desired. This completes the proof of assertion
(iii).
Q.E.D.

Definition 5.3. Let R be a complete discrete valuation ring whose
residue field is separably closed of characteristic rj_ ~; 1r E R a prime
element of R; VR the discrete valuation of R such that vR(7r) = 1;
S 1og the log scheme obtained by equipping S ~£ Spec R with the log
structure defined by the maximal ideal (1r) ~ R of R; slog the log scheme
obtained by equipping the spectrum s of the residue field of R with
the log structure induced by the log structure of slog via the natural
closed immersion s '-+ S; X 1og a stable log curve over S 1og; 9xlog the
semi-graph of anabelioids of pro-~ PSC-type determined by the special
fiber x;og ~f x!og X slog s 10gof the stable log curve x!og [cf. [CmbGC],
Example 2.5]; I 5 1og (c::::' ZL;) the maximal pro-~ completion of the log
fundamental group 7rl(S 10g) of slog.
(i)

One may verify easily that the natural outer representation
Isiog -+ Aut(Qx 1og) associated to the stable log curve xiog
over slog factors through Dehn(Qx 1og) ~ Aut(Qx 1ag)· We shall
write

for the resulting homomorphism.
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It follows from the well-known local structure of a stable log
curve in a neighborhood of a node that for each node e of the
special fiber of xlog, there exists a nonzero element ae # 0 of
the maximal ideal (1r) <;;; R such that the completion 8x,e of
the local ring Ox,e ate is isomorphic to R[[s1, s2]]/(s 1s2-ae)where s 1, s 2 denote indeterminates. Write
lngxlog (e) clef
=

VR

(ae ) ; lngxlog
I;
( ) clef [~2::
~I;]
e = Z : lngxlog (e ) · Z
.

We shall refer to lngx1og (e) as the length of e and to lng~log (e)
as the 'E.-length of e. One verifies easily that lngxlog (e), hence
also lng~Iog (e), depends only on e, i.e., is independent of the
choice of the isomorphism 8x,e '::::' R[[s1, s2]]j(s1s2- ae)·

Lemma 5.4 (Local geometric universal outer representations). In the notation of Definition 5.3, suppose that Qxiog is of type

(g, r) [cf. Definition 2.3, (i); Remark 2.3.1}. Write N cl~f Node(Qxiog)ij
and cr 1og: slog -+ (M~~;)s [cf. the discussion entitled "Curves" in §OJ
for the classifying morphism of the stable log curve X 1og over Slog. Then
the following hold:

(i)

(Local structure of the moduli stack of pointed stable curves) Write 8 for the completion of the local ring of
(Mg,r)s at the image of the closed point of S via the underlying (1-)morphism of stacks cr of cr 10g and T 1og for the [fs]

log scheme obtained by equipping T ~f Spec 8 with the log
-log
structure induced by the log structure of (Mg,r)s. [Thus, we
have a tautological strict [cf. [Illu], 1.2} (1-)morphism Tlog -+

(M~~;)s .] Then there exists an isomorphism of R-algebms
R[[t1, · · · , t3g-3+rll ..:::t

•

8

such that the following hold:

The log structure of the log scheme Tlog is given by the
following chart:
EBeENocle(Qxiog) Ne
(nel' .. • 'neN)

-where we write Ne for the copy of N indexed by e E
Node(Qxlog).
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•

(ii)

For 1 :::; i :::; N, the homomorphism of R-algebras 0 ---+ R
induced by the morphism u maps ti to aei [cf. Definition 5.3, (ii)}.

(Log-scheme-theoretic description of log fundamental
groups) Write lyiog for the maximal pro-'5:, quotient of the
log fundamental group 1r1 (T10g) of T 10g. Then we have natural
isomorphisms

lyJog

N~P' zE (1))
---+ E9eENode(Qxlogl Hom( N~P, zE(1))'
---+

Hom( E9eENode(Qxlogl

and the homomorphism lsiog ---+ lyiog induced by the classifying morphism ulog is the homomorphism obtained by applying
the functor "HomzE ( (- )gp, zE (1))" to the homomorphism of
monoids
E9eENode(Q xiog) Ne
(riel' • .. 'neN)
(iii)

----+

N

f--7

'L:~ 1 ne; lngxiog (ei)

(Local geometric universal outer representations) The
natural outer representation lyiog ---+ Aut(Qx 1ag) associated to the stable log curve over Tlog determined
by the tautological strict morphism Tlog ---+ (M~~;)s factors
through Dehn(Qxiog) ~ Aut(Qxiog); thus, we have a homomorphism lyiag ---+ Dehn(Qxiog)· Moreover, the homomorphism
Px;ag: lsiog ---+ Dehn(Qx 1og) factors as the composite of the homomorphism lsiog ---+ lyiog induced by ulog and this homomorphism lyiog ---+ Dehn(Qx 1og).

Proof. Assertion (i) follows immediately from the well-known local
-log
structure of the log stack (Mg,r)s [cf. [Knud], Theorem 2.7]. Assertion
(ii) follows immediately from assertion (i), together with the well-known
structure of the log fundamental groups of slog and T 1og. Assertion (iii)
Q.E.D.
follows immediately from the various definitions involved.

Definition 5.5. In the notation of Definition 5.3, Lemma 5.4, we
shall write tlog for the log scheme obtained by equipping the closed point
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t of T with the log structure naturally induced by the log structure of
Tlog;

Xiog for the stable log curve over

strict morphism

tlog

('---+

T 10 g)-+

tlog

corresponding to the natural

(M~~;)s;

for the homomorphism obtained in Lemma 5.4, (iii).

Proposition 5.6 (Outer representations arising from stable
log curves). In the notation of Definition 5.3, Lemma 5.4, the following
hold:
(i)

(Compatibility of ~-lengths)
Node(QX'og) of 9xiog, it holds that

For

each

node

eE

lng~xlog (e, px'og)
= lng~Iog (e)
s
fcf. Definitions 5.1; 5.3, (ii)}.
(ii)

(Isomorphicity of local geometric universal outer representations) The homomorphism

(cf. Definition 5.5} is an isomorphism of profinite groups.
(iii)

(Compatibility with generization) Let Q C:: Node(Qx,og)
be a subset of Node(Qx'og). Then there exist a stable log curve
ylog over Slog and an isomorphism of semi-graphs of anabelioids Wxiog)-+Q ..=+ Yyiog that fit into a commutative diagram
of profinite groups
puniv
ylog

fylog
~ Dehn(Qyiog)
y

1
fylog
X

univ
Pxlog

----'----+

1
Dehn(Qxiog)

-where we write Iy!og, Iy!og for the "ly!og" associated to X 1og,
X

y

respectively; the right-hand vertical arrow is the natural
inclusion induced, via the isomorphism (Q xiog )_,Q -=+ Yyiog, by
the natural inclusion of Theorem 4.8, (ii); the left-hand vertical

ylog,
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arrow is the injection induced, via the (relevant} isomorphism
of Lemma 5.4, (ii}, by the natural projection of monoids

eENode(Qylog)

{Note that it follows immediately from the various definitions
involved that Node(Qylog) ~ Node((Qx 1ag)__,Q) may be regarded
as a subset ofNode(QxJog).}

(iv)

(Compatibility with specialization) Let1-l be a semi-graph
of anabelioids of pro-!:; PSG-type, Q ~ Node( H), and 1-l__,Q -=+
Qx 1og an isomorphism of semi-graphs of anabelioids. Then
there exist a stable log curve ylog over Slog and an isomorphism of semi-graphs of anabelioids 1-l -=+ YyJog that fit into a
commutative diagram of profinite groups
univ
Pxlog

JTJog
X

1
JTJog
y

-where we write

---'---+

Dehn(Qx 1og)

1

puniv
ylog

~

JTJog, JTJog
X

y

Dehn(Qylog)

for the

"lrJog"

associated to X log,

respectively; the right-hand vertical arrow is the natural
inclusion induced, via the isomorphisms 1-l_...Q -=+ QX log and
1-l -=+ Yy 1og! by the natural inclusion of Theorem 4.8, (ii}; the
left-hand vertical arrow is the injection induced, via the (relevant} isomorphism of Lemma 5.4, (ii}, by the natural projection
of monoids
ylog,

eENode(Qylog)

{Note that it follows immediately from the various definitions
involved that Node(Qx 1og) ~ Node(7-l__,Q) may be regarded as
a subset of Node(Qylog) ~Node( H).)
(v)

(Input compatibility with "surgery") Let lHI be a subsemi-graph of PSC-type (cf. Definition 2.2, (i}} of the underlying semi-graph of YxJog' Q ~ Node((Qxlog)IIHI) (cf. Definition 2.2, (ii}} a subset of Node((Qxlog)IIHI) that is not of
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(i)},

and

U

~

Cusp(((Qxlag)IIHI)>-Q) [cf. Definition 2.5, (ii)} an omittable
[cf. Definition 2.4, (i)} subset of Cusp(((Qxlog)IIHI)>-Q)· Then
there exist a stable log curve ytag over stag and an isomorphism ( ( (Q X log) IIHI) >-Q ).u --=+ 9ylag [cf. Definition 2.4, (ii)} that
fit into a commutative diagram of profinite groups
puniv

xlog

I slog --------+ fylog ~ Dehn(Qxlog)
X

1

II

puniv

1

ylog

I slog --------+ fylog
~ Dehn(Qylog)
y

-where we write Iylog, Iylog for the "Jylog" associated to
X

xtag,

y

respectively; the left-hand horizontal arrows are the homomorphisms induced by the classifying morphisms associated
to xtag' ytag' respectively; the right-hand vertical arrow is the
natural
surjection
induced,
via
the
isomorphism
( ( (Q xlog) IIHI)>-Q).u --=+ 9ylog, by the natural surjection of Theorem 4.8, (iii); the middle vertical arrow is the surjection induced, via the [relevant} isomorphism of Lemma 5.4, (ii), by
the natural inclusion of monoids

ytag,

eENade(Qylog)
[Note that it follows immediately from the various definitions
involved that Node(Qylog) ~ Node((((Qxlag)IIHI)>-Q).u) may be
regarded as a subset ofNode(Qxlog).}
(vi)

(Output compatibility with "surgery") Let 1i be a semigraph of anabelioids of pro-2:. PSC-type, lK a sub-semi-graph
of PSC-type [cf. Definition 2.2, (i)} of the underlying semigraph of 1-l, Q ~ Node(Hioc) [cf. -Definition 2.2, (ii)} a subset
of Node(Hioc) that is not of separating type [cf. Definition 2.5, (i)}, U ~ Cusp((Hioc)>-Q) [cf. Definition 2.5, (ii)} an
omittable [cf. Definition 2.4, (i)} subset of Cusp((Hioc)>-Q),
and ((1-lloc)>-Q)eu--=+ Qxlog [cf. Definition 2.4, (ii)} an isomorphism of semi-graphs of anabelioids. Then there exist a stable
log curve ytag over stag and an isomorphism of semi-graphs of
anabelioids 1i -.::'t 9ylog that fit into a commutative diagram of
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profinite groups
puniv
ylog

!stag -----+ JTlog
~ Dehn(Qytog)
y

II

1

I stag -----+ JTiog
X

1

P~~~vg

----'----+

Dehn(Qxtog)

-where we write ITiog' ITiog for the "Irtog" associated to xlog'
X
y
respectively; the left-hand horizontal arrows are the homomorphisms induced by the classifying morphisms associated
to ylog, X log, respectively; the right-hand vertical arrow is the
natural surjection induced, via the isomorphisms ((1-lloc);.-Q).u ~
Qxtog and 1-l ~ Yytog, by the natural surjection of Theorem 4. 8,
(iii); the middle vertical arrow is the surjection induced, via the
[relevant} isomorphism of Lemma 5.4, (ii), by the natural inclusion of monoids
ylog,

eENode(Qylog)

[Note that it follows immediately from the various definitions
involved that Node(Qxtog) ;;._ Node( ( (1-lloc);.-Q ).u) may be regarded as a subset ofNode(Qytog) l;- Node(1-l).j
Proof. Assertion (i) follows immediately from the well-known local structure of a stable log curve in a neighborhood of a node. Next,
we verify assertion (ii). By allowing "Px;ag" to vary among the natural outer representations I stag --+ Dehn(Qxtog) associated to stable log
curves "X 10g" over slog whose classifying morphisms "a-" coincide with
the given a- on the closed point s of S, one concludes that the surjectivity of pu~~~ follows immediately from the final portion of Lemma 5.2,

xt

(ii), concerning p of SNN-type [cf. also assertion (i); Theorem 4.8, (iv)].
[Here, we recall that Px;og is of IPSC-type [cf. [NodNon], Definition
2.4, (i)], hence also of SNN-type [c£. [NodNon], Remark 2.4.2].] On the
other hand, since both Dehn(Qxtog) and Irtog are free Z~-modules of
rank Node(Qxtag)~ [cf. Theorem 4.8, (iv); Lemma 5.4, (ii)], assertion (ii)
follows immediately from this surjectivity of pu~~~. This completes the

xt

proof of assertion (ii).
Assertion (iii) (respectively, (iv)) follows immediately, in light of
the well-known structure of (M~~;)s [c£. also the discussion entitled
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"The Etale Fundamental Group of a Log Scheme" in [CmbCsp], §0,
concerning the specialization isomorphism on fundamental groups, as
well as Remark 5.6.1 below], by considering a lifting to slog of a stable log curve over slog obtained by deforming the nodes of the special
fiber X!og ~f X log X Slog Slog corresponding to the nodes contained in
Q (respectively, degenerating the moduli of x;og so as to obtain nodes
corresponding to the nodes contained in Q) [cf. also Proposition 4.10,
(iii)].
Next, we verify assertion (v). First, we observe that one may verify
easily that if lHI is the underlying semi-graph of Qxiog, and Q = 0, then
the stable log curve ylog over slog obtained by omitting the cusps of xlog
contained in U and the resulting natural isomorphism (Q X log ).u ~ 9y 1og
satisfy the conditions given in the statement of assertion (v). Thus, one
verifies immediately that to verify assertion (v), we may assume without
loss of generality that U = 0.
Write H ~ ((Qxiog)llf[);..Q and V d~f Vert(Qxiog) \ Vert((Qxiog)llf[) C:::
Vert(Qx 1og)· Denote by (gH, r11_) the type of H, and, for each v E V, by
(gv, rv) the type of v [cf. Definition 2.3, (i), (iii); Remark 2.3.1]. Then
it follows immediately from the general theory of stable log curves that
there exists a "clutching (1-)morphism" corresponding to the operations
"(-)llf[" and "(-);..q" [i.e., obtained by forming appropriate composites
of the clutching morphisms discussed in [Knud], Definition 3.6]

-where the fiber product "TivEv" is taken over s-that satisfies the
following condition: write Nlog for the log stack obtained by equipping the stack N with the log structure induced by the log structure
of (M~~;)s via the above clutching morphism; then there exists an slog_
valued point o-~g E N 1og(s 10 g) of Nlog such that the image of o-~g via
the natural strict (1- )morphism Nlog --+ (M~~;)s coincides with the slog_
valued point of (M~~;)s obtained by restricting the classifying morphism
o- 10g E (Mlog)s(S 10g) of Xlog to slog If moreover we write
g,r

·

'

'

stable log curve over slog corresponding to the image of o-~g
via the composite of (1-)morphisms

ylog for the
s
10 g(s 10 g)
E

N
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-where the first arrow is the (1-)morphism of log stacks obtained by
"forgetting" the portion of the log structure of Nlog that arises from [the
portion of the log structure of (M~~;)s determined by] the irreducible
components of the divisor (Mg,r)s \ (Mg,r)s which contain the image
of N--+ (Mg,r )8 -then one verifies immediately that, for any stable log
curve ylog over S 1og that lifts Yjog, there exists a natural identification
isomorphism H = ((Q X log) IJHI) >-Q -.:::t gylog ·
Next, let us observe that by applying the various definitions involved, together with the fact that the (1-)morphism Nlog --+ (M~~;)s
is strict, one may verify easily that the restrictions of the natural (1-)
morphisms of log stacks
log

I

I
og ) prl Nlog
Nlog
(M og)
(M 91i
, r1i s +--"--+----- -----+
g, r s

to a suitable etale neighborhood of the underlying morphism of stacks
of a1ll E Nlog(s 10 g) induce the following morphisms between the charts
of (M 91og
r )s, Nlog, N 10g, and (M 10
9 ,;)s determined by the chart of
H, H

