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Abstract.

An effective family of spectral curves appearing in Hitchin fibra-
tioris is determined. Using this family the moduli spaces of stable Higgs
bundles on an algebraic curve are embedded into the Sato Grassman-
nian. We show that the Hitchin integrable system, the natural al-
gebraically completely integrable Hamiltonian system defined on the
Higgs moduli space, coincides with the KP equations. It is shown that
the Serre duality on these moduli spaces corresponds to the formal
adjoint of pseudo-differential operators acting on the Grassmannian.
From this fact we then identify the Hitchin integrable system on the
moduli space of Spa,,-Higgs bundles in terms of a reduction of the
KP equations. We also show that the dual Abelian fibration (the SYZ
mirror dual) to the Spa,-Higgs moduli space is constructed by taking
the symplectic quotient of a Lie algebra action on the moduli space of
G L-Higgs bundles.
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81. Introduction

The purpose of this paper is to determine the relation between the
KP-type equations defined on the Sato Grassmannians and the Hitchin
integrable systems defined on the moduli spaces of stable Higgs bundles.
The results established are the following:

1)

2)

®3)

(4)

We determine the effective family of spectral curves appearing
in the Hitchin fibration of the moduli spaces of stable Higgs
bundles.

We embed the effective family of Jacobian varieties of the spec-
tral curves into the Sato Grassmannian and show that the KP
flows are tangent to each fiber of the Hitchin fibration.

The moduli space of Higgs bundles of rank n and degree n(g—1)
on an algebraic curve of genus g > 2 is embedded into the rela-
tive Grassmannian of [2, 4, 23]. Using this embedding we show
that the Hitchin integrable system is exactly the restriction of
the KP equations on the Grassmannian to the image of this
embedding,.

It is shown that the Krichever construction transforms the
Serre duality of the geometric data consisting of algebraic curves
and vector bundles on them to the formal adjoint of pseudo-
differential operators acting on the Grassmannian. By iden-
tifying the fixed-point-set of the Serre duality and the formal
adjoint operation we determine the KP-type equations that
are equivalent to the Hitchin integrable system defined on the
moduli space of Spa,,-Higgs bundles.

There are two ways to reduce an algebraically completely in-
tegrable Hamiltonian system: one by restriction and the other
by taking a quotient of a Lie algebra action that is similar to
the symplectic quotient. When applied to the moduli spaces
of Higgs bundles, these constructions yield SYZ-mirror pairs.
We interpret the SL-PGL and Spam-SOzm+1 dualities in this
way.

Let G¢ be the category of complex Lie groups, and C) the category
of Calabi—Yau spaces. For a compact oriented surface X of genus g > 2,
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the functor
Hom(#1 (%), - )/ - : Ge — CY

assigns to each complex Lie group G its character variety
Hom (#1(%), G) /G,

where 71 (X) is the central extension of the fundamental group of 3. The
quotient by conjugation is the geometric invariant theory quotient of
Mumford [21]. An amazing discovery of Hausel and Thaddeus [8], and
its generalizations by [5, 14] and others, is that the character variety
functor transforms the Langlands duality in G¢ to the mirror symmetry
of Calabi-Yau spaces in the sense of Strominger—Yau—Zaslow [28]:

g(c Hom("?l(EL : )// 3 Cy
Langlands Duall lMirror Dual
Cy.

C _—
Hom(#1(%), - )/ -

The character variety Hom(#1(X),G)/G has many distinct complex
structures [8, 14]. To understand the SYZ mirror symmetry among
the character varieties, it is most convenient to realize them as Hitchin
integrable systems. In his seminal papers [10, 11}, Hitchin identifies the
character variety with the moduli space of stable G- Higgs bundles, which
has the structure of an algebraically completely integrable Hamiltonian
system.

An algebraically completely integrable Hamiltonian system [4, 31]
is a holomorphic symplectic manifold (X,w) of dimension 2N together
with a holomorphic map H : X — g* such that

(1) a general fiber H~!(s), s € g*, is an Abelian variety of dimen-
sion N,

(2) g* is the dual Lie algebra of a general fiber H~!(s) considered
as a Lie group, and

(3) the coordinate components of the map H are Poisson commu-
tative with respect to the symplectic structure w.

The notion corresponding to an algebraically completely integrable
Hamiltonian system in real symplectic geometry is the cotangent bundle
of a torus. The procedure of symplectic quotient is to remove the effect
of this cotangent, bundle from a given symplectic manifold. In the holo-
morphic context, it is often useful to take the quotient by a family of
groups that have the same Lie algebra. Suppose we have a Lie algebra
direct sum decomposition g = g; @ go. If gi-action on X is integrable to
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a group G s-action in each fiber H~1(s) for s € g3, then we can define
a quotient X/ g1 as the family of quotients H=1(s)/G, s over g5. We
can also construct a reduction of (X,w, H) by restricting the fibration to
g5 and considering the family of go-orbits in H~1(s), if the ga-action is
integrated to a group action over g5. When applied to the moduli space
of Higgs bundles, these two constructions yield Abelian fibrations that
are dual to one another, producing an SYZ mirror pair. We examine
these constructions for the SL-PGL and Spam-SOamy1 dualities.
From the results established in [4, 16, 17, 19], we know that linear
integrable evolution equations on the Jacobians or Prym varieties are re-
alized as the restriction of KP-type equations defined on the Sato Grass-
mannians through a generalization of Krichever construction. Since the
Hitchin integrable systems are defined on a family of Jacobian varieties
or Prym varieties, we need to embed the whole family into the Sato
Grassmannian to compare the Hitchin systems and the KP equations.
To deal with families, we use two different approaches in this article.
One approach is to utilize the theory of Sato Grassmannians defined
over an arbitrary scheme developed in [2, 4, 22, 23]. In this way we can
directly compare the integrable Hamiltonian systems on the Higgs mod-
uli spaces and the KP equations. The other approach is to examine the
deformations of spectral curves that appear in the Hitchin Hamiltonian
systems. Once we identify the effective family of spectral curves, we can
embed the whole family into a single Sato Grassmannian over C, using
the method developed in [16].
The second approach has an unexpected application: we can identify
the effect of Serre duality operation on the algebro-geometric data in
terms of the language of Grassmannians. Note that Sato Grassmannians
are constructed from pseudo-differential operators [24, 25]. We will show,
using Abel’s theorem, that the Serre duality is simply the formal adjoint
operation on the pseudo-differential operators. Since the Sp-Hitchin
‘system is the fixed-point-set of the Serre duality on the GL-Hitchin
system, we can determine the integrable equations corresponding to the
Sp case as a reduction of the KP equations on the fixed-point-set of the
formal adjoint action on pseudo-differential operators. Since our formal
adjoint is slightly different from what has been studied in the literature
[13, 27, 29], the equations coming up for the symplectic groups are not
BKP or CKP equations. Let

P=>"ai(x) (%)i

be a formal pseudo-differential operator, where a;(x) is a matrix valued
function. We define the formal adjoint by



Hitchin systems, spectral curves, and KP equations 35

Pr=>y" (a%)i ca;(—x)t.

The reduction of the KP equations that corresponds to the Sp-Hitchin
system is the 2m-component KP equations that preserve the algebraic
condition

(1.1) L = Lm Im] L [Im 'Im}

for a 2m x 2m matrix Lax operator L with the leading term I,, - 8/0x.
Several authors have proposed integrable systems with Spa,,-symmetry
(cf. [30]). It would be interesting to study our reduction (1.1) from the
point of view of integrable systems and to investigate the relation with
the other Sp integrable systems.

The fundamental literature of the algebro-geometric study of the
Hitchin integrable systems and related topics is the book [4] by Donagi
and Markman. QOur present paper employs a slightly different perspec-
tive, that leads to the discovery of the KP-type equations corresponding
to the Sp Hitchin system.

The relation between the Hitchin integrable systems and the KP
equations was also studied in [15]. The treatment there was limited to
the study of the Hitchin system on a single fiber. The present article
extends the result therein.

We also note that many topics of this paper have been studied by
the Salamanca school of algebraic geometers from yet another point of
view [2, 7, 9, 22].

The paper is organized as follows. The first section is devoted to
reviewing the Hitchin integrable systems of [3, 11]. We then determine
an effective family of spectral curves in Section 3. Section 4 is devoted
to giving two constructions of reduced integrable systems from a Hitchin
system: one is a straightforward specialization, and the other is a kind
of symplectic reduction by a Lie subalgebra. These two constructions
give rise to an Abelian fibration and its dual Abelian fibration. We show
that the G L-Hitchin integrable system is equivalent to the KP equations
in Section 5. The identification of the Serre duality in terms of Grass-
mannians and pseudo-differential operators is carried out in Section 6.
Finally we determine the KP-type equations for the Sp Hitchin system.
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§2. Hitchin integrable systems

In this section we review the algebraically completely integrable
Hamiltonian systems defined on the moduli spaces of Higgs bundles,
following [3, 4, 10, 11].

Throughout the paper we denote by C a non-singular algebraic curve
of genus g > 2. The moduli space of semistable algebraic vector bundles
on C of rank n and degree d is denoted by Uc(n,d). When n and d are
relatively prime, a semistable bundle is automatically stable, and the
moduli space is a non-singular projective algebraic variety of dimension
n?(g — 1) + 1. We denote by

(2.1) Uo(n) = T tho(n,d)

dezZ

the space of all stable vector bundles. A Higgs bundle is a pair (E, ¢)
consisting of an algebraic vector bundle E on C and a global section

(2.2) ¢ € H(C,End(E) ® K¢)

of the endomorphism sheaf of E twisted by the canonical sheaf K¢ of C.

. . .o degF deg E : :
A Higgs bundle is stable if S22+ < ~%8= for every ¢-invariant proper

holomorphic vector subbundle F. An endomorphism of a Higgs bundle
(E, ¢) is an endomorphism v of F that commutes with ¢:

E Y, E

ol e

EF®Kec —— E®Ke.
Pp®1

It is known that H°(C,End(E, ¢)) = C for a stable Higgs bundle, and
one can define the moduli space of stable objects. We denote by H¢(n, d)
the moduli space of stable Higgs bundles of rank n and degree d on C,
and

(2.3) Ho(n) = [ [ He(n, d).

dez ;
Note that the Serre duality induces an involution on H¢(n) defined by
(24) Heo(n,d) 3 (B, ¢) — (E* @ Ko, —¢") € Ho(n, —d+2n(g — 1)).

