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Abstract. 

An effective family of spectral curves appearing in Hitchin fibra­
tioris is determined. Using this family the moduli spaces of stable Higgs 
bundles on an algebraic curve are embedded into the Sato Grassman­
nian. We show that the Hitchin integrable system, the natural al­
gebraically completely integrable Hamiltonian system defined on the 
Higgs moduli space, coincides with the KP equations. It is shown that 
the Serre duality on these moduli spaces corresponds to the formal 
adjoint of pseudo-differential operators acting on the Grassmannian. 
From this fact we then identify the Hitchin integrable system on the 
moduli space of Sp2m-Higgs bundles in terms of a reduction of the 
KP equations. We also show that the dual Abelian fibration (the SYZ 
mirror dual) to the Sp2m-Higgs moduli space is constructed by taking 
the symplectic quotient of a Lie algebra action on the moduli space of 
GL-Higgs bundles. 
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§1. Introduction 

The purpose of this paper is to determine the relation between the 
KP-type equations defined on the Sato Grassmannians and the Hitchin 
integrable systems defined on the moduli spaces of stable Higgs bundles. 
The results established are the following: 

(1) We determine the effective family of spectral curves appearing 
in the Hitchin fibration of the moduli spaces of stable Higgs 
bundles. 

(2) We embed the effective family of Jacobian varieties of the spec­
tral curves into the Sato Grassmannian and show that the KP 
flows are tangent to each fiber of the Hitchin fibration. 

(3) The moduli space of Higgs bundles ofrank nand degree n(g-1) 
on an algebraic curve of genus g ~ 2 is embedded into the rela­
tive Grassmannian of [2, 4, 23]. Using this embedding we show 
that the Hitchin integrable system is exactly the restriction of 
the KP equations on the Grassmannian to the image of this 
embedding. 

( 4) It is shown that the Krichever construction transforms the 
Serre duality of the geometric data consisting of algebraic curves 
and vector bundles on them to the formal adjoint of pseudo­
differential operators acting on the Grassmannian. By iden­
tifying the fixed-point-set of the Serre duality and the formal 
adjoint operation we determine the KP-type equations that 
are equivalent to the Hitchin integrable system defined on the 
moduli space of Sp2m-Higgs bundles. 

(5) There are two ways to reduce an algebraically completely in­
tegrable Hamiltonian system: one by restriction and the other 
by taking a quotient of a Lie algebra action that is similar to 
the symplectic quotient. When applied to the moduli spaces 
of Higgs bundles, these constructions yield SYZ-mirror pairs. 
We interpret the SL-PGL and Sp2m-SOzm+l dualities in this 
way. 

Let Qc be the category of complex Lie groups, and cy the category 
of Calabi-Yau spaces. For a compact oriented surface~ of genus g ~ 2, 
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the functor 
Hom(11"1(:E), · )// · : 9c --t CY 

assigns to each complex Lie group G its character variety 

where 11"1 (E) is the central extension of the fundamental group of E. The 
quotient by conjugation is the geometric invariant theory quotient of 
Mumford [21]. An amazing discovery of Hausel and Thaddeus [8], and 
its generalizations by [5, 14] and others, is that the character variety 
functor transforms the Langlands duality in 9c to the mirror symmetry 
of Calabi-Yau spaces in the sense of Strominger-Yau-Zaslow [28]: 

YC Hom(1f1(~), · )// · CY 

Langlands Duall 1 Mirror Dual 

9c CY. 
Hom(1f1(~), · )// · 

The character variety Hom( 11"1 (E), G) 1/G has many distinct complex 
structures [8, 14]. To understand the SYZ mirror symmetry among 
the character varieties, it is most convenient to realize them as Hitchin 
integrable systems. In his seminal papers [10, 11], Hitchin identifies the 
character variety with the moduli space of stable G-Higgs bundles, which 
has the structure of an algebraically completely integrable Hamiltonian 
system. 

An algebraically completely integrable Hamiltonian system [4, 31] 
is a holomorphic symplectic manifold (X,w) of dimension 2N together 
with a holomorphic map H : X -t 9* such that 

(1) a general fiber H-1(s), s E 9*, is an Abelian variety of dimen­
sion N, 

(2) 9* is the dual Lie algebra of a general fiber H- 1 (s) considered 
as a Lie group, and 

(3) the coordinate components of the map H are Poisson commu­
tative with respect to the symplectic structure w. 

The notion corresponding to an algebraically completely integrable 
Hamiltonian system in real symplectic geometry is the cotangent bundle 
of a torus. The procedure of symplectic quotient is to remove the effect 
of this cotangent bundle from a given symplectic manifold. In the holo­
morphic context, it is often useful to take the quotient by a family of 
groups that have the same Lie algebra. Suppose we have a Lie algebra 
direct sum decomposition 9 = 91 EB92· If 91-action on X is integrable to 
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a group G1,8 -action in each fiber H- 1 (s) for s E flz, then we can define 
a quotient X//fll as the family of quotients H- 1(s)jG1,s over flz· We 
can also construct a reduction of (X, w, H) by restricting the fibration to 
flz and considering the family of g2-orbits in H- 1 ( s), if the g2-action is 
integrated to a group action over flz. When applied to the moduli space 
of Higgs bundles, these two constructions yield Abelian fibrations that 
are dual to one another, producing an SYZ mirror pair. We examine 
these constructions for the SL-PGL and Sp2m-S02m+l dualities. 

From the results established in [4, 16, 17, 19], we know that linear 
integrable evolution equations on the Jacobians or Prym varieties are re­
alized as the restriction of KP-type equations defined on the Sato Grass­
mannians through a generalization of Krichever construction. Since the 
Hitchin integrable systems are defined on a family of Jacobian varieties 
or Prym varieties, we need to embed the whole family into the Sato 
Grassmannian to compare the Hitchin systems and the KP equations. 
To deal with families, we use two different approaches in this article. 
One approach is to utilize the theory of Sato Grassmannians defined 
over an arbitrary scheme developed in [2, 4, 22, 23]. In this way we can 
directly compare the integrable Hamiltonian systems on the Higgs mod­
uli spaces and the KP equations. The other approach is to examine the 
deformations of spectral curves that appear in the Hitchin Hamiltonian 
systems. Once we identify the effective family of spectral curves, we can 
embed the whole family into a single Sato Grassmannian over C, using 
the method developed in [16]. 

The second approach has an unexpected application: we can identify 
the effect of Serre duality operation on the algebro-geometric data in 
terms of the language of Grassmannians. Note that Sato Grassmannians 
are constructed from pseudo-differential operators [24, 25]. We will show, 
using Abel's theorem, that the Serre duality is simply the formal adjoint 
operation on the pseudo-differential operators. Since the Sp-Hitchin 
system is the fixed-point-set of the Serre duality on the GL-Hitchin 
system, we can determine the integrable equations corresponding to the 
Sp case as a reduction of the KP equations on the fixed-point-set of the 
formal adjoint action on pseudo-differential operators. Since our formal 
adjoint is slightly different from what has been studied in the literature 
[13, 27, 29], the equations coming up for the symplectic groups are not 
BKP or CKP equations. Let 

be a formal pseudo-differential operator, where ai(x) is a matrix valued 
function. We define the formal adjoint by 
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The reduction of the KP equations that corresponds to the Sp-Hitchin 
system is the 2m-component KP equations that preserve the algebraic 
condition 

(1.1) 

for a 2m X 2m matrix Lax operator L with the leading term hrn . 8 I ax. 
Several authors have proposed integrable systems with Sp2rn-symmetry 
(cf. [30]). It would be interesting to study our reduction (1.1) from the 
point of view of integrable systems and to investigate the relation with 
the other Sp integrable systems. 

The fundamental literature of the algebro-geometric study of the 
Hitchin integrable systems and related topics is the book [4] by Donagi 
and Markman. Our present paper employs a slightly different perspec­
tive, that leads to the discovery of the KP-type equations corresponding 
to the Sp Hitchin system. 

The relation between the Hitchin integrable systems and the KP 
equations was also studied in [15]. The treatment there was limited to 
the study of the Hitchin system on a single fiber. The present article 
extends the result therein. 

We also note that many topics of this paper have been studied by 
the Salamanca school of algebraic geometers from yet another point of 
view [2, 7, 9, 22]. 

The paper is organized as follows. The first section is devoted to 
reviewing the Hitchin integrable systems of [3, 11]. We then determine 
an effective family of spectral curves in Section 3. Section 4 is devoted 
to giving two constructions of reduced integrable systems from a Hitchin 
system: one is a straightforward specialization, and the other is a kind 
of symplectic reduction by a Lie subalgebra. These two constructions 
give rise to an Abelian fibration and its dual Abelian fibration. We show 
that the G L-Hitchin integrable system is equivalent to the KP equations 
in Section 5. The identification of the Serre duality in terms of Grass­
mannians and pseudo-differential operators is carried out in Section 6. 
Finally we determine the KP-type equations for the Sp Hitchin system. 
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§2. Hitchin integrable systems 

In this section we review the algebraically completely integrable 
Hamiltonian systems defined on the moduli spaces of Higgs bundles, 
following [3, 4, 10, 11]. 