"(M 1g.og,r. ) s " g1ven
.
. Lemma 5 .4 , (')
1n
1:

--+

EBeENode(1-l) Ne

( EBeENode(1-l) Ne) EB {0}
EBeENode(Q xlog) Ne

-where we use the notation Ne to denote a copy of the monoid N indexed by e, and the "'---+" is the natural inclusion determined by the
natural inclusion Node(H) '---+ Node(Q). Thus, by applying the functor "HomzE((-)gP,ZI;(1))" to the homomorphism EBeENode(1-l)Ne '---+
EBeENode(Q
) Ne obtained by composing the morphisms of the above
xlog

display and considering the [relevant] isomorphism of Lemma 5.4, (ii),
we obtain a homomorphism JT1og --+ ITlog, which makes the left-hand
X
y
square of the diagram in the statement of assertion (v) commute.
On the other hand, to verify the commutativity of the right-hand
square of the diagram in the statement of assertion (v), let us observe
that by Theorem 4.8, (iv), it suffices to verify that for any node e E
N ode(Qy 1og) of gylog, the two composites
P~}~vg

1)

ITlog
-4 Dehn(Qxlog) ~ Agxlog ~ Ag ylog ;
X
univ

JT1og
X

-----+

Pylog
JTiog
y

,

:D

~ Dehn(Qylog) -----=t

Agylog

761

Combinatorial anabelian topics I

-where we write ex for the node of Yx 1og corresponding to the node
e E Node(Qylog) via the natural inclusion Node(Qylog) Y Node(Qx 1og)coincide. But this follows immediately by comparing the natural action
of Iylog on the portion of Yx 1og corresponding to {ex} U V(ex) with the
X
natural action of Iylog
on the portion of Yylog corresponding to {e }UV( e).
y
This completes the proof of assertion (v).
Finally, we verify assertion (vi). First, we observe that one may
verify easily that if lK is the underlying semi-graph of H, and Q = 0,
then the stable log curve ylog over slog obtained by equipping xlog with
suitable cusps satisfies, for a suitable choice of isomorphism H -:::"r Yylog,
the conditions given in the statement of assertion (vi). Thus, one verifies
immediately that to verify assertion (vi), we may assume without loss
of generality that U = 0.
Write V ~£ Vert(H) \ Vert(H\oc) <;;: Vert(H). Denote by (gH, rH)
the type of H, and, for each v E V, by (gv, rv) the type of v. Then
it follows immediately from the general theory of stable log curves that
there exists a clutching "(1-)morphism" corresponding to the operations
"(-) loc" and "(- )>-Q" [i.e., obtained by forming appropriate composites
of the clutching morphisms discussed in [Knud], Definition 3.6]

-where the fiber product ''f1vEV" is taken overs -that satisfies the following condition: write Nlog for the log stack obtained by equipping the
stack N with the log structure induced by the log structure of (M~0!,,.. 1Js
via the above clutching morphism; then there exists an slog_valued point
aYifg E N 10 g(s 10g) of Nlog such that the image of aYifg E Nlog(s 10g) via
the composite of (1- )morphisms
Nlog--+
Nlog
-

~f (Mlog)
g,r s

X

s

(II (M

) ) ~ (Mlog)
g,r s

9v,rv s

vEV

-where the first arrow is the (1- )morphism of log stacks obtained by
"forgetting" the portion of the log structure of Nlog that arises from [the
portion of the log structure of (M og,..
)s determined by] the irreducible
H, H
components of the divisor (M 9 H,rH )s \ (M 9 H,rH )s which contain the im1
9

age of N-+ (M 9 H,rH) 8 -coincides with the s 10g-valued point of

(M~~;)s

obtained by restricting the classifying morphism alog E (M~~;)s(Slog)
of Xlog to s 10 g. If, moreover, we write yslog for the stable log curve
over slog corresponding to the image of aYifg E N 10 g(s 10 g) via the natural
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strict (1- )morphism Nlog --+ (M~~,,..,Js, then one verifies immediately
that, for any stable log curve ylog over S 1og that lifts Y}og, there exist
a sub-semi-graph of PSG-type K' of the underlying semi-graph of 9yiog,
a subset Q' <;:: Node( (Qyiog) IlK'), and an isomorphism of semi-graphs of
anabelioids H ~ 9yiog that satisfy the following conditions:
(a) ( (Qyiog) IlK' h-Q' may be naturally identified with

gX log.

(b) The isomorphism H ~ 9yiog induces an isomorphism K ~ K'
and a bijection Q ~ Q', hence also an isomorphism (HIJK);-Q ~
( (Qylog) IJK') >-Q' ·
(c) The automorphism of g xiog determined by the composite

-where the first arrow is the isomorphism given in the statement of assertion (vi); the second arrow is the isomorphism of
(b); the third arrow is the natural isomorphism arising from the
natural identification of (a) -is contained in Autlgrphi(Qx 1og),
and, moreover, the automorphism of Agxrog induced by this automorphism of 9xiog is the identity automorphism [cf. Proposition 4.10, (iii)].
Thus, by applying a similar argument to the argument used in the proof
of assertion (v), one verifies easily that the stable log curve ylog and the
isomorphism H ~ 9yiog satisfy the conditions given in the statement of
assertion (vi). This completes the proof of assertion (vi).
Q.E.D.

Remark 5.6.1. Here, we take the opportunity to correct a minor
misprint in the discussion entitled "The Etale Fundamental Group of a
Log Scheme" in [CmbCsp], §0. In the third paragraph of this discussion,
the field K should be defined as a maximal algebraic extension of Ko
among those extensions which are unramified over Uso [i.e., but not
necessarily over Ro ].

Theorem 5.7 (Compatibility of scheme-theoretic and abstract combinatorial cyclotomic synchronizations). Let (g, r) be a
pair of nonnegative integers such that 2g-2+r > 0; ~ a nonempty set of
prime numbers; R a complete discrete valuation ring whose residue field
is separably closed of characteristic rj. ~,. slog the log scheme obtained by
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equipping S d~f Spec R with the log structure defined by its closed point;
X log a stable log curve of type (g, r) over Slog j QX log the semi-graph
of anabelioids of pro-2', PSC-type determined by the special fiber of the
stable log curve xlog [cf. [CmbGC], Example 2.5}; 8 the completion of
the local ring of (M 9 ,r)s [cf. the discussion entitled "Curves" in §OJ at
the image of the closed point of S via the underlying (1-)morphism of
stacks O": S -+ (M 9 ,r)s of the classifying morphism of X 10 g; T 1og for
the log scheme obtained by equipping T ~f Spec 8 with the log structure induced by the log structure of (M~~;)s [cf. the discussion entitled
"Curves" in §OJ; ly1og the maximal pro-2', quotient of the log fundamental
group 1r1 (T 10g) of Tlog. Then there exists an isomorphism

[cf. Definition 3.8, (i)j such that the composite

::Dgxlog
Dehn(gx 1og)

EBeENode(Qxlog) Agxlog

[cf. Definitions 4-4; 4- 7}-where we use the notation A~[e] to denote
a copy of A~ indexed by e E N ode(g x 1og), and the first arrow is the
[relevant} isomorphism of Lemma 5.4, (ii)-coincides with the outer
representation p~1~~: ly1og -+ Dehn(gx1og) [cf. Definition 5.5} associated
to the stable log curve over Tlog corresponding to the tautological strict
(-log)
1
( 1- ) morphism Tog-+
Mg,r S·
Proof. In light of Theorem 4.8, (ii), (iv); Proposition 5.6, (ii), by
applying Proposition 5.6, (iii), to the various generizations of the form
"(gxloJ~Node(Qxlog)\{e}", it follows immediately that for each node e E
Node(Qxlog), there exists a(n) [necessarily unique] isomorphism

-where A~[e] is a copy of A~ indexed bye E Node(gx 1og)-such that
the composite

EBe SIJnxlog [e]
-+

ffi
We EN ode(Q xlog )

Ag xlog

::Dgxlog
+-

Dehn(Qx1og)
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~where the first "-=+" is the [relevant] isomorphism of Lemma 5.4, (ii)~

coincides with

puniv
xlog·
t

Thus, to complete the proof of Theorem 5. 7, it suffices to verify that
this isomorphism .SIJnxlog [e] is independent of the choice of e. Now if
Node(Qx 1og)U ::; 1, then this independence is immediate. Thus, suppose
that Node(Qx 1ag)U > 1 and fix two distinct nodes e1, e2 E Node(Qxlog)
of QX log. The rest of the proof of Theorem 5. 7 is devoted to verifying
that
(+): the two isomorphisms

coincide.
Next, let us observe that one may verify easily that there exist
• a semi-graph of anabelioids of pro- I; PSC-type H*,
• a sub-semi-graph of PSC-type JK:* of the underlying semi-graph
of H*,
• an omittable subset Q* ~ Cusp((H*)IIK· ), and
• an isomorphism

such that the subset U* ~ Node(H*) corresponding, relative to the isomorphism ((H*)IIK•)eQ*-=+ Yxlog' to the subset {e1,e2} ~ Node(Qxlag)
is not of separating type. Thus, it follows immediately from Proposition 5.6, (vi)~i.e., by replacing xlog (respectively, el, e2) by the
stable log curve "ylog" obtained by applying Proposition 5.6, (vi), to
the isomorphism ((H*)IIK* )eQ* -=+ Yx 1og (respectively, by the two nodes
E Node(Qylag) corresponding to the two nodes E U*)~that to verify
the above (t), we may assume without loss of generality that the subset
{e1,e2} ~ Node(Qx 1ag) is not of separating type.
Thus, it follows immediately from Proposition 5.6, (iii)~i.e., by
replacing X log (respectively, e 1 , e 2 ) by the stable log curve "ylog" obtained by applying Proposition 5.6, (iii), to (Qxlog)-v-+Node(Qx 1ogl\{e 1 ,e 2 }
(respectively, by the two nodes E Node(Qylog) corresponding to e1, e2)~
that to verify the above (t), we may assume without loss of generality
that Node(Qxlog) = {e1,e2}, and that Node(Qx 1ag) = {e1,e2} is not of
separating type. One verifies easily that these hypotheses imply that
Vert(Qxlog)U = 1.
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Next, let us observe that one may verify easily that there exist [cf.
Fig. 6 below]
• a semi-graph of anabelioids of pro-E PSC-type 1-{t,
• two distinct cusps

ci, c~ E Cusp(Ht) of 1-{t,

• three distinct nodes

J}, JJ, JJ

E

Node(Ht) of 1-{t, and

• an isomorphism

such that
• Vert(Ht) =

{vi, vt vl, v!};

• for i E {1, 2}, if we write eJ E Node(Ht) for the node correct}--"+
sponding, relative to the isomorphism (1-lt............. {itl l / 2t ,ft})•{ct
3
ll2
9xiog' to ei E Node(Qxiag), then it holds that V(eJ)
• V(f}) =

{vi,vl}, V(!J) = {vtvl},

V(JJ) =

= {vl};

{vl,v!};

• V(c!) = V(c~) = {v!};
• fori E {1, 2, 3},

vJ is of type (0, 3)

[cf. Definition 2.3, (iii)].

!1
Fig. 6. The underlying semi-graph of 1-{t
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One verifies easily that these hypotheses imply that (N( vi) n
N(v~))~ = (N(v~) n N(v~))~ = 1. Thus, it follows immediately from
Proposition 5.6, (iv), (vi)-i.e., by replacing X 1og (respectively, ei, e2)
by the stable log curve "Y 10 g" obtained by applying Proposition 5.6, (iv),
(vi), to the isomorphism (Ht { 1 1 1 })•{ct ct} ~ 9xlog (respectively, by
"-"+ ft ,!2 ,!3
ll 2
the two nodes E Node(Qyiog) corresponding to the two nodes ei, e~)
that to verify the above (t), we may assume without loss of generality
that there exist vertices VI, V2, v3 of QX log such that
• for i E { 1, 2}, V ( ei)
• for i E {1, 2, 3},

vi

= {vi};

is of type (0, 3);

• (N(vl) nN(v3))~ = (N(v2) nN(v3))~ = 1.
Write lHI for the sub-semi-graph of PSC-type of the underlying semigraph of QX log whose set of vertices = {VI, v2, V3}. Then one verifies easily that these hypotheses imply that Node((Qxiog)IIHI) = {ei,e2,h,h},
where we write {h} = N(vl) nN(v3), {h} = N(v2) nN(v3).
Thus, it follows immediately from Proposition 5.6, (v)-i.e., by replacing X 10g (respectively, ei, e2) by the stable log curve "ylog" obtained
by applying Proposition 5.6, (v), to (Qx 1og)IIHI (respectively, by the two
nodes E Node(Qyiog) corresponding to ei, e2)-that to verify the above
(t), we may assume without loss of generality that there exist three
distinct vertices VI, v2, V3 of QX log such that
• fori E {1,2}, V(ei) ={vi};
• fori E {1, 2, 3},

vi

is of type (0, 3);

= {ei, e2, h, h}, where we write {h} = (N(vl)n
N(v3)), {h} = (N(v2) nN(v3)).

• Node(Qxlog)

One verifies easily that these hypotheses iniply that there exists a cusp
c of 9xiag such that Cusp(Qxiag) = {c} = C(v3).
Then it follows immediately from the explicit structure of QX log that
there exists an automorphism T of Xiog [cf. Definition 5.5] such that the
automorphism of Node(Qx 1og) = {ei,e2,h,h} (respectively, Iriog ~

zE

Hom;zE ( (Ne 1 EBNe 2 EBN ft EBN h )gp,
(1)) [cf. Lemma 5.4, (ii)]) induced by
Tis given by mapping ei H e2, e2 H ei, h H h, h H h, (respectively,
by the corresponding permutation of factors of Ne 1 EB Ne 2 EB Ntt EB Nh),
and, moreover, T preserves the cusp corresponding to c. Now it follows
immediately from Corollary 3.9, (v), together with the fact that the
automorphism of the anabelioid Wxiog)c corresponding to the cusp c
induced by Tis the identity automorphism [cf. the argument used in the
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final portion of the proof of Corollary 3.9, (vi)], that the automorphism
of Ag xlog induced by T is the identity automorphism. Thus, by applying
the evident functoriality of the homomorphism pu'i~',;; with respect to the

x,

automorphism of 9x 1og induced by T, one concludes immediately from
the above description of T, together with Theorem 4.8, (v), that the
assertion (:j:) holds. This completes the proof of Theorem 5.7. Q.E.D.

Definition 5.8. Let a E Dehn(Q) be a profinite Dehn multi-twist
of Q and u E Ag a topological generator of Ag.
(i)

Let e E Node(Q) be a node of Q. Then since Ag is a freezE_
module of rank 1 [cf. Definition 3.8, (i)], there exists a unique
element ae E zE of zE such that ::De(a) = aeu. We shall refer
to ae E zE as the Dehn coordinate of a indexed by e with
respect to u.

(ii)

We shall say that a profinite Dehn multi-twist a E Dehn(Q) is
nondegenerate if, for each node e E Node(Q) of Q, the Dehn
coordinate of a indexed bye with respect to u [cf. (i)] topologically generates an open subgroup of zE. Note that it is
immediate that if a is nondegenerate, then the Dehn coordinate ( E zE ..:::t TizEE Zz s;;; TizEE Qz) of a indexed by e with
respect to u is contained in TizEE Q/.

(iii)

We shall say that a profinite Dehn multi-twist a E Dehn(Q) is
positive definite if a is nondegenerate [cf. (ii)], and, moreover,
the following condition is satisfied: For each node e E Node(Q)
of Q, denote by ae E zE the Dehn coordinate of a indexed by
e with respect to u [cf. (i)]. [Thus, ae E TizEE Q[-cf. (ii).]
Then for any e, e' E Node(Q), ae/ae' is contained in the image
of the diagonal map Q>o ~f {a E Q I a > 0}

Y TizEE Q[.

Remark 5.8.1. One may verify easily that the notions defined in
Definition 5.8, (ii), (iii), are independent of the choice of the topological
generator u of Ag.

Corollary 5.9 (Properties of outer representations of PSCtype and profinite Dehn multi-twists). Let I: be a nonempty set
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of prime numbers and p: I--+ Aut(Q) an outer representation of pro-2:.
PSC-type [cf. [NodNon], Definition 2.1, (i)}. Suppose that I is isomorThen the following hold:
phic to

zr:.