The dual of the Higgs field ¢ : E — FE ® K¢ is a homomorphism ¢* :
E*® Kal — E*. We use the same notation for the homomorphism
E*® Ko — E* ® K& induced by ¢*.
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If F is stable, then (E, ¢) is stable for any ¢ of (2.2). And if ¢ = 0,
then the stability of (F,¢) simply means E is stable. Therefore, the
Higgs moduli space contains the total space of the holomorphic cotan-
gent bundle

(2.5) T*Uo(n, d) € Ho(n, d),
since

H°(C,End(E) ® K¢) = H'(C,End(E))* = T Uc(n, d).
Note that p*A'(Uc(n,d)) C AX(T*Uc(n,d)) has a tautological section

(2:6) n € H(T*Uc(n, d), p*At (Uc(n, d))),
where p : T*Uc(n,d) — Uc(n,d) is the projection, and A™ denotes
the sheaf of holomorphic r-forms. The differential w = —dn of the

tautological section defines the canonical holomorphic symplectic form
on T*Uc(n,d). The restriction of w on Ug(n, d), which is the 0-section
of the cotangent bundle, is identically 0. Therefore the 0-section is a
Lagrangian submanifold of this holomorphic symplectic space.

Let us denote by

(2.7) Var = VékLn(c) = @HO(Q Kgi)-
i=1

As a vector space V3 has the same dimension of H°(C, End(E) ® K¢).
The Higgs field ¢ : E — E ® K¢ induces a homomorphism of the i-th
anti-symmetric tensor product spaces

AHB) : AY(E) — N(E ® K¢o) = AY(E) @ K&,

or equivalently A*(¢) € HO(C,End(A*(E)) ® K2*). Taking its natural
trace, we obtain ’ ‘

tr A (¢) € HO(C, K&").
This is exactly the i-th characteristic coefficient of the twisted endomor-
phism ¢:

(2.8) det(x — ¢) =z™ + zn:(—l)itr A () - 2™

i=1

By assigning the coefficients of (2.8), Hitchin [11] defines a holomorphic
map, now known as the Hitchin fibration or Hitchin map,

(2.9) H:Ho(n,d) s (E,¢) — det(z — ¢) € é HYC,K&") = VL.

=1
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The map H to the vector space Vi; is a collection of N =n?(g—1)+1-
globally defined holomorphic functions on H¢(n, d). The 0-fiber of the
Hitchin fibration is the moduli space Uc(n, d).

To determine the generic fiber of H, the notion of spectral curves is
introduced in [11]. The total space of the canonical sheaf K¢ = A(C)
on C is the cotangent bundle T*C. Let

(2.10) T:T°C — C
be the projection, and
T € HYT*C,m*K¢c) C HY(T*C,AY(T*C))

be the tautological section of 7* K¢ on T*C. Here again wr+c = —d7
is the holomorphic symplectic form on T7*C. The tautological section
T satisfies that o*r = o for every section 0 € H(C, K¢) viewed as a
holomorphic map o : C — T*C. The characteristic coeflicients (2.8) of
¢ give a section

(2.11)

s=det(r — ¢) =" + > _(~1)tr A" (¢) - 7" € HO(T*C, 7" K&™).
i=1

We define the spectral curve Cs associated with a Higgs pair (E, ¢) as
the divisor of 0-points of the section s = det(r — ¢) of the line bundle
T KE™: '

(2.12) Cy = (s)o C T*C.

The projection 7 of (2.10) defines a ramified covering map 7 : Cs — C
of degree n.

There is yet another construction of the spectral curve Cs. Since the
section s = det(r — @) is determined by the characteristic coefficients of
¢, by abuse of notation we identify s as an element of V3 :

8= (81,82, -,8n) = (—tr, tr A% (4),...,(=1)"tr A" (¢))

c P H(C, K.

=1

It defines an O¢-module (s1+82+ - +8,)-KS ™. Let Zs denote the ideal
generated by this module in the symmetric tensor algebra Sym(Kg5?).
Since K' is the sheaf of linear functions on T*C, the scheme associated
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to this tensor algebra is Spec(Sym(K;')) = T*C. The spectral curve
as the divisor of 0-points of s is then defined by

Sym(Kg')

(2.13) Cs = Spec ( T,

) C Spec(Sym(KG')) = T*C.

We denote by U, the set consisting of points s for which C, is non-
singular. It is an open dense subset of V3, [3]. We note that since
deg(K¢) = 2g—2 > 0, every divisor of T*C' intersects with the 0-section
C. Therefore, if C; is non-singular, then it has only one component, and
is therefore irreducible. The genus of C; is g(Cs) = n?(g — 1) + 1, which
follows from an isomorphism

n—1

7,00, = Sym(K5")/T, = P K™
=0

as an O¢-module.
The Higgs field ¢ € H°(C,End(E) ® K¢) gives a homomorphism

¢: K5t — End(E),

which induces an algebra homomorphism, still denoted by the same

letter,
¢ : Sym(K5') — End(E).

Since s € V3, is the characteristic coefficients of ¢, by the Cayley—
Hamilton theorem, the homomorphism ¢ factors through

Sym(K5') — Sym(K;')/Zs — End(E).

Hence E is a module over Sym(K;')/Z, of rank 1. The rank is 1 be-
cause the ranks of F and Sym(K')/Zs are the same as Oc-modules.
In this way a Higgs pair (E,®) gives rise to a line bundle Lg on the
spectral curve Cs, if it is nonsingular. Since Lg being an O¢,-module is
equivalent to E being a Sym(Kg')/Zs;-module, we recover E from Lg
simply by E = m.Lg, which has rank n because 7 is a covering of degree
n. From the equality X(C, E) = X(Cs, Lg) and Riemann-Roch, we find
that deg Lr = d+n(n—1)(g—1). To summarize, the above construction
defines an inclusion map

H~Y(s) ¢ Pic?™"("=D=D () = Jac(C,),

if Cs is non-singular.
Conversely, suppose we have a line bundle £ of degree d + n(n —
1)(g — 1) on a non-singular spectral curve Cs. Then m.L is a module
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over m.O¢, = Sym(Kal) /Zs, which defines a homomorphism K;' —
End(m.L), or equivalently, ¥ : m,L — 7L @ K¢. It is easy to see
that the Higgs pair (m.L, ) is stable. Suppose we had a t-invariant
subbundle F C m,L of rank k < n. Since (F,9|r) is a Higgs pair,
it gives rise to a spectral curve Cy that is a degree k covering of C.
Note that the characteristic polynomial s’ = det{(z — ) is a factor of
the full characteristic polynomial s = det(x — ¢). Therefore, Cy is
a component of C,, which contradicts to our assumption that C; is
irreducible. Therefore, 7, L has no y-invariant proper subbundle. Thus
we have established that

(2.14)

H™Y(s) = Picdt™n= D=1 () = Jac(C;), 8 € Ureg C Vi

The vector bundle 7, L itself is not necessarily stable. It is proved in [3]
that the locus of £ in Pic?*™(m~D~1 () that gives unstable m.L has
codimension two or more.

Recall that the tautological section

ne HO(T*MC(n’ d)ap*Al(uC(n’ d)))

is a holomorphic 1-form on T*Uc(n,d) € He(n,d). Its restriction to
the fiber H~1(s) of s € Useg for which C; is non-singular extends to a
holomorphic 1-form on the whole fiber H~(s) & Jac(Cs) since 7 is unde-
fined only on a codimension 2 subset. Hence 1 extends as a holomorphic
1-form on H ! (Uyeg). Thus 7 is well defined on T*Uc (n, d)UH ™! (Useg).
The complement of this open subset-in Ha(n, d) cousists of such Higgs
pairs (E, ¢) that E is unstable and C, is singular. Since the stability
of F and the non-singular condition for C; are both open conditions,
this complement has codimension at least two. Consequently, both the
tautological section 7 and the holomorphic symplectic form w = —dn
extend holomorphically to the whole Higgs moduli space Heo(n, d).

We note that there are no holomorphic 1-forms other than constants
on a Jacobian variety since its cotangent bundle is trivial. It implies that

wlg-1(s) = —d(n|g-1(s)) =0

for s € Ureg. Therefore, a generic fiber of the Hitchin fibration is a La-
grangian subvariety of the holomorphic symplectic variety (Ho(n, d), w).
The Poisson structure on H(H¢(n,d), Oxg(n,q)) is defined by

{fa g} = w(Xf7Xg)’ f,g € HO(HC(na d)aO’Hc(n,d))’

where X denotes the Hamiltonian vector field defined by the relation
df = w(Xy,-). Since w vanishes on a generic fiber of H, the holomor-
phic functions on H¢(n,d) coming from the coordinates of the Hitchin
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fibration are Poisson commutative with respect to the holomorphic sym-
plectic structure w. Therefore, (Ho(n,d),w, H) is an algebraically com-
pletely integrable Hamiltonian system [4, 31|, called the Hitchin inte-
grable system.

Theorem 2.1 (Hitchin [11]). The Hitchin fibration
H: 'Hc(n, d) — VéL

is a generically Lagrangian Jacobian fibration that defines an algebraically
completely integrable Hamiltonian system (Hco(n,d),w,H). A generic
fiber H—'(s) is a Lagrangian with respect to the holomorphic symplectic
structure w and is isomorphic to the Jacobian variety of a spectral curve
Cs.

The Hitchin map H restricted to TF Uc(n,d) for a stable F is a
polynomial map

T Uc(n,d) = H°(C,End(E)®Kc) 3 ¢ — det(z—¢) € @ H*(C, KE")

i=1

consisting of g linear components, 3g — 3 quadratic components, 5g — 5
cubic components, etc., and (2n — 1)(g — 1) components of degree n.
Thus the inverse image

H™Y(s)NTEUc(n,d)

for a generic (E, ¢) consists of

(2.15) §= H i(2i-1)(g—1)

=1
points [3]. Consequently, the map
(2.16) p: Jac(Cs) = HY(s) — H0) = Uc(n, d)

is a covering morphism of degree §.