Throughout the paper we denote by C a non-singular algebraic curve 
of genus g :;::: 2. The moduli space of semistable algebraic vector bundles 
on C of rank nand degree dis denoted by Uc(n, d). When nand dare 
relatively prime, a semistable bundle is automatically stable, and the 
moduli space is a non-singular projective algebraic variety of dimension 
n2(g- 1) + 1. We denote by 

(2.1) Uc(n) = IJ Uc(n, d) 
dEZ 

the space of all stable vector bundles. A Higgs bundle is a pair (E, ¢) 
consisting of an algebraic vector bundle Eon C and a global section 

(2.2) ¢ E H 0 (C,End(E) 0 Kc) 

of the endomorphism sheaf of E twisted by the canonical sheaf K c of C. 
A Higgs bundle is stable if r::'J<~ < r::'J<~ for every ¢-invariant proper 
holomorphic vector subbundle F. An endomorphism of a Higgs bundle 
(E, ¢)is an endomorphism 'ljJ of E that commutes with¢: 

E 

E0Kc ----+ E0Kc. 
1{;01 

It is known that H 0 ( C, End( E, ¢)) = C for a stable Higgs bundle, and 
one can define the moduli space of stable objects. We denote by 1tc(n, d) 
the moduli space of stable Higgs bundles of rank nand degree don C, 
and 

(2.3) 1tc(n) = IJrtc(n, d). 
dEZ 

Note that the Serre duality induces an involution on 1tc(n) defined by 

(2.4) 1tc(n, d) 3 (E, ¢) f---+ (E* 0 Kc, -¢*) E 1tc(n, -d + 2n(g- 1)). 

The dual of the Higgs field ¢ : E --t E 0 Kc is a homomorphism¢* : 
E* 0 K(} --t E*. We use the same notation for the homomorphism 
E* 0 Kc --t E* 0 K32 induced by ¢*. 
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If E is stable, then (E, ¢) is stable for any¢ of (2.2). And if¢= 0, 
then the stability of (E, ¢) simply means E is stable. Therefore, the 
Higgs moduli space contains the total space of the holomorphic cotan­
gent bundle 

(2.5) T*Uc(n, d) c 1ic(n, d), 

since 

H 0 (C,End(E) ® Kc) ~ H 1 (C,End(E))* ~ T'EUc(n, d). 

Note that p* A1 (Uc(n, d)) c A1(T*Uc(n, d)) has a tautological section 

(2.6) 1J E H 0 (T*Uc(n,d),p*A1 (Uc(n,d))), 

where p T*Uc(n, d) --t Uc(n, d) is the projection, and Ar denotes 
the sheaf of holomorphic r-forms. The differential w = -dry of the 
tautological section defines the canonical holomorphic symplectic form 
on T*Uc(n, d). The restriction of w on Uc(n, d), which is the 0-section 
of the cotangent bundle, is identically 0. Therefore the 0-section is a 
Lagrangian submanifold of this holomorphic symplectic space. 

Let us denote by 

n 

(2.7) VaL= VaLn(C) = ffiH0 (C,K3i). 
i=l 

As a vector space VaL has the same dimension of H 0 (C, End(E) ®Kc). 
The Higgs field¢ : E --t E ® Kc induces a homomorphism of the i-th 
anti-symmetric tensor product spaces 

/\i(¢): /\i(E)----+ 1\i(E ® Kc) = 1\i(E) ® K3i, 

or equivalently /\i(¢) E H 0(C,End(/\i(E)) ® K3i). Taking its natural 
trace, we obtain 

tr /\i (¢) E H 0 (C, K3i). 

This is exactly the i-th characteristic coefficient of the twisted endomor­
phism¢: 

n 

(2.8) det(x- ¢) = xn + ~) -l)itr /\i (¢) · xn-i. 

i=l 

By assigning the coefficients of (2.8), Hitchin [11] defines a holomorphic 
map, now known as the Hitchin fibration or Hitchin map, 

n 

(2.9) H: 1ic(n,d) 3 (E,¢) ~----+ det(x- ¢) E ffiH0 (C,K3i) =VaL· 
i=l 
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The map H to the vector space VeL is a collection of N = n 2 (g -1) + 1 
globally defined holomorphic functions on Hc(n, d). The 0-fiber of the 
Hitchin fibration is the moduli space Uc(n, d). 

To determine the generic fiber of H, the notion of spectral curves is 
introduced in [11]. The total space of the canonical sheaf Kc = A1 (C) 
on Cis the cotangent bundle T*C. Let 

(2.10) 1r: T*C--+ C 

be the projection, and 

be the tautological section of n* Kc on T*C. Here again Wr•c = -dT 
is the holomorphic symplectic form on T*C. The tautological section 
T satisfies that O"* T = O" for every section O" E H 0 ( C, K c) viewed as a 
holomorphic map O" : C ---+ T*C. The characteristic coefficients (2.8) of 
¢ give a section 
(2.11) 

n 

s = det(T- ¢) = T®n + 2) -1)itr /\i (¢) · T®n-l E H 0 (T*C, n* K%5n). 
i=l 

We define the spectral curve Cs associated with a Higgs pair (E, ¢) as 
the divisor of 0-points of the section s = det( T - ¢) of the line bundle 
n* K3n: 

(2.12) Cs = (s)o C T*C. 

The projection 1r of (2.10) defines a ramified covering map 1r : 0 8 ---+ C 
of degree n. 

There is yet another construction ofthe spectral curve 0 8 • Since the 
section s = det( T - ¢) is determined by the characteristic coefficients of 
¢, by abuse of notation we identify s as an element of V0L: 

n 

E ffiHo(C,K3i). 
i=l 

It defines an Oc-module (s1 +s2+· · ·+sn)·K%5-n. Let Is denote the ideal 
generated by this module in the symmetric tensor algebra Sym(K01). 

Since K(/ is the sheaf of linear functions on T*C, the scheme associated 
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to this tensor algebra is Spec(Sym(K01 )) = T*C. The spectral curve 
as the divisor of 0-points of s is then defined by 

(2.13) ( Sym(K-1)) 
Cs =Spec Is c c Spec(Sym(K01)) = T*C. 

We denote by Ureg the set consisting of points s for which Cs is non­
singular. It is an open dense subset of Vch [3]. We note that since 
deg(Kc) = 2g- 2 > 0, every divisor of T*C intersects with the 0-section 
C. Therefore, if Cs is non-singular, then it has only one component, and 
is therefore irreducible. The genus of Cs is g(Cs) = n 2 (g -1) + 1, which 
follows from an isomorphism 

n-1 

nJ:Jcs = Sym(K01)/Is ~ E9 K3-i 
i=O 

as an Oc-module. 
The Higgs field ¢> E H 0 ( C, End (E) ® K c) gives a homomorphism 

rp : K 01 -----+ End(E), 

which induces an algebra homomorphism, still denoted by the same 
letter, 

rp: Sym(K01 )-----+ End(E). 

Since s E VeL is the characteristic coefficients of rp, by the Cayley­
Hamilton theorem, the homomorphism rp factors through 

Sym(K01 )-----+ Sym(K01)/Is-----+ End(E). 

Hence Eisa module over Sym(K01)/Is of rank 1. The rank is 1 be­
cause the ranks of E and Sym(K01 )/Is are the same as Oc-modules. 
In this way a Higgs pair (E, ¢>) gives rise to a line bundle LE on the 
spectral curve Cs, if it is nonsingular. Since LE being an Ocs -module is 
equivalent toE being a Sym(K01 )/Is-module, we recover E from LE 
simply byE= 7r*LE, which has rank n because 7r is a covering of degree 
n. From the equality X(C,E) = X(Cs,LE) and Riemann-Roch, we find 
that deg LE = d+n(n-1)(g-1). To summarize, the above construction 
defines an inclusion map 

if Cs is non-singular. 
Conversely, suppose we have a line bundle .C of degree d + n( n -

1)(g- 1) on a non-singular spectral curve Cs. Then n*.C is a module 
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over 1r*Ocs = Sym(K(/)/I8 , which defines a homomorphism K(/ ----+ 

End(1r*L:), or equivalently, 'ljJ : 1r*L: ----+ 1r*L: ® Kc. It is easy to see 
that the Higgs pair (1r*L:, 1/J) is stable. Suppose we had a 1/J-invariant 
subbundle F C 1r*L: of rank k < n. Since (F, 1/JIF) is a Higgs pair, 
it gives rise to a spectral curve Cs' that is a degree k covering of C. 
Note that the characteristic polynomial s' = det(x- 1/J) is a factor of 
the full characteristic polynomial s = det(x - cp). Therefore, Cs' is 
a component of C8 , which contradicts to our assumption that Cs is 
irreducible. Therefore, 1r*L: has no 1/J-invariant proper subbundle. Thus 
we have established that 
(2.14) 

H-1 (s) = Picd+n(n-l)(g-l)(Cs) ~ Jac(Cs), s E Ureg C VaL· 

The vector bundle 1r *L: itself is not necessarily stable. It is proved in [3] 
that the locus of L: in Picd+n(n-l)(g-l)(Cs) that gives unstable 1r*L: has 
codimension two or more. 