(i)

(ii)

(Outer representations ofSVA-type and profinite Dehn
multi-twists) The following three conditions are equivalent:
(i-1)

pis of SVA-type [cf. [NodNon], Definition 2.4, (ii)}.

(i-2)

The image of any topological generator of I is a profinite
Dehn multi-twist [cf. Definition 4-4}.

(i-3)

There exists a topological generator of I whose image via
p is a profinite Dehn multi-twist.

(Outer representations of SNN-type and nondegenerate profinite Dehn multi-twists) The following three conditions are equivalent [cf. the related discussion of [NodNon],
Remark 2.14.1}:
(ii-1)

pis of SNN-type [cf. [NodNon], Definition 2.4, (iii)}.

(ii-2)

The image of any topological generator of I is a nondegenerate [cf. Definition 5.8, (ii)} profinite Dehn
multi-twist.

(ii-3)

There exists a topological generator of I whose image via
p is a nondegenerate profinite Dehn multi-twist.

(iii)

(Outer representations of IPSC-type and positive definite profinite Dehn multi-twists) The following three conditions are equivalent [cf. Remark 5.1 0.1 below; the related
discussion of [NodNon], Remark 2.14.1}:

(iii-1)

p is of IPSC-type [cf. [NodNon], Definition 2.4, (i)}.

(iii-2)

The image of any topological generator of I is a positive definite [cf. Definition 5.8, (iii)} profinite Dehn
multi-twist.

(iii-3)

There exists a topological generator of I whose image via
p is a positive definite profinite Dehn multi-twist.

(iv)

(Synchronization associated to outer representations
of IPSC-type) Suppose that p is of IPSC-type. Write
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for the intersection of the images of the diagonal map «:lbo ~f
{a E Q I a > 0 } '-+ Tizo:; «:Jlz and the composite of natural
morphisms (ZE)* y zE -=:'t TilEE Zz s;;; TilEE «:Jlz. [Thus, when
I; =~rime.&, it holds that (ZE)+ = {1}.} Then there exists a
natural (Z:E)+-orbit of isomorphisms ofZE-modules

.&IJnp: I~ Ag
that is functorial, in p, with respect to isomorphisms of outer
representations of PSC-type [cf. [NodNon], Definition 2.1,
(ii)}.

(v)

(Compatibility of synchronizations with finite etale
coverings) In the situation of (iv), let II<;;;; III~ IIg o~t I [cf.
the discussion entitled "Topological groups" in §0} be an open
subgroup of III such that if we write H --+ Q for the connected
finite etale covering of Q corresponding to II n IIg [so IIH =
II n IIg}, then the outer representation PIT: J ~f II/IIH --+
Out(IIH) is of IPSC-type. Then the diagram of zE_modules

I~Ag
-where the left-hand vertical arrow is the natural inclusion;
the right-hand vertical arrow is the isomorphism of
Corollary 3.9, (iii)-commutes up to multiplication by an
element E «:Jl>o.
Proof. Assertion (i) follows immediately from condition (2') of
[NodNon], Definition 2.4. Next, we verify assertions (ii) and (iii). The
implication
(ii-1)

===}

(ii-2) , (respectively, (iii-1)

===}

(iii-2))

follows immediately from the final portion of Lemma 5.2, (ii), concerning p of SNN-type (respectively, Lemma 5.4, (ii); Theorem 5.7). The
implications
(ii-2) ===} (ii-3) ' (iii-2) ===} (iii-3)
are immediate.
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Next, we verify the implication
(ii-3)

===}

(ii-1).

It follows from the implication (i-3) =? (i-1) that pis of SVA-type. Thus,
to show the implication in question, it suffices to verify that p satisfies
condition (3) of [NodNon], Definition 2.4. Let E Node(Q) be an ele-

e

~

def

out
>1

ment ofNode(Q); IIr = IIg
I [cf. the discussion entitled "Topological
groups" in §OJ; v,
E Vert(Q) the two distinct elements of Vert(Q) such
that V(e) = {v, w} [cf. [NodNon], Remark 1.2.1, (iii)]; fe, Iv, Iw <;;; IIr
the inertia subgroups of IIr associated to e, v, w, respectively. Then
since the homomorphisms of the final two displays of Lemma 5.2, (ii),
coincide, and Agxlog and Iv are free zE-modules of rank 1 [cf. Definition 3.8, (i); [NodNon], Lemma 2.5, (i)], it follows immediately from
the definition of nondegeneracy that the composite of the second display
of Lemma 5.2, (ii), is an open injection. Thus, it follows immediately
that the natural homomorphism Iv x Iw -+ Ie has open image, and that
Iv n Iw = {1 }, i.e., that Iv x Iw -+ Ie is injective. That is to say, p
satisfies condition (3) of [NodNon], Definition 2.4. This completes the
proof of the implication in question.
Next, we verify the implication

w

(iii-3)

===}

(iii-1).

Let u E Ag be a topological generator of Ag. Then it follows immediately
from Lemma 5.4, (i), (ii), and Theorem 5.7-by considering the stable
log curve over slog corresponding to a suitable homomorphism of Ralgebras 8 ': : ' R[[h,··· ,t3g-g+rll-+ R [cf. Lemma 5.4, (i)]-that to
complete the proof of the implication in question, it suffices to verify
that there exists a topological generator a E I of I which satisfies the
following condition ( *):

(*): The Dehn coordinates of p( a) with respect to u
[cf. Definition 5.8, (i)] E N#o ~ N \ {0}.
To this end, let a E I be a topological generator of I such that p( a) is
a positive definite profinite Dehn multi-twist of Q [cf. condition (iii-3)].
For each node e E Node(Q) of Q, denote by ae E zE the Dehn coordinate
of p(a) indexed bye with respect to u. Now since p(a) is nondegenerate,
it follows immediately from the definition of non degeneracy that for each
node e E Node(Q) of Q, it holds that ae E N#o · (ZE)*. Thus, it follows
immediately that for a given node f E Node(Q) of Q, by replacing a
by a suitable topological generator of I, we may assume without loss of
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generality that af E Ni"'O· In particular, it follows immediately from the
definition of positive definiteness that there exists an element a E N#o
such that for each node e E Node(Q) of 9, it holds that a· ae E Ni"'O·
Moreover, again by replacing a by a suitable topological generator of
I, we may assume that every prime number dividing a belongs to ~
But then it follows from the fact that ae E ZI:; n ( ~ . N#o) that ae is
a positive rational number that is integral at every element of \,fJtimes,
i.e., that ae E N#o, as desired. In particular, the topological generator
a E I of I satisfies the above condition (*). This completes the proof of
the implication in question, hence also of assertions (ii) and (iii).
Next, we verify assertion (iv). It follows immediately from the final portion of Lemma 5.2, (ii), concerning p of SNN-type that for each
e E Node(9), the homomorphism sl)n P: I -+ Ag obtained by dividing
the composite I .!'.r Dehn(Q) ~ Ag by lng~ (e, p) is an isomorphism.
Moreover, by "translating into group theory" the scheme-theoretic content of Lemma 5.4, (ii), by means of the correspondence between grouptheoretic and scheme-theoretic notions given in Proposition 5.6, (i); Theorem 5. 7, one concludes that sl)n P is independent-up to multiplication
by an element of (ZI:;)+ -of the choice of the node e E Node(Q). Now
the functoriality of SIJn P follows immediately from the functoriality of
the homomorphism :De [cf. Theorem 4.8, (iv)], together with the grouptheoreticity of lng~ (e, p). This completes the proof of assertion (iv).
Finally, assertion (v) follows immediately, in light of the grouptheoretic construction of "sl)np" given in the proof of assertion (iv),
Q.E.D.
from the various definitions involved.

Remark 5.9.1.
(i)

Corollary 5.9, (iv), may be regarded as a sort of abstract combinatorial analogue of the cyclotomic synchronization given in
[GalSct], Theorem 4.3 [cf. also [AbsHyp], Lemma 2.5, (ii)].

(ii)

It follows from Theorem 5. 7 that one may think of the isomorphisms of Corollary 5.9, (iv), as a sort of abstract combinatorial construction of the various identification isomorphisms between the various copies of "ZI:;(l)" that appear in Lemma 5.4,
(ii). Such identification isomorphisms are typically "taken for
granted" in conventional discussions of scheme theory.
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Remark 5.9.2.
(i)

Consider the exact sequence of free Z2;-modules
~f
0 --+ M gvert --+ M g ~f
- nab
g --+ Mcomb
g
- M g /Mvert
g --+ O

-where we write M(;ert <;;;;; Mg for the Z2;-submodule of Mg
topologically generated by the images of the verticial subgroups
of llg [cf. [CmbGC], Remark 1.1.4]. Then one verifies easily
that any profinite Dehn multi-twist a E Dehn(Q) preserves and
induces the identity automorphism on M(;ert, M'Qomb. In particular, the homomorphism Mg -+ Mg obtained by considering
the difference of the automorphism of Mg induced by a and
the identity automorphism on Mg naturally determines [and
is determined by!] a homomorphism
acomb,vert : Mgomb --+ Mgert .
Write M~dge <;;;;; M(;ert for the Z2;-submodule topologically generated by the image of the edge-like subgroups of llg. Then
the following two facts are well-known:
•

If Cusp(Q) = 0, then Poincare duality Mg ~
Homz, (Mg, Ag) determines an isomorphism M~dge ~
Homz,(M'Qomb,Ag) [cf. [CmbGC], Proposition 1.3].

•

The natural homomorphism

given by mapping a c-+ acomb,vert factors through the submodule Hom~ (Mcomb Medge) c Hom~ (Mcomb Mvert)
Z"
Q
'
g
Z"
Q
'
Q
·
[Indeed, this may be verified, for instance, by applying
a similar argument to the argument used in the proof of
[CmbGC], Proposition 1.3, involving weights.]
Thus, if Cusp(Q)

= 0, then we obtain a homomorphism

Dg: Dehn(Q) --+ M~dge ®z, M~dge ®z, Homz, (Ag, Z2;)
that is manifestly functorial, in Q, with respect to isomorphisms of semi-graphs of anabelioids of pro-2: PSC-type. The
matrices that appear in the image of this homomorphism Dg
are often referred to as period matrices.
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(ii)

Now let us recall that [CmbGC], Proposition 2.6, plays a key
role in the proof of the combinatorial version of the
Grothendieck conjecture given in [CmbGC], Corollary 2.7, (iii).
Moreover, the proof of [CmbGC], Proposition 2.6, is essentially
a formal consequence of the nondegeneracy of the period matrix
associated to a positive definite profinite Dehn multi-twist-i.e.,
of the injectivity of the homomorphism
00 comb,vert:

Mgomb ---+ Mgert

of (i) in the case where a E Dehn(Q) is positive definite [cf.
Corollary 5.9, (iii)].
(iii)

In general, the period matrix associated to a profinite Dehn
multi-twist may fail to be nondegenerate even if the profinite
Dehn multi-twist is nondegenerate. Indeed, suppose that ~~ =
1, that Q is the double [cf. [CmbGC], Proposition 2.2, (i)] of a
semi-graph of anabelioids of pro-~ PSC-type 1l such that
(Vert(H)~, Node(H)~, Cusp( H)~)

= (1, 0, 2).

Suppose, moreover, that 1l admits an automorphism which
permutes the two cusps of 1l and extends to an automorphism
¢of Q. [One verifies easily that such data exist.] Then one may
verify easily that Node(Q)~ = 2, that Cusp(Q)~ = 0, and that
the free z2.:-module M(;omb, hence also M~dge ®zi: M~dge ®zi:
Homzi: (Ag, Z"E) [cf. (i)], is of rank 1. Now let us recall that the
period matrix associated to a positive definite profinite Dehn
multi-twist is necessarily nondegenerate [cf. Corollary 5.9, (iii);
the proof of [CmbGC], Proposition 2.6]. Thus, since~~ = 1, it
follows immediately from the functoriality of Og [cf. (i)] and
:Dg [cf. Theorem 4.8, (iv)] with respect to¢ that the kernel of
the composite of natural homomorphisms

ffi

:Dg

Ag ~ Dehn(Q) ~ M~dge0zi:M~dge0zi:Hom2 I:(Ag,Z"E)

Node (g)
is a free z"E-submodule of EBNode(Q) Ag of rank 1 that is stabilized by¢. On the other hand, since profinite Dehn multi-twists
of the form (u, u) E EBNode(Q) Ag, where u E Ag, are [manifestly!] positive definite, we thus conclude that the kernel in
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question is equal to

{(u,-u)E

E9

Ag\uEAg}.

Node (g)

In particular, any nonzero element of this kernel yields an example of a nondegenerate profinite Dehn multi-twist whose associated period matrix fails to be nondegenerate.

Corollary 5.10 (Combinatorial/group-theoretic nature of
scheme-theoreticity). Let (g, r) be a pair of nonnegative integers such
that 2g- 2 + r > 0; I; a nonempty set of prime numbers; R a complete
discrete valuation ring whose residue field k is separably closed of characteristic ?'.I:; S 1og the log scheme obtained by equipping S ~£Spec R with
the log structure determined by the maximal ideal of R; x E (Mg,r )s(k)
a k-valued point of the moduli stack of curves (Mg,r )s of type (g, r)
overS (cf. the discussion entitled "Curves" in §0}; 8 the completion of
the local ring of (Mg,r )s at the image of x; T 10g the log scheme obtained

by equipping T ~£ Spec 8 with the log structure induced by the log structure of (M~~;)s {cf. the discussion entitled "Curves" in §OJ; tlog the log
scheme obtained by equipping the closed point of T with the log structure induced by the log structure of Tlog; Xiog the stable log curve over
tlog corresponding to the natural strict (1-)morphism tlog --+ (M~~;)s;
Iyiog the maximal pro- I: quotient of the log fundamental group 1r 1 (T10 g)
of Tlog; I 8 1og the maximal pro-L: quotient of the log fundamental group
1r 1 (S 1og) of S 1og; Qxlog the semi-graph of anabelioids of pro-L: PSC-type
determined by the stable log curve Xiog {cf. [CmbGC], Example 2.5};
p~~~~: Iy1og --+ Aut(Qxiog) the natural outer representation associated to
t

Xiog {cf. Definition 5. 5}; I a profinite group; p: I --+ Aut(Qxiog) an
outer representation of pro-L: PSC-type (cf. [NodNon], Definition 2.1,
(i)}. Then the following conditions are equivalent:

(i)

p is of IPSC-type.

(ii)

There exist a morphism of log schemes ¢}og: Slog --t T 1og over
S and an isomorphism of outer representations of proL; PSC-type p ~ pu~~~ o L.Iog {cf. [NodNon], Definition 2.1,
x,
<p

(i)}-where we write Iq,Iog: I 8 1og --+ Iyiog for the homomorphism
induced by ¢}og -i.e., there exist an automorphism f3 of Qxiog
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i;g

~
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such that the diagram
Aut(Qx 1ag)

11
p x~og oJq,log

Aut(Qx 1og)

I slog

~where the right-hand vertical arrow is the automorphism of
Aut(Qxlog) induced by f3~commutes.

(iii)

There exist a morphism of log schemes ¢log: slog --7 T 10 g over
S and an isomorphism a: I -=+ i;g such that p = pu'\~';; o I q,1og o
xt
a~where we write Iq,Iog: I 8 1og --7 Irlog for the homomorphism
induced by ¢log ~i.e., the automorphism "/3" of (ii) may be
taken to be the identity.

Proof. The equivalence (i) B (ii) follows from the definition of the
term "IPSC-type" [cf. [NodNon], Definition 2.4, (i)]. The implication
(iii) =? (ii) is immediate. The implication (ii) =? (iii) follows immediately, in light of the functoriality asserted in Theorem 4.8, (iv), from
Lemma 5.4, (i), (ii), and Theorem 5.7.
Q.E.D.

Remark 5.10.1.

(i)

The equivalence of Corollary 5.10 essentially amounts to the
equivalence
"IPSC-type

~

positive definite"

which was discussed in [HM], Remark 2.14.1, without proof.
(ii)

One way to understand the equivalence of Corollary 5.10 is as
the statement that the property that an outer representation
of PSC-type be of scheme-theoretic origin may be formulated
purely in terms of combinatoricsjgroup theory.