Let us now determine the Hamiltonian vector field associated to each
coordinate function of H. Take a point (E, ¢) € T*Uc(n, d)NH 1 (Ureg)-
The tangent space of the Higgs moduli space at this point is given by

(217)  T(pgyHo(n,d) = H(C,End(E)) ® H(C,End(E) ® K¢).

Since the symplectic form w = —dp is the exterior derivative of the
tautological 1-form 7 .of (2.6) on T*Uc(n,d), the evaluation of w at
(E, ¢) is given by

(2.18) w((a1,b1), (az,b2)) = (a1, b2) — (ag, b1),
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where (a1,b1), (a2,b2) € H(C,End(E)) @ H°(C,End(E) ® K¢), and
(,+) : H(C,End(E)) ® H(C,End(E) ® K¢) — C

is the Serre duality pairing. This expression is the standard Darboux
form of the symplectic form w. Choose an open neighborhood Y; of
in Uc(n,d) on which the cotangent bundle T*Uc(n, d) is trivial. Then
H is a polynomial map

H:Y; x H(C,End(E) ® K¢) 3 (E', ¢)

— s =det(z — ¢) € @HO(C, K&

=1

that depends only on the second factor. The differential dH g 4) at the
point (E, ¢) gives a linear isomorphism

(2.19) dH(p 4 : H°(C,End(E) ® Kc) = €D H°(C, K&").

i=1

As to the first factor of the tangent space of (2.17), we use the differential
of the covering map p of (2.16):

(2.20) dp(p.g) : H'(Cs,Oc,) — H'(C,End(E)),

where s = H(E, ¢). The dual of (2.19), together with (2.20), gives an
isomorphism

n—1
(221) Ver E P HYC, K®) = HY(C,m.00,)
=0
= HY(C,End(E)) = HY(Cy, Og,).

From (2.19) and (2.21), we see that the tangent space to the Higgs
moduli is given by

n n
T(E’(ﬁ)Hc(n,d) &~ @HI(C, K5®(z—1)) ® @ HO(C, ng)
=1 i=1

=Var ® V.

(2.22)

Therefore, the symplectic form has a decomposition into n pieces w =
w1 + wa + -+ + wp, and in each factor H(C, KCT@(Z_I)) ® HY(C,K&"),
w; takes the standard Darboux form

(2.23) wi((a1,01), (@b, b)) = (a1, b3)i — (a2, b1):,
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where (a},b%), (ab,b%) € HY(C, K52y @ HY(C, K2, and (-,-); is
the duality pairing of H!(C, K5®(’_1)) and H(C, K&").

Since s = H(E, ¢) € Uveg is a regular value of H, there is an open
subset Y2 C Upeg C V7 around s such that H1(Y2) is locally the
product of the fiber H~!(s) and Y2. By taking Y; smaller if necessary,
we thus obtain a local product neighborhood

P MY)NH YY) 2V xYe=Y

of (E,¢) in Hc(n,d). By construction, the projections to the first
and the second factors coincide with the projection p : T*Uc(n,d) —
Uc(n, d) and the Hitchin map H:

Y
RN
Y Y,

The neighborhood Y and these projections provide the Darboux coor-
dinate system for w, and its expression (2.18, 2.23) globally holds on
Y. In particular, the Hamiltonian vector fields corresponding to the
components of H on Y are constant vector fields that are determined
by elements of H'(C, KCT@(z_l)) for each i =1,...,n. Let (hy,...,hn)
be a linear coordinate system of V(,, where N = n?(g — 1) + 1. Since
Vi = @5, H(C,K&"), each coordinate function is an element of V1.:

n—1

(2.24) hi,...,hy € Vor = @ H'(C,K5®).
=0

Since H%(C;s,O¢,) = C, the Hitchin map H : Heo(n,d) — Vg is ac-
tually the pull back of the coordinate functions H=(h1),..., H=*(hn)
on H Y (Uyeg) C He(n,d). The identification of Vgr as the first fac-
tor of the tangent space in (2.22) gives the Hamiltonian vector fields
corresponding to the coordinate components of the Hitchin map. We
have therefore established that the Hamiltonian vector fields are linear
flows with respect to the linear coordinate of the Jacobian Jac(Cs) de-
termined by (2.21). Of course each of these linear flows extends globally
on Jac(Cs) since the tangent bundle of a Jacobian is trivial and a local
linear function extends globally as a linear function.

Theorem 2.2 (Hitchin [11]). The Hamiltonian vector fields corre-
sponding to the Hitchin fibration are lmear Jacobian flows on a generic
fiber H=(s) = Jac(Cs).
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How does the construction of the spectral data (Lg,Cs) from a Higgs
pair (E, @) change when we consider the Serre dual (F* ® K¢, —¢*)?7 To
answer this question, first we note

tr A (¢) = tr A° (¢*) € HO(C,End(N'E) ® K&)

(2.25) = H(C,End(N'(E* ® K¢)) ® Ki).

For s = (s1,82,...,8n) € V4L, we write 8* = (—s1,82,...,(—1)"s,). By
definition, the spectral curves Cs and Cjs« are isomorphic. As divisors
of T*C, their isomorphism C, 2 ¢(Cs+) is induced by the involution of
™C

(2.26) e:T*C > (p,z) — (p, —x) € T*C,
where p € C and z € T; C.

Proposition 2.3 (Hitchin [12]). The spectral data (Lg=gKs,Cs+)
corresponding to the Serre dual (E* ® Ko, —¢*) of the Higgs pair (E, §)
is given by

Lok =€ (Ly © Ka,)
Cs* = E(CS).

The degree of these isomorphic line bundles is — deg(E)+(n?+n)(g—1).

Proof. We use the exact sequence of [3, 12] that characterizes Lg:
0— £E®K531®7r*Kg — 1'E — 1" (EQK¢c) — LE®n Ko — 0.
The dual of this sequence is then

0 — Ly @m* Ko — 7*(E*® Kg) — m*(E* ® K&?)
— Ly ® Ko, T Ko — 0.

Thus the spectral data of the Higgs pair (E*Q K¢, ¢*) is (LK, , Cs).
The involution € comes in here when we consider the Higgs pair (E* ®
Ko, —¢*). QE.D.

Proposition 2.4. Hitchin’s integrable system for the group Spam(C)
is realized as the fixed-point-set of the Serre duality involution (E, ¢) —
(E* @ K¢, —¢*) defined on the Higgs moduli space Ho(2m,2m(g — 1)).

Proof. The fixed-point-set consists of Higgs pairs (E, ¢) such that
E =2 E*® K¢ and ¢ = —¢*. Choose a square root of K¢ and define

F=EQK, /2 The Higgs field ¢ = —¢* naturally acts on this bundle,
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and the pair (F, ¢) forms the moduli space of Spa,-Higgs bundles [12].
The characteristic coefficients satisfy the relation s = s*, hence

(2.27) sevVe def@H"(o K&%).

The spectral curve C; has a non-trivial involution € : Cs — C,. From
the exact sequence

0—Lp®KG @Kl — " (E® K5"*) — n*(E® KJ?)
K2

— Lg®T — 0,
we see that Lp = £E®7T*K_1/2 and Lr- 2 LT K, ®7T*K51/2. If we

define Lo = Lr @ T* K w2 following [12], then £} = e*Lo. Q.E.D.

§3. Deformations of spectral curves

The Hitchin fibration (2.9) is a family of deformations of Jacobians,
but it is not effective. In this section we determine the natural effective
family associated with the Hitchin fibration.

An obvious action on He(n,d) that preserves the spectral curves
is the scalar multiplication of Higgs fields ¢ — A - ¢ by A € C*. Al-
though this C*-action is not symplectomorphic because it changes the
symplectic form w +— X - w, from the point of view of constructing an
effective family of Jacobians, we need to quotient it out. We note that
the C*-action on V{3, defined by

(31) Vg, =@ HC,KE) > 5=(s1,52,...,5n)
i=1
— -5 =(As1,M\%s,...,\"s,) € VL
makes the Hitchin fibration C*-equivariant:

A

Ho(nd) — —2> s Hg(n,d) |
(3.2) m| | AeCr.
n 0 ®1 n 0 ®1
®i=1 H (C) KC ) diag(A,...,A™) @i:l H (C’ KC )’

Since Cj is defined by the équation (2.11), the natural C*-action on the
cotangent bundle T*C gives the isomorphism A : Cs — C).s that com-
mutes with the projection 7 : T7*C — C'. The line bundles Lz 4) on C;
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and L(g zg) on C.s corresponding to £ are related by this isomorphism
by
AN Ligrg) — L(B,6)-

Another group action on the Higgs moduli space that leads to trivial
deformations of the spectral curves is the Jacobian action. The Jac(C)-
action on H¢(n,d) is defined by (E,¢) — (E ® L,¢), where L &
Jac(C) = Pic’(C) is a line bundle on C of degree 0. The Higgs field
is preserved in this action because (F ®@ L)* ® (EQ L) = E* @ E is
unchanged, hence

¢ € H(C,End(E) ® K¢) = H*(C,End(E ® L) ® K¢).

Thus the cotangent bundle T*Uc(n, d) is trivial along every orbit of the
Jac(C)-action on Uex(n, d), and each Jac(C)-orbit in He(n, d) lies in the-
same fiber of the Hitchin fibration. Let us identify the Jac(C)-action on
a generic fiber H~!(s) 2 Jac(C;). The covering map 7 : Cs — C induces
an injective homomorphism 7* : Jac(C) 3 L — 7*L € Jac(Cy). This is
injective because if 7*L = O¢,, then by the projection formula we have

n-1
(L) 2 7,0, ® L = @L@ K&,
: =0

which has a nowhere vanishing section. Hence L = O¢. Take a point
(E,¢) € H-1(s) and let Lg be the corresponding line bundle on Cs.
Since T.(Lg®@7*L) & E® L, the action of Jac(C) on H~!(s) & Jac(C;)
is through the canonical action of the subgroup

Jac(C) & n*Jac(C) C Jac(Cs)

on Jac(Cs).