Recall that the tautological section 

rJ E H 0 (T*Uc(n, d),p* A1(Uc(n, d))) 

is a holomorphic 1-form on T*Uc(n, d) c Hc(n, d). Its restriction to 
the fiber H-1 (s) of s E Ureg for which Cs is non-singular extends to a 
holomorphic 1-form on the whole fiber H-1 (s) ~ Jac( Cs) since rJ is unde­
fined only on a codimension 2 subset. Hence rJ extends as a holomorphic 
1-form on H-1 (Ureg)· Thus rJ is well defined on T*Uc(n,d)uH- 1 (Ureg)· 
The complement of this open subset in Hc(n, d) consists of such Higgs 
pairs (E, cp) that E is unstable and Cs is singular. Since the stability 
of E and the non-singular condition for C8 are both open conditions, 
this complement has codimension at least two. Consequently, both the 
tautological section rJ and the holomorphic symplectic form w = -dry 
extend holomorphically to the whole Higgs moduli space Hc(n, d). 

We note that there are no holomorphic 1-forms other than constants 
on a Jacobian variety since its cotangent bundle is trivial. It implies that 

wiH-l(s) = -d(rJIH-l(s)) = 0 

for s E Ureg· Therefore, a generic fiber of the Hitchin fibration is a La­
grangian subvariety of the holomorphic symplectic variety (He ( n, d), w). 
The Poisson structure on H 0 (Hc(n, d), OH.c(n,d)) is defined by 

where X f denotes the Hamiltonian vector field defined by the relation 
df = w(XJ, ·). Since w vanishes on a generic fiber of H, the holomor­
phic functions on Hc(n, d) coming from the coordinates of the Hitchin 
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fibration are Poisson commutative with respect to the holomorphic sym­
plectic structure w. Therefore, (1tc(n, d), w, H) is an algebraically com­
pletely integrable Hamiltonian system [4, 31], called the Hitchin inte­
grable system. 

Theorem 2.1 (Hitchin [11]). The Hitchin fibration 

H: 1tc(n, d) --t VaL 

is a generically Lagrangian Jacobian fibration that defines an algebraically 
completely integrable Hamiltonian system (1tc(n,d),w,H). A generic 
fiber H~1 (s) is a Lagrangian with respect to the holomorphic symplectic 
structure w and is isomorphic to the Jacobian variety of a spectral curve 
Cs. 

The Hitchin map H restricted to TF; Uc ( n, d) for a stable E is a 
polynomial map 

n 

TE:Uc(n,d) = H 0 (C,End(E)®Kc) 3¢ ~-------+ det(x-¢) E EBH0 (C,K3i) 
i=l 

consisting of g linear components, 3g - 3 quadratic components, 5g - 5 
cubic components, etc., and (2n- 1)(g- 1) components of degree n. 
Thus the inverse image 

H-1(s) n TE:Uc(n, d) 

for a generic ( E, ¢) consists of 

n 

(2.15) 8 = II i(2i-l)(g-1) 

i=l 

points [3]. Consequently, the map 

(2.16) 

is a covering morphism of degree 8. 
Let us now determine the Hamiltonian vector field associated to each 

coordinate function of H. Take a point (E, ¢) E T*Uc(n, d)nH-1 (Ureg)· 
The tangent space of the Higgs moduli space at this point is given by 

(2.17) T(E,¢)1tc(n, d)= H 1 (C,End(E)) EB H 0 (C,End(E) ® Kc). 

Since the symplectic form w = -dry is the exterior derivative of the 
tautological 1-form 'TJ of (2.6) on T*Uc(n, d), the evaluation of w at 
(E, ¢) is given by 

(2.18) w((at,bt),(a2,b2)) = (at,b2)- (a2,b1), 
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where (a1, bl), (a2 , b2 ) E H 1 (C, End( E)) EB H 0 (C, End( E)® Kc), and 

(-, ·): H 1 (C, End( E)) EB H 0 (C, End( E)® Kc)---+ C 

is the Serre duality pairing. This expression is the standard Darboux 
form of the symplectic form w. Choose an open neighborhood Y1 of E 
in Uc(n, d) on which the cotangent bundle T*Uc(n, d) is trivial. Then 
H is a polynomial map 

H: Y1 x H 0 (C,End(E) ®Kc) 3 (E',¢) 
n 

f-------7 s = det(x- ¢) E E9 H 0 (C, K3i) 
i=1 

that depends only on the second factor. The differential dH(E,¢) at the 
point ( E, ¢) gives a linear isomorphism 

n 

(2.19) dH(E,¢): H 0 (C,End(E) ® Kc) ~ E9H0 (C,K3i). 
i=1 

As to the first factor of the tangent space of ( 2 .17), we use the differential 
of the covering map p of (2.16): 

(2.20) 

where s = H(E, ¢). The dual of (2.19), together with (2.20), gives an 
isomorphism 

n-1 

(2.21) VaL ~f E9H1 (C,K0°i) = H1 (C,n*OcJ 
i=O 

From (2.19) and (2.21), we see that the tangent space to the Higgs 
moduli is given by 

n n 

(2.22) 
T(E,¢)1-Lc(n, d)~ E9H1 (C, K;®(i- 1)) EB E9 H 0 (C, K3i) 

i=1 i=1 

=VaL EB Vch· 

Therefore, the symplectic form has a decomposition into n pieces w = 
w1 + wz + · · · + Wn, and in each factor H 1 (C, K;®(i- 1)) EB H 0 (C, K3i), 
Wi takes the standard Darboux form 

(2.23) 
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h ( i bi) ( i bi) H1(C K-@(i-1)) Ho(C K@i) d ( ) . w ere a 1 , 1 , a2 , 2 E , c EB , c , an ·, · i 1s 
the duality pairing of H 1(C, K(;@(i-1)) and H 0 (C, K3i). 

Since s = H(E, ¢) E Ureg is a regular value of H, there is an open 
subset Yz C Ureg C VaL around s such that H-1(Yz) is locally the 
product of the fiber H-1 (s) and Y2 . By taking Y1 smaller if necessary, 
we thus obtain a local product neighborhood 

of (E, ¢) in 1ic(n, d). By construction, the projections to the first 
and the second factors coincide with the projection p : T*Uc(n, d) --. 
Uc(n, d) and the Hitchin map H: 

The neighborhood Y and these projections provide the Darboux coor­
dinate system for w, and its expression (2.18, 2.23) globally holds on 
Y. In particular, the Hamiltonian vector fields corresponding to the 
components of H on Y are constant vector fields that are determined 
by elements of H 1(C,K0°(i-1)) for each i = 1, .. . ,n. Let (h1, ... ,hN) 
be a linear coordinate system of VaL' where N = n 2(g- 1) + 1. Since 
VaL= E9~= 1 H 0 (C, K3i), each coordinate function is an element of VeL: 

n-1 

(2.24) h1, ... ,hN E VeL= ffiH 1 (C,K0°i). 
i=O 

Since H 0 (C8 , Oc.) = C, the Hitchin map H : 1ic(n, d) ---+ VaL is ac­
tually the pull back of the coordinate functions H-1(h1), ... , H-1(hN) 
on H-1(Ureg) C 1ic(n, d). The identification of VeL as the first fac­
tor of the tangent space in (2.22) gives the Hamiltonian vector fields 
corresponding to the coordinate components of the Hitchin map. We 
have therefore established that the Hamiltonian vector fields are linear 
flows with respect to the linear coordinate of the Jacobian Jac(Cs) de­
termined by (2.21). Of course each ofthese linear flows extends globally 
on Jac(Cs) since the tangent bundle of a Jacobian is trivial and a local 
linear function extends globally as a linear function. 

Theorem 2.2 (Hitchin [11]). The Hamiltonian vector fields corre­
sponding to the Hitchin fibration are linear Jacobian flows on a generic 
fiber H-1(s) ~ Jac(C8 ). 
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How does the construction ofthe spectral data (CE, Cs) from a Higgs 
pair (E, ¢)change when we consider the Serre dual (E* @Kc, -¢*)? To 
answer this question, first we note 

(2.25) 
tr /\i (¢) = tr /\i (¢*) E H 0 (C,End(l\iE) Q9 Kh) 

= H 0 (C,End(l\i(E* Q9 Kc)) Q9 Kb). 