In the final portion of the present §5, we apply the theory developed so far [i.e., in particular, the equivalences of Corollary 5.9, (ii),
(iii)] to derive results [cf. Theorem 5.14] concerning normalizers and
commensurators of groups of profinite Dehn multi-twists.
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Definition 5.11. Let M ~ H ~ Out(IIg) be closed subgroups of
Out(IIg). Suppose further that M is an abelian pro-L. group [such as
Dehn(Q)-cf. Theorem 4.8, (iv)].

(i)

We shall write

N'ffa1(M) ~ NH(M) ~ H
for the [closed] subgroup of H consisting of a E H satisfying the
following condition: a E NH(M), and, moreover, the action of
a on M by conjugation coincides with the automorphism of M
given by multiplication by an element of (Z~)*. We shall refer
to N'ffa1(M) as the scalar-normalizer of Min H.
(ii)

We shall write

for the subgroup of H consisting of a E H satisfying the following condition: there exists an open Z~-submodule M~ ~ M
of M [possibly depending on a] such that the action of a on
H by conjugation determines an automorphism of M~ given
by multiplication by an element of Cz~)*. We shall refer to
CJ'ja1(M) as the scalar-commensurator of Min H.

Lemma 5.12 (Scalar-normalizers and scalar-commensurators). Let M ~ H ~ Out(Ilg) be closed subgroups of Out(IIg). Suppose
further that M is an abelian pro-:E group. Then:

(i)

It holds that
M

(ii)

C

ZH(M)

C

N'ffa1(M)

c

CJ'ja1(M).

If M' ~ M is a Z~-submodule of M, then

N'ffa1(M) ~ N'ffa1(M'); C}ja1(M) ~ CJ'ja1(M').
If, moreover, M'

~

M is open in M, then
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Proof. These assertions follow immediately from the various definitions involved.
Q.E.D.

Definition 5.13. Let H ~ Out(Ilg) be a closed subgroup of
Out(Ilg). Then we shall say that His IPSC-ample (respectively, NNample) if H contains a positive definite (respectively, nondegenerate) [cf.
Definition 5.8] profinite Dehn multi-twist E Dehn(Q).

Remark 5.13.1. It follows immediately from Theorem 4.8, (iv),
that any open subgroup of Dehn(Q) is IPSC-ample, hence also NN-ample
[cf. Definition 5.13].

Theorem 5.14 (Normalizers and commensurators of groups
of profinite Dehn multi-twists). Let :E be a nonempty set of prime
numbers, Q a semi-graph of anabelioids of pro-2: PSC-type, Outc(Ilg)
the group of group-theoretically cuspidal [cf. [CmbGC], Definition
1.4, (iv)) outomorphisms ofiig, and M ~ Outc(II 9 ) a closed subgroup
ofOutc(Ilg) which is abelian pro-2:. Then the following hold:

(i)

Suppose that one of the following two conditions is satisfied:

(1)

M is IPSC-ample [cf. Definition 5.13}.

(2)

M is NN-ample [cf. Definition 5.13}, and Cusp(Q)

# 0.

Then it holds that

[cf. Definition 5.11}. If, moreover, M
tion 4-4}, then
AutiNodeCQll (Q) ~

~

Dehn(Q) [cf. Defini-

Ng:iccrrg) (M) ~ cg:1ccrr

[cf. Definition 2. 6, {i)}. In particular,

are open subgroups of Aut(Q).

9)

(M) ~ Aut(Q)
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(ii)

If M is an open subgroup of Dehn(Q), then it holds that
Aut(Q) = Coutc(IIg)(M).

If, moreover, Node(Q) =J

0, then

AutiNode(Q)I(Q) n Ker(xg) = ZoutC(IIg)(M)

(cf. Definition 3.8, (ii)}.
(iii)

It holds that
Aut(Q) = Noutc(IIg)(Dehn(Q)) = Coutc(IIg)(Dehn(Q)).

Proof. First, we verify the inclusion cg:~c(rrg)(M) <;;:; Aut(Q) asserted in assertion (i). Suppose that condition (1) (respectively, (2)) is
satisfied. Let a E cg:~c (IIg) (M). Then since a E cg:~c (IIg) (M), and
M is IPSC-ample (respectively, NN-ample), it follows immediately that
there exists an element (3 E M of M such that both (3 and af3a- 1 = (3\
where .X E (Z2;)*, are positive definite (respectively, nondegenerate) profinite Dehn multi-twists. Thus, the graphicity of a follows immediately
from [NodNon], Remark 4.2.1, together with Corollary 5.9, (iii) (respectively, from [NodNon], Theorem A, together with Corollary 5.9, (ii)).
This completes the proof of the inclusion Cbc:~c(IIg) (M) <;;:; Aut(Q), hence
also, by Lemma 5.12, (i), of the two inclusions in the first display of assertion (i).
If, moreover, M <;;:; Dehn(Q), then the inclusion Aut1Node(9)1 (Q) <;;:;
Ng,;~c (IIg) (M) follows immediately from Theorem 4.8, (v). Thus, since
AutiNode(Q)I (Q) is an open subgroup of Aut(Q) [cf. Proposition 2.7, (iii)],
it follows immediately that Nbc:ic (IIg) (M), hence also cg:~c (IIg) (M), is
an open subgroup of Aut(Q). This completes the proof of assertion (i).
Next, we verify the equality Aut(Q) = Coutc(IIg)(M) in the first
display of assertion (ii). It follows immediately from Theorem 4.8, (i),
that Aut(Q) <;;:; Noutc(IIg)(Dehn(Q)) <;;:; Coutc(IIg)(M). Thus, to verify
the equality Aut(Q) = Coutc(IIg)(M), it suffices to verify the inclusion
Coutc(IIg)(M) <;;:; Aut(Q). To this end, let a E Coutc(IIg)(M). Then it
follows from Lemma 5.12, (ii), that

cg:~c(IIg)(M) = cg:~c(IIg)(a. M. a- 1 ) =a. Cbc:~c(IIg)(M). a- 1

)

i.e.) a E N OutC (IIg) (cg:~c (IIg) (M)). Thus, since cg:~c (IIg) (M) is an
open subgroup of Aut(Q) [cf. assertion (i); Remark 5.13.1], we conclude
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that a E Coutc(ITg)(Aut(Q)). Thus, the fact that a E Aut(Q) follows
from the commensurable terminality of Aut(Q) in Out(llg ), i.e., the
equality Aut(Q) = Cout(ITg)(Aut(Q)) [cf. [CmbGC], Corollary 2.7, (iv)].
This completes the proof of the equality Aut(Q) = Coutc(rrg) (M).
Next, we verify the equality

in the second display of assertion (ii). Now it follows immediately from
Theorem 4.8, (v), that AutiNode(Q)I (Q) n Ker(xg) ~ Zoutc(rrg)(M).
Thus, to show the equality in question, it suffices to verify the inclusion Zoutc(rrg)(M) ~ AutiNode(Q)I(Q) n Ker(xg). To this end, let us
observe that since Aut(Q) = Coutc(rrg)(M) [cf. the preceding paragraph], it holds that Zoutc (ITg) ( M) ~ Aut(Q). Thus, since the action
of Zoutc (ITg) (M) on M by conjugation preserves and induces the identity automorphism on the intersection of M with each direct summand
:Dg

of ffieENode(Q) Ag 4;-- Dehn(Q) [i.e., each "Ag"], it follows immediately
from Theorem 4.8, (v), in light of our assumption that Node(Q) # 0,
that Zoutc(ITg)(M) ~ AutiNode(Q)I(Q) n Ker(xg). This completes the
proof of assertion (ii).
Assertion (iii) follows immediately from assertion (ii), together with
Theorem 4.8, (i). This completes the proof of Theorem 5.14.
Q.E.D.

Remark 5.14.1. In the notation of Theorem 5.14, (i) (respectively,
Theorem 5.14, (ii)), in general, the inclusion

c~:~c(rrg)(M) ~ Aut(Q)
[hence, a fortiori, by the inclusions of the first display of Theorem 5.14,
(i), the inclusion N~:~c(rrg)(M) ~ Aut(Q)] (respectively, in general, the
inclusion
Noutc(rr 9 )(M) ~ Aut(Q))
is strict. Indeed, suppose that there exist a node e E Node(Q) and an
automorphism a E Aut(Q) of g such that a does not stabilize e, and
XQ (a) = 1. [For example, in the notation of the final paragraph of the
proof of Theorem 5.7, the node e 1 and the automorphism induced by T
of 9xtog satisfy these conditions.] Now fix a prime number l E ~;write
M

~f l · (Ag) e

EB (

EB
f#e

Ag)

~

EB
fENode(Q)

:Dg

Ag 4;-- Dehn(Q)
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-where we use the notation (Ag)e to denote a copy of Ag indexed by
e E Node(Q). Then M is an open subgroup of Dehn(Q), hence also IPSOample [cf. Remark 5.13.1], but it follows immediately from Theorem 4.8,
(v), that at/: c~:~c(rr,)M) (respectively, at/: NoutC(IIg)(M)).

§6.

Centralizers of geometric monodromy

In the present §, we study the centralizer of the image of certain
geometric monodromy groups. As an application, we prove a "geometric
version of the Grothendieck conjecture" for the universal curve over the
moduli stack of pointed smooth curves [cf. Theorem 6.13 below].

Definition 6.1. Let 2:: be a nonempty set of prime numbers and II
a pro-2:: surface group [cf. [MT], Definition 1.2]. Then we shall write

for the group of outomorphisms of II which induce bijections on the
set of cuspidal inertia subgroups of II. We shall refer to an element of
0ut 0 (II) = 0utF0 (II) = OutPFC(II) as a C-, FC-, or PFC-admissible
automorphism of II.

Remark 6.1.1. In the notation of Definition 6.1, suppose that either ~~ = 1 or ~ = Sf.lrimes. Then it follows from the various definitions involved that II is equipped with a natural structure of pro~ configuration space group {cf. [MT], Definition 2.3, (i)]. Thus, the
terms "C-/FC-/PFC-admissible automorphism of II" and the notation
"Out 0 (II) = OutF0 (II)" have already been defined in [CmbCsp], Definition 1.1, (ii), and Definition 1.4, (iii), of the present paper. In this case,
however, one may verify easily that these definitions coincide.

Lemma 6.2 (Extensions ansmg from log configuration
spaces). Let (g, r) be a pair of nonnegative integers such that 2g-2+r >
0; 0 < m < n positive integers; I:F <:;;: ~B nonempty sets of prime
numbers; k an algebraically closed field of characteristic zero; (Speck )log
the log scheme obtained by equipping Speck with the log structure given
by the fs chart N -+ k that maps 1 H 0; xtog = xiog a stable log
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curve of type (g,r) over (Speck) 10 g. Suppose that I;F
of the following two conditions:
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r;;; I;B satisfy one

(1)

I;F and I;B determine PT-formations (i.e., are either of cardinality one or equal to ~times~cf. [MT], Definition 1.1,
(ii)}.

(2)

n- m = 1 and I;B =~times.

Write

xlog
n

xlog
'

m

for
(cf.
for
ral

the n-th, m-th log configuration spaces of the stable log curve X log
the discussion entitled "Curves" in §0}, respectively; IIn, IIB ~f IIm
the respective maximal pro-I;B quotients of the kernels of the natusurjections 1r1(X~og)---» 1r1 ((Speck) 10 g), 1r 1 (X~g)---.. 1r1 ((Speck) 10g);
IInjm r;;; IIn for the kernel of the surjection IIn ___,. IIB = IIm induced
by the projection x~og --7 x~g obtained by forgetting the last (n - m)
factors; IIF for the maximal pro-I;F quotient of IInjmi ITT for the quotient of IIn by the kernel of the natural surjection IIn;m ---» IIF. Thus,
we have a natural exact sequence of profinite groups

which determines an outer representation
Pn/m: IIB --+ Out(IIF).

Then the following hold:

(i)

The isomorphism class of the exact sequence of profinite groups
1 --+ IIF --+ ITT --+ IIB --+ 1
depends only on (g, r) and the pair (I;F, I;B), i.e., if 1 --7
--7 rr; --7 IIB --7 1 is the exact sequence "1 --7 IIF -7
ITT --7 IIB --7 1" associated, with respect to the same (I;F, I;B),
to another stable log curve of type (g, r) over (Speck )log, then
there exists a commutative diagram of profinite groups

IIp

1 -----+ II F -----+ II T -----+ IIB -----+ 1

1 -----+

rrF

-----+

rr;

-----+

rrB

-----+ 1

~where the vertical arrows are isomorphisms which may be
chosen to arise scheme-theoretically.
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(ii)

The profinite group IIB is equipped with a natural structure
of pro-L;B configuration space group (cf. [MT], Definition
2. 3, (i)j. If, moreover, L;F ~ L;B satisfies condition ( 1) ( respectively, (2)), then the profinite group IIF is equipped with a
natural structure of pro-L;F configuration space group (respectively, surface group (cf. [MT], Definition 1.2}).

(iii)

The outer representation Pnjm: IIB -+ Out(IIF) factors through
the closed subgroup Out 0 (IIF) ~ Out(IIF) (cf. Definition 6.1;
[CmbCsp], Definition 1.1, (ii)j.

Proof. Assertion (i) follows immediately by considering a suitable
specialization isomorphism [cf. the discussion preceding [CmbCsp], Definition 2.1, as well as Remark 5.6.1 of the present paper]. Assertion (ii)
follows immediately from assertion (i), together with the various definitions involved. Assertion (iii) follows immediately from the various
definitions involved. This completes the proof of Lemma 6.2.
Q.E.D.

Definition 6.3. In the notation of Lemma 6.2 in the case where
(m, n, L;B) = (1, 2, !fJtimes),
let X E X(k) beak-valued point of the underlying scheme X of xlog.
(i)

We shall denote by

Q
the semi-graph of anabelioids of pro-!fJrimes PSC-type determined by the stable log curve xlog; by

the semi-graph of anabelioids of pro-L;F PSC-type determined
by the geometric fiber of X~og --t Xlog over Xlog ~f X Xx Xlog;
by IIg, IIgx the [pro-!fJt:imes, pro-L;F] fundamental groups of Q,
Qx, respectively. Thus, we have a natural outer isomorphism
IIB ~ IIg
and a natural Im(p 2 ; 1 ) (~ Out(IIF ))-torsor of outer isomorphisms
IIF ~ Ilgx.
Let us fix isomorphisms IIB ~ IIg, IIF ~ IIgx that belong to
these collections of isomorphisms.
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(ii)
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Denote by

c~iag,x

E

Cusp(Qx)

the cusp of 9x [i.e., the cusp of the geometric fiber of x~og ---+
xtog over xlogl determined by the diagonal divisor of x~og.
For v E Vert(Q) (respectively, c E Cusp(Q)) [i.e., which corresponds to an irreducible component (respectively, a cusp) of
xtogl' denote by
v~ E Vert(Qx)

(respectively, c~ E Cusp(Qx))

the vertex (respectively, cusp) of 9x that corresponds naturally
to v E Vert(Q) (respectively, c E Cusp(Q)).
(iii)

Let e E Edge(Q), v E Vert(Q), S <;;; VCN(Q), and z E VCN(Q).
Then we shall say that x lies on e if the image of x is the cusp
or node corresponding toe E Edge(Q). We shall say that x lies
on v if x does not lie on any edge of Q, and, moreover, the image
of x is contained in the irreducible component corresponding
to v E Vert(Q). We shall write x r>v S if x lies on some s E S.
We shall write x r>v z if x r>v { z }.

Lemma 6.4 (Cusps and vertices of fibers). In the notation
of Definition 6.3, let x, x' E X(k) be k-valued points of X. Then the
following hold:

(i)

The isomorphism IIgx -=+ IIgx, obtained by forming the composite of the isomorphisms IIgx ~ IIF-=+ IIgx, [cf. Definition 6.3,
{i)} is group-theoretically cuspidal [cf. [CmbGC], Definition 1.4, {iv)}.