On the open subset T*Uc(n,d) of Ho(n,d), the Jac(C)-action is
symplectomorphic because it is induced by the action on the base space
Uc(n,d). On the other open subset H~}(Uyeg) the action is also sym-
plectomorphic because it preserves each fiber which is a Lagrangian.
Since the symplectic form w is defined by extending the canonical form
w = —dn to He(n,d), the Jac(C)-action is globally holomorphic sym-
plectomorphic on He(n, d). This action is actually a Hamiltonian action
and the first component of the Hitchin map

(3.3) Hy : Ho(n,d) 5 (B, ¢) — tr(¢) € HY(C, K¢)

is the moment map. Note that H'(C,O¢) is the Lie algebra of the
Abelian group Jac(C), and H°(C, K¢) is its dual Lie algebra. Since the
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infinitesimal action of H'(C,O¢) on the Higgs moduli space defines a
vector field which is obtained by identifying H'(C,O¢) with the first
component of (2.21), the symplectic dual to this vector field is the map
to the first component of second factor in (2.22), i.e, Hj.

We can therefore construct the symplectic quotient He (n, d) //J ac(C ),
which we will do in Section 4. Here our interest is to determine an effec-
tive family of spectral curves. The moment map H; of (3.3) being the
trace of ¢, it is natural to define

(3.4) Vsr =Vsr.c) = @H (C,K&") C Vér.
=2

This is a vector space of dimension (n? — 1)(g — 1). Now consider a
partial projective space

(3.5) P(HE" (n,d)) = (H™(V5L) \ HH(0))/C".

This is no longer a holomorphic symplectic manifold, yet the Hitchin
fibration naturally descends to a generically Jacobian fibration

(3.6) PH : P(HSE (n, d)) — Py (Vi)

over the weighted projective space of Vg, defined by the restriction of
(3.1) on Vg,. We now claim

Theorem 3.1 (Effective Jacobian fibration). The Jacobian fibration
PH : P(HE"(n,d)) — Pu(V3r)

is generically effective.

The rest of this section is devoted to the proof of this theorem. The
statement is equivalent to the claim that the family of deformations
of spectral curves parametrized by P, (V3,) is effective. Let s € Vg,
be a point for which the spectral curve C; is non-singular, and 5 the
corresponding point of P, (V3;). We wish to show that the Kodaira-
Spencer map

TsPy(Vsy) — H'(Cs, TCs)

is injective, where 7 X denotes the tangent sheaf of X.
The spectral curve Cs of (2.11) is the divisor of T*C defined by the
section
det(r — ¢) € H)(T*C, n*KZ"),
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where 7 is the tautological section of 7* K¢ on T*C. Let N, denote the
normal sheaf of Cy in T*C. Since Kr+c = A%2(T*C) = Op«c by the
holomorphic symplectic form wo = —dr, we have

N, 2 Ko, 2 K&

From

0 TC, TT*C|c, N 0,
we obtain
(3.7)

0 —— HY%C,,TT*C) —— HC,,N;) —— HY(Cs,TCs)
—— HY(C,,TT*C) —— H(Cs,N;).

Since

H(C,,N,) 2 H(C,m.K¢,) @ HY(C, KE') = Vir,

i=1

the homomorphism k is the Kodaira~Spencer map for the deformations
of spectral curves on V%, . We thus need to identify the image of .. We
note that the tangent sheaf and the cotangent sheaf are isomorphic on
the total space of the cotangent bundle T*C, i.e., TT*C = A} (T*C).

Proposition 3.2. We have the following isomorphisms:
HYT*C,A°(T*C)) = C
(3.8) HYT*C,AY(T*C)) = HYC,K¢) o C -1
H(T*C,A*(T*C)) = C.

Proof. The first isomorphism of (3.8) asserts that every globally
defined holomorphic function f on T*C is a constant. A section o €
H°(C,K¢) is a map o : C — T*C. Take an arbitrary pair of points
(z,y) in T*C. If they are not on the same fiber, then there is a section
o such that both 2 and y are on the image o(C). Since f is constant on
a(C), f(z) = f(y). I they are on the same fiber, then choose a point
z € T*C not on this fiber and use the same argument.

Since A2(T*C) = Or+c, the third isomorphism follows from the
first one.

The second isomorphism of (3.8) asserts that every holomorphic 1-
form « on T*C is either the pull-back of a holomorphic 1-form on C
via 7 : T*C — C, the tautological 1-form 7, or a linear combination of
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them. Let o : C' — T™C be an arbitrary section. Since the normal sheaf
of (C) in T*C is K¢, we have on o(C)

0 —— K}

o(c) T Al(T*C)(X)Og(C) —_ Kg(c) —s 0.

Therefore, identifying C' & ¢(C'), we obtain
0 — H(C,AY(T*C) ® O¢) — H°(C,K¢) =% H*(C,K5")
— HYC,AHT*C) ® O¢) — H'(C,Kc) — 0.

Here kg is the Kodaira—Spencer map assigning a deformation of C to a
displacement of C' in T*C through a section of K. But since o(C) is
always isomorphic to C, we do not obtain any deformation of C in this
way. Hence kg is the 0-map. Therefore,

(3.9) H%o(C),A"(T*C) ® Oy(c)) & H(0(C), Ky(c)) = H°(C, K¢).
Now consider an exact sequence on T*C
0 — AYT*C) ® Op-c(—a(C)) — AYHT*C)
— ANT*C) ® Oy(c) — 0,
which produces
0 — HY(T*C,AY(T*C) ® Op-c(—0(C))) — HO(T*C, A (T*C))
s H(o(C), A{(T*C) ® Os(cy)-
Because of (3.9), the homomorphism r is equal to the pull-back
r=o*: HT*C,A*(T*C)) — H°(C,K()

by the section ¢ : C — T*C. It is surjective because o* o 7 =
idgo(c, k). Therefore, we have a splitting exact sequence

(3.10) 0 — HYUT*C,AYT*C) @ O(—0(C))) — HO(T*C, A (T*C))
<, H(C, K¢) — 0.
The tautological 1-form 7 € HY(T*C,n*K¢) defines
0 — 1Ko — ANT*C) L5 AX(T*C) ® Opec(~C) — 0,
noting that 7 vanishes along the divisor C C T*C'. Since

HO(T*C, A*(T*C) ® Op+¢(-C)) = H*(T*C, O+ (—C)) = 0,
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we obtain
HY(T*C,m*K¢) & HY(T*C, A (T*C)).

Take o € HO(T*C,Al(T*C) ® Orc(—-0)) = HO(T*C,W*Kc(—C)).
Then

a/T € HY(T*C,m*Kc(~C) @ m* K51 (C)) &2 HY(T*C, Or-¢) = C.
Therefore, « is a constant multiple of 7, and we have obtained
(3.11) HY(T*C,AY(T*C) ® Or~c(—C)) = C.
From (3.10) and (3.11), we conclude that
H(T*C,AY(T*C)) = H°(C,Kc) ® C - 7.
Q.ED.

Lemma 3.3. Let s € V&, be a point such that the spectral curve
C, is nonsingular. Then we have an isomorphism

(3.12)  HY(C,,TT*C) = H°(C,, A*(T*C)) = H(T*C,AY(T*C)).

Proof. The line bundle on T*C that corresponds to the divisor
Cs C T*C is 7*K&". Thus

Orec(=Cs) 2 *KET™ > Opu o (—nC).

As above, let us consider an exact sequence

0 — AYT*C) ® O(—nC) — ANT*C) — AYT*C) ® Oc, — 0
and its cohomology sequence

0 — H(T*C,AYT*C) ® O(—nC)) — H°(T*C,AH(T*C))

L, HY(C,, AHT*C) @ O¢,).
From (3.11), we have
HY(T*C,AN(T*C) ® Or«c(—nC)) =0

for n > 2, hence gq is injective.

Take 3 € H(Cs, AY(T*C) ® Oc,), and extend it as a meromorphic
1-form on T*C. Since deg K¢ = 29 — 2 > 0, every divisor of T*C
intersects with the 0-section C, and since Cs ~ nC as a divisor, it also
intersects with Cy. If D € T*C is the pole divisor of 3, then it cannot
intersect with Cj, hence D = (). Therefore, ¢ is surjective. Q.E.D.
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Let us go back to the Kodaira—Spencer map (3.7). We now know
from (3.8) and (3.12) that

(3.13) 0 — H°(C,Ko)@C -7 — @D H(C, KE') - H'(Cs, KG)).

=1

The H(C, K¢)-factor of the second term of (3.13) maps to the first
component of the third term via the injective homomorphism ¢. The
tautological 1-form 7 on T*C that appears as the second factor of the
second term is mapped to a diagonal ray in the third term.

To see this fact, we recall that the tangent and cotangent sheaves
are isomorphic on 7*C through the symplectic form we = —dr. Let v
be the vector field on T*C corresponding to 7 through this isomorphism,
ie., 7 = we(-,v). This vector field v represents the C*-action on T*C
along fiber. In terms of a local coordinate system, these correspondences
are clearly described. Choose a local coordinate z on the algebraic curve
C around a point p € C, and denote by z the linear coordinate on 7,;C
with respect to the basis dz,. Then at the point (p,zdz,) € T*C we
have the following expressions:

T=xdz

we =dz ANdx
Y

’U—Ig‘;.

The A € C* action on T*C generated by the vector fields v produces a
displacement of Cs- C T*C to C).s, which corresponds to the equivariant
action of A on H¢(n, d) as described in (3.2). In terms of the holomorphic
1-form 7, its restriction on C, gives an element

Tle, € HY(Cs, K¢,) =2 HY(C,m.0c, ® K§™) = H(C, 0", K"
=P H(C, K.
=1

This is the image +(7) of (3.13).
Summing up, we have constructed an injective homomorphism
(3.14)

Vi /C = (éHO(C’, K&Y) /L (HY(C,Kc) @ C - 1) 2 HY(C,, Kzh.