For s = (s1, s2, ... , sn) E VaL' we writes* = ( -s1, s2, ... , ( -1)nsn)· By 
definition, the spectral curves C8 and Cs• are isomorphic. As divisors 
of T*C, their isomorphism C8 ~ E(Cs•) is induced by the involution of 
T*C 

(2.26) E: T*C 3 (p, x) ~---+ (p, -x) E T*C, 

where p E C and x E r;c. 
Proposition 2.3 (Hitchin [12]). The spectral data (CE*®Kc, C8 ·) 

corresponding to the Serre dual ( E* @ K c, -¢*) of the Higgs pair ( E, ¢) 
is given by 

{
CE*®Kc = E*(C'E@ Kc.) 
Cs• = E(C8 ). 

The degree ofthese isomorphic line bundles is -deg(E)+(n2+n)(g-1). 

Proof. We use the exact sequence of [3, 12] that characterizes CE: 

0 ----t CE®K0•1®1f* Kc ----t 1f* E ----t 1f* (E®Kc) ----t CE®1f* Kc ----t 0. 

The dual of this sequence is then 

0 ----t C'E Q9 1f* Kc ----t 1f*(E* Q9 Kc) ----t 1f*(E* Q9 K32) 

----t C'E Q9 Kc. Q9 1f* Kc ----t 0. 

Thus the spectral data of the Higgs pair (E*®Kc, ¢*)is (C'E®Kc., C8 ). 

The involution E comes in here when we consider the Higgs pair (E*@ 
Kc, -,-¢*). Q.E.D. 

Proposition 2.4. Hitchin's integrable system for the group Sp2m(C) 
is realized as the fixed-point-set of the Serre duality involution (E, ¢) ~---+ 
(E*@ Kc, -¢*) defined on the Higgs moduli space 1-lc(2m, 2m(g- 1)). 

Proof. The fixed-point-set consists of Higgs pairs ( E, ¢) such that 
E ~ E*@ Kc and¢= -¢*. Choose a square root of Kc and define 
F = E@ K"C 1/ 2. The Higgs field ¢ = -¢* naturally acts on this bundle, 
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and the pair (F, ¢) forms the moduli space of Sp2m-Higgs bundles [12]. 
The characteristic coefficients satisfy the relation s = s*, hence 

m 

(2.27) s E V:* ~r ffi H 0 (C K®2i) 
Sp 'l/ ' C · 

i=l 

The spectral curve C8 has a non-trivial involution E : C8 --+ C8 • From 
the exact sequence 

0 ---+ CE 0 K(7.1 0 1r* K"{j2 ---+ 1r* (E 0 K(j 112 ) ---+ 1r* (E 0 K"{j2 ) 

---t CE 0 7r* K"{j2 ---t 0, 

we see that Cp ~ CE07r* K(j 112 and Cp· ~ t:* CP,0Kc. 01r* K(j 112 • If we 
define Co = Cp 0 1r* K(jm+l/2 following [12), then £0 ~ t:* Co. Q.E.D. 

§3. Deformations of spectral curves 

TheHitchin fibration (2.9) is a family of deformations of Jacobians, 
but it is not effective. In this section we determine the natural effective 
family associated with the Hitchin fibration. 

An obvious action on He ( n, d) that preserves the spectral curves 
is the scalar multiplication of Higgs fields ¢ f-+ A · ¢ by A E C*. Al­
though this C* -action is not symplectomorphic because it changes the 
symplectic form w f-+ A· w, from the point of view of constructing an 
effective family of Jacobians, we need to quotient it out. We note that 
the C* -action on VaL defined by 

n 

(3.1) VaL= E9 H 0 (C, K3i) 3 s = (s1, s2, ... , sn) 
i=l 

f-----+ A· s = (As1, A2s2, ... , Ansn) E VaL 

makes the Hitchin fibration C* -equivariant: 

1-lc(n,d) 
>. 

1-lc(n, d) 

(3.2) Hl lH A E C*. 

EB~ Ho(c K®i) •=1 ' c diag(>., ... ,>.n) 
EB~=l Ho(c, K3i), 

Since C8 is defined by the equation (2.11), the natural C*-action on the 
cotangent bundle T*C gives the isomorphism A : Cs --+ C>.·s that com­
mutes with the projection 1r: T*C--+ C. The line bundles C(E,</>) on Cs 
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and L(E,>-<f;) on C>-·s corresponding toE are related by this isomorphism 
by 

)._* L(E,>-<f;) ~ L(E,<f;)· 

Another group action on the Higgs moduli space that leads to trivial 
deformations of the spectral curves is the Jacobian action. The Jac( C)­
action on He(n, d) is defined by (E, ¢;) f----4 (E ® L, ¢;), where L E 

Jac(C) = Pic0 (C) is a line bundle on C of degree 0. The Higgs field 
is preserved in this action because (E ® L)* ® (E ® L) = E* ® E is 
unchanged, hence 

¢; E H 0 (C, End( E)® Ke) = H 0 (C, End(E ® L) ® Ke). 

Thus the cotangent bundle T*Ue ( n, d) is trivial along every orbit of the 
Jac(C)-action on Ue(n, d), and each Jac(C)-orbit in He(n, d) lies in the 
same fiber of the Hitchin fibration. Let us identify the Jac(C)-action on 
a generic fiber H- 1 (s) ~ Jac( C8 ). The covering map 1r : C 8 ____, C induces 
an injective homomorphism 1r* : Jac(C) 3 L f----4 1r* L E Jac(C8 ). This is 
injective because if 1r* L ~ Oes, then by the projection formula we have 

n-1 

1r*(1r* L) ~ 1r*Oes ® L ~ EB L ® KZ5'-i, 
i=O 

which has a nowhere vanishing section. Hence L ~ Oe. Take a point 
(E, ¢;) E H-1 (s) and let LE be the corresponding line bundle on C8 • 

Since 7r*(£E®7r* L) ~ E®L, the action of Jac(C) on H-1 (s) ~ Jac(Cs) 
is through the canonical action of the subgroup 

Jac(C) ~ 1r*Jac(C) C Jac(Cs) 

on Jac(Cs)· 
On the open subset T*Uc( n, d) of He ( n, d), the J ac( C)-action is 

symplectomorphic because it is induced by the action on the base space 
Ue(n, d). On the other open subset H- 1 (Ureg) the action is also sym­
plectomorphic because it preserves each fiber which is a Lagrangian. 
Since the symplectic form w is defined by extending the canonical form 
w = -d7] to He ( n, d), the J ac( C)-action is globally holomorphic sym­
plectomorphic on He ( n, d). This action is actually a Hamiltonian action 
and the first component of the Hitchin map 

(3.3) H1: He(n, d) 3 (E, ¢;) f----4 tr(¢;) E H 0 (C, Ke) 

is the moment map. Note that H 1 (C, Oe) is the Lie algebra of the 
Abelian group Jac( C), and H 0 ( C, Ke) is its dual Lie algebra. Since the 
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infinitesimal action of H 1 ( C, Oc) on the Higgs moduli space defines a 
vector field which is obtained by identifying H 1 ( C, Oc) with the first 
component of (2.21), the symplectic dual to this vector field is the map 
to the first component of second factor in (2.22), i.e, H 1 . 

We can therefore construct the symplectic quotient 1ic ( n, d) /1 J ac( C), 
which we will do in Section 4. Here our interest is to determine an effec­
tive family of spectral curves. The moment map H 1 of (3.3) being the 
trace of ¢, it is natural to define 

n 

(3.4) VsL = VsLn(IC) = Ef1H0 (C,K~i) C VaL· 
i=2 

This is a vector space of dimension (n2 - 1)(g- 1). Now consider a 
partial projective space 

This is no longer a holomorphic symplectic manifold, yet the Hitchin 
fibration naturally descends to a generically Jacobian fibration 

(3.6) 

over the weighted projective space of VsL defined by the restriction of 
(3.1) on VsL· We now claim 

Theorem 3.1 (Effective Jacobian fibration). The Jacobian fibration 

is generically effective. 

The rest of this section is devoted to the proof of this theorem. The 
statement is equivalent to the claim that the family of deformations 
of spectral curves parametrized by lP'w(VS'L) is effective. Let s E v;L 
be a point for which the spectral curve C8 is non-singular, and s the 
corresponding point of lP'w(VS'L). We wish to show that the Kodaira­
Spencer map 

T.slP'w(VsL)-- H 1(Cs, TCs) 

is injective, where T X denotes the tangent sheaf of X. 
The spectral curve C8 of (2.11) is the divisor of T*C defined by the 

section 
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where Tis the tautological section of n* Kc on T*C. Let Ns denote the 
normal sheaf of C8 in T*C. Since Kr·c = A2 (T*C) ~ Or·c by the 
holomorphic symplectic form we= -dr, we have 

N. rv K rv *K®n 
8 = Cs = 1l' C ' 

From 

we obtain 
(3.7) 

0 ---------+ H 0 ( C s , TT* C) 

Since 

n 

H 0 (Cs,Ns) ~ H 0 (C,n*KcJ ~ ffiH 0 (C,K3i) =VaL' 
i=l 

the homomorphism K, is the Kodaira-Spencer map for the deformations 
of spectral curves on VaL· We thus need to identify the image of L We 
note that the tangent sheaf and the cotangent sheaf are isomorphic on 
the total space of the cotangent bundle T*C, i.e., TT*C ~ A1 (T*C). 