(ii)

The injection Cusp(Q) Y Cusp(Qx) given by mapping c ---+ c~
determines a bijection
Cusp(Q) ~ Cusp(Qx) \ {c~iag,x}

[cf. Definition 6.3, {ii)j. Moreover, if we regard Cusp(Q) as a
subset of each of the sets Cusp(Qx), Cusp(Qx') by means of the
above injections, then the bijection Cusp(Qx) -=+ Cusp(Qx') determined by the group-theoretically cuspidal isomorphism
Ilgx -=+ IIgx, of {i) maps c~iag,x f--7 c~iag,x' and induces the
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identity automorphism on Cusp(Q). Thus, in the remainder of the present §, we shall omit the subscript "x" from the
notation "cPx " and "cP
d1ag,x " ·

(iii)

The injection Vert(Q) '-+ Vert(Qx) given by mapping v H v~
[cf. Definition 6.3, (ii)} is bijective if and only if x r+ Vert(Q)
[cf. Definition 6.3, (iii)}. If x r+ Edge(Q), then the complement of the image ofVert(Q) in Vert(Qx) is of cardinality one;
in this case, we shall write
V~ew,x E Vert(Qx) \ Vert(Q)

for the unique element of Vert(Qx) \ Vert(Q).
(iv)

Suppose that x r+ Cusp(Q) (respectively, Node(Q)). Then
it holds that c~iag E C(v~ew,x) [cf. (iii)}, and (C(v~ew,x)~,
N(v~ew x)~) = (2, 1) (respectively,= (1, 2)). Moreover, for any
element eF E N (v~ew ,x), it holds that V (ep }~ = 2.

Proof. These assertions follow immediately from the various definitions involved.
Q.E.D.

Definition 6.5. In the notation of Definition 6.3:

(i)

Write
Cuspp (Q) d~f Cusp(Q) U { c~iag}

[cf. Definition 6.3, (ii); Lemma 6.4, (ii)].
(ii)

Let a E Outc(lip) be an C-admissible automorphism of lip [cf.
Definition 6.1; Lemma 6.2, (ii)]. Then it follows immediately
from Lemma 6.4, (ii), that for any k-valued point x E X(k)
of X, the automorphism of Cuspp (Q) [cf. (i)] obtained by
conjugating the natural action of a on Cusp(Qx) by the natural
bijection Cuspp(Q) ~ Cusp(Qx) implicit in Lemma 6.4, (ii),
does not depend on the choice of x. We shall refer to this
automorphism of CuspP (Q) as the automorphism of CuspP (Q)
determined by a. Thus, we have a natural homomorphism
Outc(lip)-+ Aut(Cuspp(Q)).

(iii)

For c E CuspP (Q) [cf. (i)], we shall refer to a closed subgroup
of lip obtained as the image-via the isomorphism ligx ~lip
[cf. Definition 6.3, (i)] for some k-valued point x E X(k)of a cuspidal subgroup of ligx associated to the cusp of Qx
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corresponding to c E CuspF (Q) as a cuspidal subgroup of ITF
associated to c E CuspF (Q). Note that it follows immediately
from Lemma 6.4, (ii), that the ITF-conjugacy class of a cuspidal
subgroup of ITF associated to c E CuspF (Q) depends only on
c E CuspF (Q), i.e., does not depend on the choice of x or on
the choices of isomorphisms made in Definition 6.3, (i).

Lemma 6.6 (Images of VCN-subgroups of fibers). In the noc:;; rrF be a cuspidal subgroup of ITF
tation of Definition 6.3, let ITCF
d1ag

associated to c~iag E CuspF(Q) {cf. Definition 6.5, (i), (iii)}, x E X(k)
a k-valued point of X, zF E VCN(Qx) \ {c~iag}, and ITzF c:;; ITgx a VONsubgroup of ITgx associated to zF. Write Ndiag c:;; ITF for the normal
closed subgroup of ITF topologically normally generated by llcF
. {Note
dtag
that it follows immediately from Lemma 6.4, (i), that Ndiag is normal
in ITT.} Then the following hold:

(i)

Write Qz;F for the semi-graph of anabelioids of pro-I;F PSCtype obtained by forming the pro-:EF completion of Q {cf.
[SemiAn], Definition 2.9, (ii)j. Then there exists a natural
outer isomorphism ITFINdiag -.'::t llgBF that satisfies the following conditions:
•

Suppose that x ~ Vert(Q) {cf. Definition 6.3, (iii)}. Then
the ITgBF -conjugacy class of the image of the composite
ITzF '---+ ITgx ;;_ rrF ---» rrF I Ndiag

-.'::t llgBF

coincides with the ITgBF -conjugacy class of any VCN-subgroup of ITgBF associated to the element of VCN (Qz;F) =
VCN(Q) naturally determined by zF.
•

Suppose that x ~ e E Edge(Q), and that zF tj {v~ew,x} U
[ (v~ew x) (respectively, zF E { v~ew x} U [ ( v~ew x)) {cf.
Lemm~ 6.4, (iii)}. Then the ITgBF -~onjugacy cla;s of the
image of the composite
ITzF '---+ ITgx ;;_ rrF ---» rrF I Ndiag

-.'::t llgBF

coincides with the ITgBF -conjugacy class of any VCN-subgroup of ITgBF associated to the element of VCN (Qz;F) =
VCN(Q) natural determined by zF (respectively, associated
toe E Edge(Qz;F) = Edge(Q)).
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The image of the composite

is commensurably terminal.
(iii)

Suppose that either
•

zF E

Edge(Qx),

or
•

zF

= v; for v

E

Vert(Q) such that x does not lie on v.

Then the composite

is injective.
(iv)

Let II(z')F t;;; Ilgx be a VON-subgroup of Ilgx associated to an
element (z')F E VCN(Qx) \ {c~iag}. Suppose that either
•

x ~""+ Vert(Q),

or
•

X!""+

Edge(Q), and zF, (z')F r/:. {v!ew,x} U E(v!ew,x).

Then if the IIF / Ndiag-conjugacy classes of the images of IlzF,
II(z')F t;;; Ilgx via the composite
ITgx ~ IJF--* IIF/Ndiag

coincide, then zF = (z')F.
Proof. Assertion (i) follows immediately from the various definitions involved. Assertion (ii) follows immediately from [CmbGC], Proposition 1.2, (ii), and assertion (i), together with the various definitions
involved. Assertion (iii) follows immediately from assertion (i), together
with the various definitions involved. Assertion (iv) follows immediately
from [CmbGC], Proposition 1.2, (i), and assertion (i), together with the
various definitions involved.
Q.E.D.

Lemma 6.7 (Outomorphisms preserving the diagonal). In
the notation of Definition 6.3, let H t;;; IIB be an open subgroup of IIB,
a an automorphism ofiiTIH ~fiiT XrrB H overH, ClOF E Out(IIF) the
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OUtOmOrphism Of Ilp determined by the restriction alrrF of a tO Ilp <;;;
IITIH, and IlcF
<;;; Ilp a cuspidal subgroup ofiTF associated to cdF1ag E
dtag
CuspF (Q) [cf. Definition 6. 5, (i), (iii)}. Then the following hold:

(i)

Suppose that a preserves ITCFd1ag <;;; Ilp. Then the automorphism
of Ilp I Ndiag [where we refer to the statement of Lemma 6. 6
concerning Ndiag} induced by
is the identity automorphism. If, moreover, ap is C-admissible [cj. Definition 6.1;
Lemma 6.2, (ii)}, then the automorphism of CuspF (Q) induced
by ap [cf. Definition 6.5, (ii)} is the identity automorphism.

a

(ii)

Let e E Edge(Q), x E X(k) be such that x I\- e. Suppose
that ap is C-admissible, and that Edge(Q) = {e} U Cusp(Q).
Then it holds that apE Aut(Qx) (<;;; Out(IIgJ ~ Out(IIF)).
If, moreover, a preserves ITCFdtag <;;; Ilp, then ap E Autlgrphl
(Qx) (<;;; Aut(Qx)).

Proof. First, we verify assertion (i). Now let us observe that it
follows immediately from a similar argument to the argument used in
the proof of [CmbCsp], Proposition 1.2, (iii)~i.e., by considering the action of a on the decomposition subgroup D <;;; IITIH of IITIH associated
to the diagonal divisor of x~og such that IICF
<;;; D' and applying the
dtag
fact that D = NrrTIH(IlcF
) <;;; IITIH~that a induces the identity audtag
tomorphism on some normal open subgroup J <;;; IlpiNdiag of IlpiNdiag·
Thus, it follows immediately from the slimness [cf. [CmbGC], Remark
1.1.3] of IlgEF ~ IlpiNdiag y Aut(J) that
induces the identity automorphism on IlpiNdiag· This completes the proof of the fact that a
induces the identity automorphism of IlpiNdiag· On the other hand, if,
moreover, ap is C-admissible, then since induces the identity automorphism of IlpiNdiag, it follows immediately from [CmbGC], Proposition
1.2, (i), applied to the cuspidal inertia subgroups of Ilp I Ndiag ..:::t Ilg"F
[cf. Lemma 6.6, (i)] that the automorphism of CuspF(Q) induced by ap
is the identity automorphism. This completes the proof of assertion (i).
Next, we verify assertion (ii). Let Ile <;;; Ilg ~ IIB be an edgelike subgroup associated to the edge e E Edge(Q). By abuse of notation, we shall write H n Ile <;;; IIB for the intersection of H with the
image of Ile in IIB. Now since ap is C-admissible, and a is an automorphism of I;hiH over H, it holds that ap E Zoutc(rrF)(P2/l(H))
[cf. the discussion entitled "Topological groups" in §0], hence also that
apE Zoutc(rrF)(P2/I(H n IIe)). On the other hand, in light of the

a

a
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well-known structure of X log in a neighborhood of the cusp or node corresponding to e, one verifies easily-by applying [NodNon], Proposition
2.14, together with our assumption that Edge(Q) = {e }UCusp(Q)-that
the image of the composite
lie

'---7

ITg I;- liB p~, Out(IIF) ~ Out(IIgx) ,

hence also the image p 2 ; 1 (Hniie) c:;; Out(IIF) ~ Out(IIgx ), is NN-ample
[cf. Definition 5.13; Theorem 5.9, (ii)]. Thus, since c~iag E Cusp(Qx) =f.
0, it follows immediately from Theorem 5.14, (i), that aF E Aut(Qx)·
This completes the proof of the fact that aF E Aut(Qx)· Now suppose,
moreover, that preserves lieF
c:;; IIF· Then it follows from assertion
dtag

a

(i) that aF fixes the cusps of Yx, hence that it fixes v~ew x· On the
other hand, since induces the identity automorphism of II~ I Ndiag [cf.
assertion (i)], it follows from Lemma 6.6, (iii), (iv), that aF fixes the
vertices of Yx that are =f. v~ew x' as well as [cf. [CmbGC], Proposition
1.2, (i)] the branches of nodes' of Yx that abut to such vertices. Thus,
aF E Autlgrphl (Qx), as desired. This completes the proof of assertion
(ii).
Q.E.D.

a

Lemma 6.8 (Triviality of certain outomorphisms). In the notation of Definition 6.3, let lieFdtag c:;; IIF be a cuspidal subgroup of IIF
associated to c~iag E CuspF(Q) (cf. Definition 6.5, (i), (iii)}, H c:;; liB an
open subgroup ofiiB, and a E Zoutc(rrF)(P2/l(H)) (cf. Definition 6.1;
Lemma 6.2, (ii)}. Suppose that a preserves the IIF-conjugacy class of
lieF
c:;; IIF. Then a is the identity outomorphism.
dtag
Proof. The following argument is essentially the same as the argument applied in [CmbCsp], [NodNon] to prove [CmbCsp], Corollary 2.3,
(ii); [NodNon], Corollary 5.3.
Let IITIH d~f ITT XrrB H and a E AutH(IITIH) a lifting of a E
Zoutc(rrF)(P2jl(H)) c:;; Zout(IIF)(P2jl(H)) I;- AutH(IITIH)/Inn(IIF) [cf.
the discussion entitled "Topological groups" in §0]. Since we have assumed that a preserves the IIF-conjugacy class of lieF c:;; IIF, it foldmg

lows from Lemma 6.7, (i), (ii), that by replacing a by a suitable IIFconjugate of
we may assume without loss of generality that
preserves lieF
c:;;
IIF,
and,
moreover,
that
dtag

a,

(a) the automorphism of IIF/Ndiag induced by
automorphism;

a

a is

the identity
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(b) fore E Edge(Q), x E X(k) such that x nv e, if Edge(Q) = {e}
U Cusp(Q), then a E Autlgrphi(Qx) (<;: Out(ITgJ l;- Out(ITF)).

Next, we claim that

(*d: if (g, r)
phism.

=

(0, 3), then a is the identity automor-

Indeed, write c1 , c2 , c3 E Cusp(Q) for the three distinct cusps of Q;
v E Vert(Q) for the unique vertex of Q. Fori E {1, 2, 3}, let Xi E X(k)
be such that xi nv Ci. Next, let us observe that since our assumption
that (g, r) = (0, 3) implies that Node(Q) = 0, it follows immediately
from (b) that for i E {1, 2, 3}, the automorphism a of ITgx l;- ITF is
E Autlgrphi(Qx;) (<;: Out(ITgx) l;- Out(ITF)). Next, let us fix'a verticial
subgroup ITv;;-2 <;: ITgx 2

;;._

ITF associated to

v;

2

E

Vert(Qx 2 ) [cf. Defini-

tion 6.3, (ii) ]. Then since a E Autlgrphl (Qx 2 ), it follows immediately from
the commensurable terminality of the image of the composite ITvFX2 "--t
ITF ---» ITFINdiag [cf. L:._mma 6.6, (ii)], ~gether with (a), that
there exists an Ndiag-conjugate (3 of a such that (3(ITvFX2 ) = ITvFX2 Thus,
ITgx 2

;;._

0

since the composite ITv;;-2 "---1 ITgx 2

;;._

ITF ---» ITF I Ndiag is injective [cf.

Lemma 6.6, (iii)], it follows immediately from (a) that jj induces the
identity automorphism on ITv;2 <;: ITgx 2 l;- ITF. Next, let ITer <;: ITF be a
cuspidal subgroup of ITF associated to c1 E CuspF (Q) [cf. Definition 6.5,
(iii)] which is contained in ITvFx2 <;: ITg x2 ;;._ ITF; ITvFxa <;: ITg x3 l;- ITF a
verticial subgroup associated to
Then since

jj induces the

v;

3

E

Vert(QxJ that contains ITer <;: ITF.

identity automorphism on ITvFx2 <;: ITg x2 l;- ITF,

it follows from the inclusion ITeF1 <;: ITvFX2 that /3(ITeF)
= ITeF.
Thus, since
1
1
the verticial subgroup ITvFx3 <;: ITg X3 l;- ITF is the unique verticial sub-

v;

group of ITgx 3 l;- ITF associated to 3 E Vert(Qx 3 ) which contains ITer
[cf. [CmbGC], Proposition 1.5, (i)], it follows immediately from the fact
that a E Autlgrphl (QxJ that /3(ITvFX3 ) = ITvFX3 . In particular, since the
composite ITvFX3 "---1 ITF ---» ITF I Ndiag is injective [cf. Lemma 6.6, (iii)], it
follows immediately from (a) that jj induces the identity automorphism
on ITvFX3 <;: ITg X3 l;- ITF. On the other hand, since ITF is topologically
generated by ITvFX2 <;: ITg X2 l;- ITF and ITvFX3 <;: ITg X3 l;- ITF [cf. [CmbCsp],
Lemma 1.13], this implies that jj induces the identity automorphism on
ITF. This completes the proof of the claim (*d.
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Next, we claim that

(* 2 ): for arbitrary (g,r), a is the identity automorphism.
Indeed, we verify the claim (*2) by induction on 3g-3+r. If 3g-3+r =
0, i.e., (g, r) = (0, 3), then the claim ( *2 ) amounts to the claim ( *d· Now
suppose that 3g- 3 + r > 1, and that the induction hypothesis is in force.
Since 3g - 3 + r > 1, one verifies easily that there exists a stable log
curve ylog of type (g, r) over (Spec k)log such that ylog has precisely one
node. Thus, it follows immediately from Lemma 6.2, (i), that to verify
the claim (* 2 ), by replacing xlog by ylog, we may assume without loss
of generality that Node(Q)~ = 1. Let e be the unique node of g and
x E X(k) such that x 1+ e. Now let us observe that since Node(Q)~ =
1, and e E Node(Q), it follows from (b) that a E Autlgrphi(Qx) (<;;;;
Out(IIgJ ;;.._ Out(IIF)). Write {ei,en = N(v~ew,x) [cf. Lemma 6.4,
(iv)]. Also, for i E {1, 2}, denote by Vi E Vert(Q) the vertex of g
such that (vi);: E Vert(Qx) is the unique element of V(ef) \ {v~ewx}
[cf. Lemma 6.4, (iv)]; by ll:lii the sub-semi-graph of PSC-type of the
underlying semi-graph CGx of 9x whose set of vertices= {v~ew,x' (vi)D;
and by Si ~f Node((Qx)IIHIJ \ {ef} <;;;; Node((Qx)IIHIJ the complement
of { ef}. [Thus, if g is noncyclically primitive (respectively, cyclically
primitive) [cf. Definition 4.1], then ll:lii -/=- CGx and Si = 0 (respectively,
ll:lii = CGx and Si = {eLJ). In particular, Si <;;;; Node((Qx)IIHIJ is not of
separating type.]
Next, let us observe that to complete the proof of the above claim
(*2 ), it suffices to verifY that