=1

The image of R represents the generic Kodaira—Spencer class of the
Hitchin fibration PH of (3.6). This completes the proof of Theorem 3.1.
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§4. Symplectic quotient of the Higgs moduli space and Prym
fibrations

The Hamiltonian vector fields corresponding to the coordinate com-
ponents of the Hitchin map H¢(n, d) — V&, are constant Jacobian flows
along each fiber of the map. Suppose we have a direct sum decomposi-
tion of Vg into two Lie subalgebras

n—1

Vor € P HNC,KE™) =51 © g2
=0

Then there are two possible ways to construct new algebraically com-
pletely integrable Hamiltonian systems. If the g;-action on H¢(n,d) is
integrated to a group action, then it is Hamiltonian by definition and we
can construct the symplectic quotient. Or if the gs-action is integrated
to a group action instead, then we may find a family of go-orbits in
‘He(n, d) fibered over the dual Lie algebra g5. An important difference
between real symplectic geometry and holomorphic symplectic geome-
try is that in the latter case integrations of the same Lie algebra may
generate different (non-isomorphic) Lie groups. Consequently, the idea
of symplectic quotient has to be generalized so that we can allow a fam-
ily of groups acting on a symplectic manifold. The discovery of Hausel
and Thaddeus in [8] is that the above two constructions lead to mirror
symmetric pairs of Calabi—-Yau spaces in the sense of Strominger—Yau—
Zaslow [28]. In this section we consider two cases, the SL-PGL duality
and the Spam-SOam+1 duality.
The SL-PGL duality comes from the decomposition

n—1
Ver = H'(C,00) & (@ HY(C,K&™" ) :

i=1

Obviously, the vector fields generated by the H'(C, O¢)-action are inte-
grable to the Jac(C)-action everywhere on H¢(n,d). Therefore, we do
have the usual symplectic quotient mod Jac(C). On the other hand, the
integration of the other Lie algebra

n—1
Vsr € P HYC, K&
=1
produces different Lie groups, called Prym varieties, along each fiber of
the Hitchin fibration.
The spectral covering m : Cs — C induces two group homomor-
phisms dual to one another, the pull-back 7* and the norm map Nm,
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defined by

7* 1 Jac(C) 3 L — 7*L € Jac(Cs)

4.1
(4.1) Nm, : Jac(Cs) 3 £ +— det(m.L) ® det(m.O¢,) ™" € Jac(C).

In terms of divisors the norm map can be defined alternatively by

Pie(C) > 3 mlp)-p— 3 m(p) - n(p) € Jac(C)

p€Cs peCs
The Prym variety and the dual Prym variety

Prym(C,/C) % Ker(Nm,)

(4.2)

Prym*(C,/C) ¥ Jac(C,)/x*Jac(C)
constructed by using these homomorphisms are Abelian varieties of di-
mension g(Cs) — ¢g(C) and are dual to one another. The algebraically
completely integrable Hamiltonian systems with these Abelian fibra-
tions, that are naturally constructed from Hg(n, d), then become SYZ-

mirror symmetric.
We have shown in Section 3 that the Jac(C)-action on He(n,d) is
Hamiltonian. So we can define the symplectic quotient

43)  PHeo(n,d) ¥ Ho(n, d))Iac(C) = H1(0)/Jac(C).

This is a symplectic space of dimension 2(n? — 1)(g — 1) modeled by the
moduli space of stable principal PGL,(C)-bundles on C [10, 11]. Since
the Jac(C)-action on He(n, d) preserves the Hitchin fibration, we have
an induced Lagrangian fibration

(4.4) Hpgr : PHo(n, d) — Vi, = @) HO(C, KEY).
1=2
It’s O-fiber is Hpgy(0) = Uc(n,d)/Jac(C). Following [21] we denote

by SUc(n,d) the moduli space of stable vector bundles with a fixed
determinant line bundle. This is a fiber of the determinant map

(4.5) Ue(n,d) 5 E — det E € Pic?(0),

and is independent of the choice of the value of the determinant. Note
that (4.5) is a non-trivial fiber bundle. The equivariant Jac(C)-action
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on (4.5) is given by

Uc(n,d) —>= Uc(n,d)
(4.6) detl ldet L € Jac(C).

. d . d
P

Pic*(C) e Pl (@)
The isotropy subgroup of the Jac(C)-action on Uz (n, d) is the group of
n-torsion points
A7) T (C) ¥ {L € Jac(C) | L®" = O¢} = H'(C, Z/nZ),

since £ ® L & E implies det(F) ® L®™ = det(E). Choose a reference
line bundle L € Pic*(C) and consider a degree n covering

v:Pic(C) 5 L® Lo — L ® Ly € Pic*(C), L € Jac(C).
Then the pull-back bundle v*Uq(n, d) on Pic*(C) becomes trivial:
V*Uc(n, d) = Pic(C) x SUx(n, d).

The quotient of this product by the diagonal action of J,(C) is the
original moduli space:

(4.8) (Pic?(C) x SUc(n,d)) [/ Jo(C) = Uc(n, d).
It is now clear that
Uc(n,d)/Jac(C) =2 SUc(n,d)/ Tn(C).

What are the other fibers of (4.4)? Let s € V&, N Useg be a point
such that C; is non-singular. We have already noted that the covering
map 7 : Cs — C induces an injective homomorphism 7* : Jac(C) >
L — m*L € Jac(Cs). Therefore, the fiber Hpg (s) is isomorphic to the
dual Prym variety Prym*(C,/C). Similarly to the equivariant action
(4.6), we have

Jac(Cy) —25 Jac(C,)
(4.9) N | [N Legac().
Jac(C) r— Jac(C)

By the same argument of (4.8), we obtain

(4.10) (Prym(C,/C) x Jac(C)) [ J,(C) = Jac(Cs).
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From (4.2) and (4.10), it follows that
Prym®(Cy/C) = Prym(C4/C)/1n(C).
We have thus established
Theorem 4.1 ([11, 12]). The natural fibration

n
Hpar : PHo(n,d) — Vi, = @ H(C, K&
=2
of (4.4) is a Lagrangian dual Prym fibration with respect to the canonical
holomorphic symplectic form @ on PHc(n,d).

We recall that the Higgs moduli space He(n, d) contains the cotan-
gent bundle T*Ue(n, d) as an open dense subspace, and that the holo-
morphic symplectic form w is the canonical symplectic form on this
cotangent bundle. Similarly, we can show the following

Proposition 4.2. The symplectic form @ on PHe(n,d) given by
the symplectic quotient is the canonical cotangent symplectic form on the
cotangent bundle

T*(8Uc(n, d)/Jn(C)) C PHe(n, d).

Proof. Let E be a stable vector bundle on C. The exact sequence

0 Oc¢ End(F) —— Q=End(E)/Oc —— 0
induces a cohomology sequence
0 —— HYC,0c) ——— HY(C,End(E)).
Therefore,
Te(SUc(n,d)/J.(C)) = HY(C,End(E))/H"(C, O¢).
Dualizing the situation, we have
0 — Endg(E) ® K¢ — End(E) @ Ko —+ Ko — 0,

where Endg(E) is the sheaf of traceless endomorphisms of £. We then
have

0 — H%(C,Endy(E) ® Kg) — H°(C,End(F) ® K¢)
= HY(C,K¢) — 0.
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The trace homomorphism is globally surjective because O¢ is contained
in End(FE). Hence

T3 (SUc(n, d)/J,(C)) = HO(C,Endo(E) ® K¢).

Since the moment map H; of (3.3) is the trace map, we conclude that the
symplectic form @ on the symplectic quotient PHe(n, d) is the canonical
cotangent symplectic form on the cotangent bundle

T*(SUc(n, d)/Ta(C)).
Q.ED.

The other reduction of H¢(n, d) consisting of the Vgy-orbits is the
moduli space SH¢(n, d) of stable Higgs bundles (E, ¢) with a fixed de-
terminant det(E) = L and traceless Higgs fields

¢ € H(C,Endo(E) ® K¢).

This moduli space is modeled by the moduli space of stable principal
S L, (C)-bundles on C and has dimension 2(n?—1)(g—1). The cotangent
bundle T*SU¢(n,d) is an open dense subspace of SH¢(n,d). Since
tr(¢) = 0, the Hitchin fibration H of (2.9) naturally restricts to

(4.11) Hsr : SHo(n,d) — Vi, = @ H(C, KE).

=2

The O-fiber is Hg}(0) = SHc(n,d). For a generic s € V&, such that
Cs is non-singular, the fiber H;} (s) is the subset of H~(s) & Jac(Cs)
consisting of Higgs bundles (F, ¢) such that det(E) = L is fixed and
det(z — ¢) = s. Therefore, Hg} (s) & Prym(C,/C).

By comparing PHe(n,d) and SHe(n, d), we find that

(4.12) SHc(n,d)/J.(C) & PHe(n, d),

where the J,(C)-action on SH¢(n,d) is defined by F — E ® L for
L € J,(C). Since J,(C) is a finite group and PHc(n, d) is a holomorphic
symplectic variety, we can define a holomorphic symplectic form @ on
SHc(n, d) via the pull-back of the projection

SHe(n,d) — SHe(n, d) ) Jn(C).

Obviously @ agrees with the canonical cotangent symplectic form on
T*SUc(n, d). Therefore,
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Theorem 4.3 ([11, 12]). The fibration

Hsp : SHe(n,d) — Vi, = @ HO(C, K§?)
i=2
is a Lagrangian Prym fibration with respect to the canonical holomorphic
symplectic form @ on SHc(n, d).
Hausel and Thaddeus [8] shows that
Theorem 4.4 (Theorem (3.7) in [8]). The two fibrations

SHe(n,d) PHc(n,d)

Hsy, Py

Vst
are mirror symmetric in the sense of Strominger-Yau-Zaslow [28].

The effectiveness of the family of Prym and dual Prym varieties can
be established by the same method of Section 3. Let us define partial
projective moduli spaces

P(PHc(n,d)) = (PHo(n,d)\ Hpg(0)) /C*
and
P(SHo(n,d)) < (SHe(n, d) \ Hgf(0)) /C*.
The induced Hitchin maps are denoted by
(4.13) PHpgr : P(PHe(n,d)) — Py, (V31
PHgy, : P(SHe(n,d)) — Py (V).
We have the following
Theorem 4.5. The Prym and dual Prym fibrations
PHgy, : P(SHe(n,d) — Py (V3L
PHpgr, : P(PHc(n, d)) — Pu(V3y)
are generically effective.