Proposition 3.2. We have the following isomorphisms: 

(3.8) 

H 0 (T*C, A0 (T*C)) ~ C 

H 0 (T*C,A1 (T*C)) ~ H 0 (C, Kc) EB C · r 

H 0 (T*C, A2 (T*C)) ~C. 

Proof The first isomorphism of (3.8) asserts that every globally 
defined holomorphic function f on T*C is a constant. A section a E 

H 0 (C, Kc) is a map a : C ----+ T*C. Take an arbitrary pair of points 
(x, y) in T*C. If they are not on the same fiber, then there is a section 
a such that both x andy are on the image a( C). Since f is constant on 
a( C), f ( x) = f (y). If they are on the same fiber, then choose a point 
z E T*C not on this fiber and use the same argument. 

Since A2 (T*C) ~ Or•c, the third isomorphism follows from the 
first one. 

The second isomorphism of (3.8) asserts that every holomorphic 1-
form a on T*C is either the pull-back of a holomorphic 1-form on C 
via 1l' : T*C ----+ C, the tautological 1-form r, or a linear combination of 
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them. Let o-: C--+ T*C be an arbitrary section. Since the normal sheaf 
of a( C) in T*C is Ku(c), we have on a( C) 

0 ----+ K;(~) ----+ A1(T*C) ® Ou(C) ----+ Ku(C) ----+ 0. 

Therefore, identifying C ~a( C), we obtain 

0---+ H 0 (C,A1 (T*C) ® Oc)---+ H 0 (C,Kc) ~ H 1 (C,K01 ) 

---+ H 1(C,A1(T*C) ® Oc)---+ H 1 (C,Kc)---+ 0. 

Here '""o is the Kodaira-Spencer map assigning a deformation of C to a 
displacement of C in T*C through a section of Kc. But since a( C) is 
always isomorphic to C, we do not obtain any deformation of C in this 
way. Hence '""o is the 0-map. Therefore, 

Now consider an exact sequence on T*C 

0---+ A1(T*C) ® Or·c(-a(C))---+ A1(T*C) 

---+ A1(T*C) ® Ou(C) ---+ 0, 

which produces 

0---+ H 0 (T*C, A1 (T*C) ® Or·c( -a( C))) ---+ H 0 (T*C, A1 (T*C)) 

~ H 0 (a(C), A1 (T*C) ® Ou(C))· 

Because of (3.9), the homomorphism r is equal to the pull-back 

r =a*: H 0 (T*C,A1(T*C))---+ H 0 (C,Kc) 

by the section a : C --+ T*C. It is surjective because a* o 1r* 
idHo(C,Kc)· Therefore, we have a splitting exact sequence 

u• 0 
---+ H ( C, Kc) ---+ 0. 

The tautologicall-form r E H 0 (T*C,7r*Kc) defines 

0---+ 1r* Kc---+ A1 (T*C) ~ A2 (T*C) ® Or·c(-C)---+ 0, 

noting that r vanishes along the divisor C c T*C. Since 
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we obtain 
H 0 (T*C,rr"'Kc) ~ H 0 (T"'C,A1(T*C)). 

Take a E H 0 (T*C, A 1(T*C) 18> Or·c( -C)) ~ H 0 (T*C, rr* Kc(-C)). 
Then 

Therefore, a is a constant multiple ofT, and we have obtained 

(3.11) 

From (3.10) and (3.11), we conclude that 

H 0 (T*C, A1 (T*C)) ~ H 0 (C,Kc) EB C · T. 

Q.E.D. 

Lemma 3.3. Lets E VaL be a point such that the spectral curve 
Cs is nonsingular. Then we have an isomorphism 

Proof. The line bundle on T*C that corresponds to the divisor 
Cs C T*C is rr* K3n. Thus 

As above, let us consider an exact sequence 

and its cohomology sequence 

0---+ H 0 (T*C,A 1 (T*C) 18> 0( -nC))---+ H 0 (T*C,A 1(T*C))' 

~ H 0 (C8 ,A1(T*C) 0 Oc.). 

From (3.11), we have 

H 0 (T*C,A1(T*C) 0 Or·c(-nC)) = 0 

for n 2::: 2, hence q is injective. 
Take (3 E H 0 (C8 ,A1(T*C) 18> Oc.), and extend it as a meromorphic 

1-form on T*C. Since degKc = 2g- 2 > 0, every divisor of T*C 
intersects with the 0-section C, and since Cs ,....., nC as a divisor, it also 
intersects with C8 • If D C T*C is the pole divisor of (3, then it cannot 
intersect with C8 , hence D = 0. Therefore, q is surjective. Q.E.D. 
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Let us go back to the Kodaira~Spencer map (3.7). We now know 
from (3.8) and (3.12) that 

n 

(3.13) 0 ---t H 0 (C,Ke)ffi<C·T ~ ffiH 0 (C,Ki?i) ~ H 1(C8 ,K0}). 
i=l 

The H 0 ( C, Ke )-factor of the second term of (3.13) maps to the first 
component of the third term via the injective homomorphism L The 
tautological 1-form T on T*C that appears as the second factor of the 
second term is mapped to a diagonal ray in the third term. 

To see this fact, we recall that the tangent and cotangent sheaves 
are isomorphic on T*C through the symplectic form we = -dT. Let v 
be the vector field on T* C corresponding to T through this isomorphism, 
i.e., T = we(·,v). This vector field v represents the C*-action on T*C 
along fiber. In terms of a local coordinate system, these correspondences 
are clearly described. Choose a local coordinate z on the algebraic curve 
C around a point p E C, and denote by x the linear coordinate on T;c 
with respect to the basis dzp. Then at the point (p, xdzp) E T*C we 
have the following expressions: 

{
T = xdz 

we= dz 1\ dx 

v=x! ux. 

The ).. E C* action on T*C generated by the vector fields v produces a 
displacement of C8 c T*C to C;... 8 , which corresponds to the equivariant 
action of).. on 1ie(n, d) as described in (3.2). In terms of the holomorphic 
1-form T, its restriction on Cs gives an element 

n 

= ffiHo(C,Ki?i). 
i=l 

This is the image ~(T) of (3.13). 
Summing up, we have constructed an injective homomorphism 

(3.14) 
n 

VsL/C ~ ( ffiH0 (C,K3i))/~(H0 (C,Ke) ffi C · T) __i!:__. H 1 (Cs,KC:s1 ). 

i=l 

The image of K, represents the generic Kodaira~Spencer class of the 
Hitchin fibration PH of (3.6). This completes the proof of Theorem 3.1. 
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§4. Symplectic quotient of the Higgs moduli space and Prym 
fibrations 

The Hamiltonian vector fields corresponding to the coordinate com­
ponents of the Hitchin map Hc(n, d) --+VaL are constant Jacobian flows 
along each fiber of the map. Suppose we have a direct sum decomposi­
tion of VaL into two Lie subalgebras 

n-1 

VaL '~,~,fEB H 1(C, K3-i) = 91 E9 92· 
i=O 

Then there are two possible ways to construct new algebraically com­
pletely integrable Hamiltonian systems. If the 91-action on Hc(n, d) is 
integrated to a group action, then it is Hamiltonian by definition and we 
can construct the symplectic quotient. Or if the 92-action is integrated 
to a group action instead, then we may find a family of 92-orbits in 
Hc(n, d) fibered over the dual Lie algebra 92· An important difference 
between real symplectic geometry and holomorphic symplectic geome­
try is that in the latter case integrations of the same Lie algebra may 
generate different (non-isomorphic) Lie groups. Consequently, the idea 
of symplectic quotient has to be generalized so that we can allow a fam­
ily of groups acting on a symplectic manifold. The discovery of Hausel 
and Thaddeus in [8] is that the above two constructions lead to mirror 
symmetric pairs of Calabi-Yau spaces in the sense of Strominger-Yau­
Zaslow [28]. In this section we consider two cases, the SL-PGL duality 
and the Sp2m-S02m+1 duality. 

The SL-PGL duality comes from the decomposition 

Obviously, the vector fields generated by the H 1 ( C, Oc )-action are inte­
grable to the J ac( C)-action everywhere on He ( n, d). Therefore, we do 
have the usual symplectic quotient mod Jac(C). On the other hand, the 
integration of the other Lie algebra 

n-1 

VsL ~rffiH1 (C,K3-i) 
i=i 

produces different Lie groups, called Prym varieties, along each fiber of 
the Hitchin fibration. 

The spectral covering 1r : C8 --+ C induces two group homomor­
phisms dual to one another, the pull-back 1r* and the norm map Nm,. 
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defined by 

( 4.1) 
1r*: Jac(C) :7 L f-------7 1r* L E Jac(Cs) 

Nm7r: Jac(Cs) :7 J: f-------7 det(1r*£) 0 det(1r*OcJ- 1 E Jac(C). 