(t): a E Dehn(Qx), and, moreover, for i E {1, 2}, a
is contained in the kernel of the natural surjection
Dehn(Qx) _..., Dehn(((Qx)IIHiih-sJ [cf. Theorem 4.8,
(iii), (iv)].
Indeed, since [as is easily verified] Node(Qx) = N( v~ew x) = { ef, en, it
follows immediately from Theorem 4.8, (iii), (iv), that'

n
2

Ker(Dehn(Qx) _..., Dehn(((Qx)IIHIJ>-sJ) = {1}.

i=l

In particular, the implication ( t) =? ( *2 ) holds. The remainder of the
proof of the claim ( *2 ) is devoted to verifying the above (t).
For i E {1, 2}, let IT( vi)~ <;;;; ITgx ;;.._ IIF be a verticial subgroup of
ITgx ;;.._ IIF associated to the vertex (vi);: E V(ef) \ {v~ewx}· Then
since a E Autlgrphl Wx), it follows that a preserves the IIF~conjugacy
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class of ri(v;)~ ~ rigx ~ rip. Thus, since the image of the composite
ri(v;)~ Y rip ---» rip/Ndiag is commensurably terminal [cf. Lemma 6.6,
(ii)], it follows immediately from (a) that there exists an Ndiag-conjugate
/3i [which may depend on i E {1, 2}!] of such that /3i(ri(v;)~) = ricv,)~.
Therefore, since the composite ri(vi)~ Y rip ---» rip/ Ndiag is injective

a

[cf. Lemma 6.6, (iii)], it follows from (a) that j3i induces the identity
automorphism of ricv,)~.
Next, let rie; ~ ri(v;)~ be a nodal subgroup of rigx ~rip associated

ef

to
E Node(Qx) that is contained in ri(v,)~; riv!ew x;i ~ rigx ~ rip
a verticial subgroup [which may depend on i E {1, 2}!] associated to
v~ew x E Vert(Qx) which contains rieF:
'

'

Then since f3i preserves and induces the identity automorphism on ri(v;)~,
it follows from the inclusion rie; ~ ri(v;)~ that /3i(rie;) = rie;· More·i is the unique verticial subgroup of rig
~ rip
over, since rivF
associated to ~~::·x which contains rieF [cf. [CmbGC], Pr~position
1.5, (i)], it follows' immediately from the fact that a E Autlgrphj (Qx)
that /3i(rivF
·i) = rivF
·i· Thus, /3i preserves the closed subgroup
rip; ~ rip n~f'IJ:P obtai~~·~(by forming the image of the natural homomorphism

~ ( riv!ew,x;i

+---' rief Y

ri(v;)~)

--trip

-where the inductive limit is taken in the category of pro-L:p groups.
Now one may verify easily that the rip-conjugacy class of riP; ~ rip
coincides with the rip-conjugacy class of the image of the natural outer
injection ri((Qx)IIHl;l>-s; Y rigx ~ rip discussed in Proposition 2.11; in
particular, riP; is commensurably terminal in rip [cf. Proposition 2.11].
Moreover, by applying a similar argument to the argument used in
[CmbCsp], Definition 2.1, (iii), (vi), or [NodNon], Definition 5.1, (ix),
(x) [i.e., by considering the portion of the underlying scheme x2 of x~og
corresponding to the underlying scheme (XvJ 2 of the 2-nd log configuration space (XvJ~og of the stable log curve X~~g determined by 9lvJ,
one concludes that there exists a verticial subgroup riv, ~ rig ~ riB
associated to Vi E Vert(Q) such that the outer representation of riv; on
rip determined by the composite riv; Y riB P'3_)1 Out(rip) preserves the
rip-conjugacy class of riP; ~ rip [so we obtain a natural outer representation riv; -+ Out(ripJ-cf. Lemma 2.12, (iii)], and, moreover, that if
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we write Ih, ~ ITFi o~t ITvi (<;::; ITT) [cf. the discussion entitled "Topological groups" in §0], then ITTi is naturally isomorphic to the "ITT"
obtained by taking "Q" to be Qlvi·
Now since ,Bi(ITFJ = ITF" and a E Zoutc(rrF)(P 2 ; 1 (H)), one may
verify easily that the automorphism of ITFi determined by ,BilrrF [cf.
Lemma 2.12, (iii)] is E ZoutC(ITF,)(P2/l(H n ITvJ)-where, by ~buse
of notation, we write H n ITvi <;::; ITB for the intersection of H with
the image of ITvi in ITB. Therefore, since the quantity "3g - 3 + r"
associated to Qlv, is < 3g- 3 + r, by considering a similar diagram to
the diagram in [CmbCsp], Definition 2.1, (vi), or [NodNon], Definition
5.1, (x), and applying the induction hypothesis, we conclude that ,BilrrF
is a ITFi -inner automorphism. In particular, it follows immediately [b~
allowing i E {1, 2} to vary] that the automorphism a is E Dehn(Qx), and,
moreover-by considering the natural identification outer isomorphism
ITFi ~ IT((Qx)hlllJ)>-si -that a is contained in the kernel of the natural
surjection Dehn(Qx)......, Dehn(((Qx)IJHIJh-si, as desired. This completes
the proof of (t), hence also of Lemma 6.8.
Q.E.D.

Definition 6.9. In the notation of Definition 6.3:
(i)

Suppose that 2g- 2 + r
we shall write

>

1, i.e., (g, r) tj {(0, 3), (1, 1)}. Then

Ag,r d~f {1} <;::; Aut(CuspF(Q))

[cf. Definition 6.5, (i)].
(ii)

Suppose that (g, r)

(71../271.. ~)
(iii)

Suppose that (g, r)

(71../271..

X

=

(1, 1). Then we shall write

Ag,r ~f Aut( CuspF (Q)) .

= (0, 3). Then we shall write

71../271.. ~)

Ag,r <;::; Aut( CuspF (Q))

for the subgroup of Aut (CuspF (Q)) obtained as the image of
the subgroup of the symmetric group on 4 letters
{id, (12)(3 4), (13)(2 4), (14)(2 3)} <;::; 64
via the isomorphism 64 ~ Aut(CuspF (Q)) arising from a bijection {1,2,3,4} ~ CuspF(Q). [Note that since the above subgroup of 64 is normal, the subgroup Ag,r <;::; Aut( CuspF (Q))
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does not depend on the choice of the bijection {1, 2, 3, 4} --+
CuspF(Q).]

Lemma 6.10 (Permutations of cusps ansmg from certain
C-admissible outomorphisms). In the notation of Definition 6.3,
let H <;:; IIB be an open subgroup of IIB. Then the following hold:

(i)

The composite
Zoutc(rrF)(P2/l(H)) '---+ Out 0 (IIF)--+ Aut(CuspF(Q))

[cf. Definition 6. 5, (ii)} factors through the subgroup A 9 ,r <;:;
Aut( CuspF (Q)) [cf. Definition 6. 9}, hence determines a homomorphism

(ii)

The composite

Autxlog(X~og)---+ Zoutc(rrF)(Im(p2/l)) ---+ A 9 ,r
of the natural homomorphism

with the homomorphism of (i) is an isomorphism. In particular, the homomorphism Zoutc(rrF) (Im(p2;d) --+ A 9 ,r of (i)
is a split surjection [cf. the discussion entitled "Topological
groups" in §0}.
Proof. First, we verify assertion (i). If (g, r) = (1, 1), then since
Ag,r = Aut(CuspF(Q)), assertion (i) is immediate. On the other hand, if
r = 0, then since CuspF (Q)rt = 1, assertion (i) is immediate. Thus, in the
remainder of the proof of assertion (i), we suppose that (g, r) # (1, 1),
r ?.. 1.
Now we verify assertion (i) in the case where r = 1. Let us observe
that it follows immediately from Lemma 6.2, (i), that by replacing X 1og
by a suitable stable log curve of type (g, r) over (Speck )log, we may assume without loss of generality [cf. our assumption that r = 1, which implies that (g, r) # (0, 3)] that Q is cyclically primitive [cf. Definition 4.1].
Let c E Cusp(Q) be the unique cusp of Q, e E Node(Q) the unique node
of Q, x E X(k) such that x r+ e, and a E Zoutc(rrF)(P2; 1 (H)). Then
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let us observe that it follows immediately from our assumption that 9 is
cyclically primitive of type (g, r) I (1, 1) (respectively, the various definitions involved) that the vertex of 9x to which cF (respectively, c~iag)
abuts is not of type (0, 3) (respectively, is of type (0, 3)). Moreover, it
follows immediately from Lemma 6.7, (ii), that the automorphism a of
IIgx ~ IIF is E Aut(9x)· Thus, we conclude that the automorphism of
CuspF (9) induced by a is the identity automorphism. This completes
the proof of assertion (i) in the case where r = 1.
Next, we verify assertion (i) in the case where r > 1. Let us observe
that it follows immediately from Lemma 6.2, (i), that by replacing X 1og
by a suitable stable log curve of type (g,r) over (Speck)log, we may
assume without loss of generality that Node(Q) = 0. Let v E Vert(Q)
be the unique vertex of 9 [cf. our assumption that Node(Q) = 0] and
a E Zoutc(rrF)(P2jl(H)). Now let us observe that for any c E Cusp(Q),
x E X(k) such that x n. c, it follows immediately from the various definitions involved that Vert(9x) = {v;, v!ew,x}; C( v!ew,x) = {cF, c~iag};
C( v;) = Cusp(Qx) \ { cF, c~iag}; v; is of type (g, r); v!ew,x is of type (0, 3).
Moreover, it follows immediately from Lemma 6. 7, (ii), that the ontomorphism a of IIgx ~ IIF is E Aut(Qx)· Thus, if (g, r) I (0, 3), then
since v; is of type (g, r), and v!ew x is of type (0, 3), it follows immediately that a induces the identity automorphism on Vert(Qx), hence
that a preserves the subset {c, c~iag} <;;; CuspF (9) corresponding to
C(v!ew ,x) = {cF, c~iag}. In particular, if (g, r) I (0, 3), (respectively,
(g, r) = (0, 3) ), then-by allowing "c" to vary among the elements of
Cusp(Q)-one may verify easily that the automorphism of CuspF (9)
induced by a is the identity automorphism (respectively, satisfies the
condition that
for any subset S E CuspF (9) of cardinality 2, the automorphism of CuspF (9) induced by a determines
an automorphism of the set { S, CuspF (9) \ S} <;;;
2CuspF(Q)

'

hence, by Lemma 6.11 below, is contained in A 9 ,r <;;; Aut(CuspF(Q))).
This completes the proof of assertion (i) in the case where r > 1, hence
also of assertion (i).
Next, we verify assertion (ii). One verifies easily that the composite
of natural homomorphisms

[cf. the discussion entitled "Topological groups" in §OJ factors through
Zoutc(rrF)(Im(P2;I)) <;;; Zout(ITF)(Im(p2;I)). In particular, we obtain a
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natural homomorphism Autxlog(X~og)---+ Zoutc(IIF)(Im(p2 ;I)). Now the
fact that the composite

determines a surjection Autxlog(X~og)....,. Ag,r is well-known and easily
verified. To verify that this surjection is injective, observe that an element of the kernel of this surjection determines an automorphism of
the trivial family X log X (Spec k)log X log ---+ X log over X log that preserves
the image of the diagonal. On the other hand, since the relative tangent
bundle of this trivial family has no nonzero global sections, one concludes immediately that such an automorphism is constant, i.e., arises
from a single automorphism of the fiber x 1og over (Speck ) 1og that is
compatible with the diagonal, hence [as is easily verified] equal to the
identity automorphism, as desired. This completes the proof of assertion (ii).
Q.E.D.

Lemma 6.11 (A subgroup of the symmetric group on 4 letters). Write G c;;; 6 4 for the subgroup of the symmetric group on 4
letters 6 4 consisting of g E 6 4 such that
(*):for any subsetS c;;; {1,2,3,4} of cardinality 2,
the automorphism g of {1, 2, 3, 4} determines an automorphism of the set {S, {1, 2, 3, 4} \ S} c;;; 2{ 1 ,2 ,3 ,4 }.

Then

G = {id, (12)(34), (13)(24), (14)(23)}.
Proof.

First, let us observe that one may verify easily that
{id, (12)(3 4), (13)(2 4), (14)(2 3)} c;;; G.

Thus, to verify Lemma 6.11, it suffices to verify that G~ = 4. Next, let
us observe that it follows immediately from the condition (*) that for
any element g E G, it holds that g4 = id; in particular, by the Sylow
Theorem, together with the fact that
= 23 · 3, we conclude that G is
a 2-group. Thus, to verify Lemma 6.11, it suffices to verify that G~ ::/: 8.
Next, let us observe that it follows immediately from the condition (*)
that G c;;; 4 is normal. Thus, if Gij = 8, then since
= 23 · 3, and
(12) E 6 4 is of order 2, again by the Sylow Theorem, we conclude that
(12) E G, in contradiction to the fact that (12) does not satisfy the
condition(*). This completes the proof of Lemma 6.11.
Q.E.D.

6!

6

6!
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Theorem 6.12 (Centralizers of geometric monodromy
groups arising from configuration spaces). Let (g, r) be a pair of
nonnegative integers such that 2g - 2 + r > 0; 0 < m < n positive
integers; :EF c;;: :EB nonempty sets of prime numbers; k an algebraically
closed field of characteristic zero; (Speck )log the log scheme obtained
by equipping Spec k with the log structure given by the fs chart N --+ k
that maps 1 f--7 0; xlog = x~og a stable log curve of type (g, r) over
(Speck )log. Suppose that :EF c;;: :EB satisfy one of the following two
conditions:
( 1)

:EF and :EB determine PT-formations {i.e., are either of cardinality one or equal to lfJrimes -cj. [MT], Definition 1.1,
(ii)}.

(2)

n- m

= 1 and :EB = lfJrimes.

Write
for the n-th, m-th log configuration spaces of the stable log curve X log
[cf. the discussion entitled "Curves" in §0}, respectively; IIn, IIB ~f IIm
for the respective maximal pro-:EB quotients of the kernels of the natural surjections 1r1(X~og)--» 1r1((Speck) 1og), 1r 1 (X~g)--» 1r 1((Speck) 1og);
IIn;m c;;: IIn for the kernel of the surjection IIn --» IIB = IIm induced
by the projection x~og --+ x~g obtained by forgetting the last (n- m)
factors; IIF for the maximal pro-:EF quotient of IIn;mi ITT for the quotient of IIn by the kernel of the natural surjection IIn;m --» IIF. Thus,
we have a natural exact sequence of profinite groups

which determines an outer representation
Pn/m: IIB --+ Out(IIF).

Then the following hold:

(i)

Let H c;;: IIB be an open subgroup of IIB. Recall that x~og

--t

X~g may be regarded as the (n- m)-th log configuration space

of the family of stable log curves X~~ 1 --+ X~g over X~g.
Then the composite of natural homomorphisms
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-where the first arrow is the homomorphism arising from the
functoriality of the construction of the log configuration space;
the third arrow is the isomorphism appearing in the discussion
entitled "Topological groups" in §0-determines an isomorphism

Autx;;;g(x:~ 1 ) ~ ZoutFc(rrF)(Pn;m(H))
-where we write OutFC(IIF) for the group ofFC-admissible
(cf. Definition 6.1; [CmbCsp], Definition 1.1, (ii)j outomorphisms of IIF (cf. Lemma 6.2, (ii)j. Here, we recall that the
automorphism group Autx;;;g(x:~ 1 ) is isomorphic to

{

(ii)

Z/2Z x Z/2Z
Z/2Z
{1}

if (g, r, m) = (0, 3, 1);
if (g, r, m) = (1, 1, 1);
if(g,r,m) rf_ {(0,3,1),(1,1,1)}.