For the case of Spa,,(C)-Hitchin systems, we consider Lie subalge-
bras

m—1
g= H'(C,EE™™)

=0

@H10K® —2i— 1)

=0

(4.14)
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and a direct sum decomposition
(4.15) Vérs,, = 9® Vsp.

This time the Hamiltonian flows on H¢(n,d) generated by elements of
g do not form a group action. However, if we restrict our attention to
points of Ureg N Vgﬁ as in (2.27), then the integral of the Lie algebra
action becomes a group action. Recall that the spectral curve Cs has an
involution induced by € of (2.26). We denote by

(4.16) r:Cs — CL = C5/(€)

the natural projection. It is ramified at the intersection of Cs with the
0-section of T*C, which is the divisor of 7* K& on Cj of degree 4m(g—1).
Therefore, we find the genus of C by the Riemann-Hurwitz formula:

(4.17) g(Cl) =m(2m —1)(g — 1) + 1 =dimg.

Since H(C’,7.O¢,) has a nowhere vanishing section, we have

(418) 0 —— Og —— 1.0, N-! 0
with a line bundle N on C! of degree 2m(g — 1). Note that
N®? = det(r,0c,)®? = Nm, (7" K¢),

hence N is a square root of the branch divisor Nm,(7* K¢) of the cov-
ering r. The exact sequence (4.18) gives

(4.19) H'(Cs,0¢,) 2 HY(C!,Oc;) ® H'(C;, N7Y),
and the projection to the first factor is the differential of the norm map
Nm, : Jac(Cs) 3 £ — det(r. L) ® det(r.Oc,) ™t € Jac(CL).

The construction of the Sp-Hitchin system of Proposition 2.4 is to
reduce the GL-Hitchin system He(2m,2m(g — 1)) by finding the right
fibration of groups. Along the fixed-point-set of the Serre duality on
this Higgs moduli space, the action of Vg, generates the Prym fibration
{Prym(C;/Cy)}seve, since the condition £ 2 €*Lo on C; is the same
as Lo € Prym(C,/C%). Comparing (4.15) and (4.19), we have

H'(C,,0c)2g and  H'(CL,N7') Vg,
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The dual fibration is the result of a kind of symplectic quotient of
Hc(2m,2m(g—1)) by g. In this quotient we restrict the Hitchin fibration
to the O-fiber of

m
g = @HO (C’, Kgm—l) ,
=1
and then take the quotient of each fiber by the Lie group Jac(C%) of g.
The result is the dual Prym fibration with a fiber

Prym*(Cs/C.) = Jac(Cs)/Jac(CL) = Prym(Cs/C%)/J2(CL)

over each s € Vg, where J>(C;) denotes the group of 2-torsion points
of Jac(C%).

§5. Hitchin’s integrable systems and the KP equations
The partial projective Hitchin fibration
PH : P(HZ"(n,d)) — Py (VEL)

is a generically effective Jacobian fibration. In this section we embed
P(H2F (n,d)) into a quotient of the Sato Grassmannian. There is also
a natural embedding of He(n,n(g — 1)) into a relative Grassmannian
of [2, 4, 22, 23]." We show that the linear Jacobian flows on the Hitchin
integrable system (H¢(n,n(g — 1)),w, H) are exactly the KP equations
on the Grassmannian via this second embedding.

Following Quandt [23], we define

Definition 5.1 (Sato Grassmannian). Let n be a positive integer.
The Sato Grassmannian Gry, is a functor from the category of schemes
to the small category of sets. It assigns to every scheme S a set Gry,(S)
consisting of quasi-coherent Og-submodules W of Og((2))®™ such that
both the kernel and the cokernel of the natural homomorphism
(5.1)

0 — Ker(Yw) — W T% 05((2))®" /Os[[2]]®™ —> Coker(Yw) — 0

are coherent Og modules. We refer to this condition simply the Fredholm
condition. Here we denote by Os|[2]] the ring of formal power series in
z with coefficients in Og, and Os((2)) = Og|[z]] + Os[z71].

Remark 5.1. A more general and powerful theory of relative Sato
Grassmannians has been recently established by Plaza Martin [22]. Tt
would be an interesting project to study possible relations between [22]
and the geometric Langlands correspondence.
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Remark 5.2. The Grassmannian Gry,(C) defined over the point
scheme Spec(C) has the structure of an infinite-dimensional pro-ind
scheme over C. If S is irreducible, then Gr,(9) is a disjoint union
of an infinite number of components indexed by the Grothendieck group
K(S):

(5.2)
index : Grp(S) 2 W +— index(Vw) &f Ker(7w) — Coker(7w) € K(S5).

Remark 5.3. The big cell is the open subscheme of the index 0
piece of the Grassmannian Gr?(S) consisting of W’s such that 7w is an
isomorphism. This is the stage where the Lax and Zakharov—Shabat for-
malisms of integrable nonlinear partial differential equations, such as KP,
KdV, and many other equations, are interpreted as infinite-dimensional
dynamical systems [24, 25]. The fundamental result is the identifica-
tion (6.17) of the big cell with the group of 0-th order monic pseudo-
differential operators [16, 23, 24, 25].

Remark 5.4. The above W is a closed subset of Og((2))®" with
respect to the topology defined by the filtration

cD 2" Og[[2]]® D 2Y - Og[[2]]P" D 2T Og[[2]]®" D - - -

One of the consequences of the Fredholm condition is that

(5.3) Wnz- Os][2]]®" =0 for v >> 0.
Consider the group
(5.4)
1 Osll2]]
r(8) = 0% - 1 ) . Os([2]] )
1 Oslz]]

consisting of n x n invertible diagonal matrices with entries in the ring
of formal power series whose constant term is scalar diagonal. It acts
on Gr,(S) by left-multiplication without fixed points. Indeed, let W €
Grp(S) and c+7 € OF - I, +z - Og[[2]]®™ satisfy that W = (c+7) - W.
This means that ¥-w € W for every w € W since W is an Og-module.
Since ¥ € z - Og|[2]]®", it then contradicts to (5.3) unless ¥ = 0. The
quotient Grassmannian

(5.5) Zn & Gro /Ty

is a smooth infinite-dimensional scheme. We denote by W the point of
Z,, corresponding to W € Gr,.
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The tangent space Ty Gr, of the Sato Grassmannian at W is given
by the space of continuous Og-homomorphisms

TwGry, = Homog (W, O5((2))®"/W).
The tangent space to Z, is then given by
(5.6) T3 Zn = Homog (VV, OS((z))@"/(Fn . W))

’_I‘_his expression does not depend on the choice of the lift W € Gr,, of
WeZ,.
Every element a € Og((z))®" defines a homomorphism

KP(a)w : W3 w+—a-w € Og((2))®" /(T - W)

through the left multiplication as a diagonal matrix, which in turn de-
termines a global vector field

05((2))®" 3 a+— KP(a) € H*(Z,,TZy,).

We call KP(a) the n-component KP flow associated with a. As ex-
plained in [16, 17, 19, 23], the quotient of the index zero Grassmannian
Z9 is naturally identified with the set of Laz operators (6.18), and the
action of Og((2))®" on a Lax operator is written as an infinite system of
nonlinear partial differential equations called Laz equations. This system
for the case of S = Spec(C) is the n-component Kadomtsev—Petviashvili
hierarchy [16]. :

Associated to the Hitchin fibration H : He(n,d) — V&, we have a
family of spectral curves:

(5.7) s, (n,d) inclusion T*C x Vg,
\ /
Vér-

Here the fiber F~1(s) of s € V¢ is the spectral curve Cs C T*C x
{s}, and p2 is the projection to the second factor. We note that the
ramification points of the covering m : Cs — C are determined by the
resultant of the defining equation

(5.8) "+ 512"+ s, =0
of Cs and its derivative

(5.9) nz™ 4+ (n—1)sz" - 45,1 =0.
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For every s € V3, we denote by Res(s) this resultant. The Sylvester
matrix of these polynomials (5.8) and (5.9) show that

Res(s) € H(C, K?n("_l)).

Since the linear system | K| is base-point-free, for every choice of p € C,
the subset

(5.10)

Up ={s € V&, | Cs is non-singular and 7 : Cs — C' is unramified at p}

is Zariski open in V.
Theorem 5.5. There is a rational map
p:P(HE (n,d)) — Zi~"9~D(C)

of the partial projective moduli space of Higgs bundles into the quo-
tient Grassmannian of index d — n(g — 1). This map is generically
injective. At a general point of the image of the embedding the n-
component KP flows defined on Z,(C) are tangent to the Hitchin fi-
bration PH : P(HZE (n,d)) — Py, (VZL).

Proof. A point of the partial projective Higgs moduli space repre-
sents an isomorphism class of spectral data (7 : Cs — C, L), where L is
a line bundle on C; of degree d+ (n? —n)(g —1). Choose a point p € C,
a coordinate z of the formal completion C’p of Catp,and s € U, NV,
so that C; is non-singular and 7 is unramified over p. The formal coor-
dinate z defines an identification Oy = C[[z]]. We also choose a local

trivialization of £ around 7 1(p), i.e., an isomorphism

(5.11) B:L|s —y = C[[2])®"™.

s, 7~ 1(p) s, 7~ 1(p)

Since the formal completion C’S,ﬂ_l(p) is the disjoint union of n copies of
Cp, the formal coordinate 2 also defines an identification Opa o =
s, (D
Cl[=)1®".
Now define
W = /B(HO(CS \ W_l(p)7 L)) c C((z))®n7

which is the set of meromorphic sections of £ that are holomorphic on
Cs \ 7 }(p) and have finite poles at 77 1(p). Since we have

Ker(Yw) & H(Cs, L)
Coker(Tw) = HY(Cs, L),
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W is a point of the Grassmannian Gré=™9=Y of index d— n(g—1). The
different choice of the local trivialization §’ in (5.11) leads to an element
B o B! € T,. Therefore, the point W € Z2 ™971(C) is uniquely
determined by (7 : Cs — C,p,z,L). Conversely this set of geometric
data is uniquely determined by W (see Section 5 of [16]). Thus the
rational map p is generically one-to-one. Notice that the I',, action on
the Grassmannian is inessential from the geometric point of view because
it simply changes the local trivialization of (5.11).
The tangent space at a general point of P(H2*(n,d)) is

HY(C,,0c,) @ Vi /C.