In terms of divisors the norm map can be defined alternatively by 

Pic(Cs) :7 L m(p) · p f-------7 L m(p) · 1r(p) E Jac(C). 

The Prym variety and the dual Prym variety 

( 4.2) 
Prym(Cs/C) ~fKer(Nm7r) 

Prym*(Cs/C) ~f Jac(Cs)/7r* Jac(C) 
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constructed by using these homomorphisms are Abelian varieties of di­
mension g(Cs)- g(C) and are dual to one another. The algebraically 
completely integrable Hamiltonian systems with these Abelian fibra­
tions, that are naturally constructed from 7-lc(n, d), then become SYZ­
mirror symmetric. 

We have shown in Section 3 that the Jac( C)-action on 7-lc(n, d) is 
Hamiltonian. So we can define the symplectic quotient 

( 4.3) P7-lc(n, d) ~f 7-lc(n, d)// Jac( C) = H11 (0)/ Jac( C). 

This is a symplectic space of dimension 2(n2 -1)(g -1) modeled by the 
moduli space of stable principal PGLn(C)-bundles on C [10, 11]. Since 
the J ac( C)-action on 7-lc ( n, d) preserves the Hitchin fibration, we have 
an induced Lagrangian fibration 

n 

(4.4) Hpc£: P7-lc(n,d)----+ VsL = ffiH 0 (C,K3i). 
i=2 

It's 0-fiber is H-pbL(O) = Uc(n, d)/Jac(C). Following [21] we denote 
by SU c ( n, d) the moduli space of stable vector bundles with a fixed 
determinant line bundle. This is a fiber of the determinant map 

(4.5) Uc ( n, d) :7 E f-------7 det E E Pied (C), 

and is independent of the choice of the value of the determinant. Note 
that (4.5) is a non-trivial fiber bundle. The equivariant Jac(C)-action 
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on ( 4.5) is given by 

Uc(n, d) 
®L 

------+ Uc(n, d) 

(4.6) det 1 1 det L E Jac(C). 

Picd(C) ------+ Picd(C) 
®£0n 

The isotropy subgroup of the Jac(C)-action on Uc(n, d) is the group of 
n-torsion points 

(4.7) Jn(C) ~f {L E Jac(C) I L0 n = Oc} ~ H 1 (C, 7Ljn7L), 

since E ® L ~ E implies det(E) ® L®n ~ det(E). Choose a reference 
line bundle L 0 E Pied (C) and consider a degree n covering 

L E Jac(C). 

Then the pull-back bundle v*Uc(n, d) on Pied( C) becomes trivial: 

v*Uc(n, d)= Picd(C) x SUc(n, d). 

The quotient of this product by the diagonal action of Jn(C) is the 
original moduli space: 

(4.8) (Picd(C) x SUc(n, d)) I Jn(C) ~ Uc(n, d). 

It is now clear that 

Uc(n, d)/Jac(C) ~ SUc(n, d)/ Jn(C). 

What are the other fibers of (4.4)? Let s E VsL n Ureg be a point 
such that Cs is non-singular. We have already noted that the covering 
map 1r : Cs -+ C induces an injective homomorphism n* : Jac(C) 3 

L f----+ n* L E Jac(Cs)· Therefore, the fiber H?bL(s) is isomorphic to the 
dual Prym variety Prym*(Cs/C). Similarly to the equivariant action 
(4.6), we have 

(4.9) Nm1 L E Jac(C). 

Jac(C) ------+ Jac(C) 
@£0n 

By the same argument of (4.8), we obtain 

(4.10) (Prym(Cs/C) X Jac(C)) I Jn(C) ~ Jac(Cs)· 
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From (4.2) and (4.10), it follows that 

Prym*(Cs/C) = Prym(Cs/C)j Jn(C). 

We have thus established 

Theorem 4.1 ([11, 12]). The natural fibration 

n 

Hpc£: PHc(n,d)---+ VsL = ffiH0(C,K3i) 
i=2 

of ( 4.4) is a Lagrangian dual Prym fibration with respect to the canonical 
holomorphic symplectic form w on PHc( n, d). 

We recall that the Higgs moduli space Hc(n, d) contains the cotan­
gent bundle T*Uc(n, d) as an open dense subspace, and that the holo­
morphic symplectic form w is the canonical symplectic form on this 
cotangent bundle. Similarly, we can show the following 

Proposition 4.2. The symplectic form w on PHc(n, d) given by 
the symplectic quotient is the canonical cotangent symplectic form on the 
cotangent bundle 

T*(SUc(n,d)fJn(C)) c PHc(n,d). 

Proof. Let E be a stable vector bundle on C. The exact sequence 

0 ---+ Oc ---+ End(E) ---+ Q = End(E)/Oc ---+ 0 

induces a cohomology sequence 

Therefore, 

Dualizing the situation, we have 

0 ---+ Endo(E) ® Kc ---+End( E)® Kc ~ Kc ---+ 0, 

where End0 (E) is the sheaf of traceless endomorphisms of E. We then 
have 

0---+ H 0 (C, End0 (E) ® Kc)---+ H 0 (C, End(E) ® Kc) 

~ H 0 (C,Kc)---+ 0. 
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The trace homomorphism is globally surjective because Oc is contained 
in End(E). Hence 

TE(SUc(n,d)/Jn(C)) ~ H 0 (C,Endo(E) Q9Kc). 

Since the moment map H 1 of (3.3) is the trace map, we conclude that the 
symplectic form w on the symplectic quotient P1ic ( n, d) is the canonical 
cotangent symplectic form on the cotangent bundle 

T*(SUc(n, d)/ Jn(C)). 

Q.E.D. 

The other reduction of 1ic(n, d) consisting of the Vs£-orbits is the 
moduli space S1ic ( n, d) of stable Higgs bundles ( E, ¢) with a fixed de­
terminant det(E) ~ L and traceless Higgs fields 

¢ E H 0 (C,Endo(E) Q9Kc). 

This moduli space is modeled by the moduli space of stable principal 
SLn(C)-bundles on C and has dimension 2(n2 -l)(g-l). The cotangent 
bundle T* SU c( n, d) is an open dense subspace of S1ic ( n, d). Since 
tr(¢) = 0, the Hitchin fibration H of (2.9) naturally restricts to 

n 

(4.11) HsL: S1ic(n,d)----+ VsL = ffiH0 (C,K3i). 
i=2 

The 0-fiber is H31(0) = S1ic(n, d). For a generic s E VsL such that 
Cs is non-singular, the fiber H8l(s) is the subset of H- 1 (s) ~ Jac(Cs) 
consisting of Higgs bundles (E, ¢) such that det(E) = L is fixed and 
det(x- ¢) = s. Therefore, H8l(s) ~ Prym(Cs/C). 

By comparing P1ic(n, d) and S1ic(n, d), we find that 

( 4.12) S1ic(n, d)/ Jn(C) ~ P1ic(n, d), 

where the Jn(C)-action on S1ic(n, d) is defined by E ~--+ E Q9 L for 
L E Jn(C). Since Jn(C) is a finite group and P1ic(n, d) is a holomorphic 
symplectic variety, we can define a holomorphic symplectic form w on 
S1ic(n, d) via the pull-back of the projection 

S1ic(n,d)----+ S1ic(n,d)/Jn(C). 

Obviously w agrees with the canonical cotangent symplectic form on 
T* SU c ( n, d). Therefore, 
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Theorem 4.3 ([11, 12]). The fibration 
n 

HsL: S1ic(n,d)---; v;L = ffiH0 (C,K3i) 
i=2 

is a Lagrangian Prym fibration with respect to the canonical holomorphic 
symplectic form w on SHe ( n, d). 

Hausel and Thaddeus [8] shows that 

Theorem 4.4 (Theorem (3.7) in [8]). The two fibrations 

S1ic(n, d) P1ic(n, d) 

~7 
v;L 

are mirror symmetric in the sense of Strominger- Yau-Zaslow [28]. 

The effectiveness of the family of Prym and dual Prym varieties can 
be established by the same method of Section 3. Let us define partial 
projective moduli spaces 

JJD(P1ic(n,d)) ~f (P1ic(n,d) \H?b£(0))/C* 

and 
JJD(S1ic(n, d)) ~f (S1ic(n, d)\ H8l(O)) /C*. 

The induced Hitchin maps are denoted by 

(4.13) 
PHpo£: JJD(P1ic(n, d))---; lP'w(VsL) 

PHs£: JJD(S1ic(n, d))---; lP'w(VsL)· 

We have the following 

Theorem 4.5. The Prym and dual Prym fibrations 

PHs£: JJD(S1ic(n, d))---; lP'w(VsL) 

PHpo£: JJD(P1ic(n,d))---; lP'w(VsL) 

are generically effective. 