The isomorphism of (i) and the natural inclusion 6n-m '---+
ZoutPFc(rrF) (Pn/m (H)) -where we write OutPFC(IIF) for the
group of PFC-admissible (cf. Definitions 1.4, (iii); 6.1} outomorphisms of IIF (cf. Lemma 6.2, (ii)}-determine an isomorphism

Autx;;;g(x:~ 1 ) X 6n-m ~ ZoutPFc(rrF)(Pn;m(H)).
(iii)

Let H be a closed subgroup of OutPFC(IIF) that contains an
open subgroup of Im(Pnjm) <;:: Out(IIF ). Then H is almost
slim (cf. the discussion entitled "Topological groups" in §OJ. If,
moreover, H <;:: OutFC(IIF ), and (g, r, m) rf_ {(0, 3, 1), (1, 1, 1)},
then H is slim (cf. the discussion entitled "Topological groups"
in §OJ.

Proof. First, we verify assertion (i). We begin by observing that
the description of the automorphism group Aut x);;g (x:~ 1 ) given in the
statement of assertion (i) follows immediately from Lemma 6.10, (ii).
Next, let us observe that
(*1): to verify assertion (i), it suffices to verify assertion (i) in the case where ~B = ~timcE.
Indeed, this follows immediately from the various definitions involved.
Thus, in the remainder of the proof of assertion (i), we suppose that
~B

=

~timcE.

Next, we claim that
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( *2): the composite homomorphism of assertion (i)
determines an injection

Indeed, one verifies easily that the composite as in assertion (i) factors
through ZoutFc(rrF)(Pn;m(H)). On the other hand, by considering the
action of Aut x);;g ( x:~ 1 ) on the set of conjugacy classes of cuspidal
inertia subgroups of suitable subquotients [arising from fiber subgroups]
of IIF, it follows immediately that the composite as in assertion (i) is
injective [cf. Lemma 6.10, (ii)]. This completes the proof of the claim
( *2).
Next, we claim that
(* 3 ): the injection of (* 2) is an isomorphism.
Indeed, it follows immediately from the various definitions involved that
if NB ~ liB is a fiber subgroup of liB of length 1 [cf. Lemma 6.2,
(ii); [MT], Definition 2.3, (iii)], then the natural surjection ITT xrrB
NB -.. NB may be regarded as the "ITT -.. liB" obtained by taking
"(g, r, m, n)" to be (g, r + m - 1, 1, n - m + 1). Thus, by applying
the inclusion ZoutFC(rrF)(Pn;m(H)) ~ ZoutFC(ITF)(Pnjm(H n NB)) and
replacing ITT -» liB by ITT XrrB NB -» NB, we may assume without
loss of generality that m = 1. On the other hand, it follows immediately
from the various definitions involved that if NF ~ IIF is a fiber subgroup
of IIF of length n - 2, then the natural surjection ITT I NF -.. liB may
be regarded as the "ITT -» liB" obtained by taking "(g, r, m, n)" to
be (g, r, 1, 2). Thus, since the natural homomorphism OutFC (IIF) --+
OutFC (IIF I NF) is injective [cf. [NodNon], Theorem B], by replacing
ITT-* liB by ITTINF-» liB, we may assume without loss of generality
that (m, n) = (1, 2). In particular-in light of our assumption that
I:B = lfltime.s [cf. (*1)]-we are in the situation of Definition 6.3.
Let a E ZoutFc(rrF)(Pn;m(H)). Then it follows immediately from
Lemma 6.10, (ii), that there exists an element (3 of the image of the
injection of (*2) such that a o (3 E ZoutFc(rrF)(Pn;m(H)) induces the
identity automorphism of CuspF (Q) [cf. Definition 6.5, (i), (ii)]. In particular, a o (3 preserves the IIF-conjugacy class of a cuspidal subgroup
lieF
~ IIF of IIF associated to c~iag E CuspF (Q) [cf. Definition 6.5,
d1ag
(iii)]. Thus, it follows from Lemma 6.8 that a o (3 is the identity automorphism of IIF· In particular, we conclude that the injection of (*2)
is surjective. This completes the proof of the claim (*3 ), hence also of
assertion (i).
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Next, we verify assertion (ii). First, let us observe that by considering the action of ZoutPFc(rrF)(Pn;m(H)) on the set of fiber subgroups of
IIF of length 1, we obtain an exact sequence of profinite groups

Now by considering the action of 6n-m on x~og over x;;;g obtained by
permuting the first n- m factors of x~og, we obtain a section 6n-m y
ZoutPFc(rrF)(Pn;m(H)) of the third arrow in the above exact sequence;
in particular, the third arrow is surjective. On the other hand, it follows
from [NodNon], Theorem B, that the image of the section 6n-m Y
ZoutPFc(rrF)(Pn;m(H)) commutes with ZoutFc(ITp)(Pnjm(H)). Thus, the
composite of natural homomorphisms

Autx~g(x:~ 1 ) ~ ZoutFc(ITF)(Pnjm(H)) Y ZoutFPc(rrF)(Pn;m(H))
[cf. assertion (i)] and the section 6n-m Y ZoutPFc(rrF)(Pn;m(H)) determine an isomorphism as in the statement of assertion (ii). This completes the proof of assertion (ii).
Assertion (iii) follows immediately
from assertions, (i), (ii). This completes the proof of Theorem 6.12.
Q.E.D.

Remark 6.12.1. By considering a suitable specialization isomorphism, one may replace the expression "k an algebraically closed field of
characteristic zero" in the statement of Theorem 6.12 by the expression
"k an algebraically closed field of characteristic tf_ I:B".

Theorem 6.13 (Centralizers of geometric monodromy
groups arising from moduli stacks of pointed curves). Let (g, r)
be a pair of nonnegative integers such that 2g- 2 + r > 0; I: a nonempty
set of prime numbers; k an algebraically closed field of characteristic
zero. Write ITMg,r ~f 7ri((Mg,r)k) for the etale fundamental group of
the moduli stack (M 9 ,r)k [cf. the discussion entitled "Curves" in §0};
II 9 ,r for the maximal pro- I: quotient of the kernel N 9 ,r of the natural surjection 7ri((C9 ,r)k)--» 7ri((M 9 ,r)k) = ITMg,r [cf. the discussion entitled
"Curves" in §OJ; IIcg,r for the quotient of the etale fundamental group
7ri((C9 ,r)k) of(C9 ,r)k by the kernel of the natural surjection N 9 ,r--» IIg,r·
Thus, we have a natural exact sequence of profinite groups
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which determines an outer representation

pg,r: IIMg,r --+ Out(IIg,r) .
Then the following hold:

(i)

The profinite group II 9 ,r is equipped with a natural structure of
pro-2:. surface group [cf. [MT], Definition 1.2}.

(ii)

Let H c;;; IIMg,r be an open subgroup of IIMg,r. Suppose that
2g-2+r > 1, i.e., (g,r) rf {(0,3),(1,1)}.
Then the composite of natural homomorphisms

Aut(Mg,r )k ( ( Cg,r )k) --+ AutrrMg,r (IIc 9 ,J /Inn(II 9 ,r)
~

Zout(II 9 ,r)(lm(pg,r))

c;;; Zout(II 9 ,r)(Pg,r(H))

[cf. the discussion entitled "Topological groups" in §OJ determines an isomorphism

Aut(Mg,r)k((Cg,r)k) ~ ZoutC(IIg,r)(Pg,r(H))
[cf. (i); Definition 6.1}. Here, we recall that the automorphism
group Aut(Mg,r)k((C9 ,r)k) is isomorphic to

7Lj27L
{

7L/27L
7L/27L
X

{1}
(iii)

if(g,r) = (0,4);
if (g, r) E { ( 1, 2), (2, 0)};
if (g, r) rf {(0, 4), (1, 2), (2, 0)}.

Let H c;;; Outc(II9 ,r) be a closed subgroup of Outc(II9 ,r) that
contains an open subgroup of lm(p 9 ,r) c;;; Out(II9 ,r). Suppose
that
2g- 2 + r > 1, i.e., (g, r) rf {(0, 3), (1, 1)}.
Then H is almost slim [cf. the discussion entitled "Topological groups" in §0}. If, moreover,
2g-2+r > 2, i.e., (g,r) rf {(0,3),(0,4),(1,1),(1,2),(2,0)},
then H is slim [cf. the discussion entitled "Topological groups"
in §OJ.

Proof. Assertion (i) follows immediately from the various definitions involved. Next, we verify assertion (ii). First, we recall that the
description of the automorphism group Aut(Mg,r)k ((Cg,r )k) given in the
statement of assertion (ii) is well-known [cf., e.g., [CorHyp], Theorem B,
if2g-2+r > 2, i.e., (g,r) rf {(0,4),(1,2),(2,0)}]. Next, we claim that
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(*d: the composite homomorphism of assertion (ii)
determines an injection

Indeed, one verifies easily that the composite as in assertion (ii) factors
through Zoutc(rr 9 ,,.)(P9 ,r(H)). Thus, the claim (*1) follows immediately
from the well-known fact that any nontrivial automorphism of a hyperbolic curve over an algebraically closed field of characteristic rf_ ~ induces
a nontrivial automorphism of the maximal pro-~ quotient of the etale
fundamental group of the hyperbolic curve [cf., e.g., [LocAn], the proof
of Theorem 14.1]. This completes the proof of the claim (*I).
Next, we claim that

(* 2 ): if r > 0, then the injection of (*1) is an isomorphism.
Indeed, write N <:;; ITM 9 ,,. for the kernel of the surjection ITM 9 ,,. ----»
1r1((M 9 ,r-1)k) determined by the (1-)morphism (M 9 ,r)k---+ (Mg,r-dk
obtained by forgetting the last section. Then it follows immediately from
the various definitions involved that there exists a commutative diagram
of profinite groups
1 - - t IT 9 ,r - - t E

1 - - t ITF

--t N

--t 1

- - t ITT - - t ITB - - t 1

-where the upper sequence is the exact sequence obtained by pulling
back the exact sequence 1 ---+ IT 9 ,r ---+ ITc 9 ,,. ---+ ITM 9 ,,. ---+ 1 by the
natural inclusion N '--+ ITM 9 ,,.; the lower sequence is the exact sequence
"1 ---+ ITF ---+ ITT ---+ ITB ---+ 1" obtained by applying the procedure given
in the statement of Theorem 6.12 in the case where (m, n, ~F, ~B) =
( 1, 2, ~, Sf}time.s) to a stable log curve of type (g, r - 1) over (Spec k )log;
the vertical arrows are isomorphisms. Thus, it follows immediately from
Theorem 6.12, (i), that Zoutc(rrg,r)(p9 ,r(H n N)) is isomorphic to the
automorphism group Autxlog(X~og) for the stable log curve X 10g over
(Spec k)log of type (g, r- 1). In particular, by the claim (*I), we obtain
that
Aut(M 9 ,,.)k ((C 9 ,r)k) '--+

Zoutc(Tig,r)(P 9 ,r(H))

<:;; Zoutc(rr 9 ,,.)(P9 ,r(H n N)) ~ Autxlog(X~og).

Thus, by comparing (Aut(Mg,r)k ((Cg,r )k))~ with Autxlag (X~og)~ [cf. Theorem 6.12, (i)], we conclude that the injection of the claim (*I) is an
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isomorphism. This completes the proof of the claim (* 2 ). Moreover, it
follows immediately from the proof of the claim ( *2) that

(*3): if a E

Zoutc(rro. 4 )(Po,4(H)) induces the identity
automorphism on the set of conjugacy classes of cuspidal inertia subgroups of II 0 , 4 , then a is the identity
automorphism of Ilo,4·

In light of the claim ( *2 ), in the remainder of the proof of assertion
(ii), we assume that

r = 0, hence also that g ?: 2.
For x E (M 9 ,o)k(k), write
for the semi-graph of anabelioids of
.

-log

pro-~

(-log)

PSC-type associated to the
lo

clef

(-log)

geometnc fiber of (C 9 ,0 )k -+ M 9 ,0 k over x g = x X (Mg,o)k M 9 ,0 k;
thus, we have a natural Im(p 9 ,0 ) (S: Out(II9 ,0 ) )-torsor of outer isomorphisms II 9 .o -=+ Ilgx. Let us fix an isomorphism II 9 ,o -=+ Ilgx that belongs
to this collection of isomorphisms. Moreover, for x E (M 9 ,0 )k(k), we
shall say that x satisfies the condition ( t) if

(h) Vert(Qx)

=

{v1,v2}; Node(Qx) = {e1,e2, ... ,eg+l};

(h) N(vl) = N(v2) = Node(Qx);
(h) v1 and v2 are of type (0, g + 1);
we shall say that x satisfies the condition (t) if

(h) Vert(Qx) =

{v]',v~,w*};

Node(Qx)

= {ei,e2, ... ,e;+ 1,f*};

(h) N(vl) = {e]',e::;, ... ,e;+ 1 }; N(v~) = {e]',e::;, ... ,e;_ 1 ,j*};
N(w*) = {e;,e;+ 1 ,J*};
(h) v]' is of type (O,g
(0, 3).

+ 1),

v~

is of type (O,g), and w* is of type

Let us observe that one may verify easily that there exists a k-valued
point x E (M 9 ,0 )k(k) that satisfies (t); if, moreover, g > 2, then there
exists a k-valued point x E (M 9 ,o)k(k) that satisfies (t).
Let x E (M 9 ,o)k(k) beak-valued point. Then we claim that

(*4): if x satisfies (t), and, relative to the isomorphism II 9 ,o -=+ Ilgx fixed above,
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determines an element of Autlgrphi(Qx) (c;;; Out(IIgJ
I;- Out(IIg,o)), then for any e E Node(Qx), the image
ae of a via the natural inclusion Autlgrphl Wx) '---+
Autlgrphl((9x)-->{e}) [cf. Proposition 2.9, (ii)] satisfies

ae

E

Dehn((Qx)-->{e}).

Indeed, let e E Node(Qx) andy E (Mg,o)k(k) a k-valued point such that
corresponds to Wx)-->{e} [cf. the special fibers of the stable log curves
over "Slog" that appear in Proposition 5.6, (iii)]. Write v E Vert(Qy)
for the unique vertex of Yy· [Note that it follows from the definition
of the condition (t) that Vert(Qy)~ = 1.] Then it follows immediately
from the general theory of stable log curves that there exist a "clutching
(1-)morphism" corresponding to the operation of resolving the nodes of
Yy [i.e., obtained by forming appropriate composites of the clutching
morphisms discussed in [Knud], Definition 3.6]

Yy

(Mo,2g)k-----+ (Mg,o)k
and a k-valued point fj E (Mo, 2g)k(k) such that the image of fj via the
above clutching morphism coincides withy, and, moreover, Q:y is naturally isomorphic to (Qy)lv· Write (M~~~g)k for the log stack obtained by
equipping (Mo, 2g)k with the log structure induced by the log structure
of (M~~~)k via the above clutching morphism. Then one verifies easily
that the composite
ITM 0 , 29

~f 1r1((M~~~g)k)-----+ 1r1((M~~~)k) ~

ITM 9 ,o

~

Out(Ilg,o)

-where the first arrow is the outer homomorphism induced by the
above clutching morphism, and the second arrow is the outer isomorphism obtained by applying the "log purity theorem" to the natural
-log
(1- )morphism (Mg,o)k '---+ (Mg,oh [cf. [ExtFam], Theorem B]-factors
through Autlgrphi(Qy) c;;; Out(Ilgv) I;- Out(IIg,o). Moreover, the resulting homomorphism ITM 0 , 29 --+ Autlgrphl (Qy) fits into a commutative
diagram of profinite groups
IIM0,2g

1

----+
Vert

Pgy

Autlgrphl (Qy) ------=-------+ Glu(Qy)

ITMo,2 9

1
= Autlgrphi((Qy)lv)

[cf. Definition 4.9; Proposition 4.10, (ii)]-where the upper horizontal arrow is the outer homomorphism induced by the (1- )morphism
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(M~~~g)k -+ (M 0 ,29 )k obtained by forgetting the log structure. Moreover, one verifies easily that there exists a natural outer isomorphism
IIcgv)lv -=+ IIo,2g such that the homomorphism IIM 0 , 29 -+ Out(IIo,2g) obtained by conjugating the outer action implicit in the right-hand vertical
arrow of the above diagram IIM 0 , 29 -+ Autlgrphi((Qy)lv) <;;; Out(Ilcg9 )1J
by the outer isomorphism Ilcg 9 )1v -=+ IIo,2g coincides with PD,2g· Thus,
by considering the image in IIM 0 , 29 of the inverse image of H <;;; IIM 9 , 0
in IIM 0 , 29 [cf. the diagrams of the above displays], it follows immediately from the claims (* 2) [in the case where "(g,r)"= (0,2g)] and (* 3 )
[in the case where g = 2], together with the various definitions involved,
that if a E Zoutc(rrg,o)(P 9 ,o(H)) determines an element of Autlgrphl Wx)
(<;;; Out(IIgJ

4:- Out(II9 ,0 )), then the image of a via

Autlgrphi(Qx)

y

Autlgrphi((Qx)""{e})

-+

Autlgrphi(Qy)

[cf. Proposition 2.9, (ii)] is trivial. In particular, it follows from Proposition 4.10, (ii), that the image ae of a via Autlgrphi(Qx) Y
Autlgrphi((Qx)""{e}) satisfies ae E Dehn((Qx)""{e})· This completes the
proof of the claim ( *4 ).
Next, we claim that

(*5): if x satisfies (t), and a

Zoutc(rr 9 , 0 )(P9 ,o(H))
determines an element of Autlgrphl Wx) (<;;; Out(IIgJ
4:- Out(II 9 , 0 ) ), then a is the identity automorphism
of II 9 ,o.
Indeed, it follows from the claim ( *4 ) that
E

aE

[cf. Theorem 4.8, (ii)]. On the other hand, it follows immediately from
Theorem 4.8, (ii), (iv), that the right-hand intersection is = {1 }. This
completes the proof of the claim (* 5 ).
Next, we claim that
(*6): we have
Zoutc(rr 9 , 0 )(P9 ,o(H)) <;;; AutiNode(Qx)I(Qx) (<;;; Out(IIgJ
if, moreover, x satisfies (:j:), then

Zoutc (IT 9 , 0 ) (pg,O (H)) <;;; Autlgrphl Wx) .