Since the Kodaira—Spencer map (3.14) is injective, it suffices to show
injectivity of the natural map

du : H'(Cs,0¢,) ® H'(Cs, K5") — Hom(W, C((2))®" /W)
= TwGTn((C),

which is induced by the local trivialization of O¢, and K¢ coming from
the choice of the local coordinate z. Using z, we define

Aw = HO(CS \ 7"-_l(p)’ Ocs) c C((z))@na
which is a point of the Grassmannian satisfying
Ker(Yay ) = H°(Cs, Oc,)
Coker(Vay, ) = HY(Cs, O¢,).

We note that Ay is a ring and W is an Ay -module. Since
C(()®"
Aw + Cl[[z]]®™’

HY(Cs,Og,) is injectively mapped to Hom(W, C((2))®"™/W).
The local coordinate z determines a local trivialization of K¢

Coker(Vay ) =

Kclép AN Oé’p cdz & OC‘,,’
and hence that of KE:

en 9 _ n 0
)5 = ClAe 5

Kasl o — (OC’ 92"

Os,w_l(P) P

This trivialization gives

C((2))®™-0/02
Dw + C[[z]]®" - /82’

HY(Cs,KGl) =
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where
Dy = H°(Cs \ m™}(p), K5!) C C((2))®™ - 9/0z.

Note that s € V{5, determines an element of H°(C;, K¢,) because

se Vg, =P HYC,KE) = H(C,mn*KE™) = H*(C;, Ko, ).

i=1
This holomorphic 1-form on C; induces a homomorphism

L— L Ke,,

or equivalently,
KileoL—L.

In terms of the local coordinate z, this homomorphism gives an action
of Dy on W. Since Dw - W C W, we conclude that Hl(Cs,Kasl) is
injectively mapped to Ty Gry,(C). In this construction H!(Cs, O¢,) and
H'(Cs, K;) have no common element in Ty Gry(C) except for 0. This
establishes the injectivity of du.

In [16], it is proved that the orbit of the n-component KP flows
starting from W is isomorphic to Picd+("2_”)(g_1)(03) (Theorem 5.8,
[16]), which is the fiber of the Hitchin map PH. This completes the
proof of the theorem. Q.E.D.

The above theorem does not say anything about the Hitchin inte-
grable system, because the partial projective moduli space is not a sym-
plectic manifold and we do not have any integrable systems on it. To
directly compare the Jacobian flows of the Hitchin systems and the KP
flows, we use the relative Grassmannian of [23] defined on the scheme U,
of (5.10). Solet #=1(p) = {p1,...,Pn}, and denote by z; = 7*(z) the for-
mal coordinate of C’s,pi. Choose a linear coordinate system (hy, ..., An)
for Vg, as in (2.24). Recall that m.Oc, = @I K¢, and from (2.21)

we have
n—1

H'(Cs, 0c,) = P HY(C,KE™) = Var.
i=0
Using the Cgch cohomology computation based on the covering C =
(C\ {p}) U Cp, we expand each hy € Vg, as

(5.12) hi = Z Ztijkzi—jy tijk e C.

i=1j>1
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The n-component KP flows on the Grassmannian Gr,(Uy) is defined by
a formal action of

n N
(5.13) exp Z Z Z tijkzi_j
i=1j>1 k=1

For degree d = n(g — 1), we have the following:

Theorem 5.6. Let us choose a point p € C, a formal coordinate z
of Cp, and a square root of the canonical sheaf Ké/ 2 Then the fibration

Cy;, (n,n(g — 1)) i CxVg,

S A

*
VG L

determines a point W € Gr8(U,). There is a birational map from
He(n,n(g — 1)) to the orbit of the n-component KP flows on the quo-
tient Grassmannian Z2(U,) starting from W. The Hitchin integrable
system on the Higgs moduli space Hco(n,n(g—1)) is the pull-back of the
n-component KP equations via this birational map.

Proof. We regard C,p, z, and K (1)/ 2 being defined over the trivial
family C' x V&,. There is a natural choice of a local trivialization of

K (1;./ % on C, determined by the coordinate 2. Note that
(5.14) K12 e (K2
is a square root of the relative dualizing sheaf K = n*(K&) on

Q:VESL (n,n(g —1)).

Take an arbitrary point s € Up. Since p € C is a point of C' at which 7
is unramified, the formal coordinate z determines a local trivialization
of K'/2 along n~}(p) C €y, (n,n(g — 1)). Define

(5.15) W = H(Cyg, (n,n(g — 1))\ 77 (p), £/?) C Oy, ((2))®",
using this local trivialization. Since

Ker(Tw,) & H(Cs, K°)
Coker(Yw, ) 2 H'(Cs, K¢/7)
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for each s € U,, we have W € Gr2(U,). Let us analyze the action

of (5.13) at W. On each Cs, hy = > tijkz; * defines an element of
HY(Cs,0¢,). The exponential of (5.13) is the Lie integration map

(5.16) Vor = HY(Cs,00,) =5 H(Cs, Oc,)/H(Cs, Z) = Jac(Cs).

Therefore, the action of (5.13) at the point W produces simultaneous
deformations of the line bundle

n N
(5.17) K2 s K2 @exp | 0N S tiez

i=1 j>1 k=1

on Cys (n,n(g — 1)). Consequently, the orbit of the n-component KP
flows on Z2(U,) starting at W is naturally identified with the family of
Pic”z(g_l)(Cs) on U,. Since the Hitchin fibration H : Hg(n,n(g—1)) —
V¢, is also a family of Pic“2(g_1)(Cs) on V¢, we have a rational map
from H : Ho(n,n(g— 1)) to the n-component KP orbit of W in Z2(Up).

Recall that the Hitchin integrable system on H : Ho(n,n(g — 1)) is
the linear Jacobian flows defined by the coordinate functions (hy, ..., An).
We note that this is exactly what (5.17) gives. Q.E.D.

Remark 5.7. So far we have assumed that C; is non-singular. Al-
though it will not be an Abelian variety, we can still define the Jacobian
Jac(Cs) using (5.16) when the spectral curve Cs is singular. As long
as we choose p € C so that 7—1(p) avoids the singular locus of Cs, the
KP flows are well defined. Moreover, the theory of Heisenberg KP flows
introduced in [1, 16] allows us to consider the covering 7 : C5 — C right
at a ramification point. It is more desirable to define the Grassmannian
over the whole V5, and to deal with the entire family F': €ys, — V&,
together with the moduli stack of Higgs bundles instead of the stable
moduli we have considered here, since the framework of the Sato Grass-
mannian allows us to consider all vector bundles on C and degenerated
spectral curves. We refer to [4] for a study in this direction.

§6. Serre duality and formal adjoint of pseudo-differential op-
erators

In this section we analyze the Serre duality of Higgs bundles in terms
of the language of the Sato Grassmannian, and identify the involution
on the corresponding pseudo-differential operators.
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The Krichever construction ([17, 19, 25]) assigns a point W of the
Sato Grassmannian,

(6.1) Grn(C) > W = B(H*(C\ {p}, F)) C C((2))*",

to a set of geometric data (C,p, 2z, F, 3), where C is an irreducible alge-
braic curve, p € C is a non-singular point, z is a formal parameter of
the completion Cp, F' is a torsion-free sheaf of rank n on C, and

8: Flg, = 02" = C[[]]®"

is a local trivialization of F' around p. We continue to assume that C'
is non-singular, hence F' is locally-free on C. As noted in Section 5, the
choice of alocal coordinate z automatically determines a local trivial-
ization of K¢:

(6.2) a KC‘éP — Oép cdz = Oép'
For every homomorphism £ : F — K¢, we have an element
ooy def _ n)* n
') Haogop e (0") = 0%
that is determined by the commutative diagram
Flg, —— Kcle,
(6.3) ﬁll |
@on  B(E) .
| (¢ & T OC,,'
Thus we have the canonical choice of the local trivialization

k. vk . ~ Dn
B F* @ Kolg, —~ OF".
Definition 6.1 (Serre Dual). The Serre dual of the geometric date
(C,p, 2, F, B) is the set of data (C,p, z, F* @ K¢, ).
To identify the counterpart of the Serre duality on the Sato Grass-
mannian, we introduce a non-degenerate symmetric paring in C((2)) by
(6.4)

(a(2),b(2)) = %?{a(z)b(z)dz = the coefficient of 2~ in a(2)b(2),

and define

n

(6.5 (f(2),9()n =D (fil2),9:(2)),  [(2),9(2) € C((2))®".

=1
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Lemma 6.1. Let W € Gry,(C) be a point of the Sato Grassmannian
of index d. Then

Wt ={f eC(2)®"| (f,w)n =0 for all we W}

is a point of Grp,(C) of index —d. Moreover, we have

66) Ker(Yw)* & Coker(7y)
. Coker(7w)* = Ker(Yw1),

where Yw is defined by the exact sequence

0 — Ker(Yw) — W Tw, C((2))®"/C][[2]]®™ — Coker(Tw) — 0.
Proof. Take an element f € W+ N C[[z]]®". Then
(£, W + C[]*), =o.
Thus it induces a linear map
f:C((2))/(W +C[[2]]®") 3 g+ (f,9)n € C,
defining a natural inclusion
(6.7) Ker(7Yy1) C Coker(Yw)*.

Now let h* € Coker(Yw )" be an arbitrary element. Choose a sequence
{g%, 95,95 ... }iz1,...n of elements of C((2))®" such that

(1) gi=e277+3, 2k gejuetzITE; o
(2) if W has an element whose leading term is e*z™7 for j > 0,
then g% € W.