For the case of Sp2m(C)-Hitchin systems, we consider Lie subalge­
bras 

m-1 

g = EB Hl ( c, K3-2i) 

(4.14) i=O 

m-1 

Vsp = EB H1 ( C, K3-2i-1)' 
i=O 
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and a direct sum decomposition 

(4.15) 

This time the Hamiltonian flows on Hc(n, d) generated by elements of 
g do not form a group action. However, if we restrict our attention to 
points of Ureg n Vsp as in (2.27), then the integral of the Lie algebra 
action becomes a group action. Recall that the spectral curve C8 has an 
involution induced by E of (2.26). We denote by 

(4.16) 

the natural projection. It is ramified at the intersection of Cs with the 
0-section of T*C, which is the divisor of 1r* Kc on C8 of degree 4m(g-1). 
Therefore, we find the genus of C~ by the Riemann-Hurwitz formula: 

( 4.17) g(C~) = m(2m- 1)(g- 1) + 1 =dim g. 

Since H 0 ( C~, r * 0 c s) has a nowhere vanishing section, we have 

(4.18) 0 ----+ Oc' ----+ r*Oc ----+ N-1 ----+ 0 s s 

with a line bundle Non C~ of degree 2m(g- 1). Note that 

hence N is a square root of the branch divisor Nmr(7r* Kc) of the cov­
ering r. The exact sequence (4.18) gives 

(4.19) 

and the projection to the first factor is the differential of the norm map 

The construction of the Sp-Hitchin system of Proposition 2.4 is to 
reduce the GL-Hitchin system Hc(2m, 2m(g- 1)) by finding the right 
fibration of groups. Along the fixed-point-set of the Serre duality on 
this Higgs moduli space, the action of Vsp generates the Prym fibration 
{Prym(Cs/C~)}sEVsp since the condition L(; ~ E* Lo on C8 is the same 
as 1:0 E Prym(Cs/C~). Comparing (4.15) and (4.19), we have 

and 
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The dual fibration is the result of a kind of symplectic quotient of 
1tc(2m, 2m(g-1)) by g. In this quotient we restrict the Hitchin fibration 
to the 0-fiber of 

m 

g* = Ef1Ho(C,K32i-1)' 
i=l 

and then take the quotient of each fiber by the Lie group Jac(C~) of g. 
The result is the dual Prym fibration with a fiber 

Prym*(Cs/C~) = Jac(Cs)/Jac(C~) = Prym(Cs/C~)/h(C~) 

over each s E VS'P' where h(C~) denotes the group of 2-torsion points 
of Jac(C~). 

§5. Hitchin's integrable systems and the KP equations 

The partial projective Hitchin fibration 

is a generically effective Jacobian fibration. In this section we embed 
IP'(1t~/(n, d)) into a quotient of the Sato Grassmannian. There is also 
a natural embedding of 1tc(n,n(g- 1)) into a relative Grassmannian 
of [2, 4, 22, 23]. We show that the linear Jacobian flows on the Hitchin 
integrable system (1tc(n,n(g -1)),w,H) are exactly the KP equations 
on the Grassmannian via this second embedding. 

Following Quandt [23], we define 

Definition 5.1 (Sato Grassmannian). Let n be a positive integer. 
The Sato Grassmannian Grn is a functor from the category of schemes 
to the small category of sets, It assigns to every schemeS a set Grn(S) 
consisting of quasi-coherent Os-submodules W of Os((z))EBn such that 
both the kernel and the cokernel of the natural homomorphism 
(5.1) 

0-+ Ker('Yw)-+ W ~ Os((z))EBn /Os[[z]]EBn-+ Coker('Yw)-+ 0 

are coherent Os modules. We refer to this condition simply the Fredholm 
condition. Here we denote by Os[[z]] the ring of formal power series in 
z with coefficients in Os, and Os((z))= Os[[z]] + Os[z-1]. 

Remark 5.1. A more general and powerful theory of relative Sato 
Grassmannians has been recently established by Plaza Martin [22]. It 
would be an interesting project to study possible relations between [22] 
and the geometric Langlands correspondence. 
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Remark 5.2. The Grassmannian Grn(<C) defined over the point 
scheme Spec(<C) has the structure of an infinite-dimensional pro-ind 
scheme over <C. If S is irreducible, then Grn(S) is a disjoint union 
of an infinite number of components indexed by the Grothendieck group 
K(S): 
(5.2) 

index: Grn(S) 3 W ~ index(l'w) ~f Ker(l'w)- Coker(l'w) E K(S). 

Remark 5.3. The big cell is the open subscheme of the index 0 
piece of the Grassmannian Gr~(S) consisting of W's such that l'w is an 
isomorphism. This is the stage where the Lax and Zakharov-Shabat for­
malisms of integrable nonlinear partial differential equations, such as KP, 
KdV, and many other equations, are interpreted as infinite-dimensional 
dynamical systems [24, 25). The fundamental result is the identifica­
tion (6.17) of the big cell with the group of 0-th order monic pseudo­
differential operators [16, 23, 24, 25]. 

Remark 5.4. The above W is a closed subset of Os((z))EBn with 
respect to the topology defined by the filtration 

... ::) zv-l. Os[[z]]Eiln::) zv. Os[[z]]Eiln::) zv+l. Os[[z]]Eiln::) .... 

One of the consequences of the Fredholm condition is that 

(5.3) W n zv · Os[[z]]Eiln = 0 for v >> 0. 

Consider the group 
(5.4) 

r.(S) ~ o;. [' 
1 Os[[z)] 

consisting of n x n invertible diagonal matrices with entries in the ring 
of formal power series whose constant term is scalar diagonal. It acts 
on Grn(S) by left-multiplication without fixed points. Indeed, let WE 
Grn(S) and c+ /' E 0~ ·In+ z · Os[[z]]Eiln satisfy that W = (c + 1') · W. 
This means that/'· wE W for every wE W since W is an 0 8 -module. 
Since/' E z · Os[[z]]Eiln, it then contradicts to (5.3) unless/'= 0. The 
quotient Grassmannian 

(5.5) def / Zn = Grn fn 

is a smooth infinite-dimensional scheme. We denote by W the point of 
Zn corresponding toW E Grn. 
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The tangent space TwGrn of the Sato Grassmannian at W is given 
by the space of continuous 0 s-homomorphisms 

TwGrn =Homos (W, Os((z))EBn /W). 

The tangent space to Zn is then given by 

(5.6) TwZn ~Homos (W, Os((z))EBn j(r n · W)). 

This expression does not depend on the choice of the lift W E Gr n of 
WEZn. 

Every element a E 0 s ( ( z)) EBn defines a homomorphism 

through the left multiplication as a diagonal matrix, which in turn de­
termines a global vector field 

We call KP(a) the n-component KP flow associated with a. As ex­
plained in [16, 17, 19, 23], the quotient of the index zero Grassmannian 
Z~ is naturally identified with the set of Lax operators (6.18), and the 
action of 0 s ( ( z)) EBn on a Lax operator is written as an infinite system of 
nonlinear partial differential equations called Lax equations. This system 
for the case of S = Spec(C) is then-component Kadomtsev-Petviashvili 
hierarchy [16]. 

Associated to the Hitchin fibration H: 1ic(n, d) ---+VaL we have a 
family of spectral curves: 

(5.7) ltvch (n, d) 

~ 
Here the fiber F-1 (s) of s E VaL is the spectral curve Cs c T*C x 
{s}, and p2 is the projection to the second factor. We note that the 
ramification points of the covering 7r : Cs --+ C are determined by the 
resultant of the defining equation 

(5.8) 

of C8 and its derivative 

(5.9) nxn-1 + (n- 1)s1Xn-1 + · · · + Sn-1 = 0. 
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For every s E VeL' we denote by Res(s) this resultant. The Sylvester 
matrix of these polynomials (5.8) and (5.9) show that 

Res(s) E H0 (C,K~n(n-l)). 

Since the linear system IKe I is base-point-free, for every choice of p E C, 
the subset 
(5.10) 
Up= {s E VeL I C8 is non-singular and 1r: Cs-+ Cis unramified at p} 

is Zariski open in VeL. 

Theorem 5.5. There is a rational map 

of the partial projective moduli space of Higgs bundles into the quo~ 
tient Grassmannian of index d- n(g - 1). This map is generically 
injective. At a general point of the image of the embedding the n­
component KP flows defined on Zn(C) are tangent to the Hitchin fi­
bration PH: JI»(1i~l(n,d)) _______. IfDwCVsL). 