4:- Out(II 9 ,o));
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Indeed, it follows immediately from Proposition 5.6, (ii), together with
the definition of xlog =
1r1(x10g)--+

x x(M

)

g,O k

(M 10
9 , ~)k, that the composite

1r1((M~~~)k) ~ ITM 9 , 0 ~ Out(II9 ,o)

-where the second arrow is the outer isomorphism obtained by applying the "log purity theorem" to the natural (1- )morphism (M 9,o)k Y
-log
(M 9,o)k [cf. [ExtFam], Theorem B]-determines a surjection 1r1(xlog)
--?> Dehn(9x) (~ Out(IIgJ ~ Out(II 9 ,o)) [i.e., which induces an isomorphism between the respective maximal pro-~ quotients]. Thus, it
follows immediately from the various definitions involved that there exists an open subgroup M ~ Dehn(Qx) such that Zoutc(rrg,o)(P9 ,o(H)) ~
Zoutc(ITgx) (M) relative to the identification Outc (II 9 , 0 ) -=+ Outc (IIgJ
arising from our choice of an isomorphism II 9 ,0 -=+ ITgx. Therefore,
the inclusion Zoutc(rrg,o)(P 9 ,o(H)) ~ AutiNode(Qx)I(Qx) follows immediately from Theorem 5.14, (ii). This completes the proof of the inclusion
Zoutc(rrg,o)(P9 ,o(H)) ~ AutiNode(Qx)I(Qx)· On the other hand, if, moreover, x satisfies (j:), then it follows immediately from the definition of
the condition (+) that Autlgrphl (Qx) = AutiNode(Qx)l (Qx)· In particular,
we obtain that Zoutc(rrg,o)(p9 ,o(H)) ~ Autlgrphi(Qx)· This completes
the proof of the claim (*6).
Next, we claim that
(*7 ): if x satisfies (t), then for any a E
Zoutc(rr 9 ,o) (p 9 ,o (H)), there exists an element (3 of the
image of the injection of (*l) such that the ontomorphism a o (3 of II 9 ,o -=+ ITgx is E Autlgrphl (Qx)
(~ Out(IIgJ ~ Out(II 9 , 0 )).
Indeed, suppose that g > 2. Then by the definitions of (t), (j:), one
may verify easily that there exist y E (M 9 ,o)k(k) and f E Node(Qy)
such that y satisfies (j:), and, moreover, 9x corresponds to (Qy)--+{f} [cf.
Proposition 5.6, (iv) ]. Thus, it follows immediately from the claim ( *6 )
that Zoutc(rr 9 , 0 )(P9 ,o(H)) ~ Autlgrphi(Qy) Y Autlgrphi(Qx) [cf. Proposition 2.9, (ii)], i.e., so we may take (3 to be the identity automorphism.
This completes the proof of the claim ( *7 ) in the case where g > 2.
Next, suppose that g = 2. Write Gx for the underlying semi-graph
of 9x and AutiN ode! (Gx) for the group of automorphisms of Gx which
induce the identity automorphism of the set of nodes of Gx. Then one
may verify easily from the explicit structure of Gx [cf. the definition of
the condition (t)] that AutiNodei(Gx) is isomorphic to Z/27L Thus, since
the automorphism group Aut(M 2 ,o)k ((C2 , 0 )k) is isomorphic to Z/2Z, it
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follows immediately from the claim (*6 ), together with the various definitions involved, that-to complete the proof of the claim (*7) in the
case where g = 2-it suffices to verify that the composite of natural
homomorphisms

factors through AutiNodel (Gx) C::: Aut(Gx) and is injective. Now the
fact that the composite in question factors through AutiNodel (Gx) C:::
Aut(Gx) follows immediately from the claim (* 6 ), applied to elements
of the image of the injection of (*d. On the other hand, the injectivity
of the composite in question follows immediately from the injectivity
of the natural homomorphism Aut(M 2 , 0 j.((C2,o)k)-+ Aut(Qx) [cf. the
proof of the claim (* 1)] and the claim (* 5 ). This completes the proof
of the claim (* 7) in the case where g = 2, hence also-in light of the
above proof of the claim (*7) in the case where g > 2---of the claim
(* 7). Thus, the surjectivity of the injection of (*l) follows immediately
from the claims (*5) and (*7 ). This completes the proof of assertion (ii).
Assertion (iii) follows immediately from assertion (ii). This completes
the proof of Theorem 6.13.
Q.E.D.

Remark 6.13.1. In the notation of Theorem 6.13, since IIM 0 , 3 =
{ 1}, it is immediate that a similar result to the results stated in Theorem 6.13, (ii), (iii), does not hold in the case where (g, r) = (0, 3). On
the other hand, it is not clear to the authors at the time of writing
whether or not a similar result to the results stated in Theorem 6.13,
(ii), (iii), holds in the case where (g, r) = (1, 1). Nevertheless, we are able
to obtain a conditional result concerning the centralizer of the geometric
monodromy group in the case where (g,r) = (1, 1) [cf. Theorem 6.14,
(iii), (iv) below].

Theorem 6.14 (Centralizers of geometric monodromy
groups arising from moduli stacks of punctured semi-ellptic
curves). In the notation of Theorem 6.13, write ( 1 )k for the stacktheoretic quotient of (C1,dk by the natural action of Aut(M 1 ,1)k ((C1,1)k)
over the moduli stack (M1, 1 )k;
1 for the maximal pro-'L, quotient

ct

rrt,

Nt

of the kernel
1 ~f Ker(1r1((Ct 1)k) --» 1rl((M1,1)k) = IIM 1 ,J of the
natural surjection 1TI((Ct1)k) __, 1ri((M1,1)k) = IIM 1 , 11' IIcf' 1 for the
quotient of the etale fundamental group 1r1((Ct 1)k) of the sta~k (Ct1)k
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rrt 1 .

Thus, we have a

'

1 ---+ IIf,1 ---+ IIct 1 ---+ IIMl,l ---+ 1 '

which determines an outer representation
pf, 1 : IIM 1 , 1 ---+ Out(IIf, 1).

Write Out 0 (ITt 1) for the group of outomorphisms of rrt 1 which induce
bijections on th~ set of cuspidal inertia subgroups of rrf,~. Suppose that
2 E ~-

Then the following hold:

(i)

The profinite group rrt 1 is slim fcf.
"Topological groups" in' §0}.

(ii)

Let H <;;;; IIM 1 , 1 be an open subgroup of IIM 1 , 1 . Then the composite of natural homomorphisms
Aut(M 1 ,1)k ( (Ct1)k) ---+ AutrrM 1 , 1

the discussion entitled

(ITer,) /Inn(IIf, 1)

~ Zout(rrf,)Im(pf,1))

<;;;;

Zout(rrf, 1 ) (pf,1 (H))

fcf. (i); the discussion entitled "Topological groups" in §0} determines an isomorphism
Aut(Ml,l)k((Ct1)k) ~ Zoutc(rrf 1 )(pf,1(H)) ·

Here, we recall that Aut(M 1 ,1)k((Ct 1)k) = {1}.

(iii)

Let H <;;;; IIM 1 , 1 be an open subgroup of IIM 1 , 1 . Then the composite of natural homomorphisms
Aut(M 1 , 1 )k((C1,1)k)---+ AutrrM 11 (IIc 1 , 1 )/Inn(II1,1)
~ Zout(II 1 ,1)(Im(p1,1)) <;;;; Zout(II 1 , 1 J(P1,1(H))

[cf. Theorem 6.13, (i); the discussion entitled "Topological
groups" in §0} determines an injection
Aut(M 1 , 1 )k((C1,1)k) '-+ Zoutc(rr 1 , 1 J(P1,1(H)).

Moreover, the image of this injection is centrally terminal
in Zoutc (rr 1 ,1) (p1,1 (H)) fcf. the discussion entitled "Topological groups" in §0}. Here, we recall that Aut(M 1 , 1 )k ((C1,l)k) :::::
Z/2Z.
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(iv)

The composite of natural homomorphisms

--+

Zout(Ih_l) (Im(pl,l))

[cf. Theorem 6.13, (i); the discussion entitled "Topological
groups" in §0} determines an isomorphism

Proof. Assertion (i) follows immediately from a similar argument to
the argument used in the proof of [MT], Proposition 1.4. This completes
the proof of assertion (i).
Next, we verify assertion (ii). First, let us recall that the description
of the automorphism group Aut(Mt,dk ((Ct 1 )k) given in the statement
of assertion (ii) is well-known and easily verified. Write [ -+ (M 1,1)k
for the family of elliptic curves determined by the family of hyperbolic
curves (C 1,1)k-+ (M 1,1)k of type (1, 1); U-+ (C1,1)k for the restriction
of the finite etale covering [ -+ [ over (M 1,1)k given by multiplication by 2 to (C1,1)k ~ [. Then one verifies easily that the action of
Aut(M 1 , 1 )k ((C1,1)k) on (C1,1)k lifts naturally to an action [i.e., given by
"multiplication by ±1 "] on U over (M 1 , 1 )k. Write P for the stacktheoretic quotient of Uby the action of Aut(Mt,dk ((C1,1)k) on U; Ilp /M
for the maximal pro-~ quotient of the kernel of the natural surjection

n1(P)....., n1((M1,1)k);

for the natural pro-~ outer representation arising from the family of
hyperbolic curves P -+ (M 1 , 1 )k. Thus, since 2 E ~' one verifies easily
that ITP/M may be regarded as a normal open subgroup of
1 . Now
let us observe that one verifies easily that
(*d: P-+ (M1,1)k is a family of hyperbolic curves of
type (0, 4). If, moreover, we denote by T-+ (M1,1)k
the connected finite etale covering that trivializes the
finite etale covering determined by the four cusps
of P-+ (M 1,1)k, then the classifying (1-)morphism
T -+ (Mo,4)k of P x (M 1 , 1 )k T -+ T [which is welldefined up to the natural action of 6 4 on (M 0 ,4 )k] is
dominant.
Now we claim that

IIt,

Combinatorial anabelian topics I

809

(* 2 ): every element of Outc(IIt 1) preserves the normal open subgroup IIPIM ~ rrt1.
Indeed, let us observe that one verifies easily that the natural surjections
rrt, 1 --+> rrf, dii 1,1' rrf, dii pI M determine an isomorphism

Moreover, it follows immediately from the various definitions involved
that the natural action of (IIf, 1)ab ®z, Z/2Z on the set of conjugacy
classes of cuspidal inertia subgroups of the kernel of the natural surjection rrf, 1 --+> (IIf, 1)ab ®z, Z/2Z [which is equipped with a natural structure of pro-2: surface group of type (1, 4)] factors through (IIf, 1)ab ®z,
~
±
±
pr2
±
Zj2Z-+ (II 1,dii1,1) X (II 1 ,IfiiPIM) --+> (II 1 ,IfiiPIM), and that theresulting action of (IIf,Ifiip 1M) is faithful. Thus, we conclude that every
element of Outc(IIf, 1) preserves the normal open subgroup IIPIM ~
rrt 1. This completes the proof of the claim (*2 ).
'To verify assertion (ii), take an element a± E Zoutc(rr~ 1 )(pf, 1 (H)).

Then it follows from the claim (*2 ) that a± naturally deter~ines an element apE Aut(IIPIM)/Inn(IIf, 1). Let us fix a lifting f3 E Outc(IIPIM)
of ap. Next, let us observe that since IIf,diiPIM is finite, to verify assertion (ii), by replacing H by an open subgroup of IIM 1 1 contained in H, we may assume without loss of generality that f3 commutes with PPIM(H) ~ Out(IIPIM), i.e., f3 E Zoutc(IIp;M)(PPIM(H)).
Then it follows immediately from Theorem 6.13, (ii), in the case where
(g, r) = ( 0, 4), together with (*I), that f3 is contained in the image of
the natural injection IIf,diiPIM '--7 Out(IIPIM) obtained by conjugation. Thus, ap, hence also-by the manifest injectivity [cf. assertion (i)]
of the homomorphism Outc(IIf, 1)-+ Aut(IIPIM)/Inn(IIf, 1) implicit in
the content of the claim ( *2 )-a±, is trivial. This completes the proof
of assertion (ii).
Next, we verify assertion (iii). First, recall that the description of
Aut(M 1 , 1 )k ((C1,1)k) given in the statement of assertion (iii) is well-known
and easily verified. Next, let us observe that the fact that the composite
in the statement of assertion (iii) determines an injection

follows immediately from a similar argument to the argument used in the
proof of the claim (*1) in the proof of Theorem 6.13, (ii), together with
the various definitions involved. Next, let us observe that by applying
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± ~
out
the natural outer isomorphism II 1.1 --+ II1,1 ~ Aut(Muh ((Cl,l)k), we
obtain an exact sequence of profinite groups
1

---+

Aut(M 1 , 1 )k ( ( C1,1 )k)

---+

Zout(II,, 1 )

---+

Out(rrt, 1)

(Aut(M 1 , 1 )k ( ( C1,l)k))

-where we regard Aut(M 1 , 1 )k ( (Cl,l)k) as a closed subgroup of Out(II1,1)
by means of the injection "'---+" of the above display. Thus, the central
terminality asserted in the statement of assertion (iii) follows immediately, in light of the above exact sequence, from assertion (ii). This
completes the proof of assertion (iii).
Finally, we verify assertion (iv). It follows immediately from assertion (iii) that the image of the homomorphism Aut(M 1,1)k ((C1,1)k) '---+
Zoutc(rr 1,1) (Im(pl,l)) determined by the composite in the statement of
assertion (iv) is centrally terminal. On the other hand, as is wellknown, this image of Aut(Ml,dk ((C 1,1)k) in Out(II 1,1) is contained in
Im(p 1,1) <::; Out(II 1,1). [Indeed, recall that there exists a natural outer
isomorphism SL2(Z)f' -=+ IIM 1 1 , where we write SL2(Z)/\ for the profinite completion of SL 2(Z),

sue~ that the image of ( ~1 ~1 )

E SL 2(Z)A

in Out(II 1,1) coincides with the image of the unique nontrivial element
of Aut(M 1 , 1 )J(C1,I)k) c:::: Z/2Z in Out(II 1,1).] Now assertion (iv) follows
Q.E.D.
immediately. This completes the proof of assertion (iv).

Remark 6.14.1. The authors hope to be able to address the issue
of whether or not a similar result to the results stated in Theorem 6.13,
(ii), (iii), holds for other families of pointed curves [e.g., the universal
curves over moduli stacks of hyperelliptic curves or more general Hurwitz
stacks] in a sequel to the present paper.
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