Here et = (0,...,0,1,0,...,0)T is the i-th standard basis vector for C".
We denote by g the projection image of g} in C((2))®" /(W +C[[2]]®").
Consider the set of equations

(6.8) (f,g5)n =0"(g), i=1,...,m; j=1,2,3,...
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for f € C[[2]]®". If we write f(2) = Xi_; 3,50 aije*2’, then (6.8) is
equivalent to -

aio = h*(g})

n
a1 = h*(g}) — Eaeogezl
£=1

aiz = h*(g3) — (

agp19¢31 + a£09z32>

- %

agages1 + Gp19e42 + aeogms)

S
Il

1

a3 = h*(g}) — (

It is obvious that (6.8) has a unique solution. By construction we have
(fyW)n = 0, hence f € Ker(Vy). Therefore, the inclusion (6.7) is
indeed a surjective map.
The application of the same argument to W N C[[z]]®™ establishes
that
Ker(7w) = Coker(Vy.)*.
Q.ED.

Remark 6.2. We note that WL+ = W. It is obvious that W C
WL, The relation (6.6) then makes the inclusion relation actually the
equality.

Theorem 6.3. Let W € Gr,(C) be the point of the Grassmannian

corresponding to a set of geometric data (C,p,z, F,3). Then the point
corresponding to its Serre dual (C,p,z, F* @ K¢, *) is wt.

Proof. Let W’ be the point of the Grassmannian corresponding to
(C,p, z, F* ® K¢, 8*). Note that
index(Vw) = dim H(C, F) — dim H*(C, F) = —index("Yw).

Take an arbitrary f € H°(C \ {p}, F) and g € H°(C \ {p}, F* ® K¢).
Then

g-f e H(C\{p},Ko).
From (6.3) we see that 8*(g) - B8(f) = a(g - f). Abel’s theorem tells us
that the sum of the residues of the meromorphic 1-form g - f on C is 0.
Since g - f is holomorphic everywhere on C except for p, we have

0 =res,(g- f) = (6"(9), B(f))n-
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Therefore, W’ C W+. Since Yw- and Yy . have the isomorphic kernels
and cokernels, we conclude that W/ = W+, Q.E.D.

The ring of ordinary differential operators is defined as

(6.9) D = C[[z]] L%} .

Extending the powers of the differentiation to negative integers, we de-
fine the ring of pseudo-differential operators by

(6.10) £=D+Cll] H(d—da;) _1”.

Let £z be the left maximal ideal of £ generated by . Then £/€x is a
left £-module. Let us denote 8 = d/dx. As a C-vector space we identify

(6.11) E/Ex =C((07Y)).

Two useful formulas for calculating pseudo-differential operators are
n R .

6.12 - = @) (z)om~*

(6.12) @ =3 (7)o

where a(® (z) is the i-th derivative of a(z), and

(6.13) a(z)- 0" => (- 1)z< )8"—" a® ().
>0

A pseudo-differential operator has thus two expressions

P=) an(@d" =) Y (-1) ( )a”—i ald (z)

neZ neZ i>0

SN () CLREENE)

meZ i>0

The natural projection £ — £/Ex is given by

(6.14) piEdP= Zan(:):)(?"

— 2 (" a0 e e,

m >0
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The relation to the Grassmannian comes from the identification
(6.15) C((2)) 3 f(2) — f(O@71) -0t e C((871)).

Then C((z)) becomes an £-module. The action of P € € on f(z) €
C((2)) is given by the formula :

P f(z)=p(P- f(071)07") € C(())-

Definition 6.2 (Adjoint). The adjoint of P = 3, as(2)d* is defined
by

P* = Z@z - ag(—x).
e
Remark 6.4. Our adjoint is slightly different from the formal ad-
joint of [13, 29], which is defined to be Y_,(—8)* - az(z). This is due to
the fact that we are considering the action of pseudo-differential oper-

ators on the function space C((z)) through Fourier transform. Thus 0
acts as the multiplication of 27!, and x acts as the differentiation.

Let us compute the (m,n)-matrix entry of P. We find

= Z(“-l)i (mj z) agr?+n+i+1(0)'
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Similarly, we find

<zn’P* . zm)

gy
£

- <p (}; S (T o ay>(_x))>

= <zn, ZZ (—mi— 1) a$(0) ,z—z+m+i>

- Z ( ) Sz)+n+z+1(0)

Following [16], we introduce the ring of differential and pseudo-
differential operators with matrix coefficients and denote them by gl,,(D)
and gl,,(£), respectively. The adjoint of a matrix pseudo-differential op-
erator is defined in an obvious way:

(6.16) P = [Pylij=1,.n = P* = def [Pfilij=1,....n-

Proposition 6.5. For arbitrary f(2),9(z) € C((2))®" and P €
9ln(E) we have the adjoint formula

(£(2), P - g(2))n = (P" - f(2),9(2))n-

Proof. The statement follows from the above computations, noting

the identity
m+1 -m—1
("=

and the usual matrix transposition. Q.E.D.

A more direct relation between pseudo-differential operators and the
Sato Grassmannian is that the identification of the big cell of Gr,(C)
with the group

(6.17) G = I + gla(Cll2]])[[07 ]} - 07
of monic pseudo-differential operators of order 0 ([16], Theorem 6.5).

Theorem 6.6. Let W € Gr,,(C) be in the big cell, and correspond to
a pseudo-differential operator S € G. Then W+ corresponds to (S*)~! €
G.
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Proof. 'The correspondence of S € G and W in the big cell is the
equation

W=S8"1.Clz7Y@n. 1.

For f(2),9(z) € C[z71]®" . 271, we have

(87 £(2), 87" g(2))n = (£(2), SS7 - g(2))n = 0.

Q.E.D.

The Laz operator is defined by
(6.18) L=S-1,-0-5L

Lax operators bijectively correspond to points of the big cell of the quo-

. . — )
tient Grassmannian Z,(C). If W corresponds to L, then W~ corre-
sponds to L*. Therefore, the Serre duality indeed corresponds to the
adjoint action of the pseudo-differential operators.

87. The Hitchin integrable system for Sps,, and corresponding
KP-type equations

In this section we identify the KP-type equations that are equivalent
to the Hitchin integrable system for Spa,,. Since the moduli space of
the Span-Higgs bundles is identified as the fixed-point-set of the Serre
duality involution on He(2m, 2m(g — 1)) (Proposition 2.4), we will see
that the evolution equations are the KP equations restricted to a certain
type of self-adjoint Lax operators.

Let (E,¢) = (E* @ K¢, —¢*) be a fixed point of the Serre duality
operation on the Higgs moduli space H¢o(2m, 2m(g — 1)), and (Lg, Cs)
the corresponding spectral data. We choose a point p € C' and a local
coordinate z as in Section 5. We assume that the spectral cover 7 :
Cs — C is unramified at p. This time we choose a local trivialization

B: Lele — Og 2 Cl[2])**™

s,7~1(p)

Then the Serre dual of the data (7 : Cs — C,p, 2z, Lg, ¢, 5) is

(7l's* : Cs* - Cap,z’E*([’*E ®Kcs)’_¢*’e*’6*)'
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In general the dual trivialization is defined by

£
Lels —— Kc,|a
Comsim Comsltm
ﬁll lla
B8* (&
O O, o,
a5 L (p) PR )
elz zle
€"B* (&
0, ©, 04 .
s*, w5t () s*,m )

Note that in the current case we have s = s* and ¢: Cs — C is a non-
trivial involution. Since e commutes with =, it induces an involution of
the set 771(p) = {p1,...,P2m}. Let us number the 2m distinct points
so that

€(P1,---sP2m) = (P15 -+, P2m) * 4,

where
(7.1) A= [0 Im].

By the same argument we used in Theorem 6.3, if we define
W = B(H°(Cs \ 771 (p), L)) C C((2))®*™,
then we have
(72) AW =B (H(Co- \ 77 (p), " (L] ® Kc,))) € C((2)®™.
Let us assume that E is not on the theta divisor of [3] so that
H°(C,E) = HY(C,E) = 0. Then W € Gran,(C) is on the big cell, and

hence corresponds to a monic 0-th order pseudo-differential operator
S € G. Since W = AW+, we have

(7.3) S=A-(8*)"1 A
The Lax operator

L=5 Im-0-5'= [Ll LQ]

Ls L4
then satisfies that

(7.4) L*=A-L-A,
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or equivalently
L!=L,, Li=L,  L{=Ls.

The time evolution of S and the Lax operator L is given by the for-
mula established in Section 6 of [16]. Let S(t) be the solution of the
n-component KP equations with the initial data S(0) = S. Then S(¢)
is given by the generalized Birkhoff decomposition of [16, 18]

(7.5) exp ([Dl DJ) SOyt =8@1t)"t Y (1),
where D; and Ds are diagonal matrices of the shape

ijl tijlaj
D, =
ijl tijmaj

corresponding to (5.13), and Y'(¢) is an invertible infinite order differ-
ential operator introduced in [18]. We impose that the time evolution
S(t) satisfies the same twisted self-adjoint condition (7.3). Applying
the adjoint-inverse operation and conjugation by A of (7.1) to (7.5), we
obtain

exp (A [‘Dl ~D2] A) LS(0)1 = ()1 - (A(Y (1)) A).

Therefore, the time evolution (7.5) with the condition Dy = —D; pre-
serves the twisted self-adjointness (7.3). We have thus established

Theorem 7.1. The KP-type equations that generate the Hitchin
integrable systems on the moduli spaces of Spa,,-Higgs bundles are the
reduction of the 2m-component KP equations that preserve the twisted
self-adjointness (7.3) for the operator S, or (7.4) for the Lax operator
L. The time evolution S —— S(t) preserving the condition is given by
the generalized Birkhoff decomposition

(7.6) exp <[D ~D}) SOyt =8t Y (1),
where i
ZjZl tjla]
D =
ijl tjmaj
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Remark 7.2. Since the time evolution of (7.6) is given by a traceless
matrix diag(D, —D), every finite-dimensional orbit of this system is a
Prym variety by the general theory of [16], which is expected from the
Sp Hitchin fibration.
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