Proof A point of the partial projective Higgs moduli space repre­
sents an isomorphism class of spectral data (n: C8 -+ C, C), where Cis 
a line bundle on C8 of degree d+ (n2 - n)(g -1). Choose a point p E C, 
a coordinate z of the formal completion Cp of C at p, and s E Up n VsL 
so that Cs is non~singular and 1r is unramified over p. The formal coor­
dinate z defines an identification 0 0 = C[[z]]. We also choose a local 

p 

trivialization of C around 1r- 1(p), i.e., an isomorphism 

(5.11) 

Since the formal completion Cs,1r-l(p) is the disjoint union of n copies of 
Cp, the formal coordinate z also defines an identification 0 0 

.,,-l(p) 

C[[z]]EEln. 
Now define 

which is the set of meromorphic sections of C that are holomorphic on 
C8 \ n-1(p) and have finite poles at n-1 (p). Since we have 

{
Ker('Yw) ~ H 0 (C8 ,C) 
Coker('Yw) ~ H 1(C8 , C), 
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W is a point of the Grassmannian Gr~-n(g- 1 ) of index d-n(g-1). The 
different choice of the local trivialization (3' in (5.11) leads to an element 
(3' o (3- 1 E r n. Therefore, the point W E z~-n(g- 1 ) (C) is uniquely 
determined by (1r : C8 -+ C,p, z, C). Conversely this set of geometric 
data is uniquely determined by W (see Section 5 of [16]). Thus the 
rational map J-L is generically one-to-one. Notice that the r n action on 
the Grassmannian is inessential from the geometric point of view because 
it simply changes the local trivialization of (5.11). 

The tangent space at a general point of IP'(1i~L ( n, d)) is 

H 1 (Cs, Oc.) E9 VsLfC. 
Since the Kodaira-Spencer map (3.14) is injective, it suffices to show 
injectivity of the natural map 

df-L: H 1(Cs, Oc.) E9 H 1(Cs, K 0.1)---+ Hom(W, C((z))EBn jW) 

=TwGrn(C), 

which is induced by the local trivialization of Oc. and Kc coming from 
the choice of the local coordinate z. Using z, we define 

which is a point of the Grassmannian satisfying 

{
Ker('Y Aw) ~ H 0(Cs, Oc.) 
Coker('YAw) ~ H 1(Cs,Oc.). 

We note that Aw is a ring and W is an Aw-module. Since 

C((z))Efln 
Coker(/' Aw) = Aw + C[[z]]EBn, 

H 1(C8 , Oc.) is injectively mapped to Hom(W, C((z))Efln jW). 
The local coordinate z determines a local trivialization of Kc 

and hence that of K 0•1 

-1~ ~ ( )Ef)n 8 ,..., [[ ]]Efln 8 K 0 0 ---+ 0 0 · "i:l = C z · "i:l· 
8 s,,-- 1 (p) P UZ UZ 

This trivialization gives 

1 -1 ,..., C((z))Efln · 8j8z 
H (Cs,Kc.) = Dw + C[[z]]Eiln · 8j8z' 
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where 

Note that s E VaL determines an element of H 0 (Cs,KcJ because 

n 

s E VaL= ffiH 0 (C,K3i) ~ H 0 (C,n*n*K3n) ~ H 0 (Cs,KcJ. 
i=l 

This holomorphic 1-form on Cs induces a homomorphism 

£-+ £®Kcs, 

or equivalently, 
K(jsl ® £ _______., £. 

In terms of the local coordinate z, this homomorphism gives an action 
of Dw on W. Since Dw · W c W, we conclude that H 1 (Cs,Kcs1 ) is 
injectively mapped to TwGrn(<C). In this construction H 1(Cs, OcJ and 
H 1(C8 , K 0s1 ) have no common element in TwGrn(<C) except for 0. This 
establishes the injectivity of dJ-L. 

In [16], it is proved that the orbit of the n-component KP flows 
starting from W is isomorphic to Picd+(n2 -n)(g-l)(Cs) (Theorem 5.8, 
[16]), which is the fiber of the Hitchin map PH. This completes the 
proof of the theorem. Q.E.D. 

The above theorem does not say anything about the Hitchin inte­
grable system, because the partial projective moduli space is not a sym­
plectic manifold and we do not have any integrable systems on it. To 
directly compare the Jacobian flows of the Hitchin systems and the KP 
flows, we use the relative Grassmannian of [23] defined on the scheme Up 
of (5.10). So let 1r-1 (p) = {p1 , ... ,pn}, and denote by Zi = n*(z) the for­
mal coordinate of Cs,p;. Choose a linear coordinate system (h1 , ... , hN) 
for VaL as in (2.24). Recall that n*Ocs ~ EB~~01 K3-i, and from (2.21) 
we have 

n-1 

H 1 (Cs, OcJ ~ E8 H 1 (C, K3-i) =VeL· 
i=O 

Using the Cech cohomology computation based on the covering C 
(C \ {p}) U Cp, we expand each hk E VeL as 

(5.12) 
n 

hk = L L tijkZi-j' 
i=l j~l 

tijk E <C. 
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Then-component KP flows on the Grassmannian Grn(Up) is defined by 
a formal action of 

(5.13) 

For degree d = n(g - 1), we have the following: 

Theorem 5.6. Let us choose a point p E C, a formal coordinate z 
of Cp, and a square root of the canonical sheaf KY2 • Then the fibration 

determines a point W E Gr~ (Up). There is a birational map from 
'H.c(n, n(g- I)) to the orbit of the n-component KP flows on the quo­
tient Grassmannian Z~(Up) starting from W. The Hitchin integrable 
system on the Higgs moduli space 'He ( n, n(g - 1)) is the pull-back of the 
n-component KP equations via this birational map. 

Proof. We regard C, p, z, and KY2 being defined over the trivial 
family C x VaL· There is a natural choice of a local trivialization of 

KY2 on Cp determined by the coordinate z. Note that 

(5.14) 

is a square root of the relative dualizing sheaf K = 1r* ( K 0) on 

Take an arbitrary point s E Up. Since p E Cis a point of Cat which 1r 

is unramified, the formal coordinate z determines a local trivialization 
of K112 along 1r-1 (p) c l!v(i£ (n, n(g- 1)). Define 

(5.15) 

using this local trivialization. Since 

{
Ker('"Yw.) ~ H 0 (Cs, Ki:2) 
Coker('"Yw.) ~ H 1(C8 , KZJ.2 ) 
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for each s E Up, we have W E Gr~(Up)· Let us analyze the action 
of (5.13) at W. On each C8 , hk = "L tijkz-;1 defines an element of 
H 1 (C8 , OcJ. The exponential of (5.13) is the Lie integration map 

Therefore, the action of (5.13) at the point W produces simultaneous 
deformations of the line bundle 

(5.17) 

on <!:v0L (n, n(g- 1)). Consequently, the orbit of then-component KP 
flows on Z~(Up) starting at W is naturally identified with the family of 

Picn2 (g-l) ( Cs) on Up. Since the Hitchin fibration H : 1-lc(n, n(g -1)) -+ 

VaL is also a family of Picn2 (g-l)(Cs) on VaL' we have a rational map 
from H: 1-lc(n, n(g -1)) to then-component KP orbit of Win Z~(Up)· 

Recall that the Hitchin integrable system on H : He ( n, n(g - 1)) is 
the linear Jacobian flows defined by the coordinate functions (h1 , ... , hN ). 
We note that this is exactly what (5.17) gives. Q.E.D. 

Remark 5. 7. So far we have assumed that Cs is non-singular. Al­
though it will not be an Abelian variety, we can still define the Jacobian 
Jac(Cs) using (5.16) when the spectral curve C8 is singular. As long 
as we choose p E C so that n-1 (p) avoids the singular locus of C8 , the 
KP flows are well defined. Moreover, the theory of Heisenberg KP flows 
introduced in [1, 16] allows us to consider the covering 1r : Cs -+ C right 
at a ramification point. It is more desirable to define the Grassmannian 
over the whole VaL and to deal with the entire family F: <!:vaL -+VaL 
together with the moduli stack of Higgs bundles instead of the stable 
moduli we have considered here, since the framework of the Sato Grass­
mannian allows us to consider all vector bundles on C and degenerated 
spectral curves. We refer to [4] for a study in this direction. 

§6. Serre duality and formal adjoint of pseudo-differential op­
erators 

In this section we analyze the Serre duality of Higgs bundles in terms 
of the language of the Sato Grassmannian, and identify the involution 
on the corresponding pseudo-differential operators. 
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The Krichever construction ([17, 19, 25]) assigns a point W of the 
Sato Grassmannian, 

(6.1) Grn(C) 3 W = f3(H0 (C\ {p},F)) C C((z))Eiln, 

to a set of geometric data ( C, p, z, F, (3), where C is an irreducible alge­
braic curve, p E C is a non-singular point, z is a formal parameter of 
the completion Cp, F is a torsion-free sheaf of rank non C, and 

is a local trivialization of F around p. We continue to assume that C 
is non-singular, hence F is locally-free on C. As noted in Section 5, the 
choice of a local coordinate z automatically determines a local trivial­
ization of K c: 

(6.2) a : K c 16 ~ 0 6 · dz 2:< 0 6 . 
p p p 

For every homomorphism~: F ~ Kc, we have an element 

that is determined by the commutative diagram 

Fl ~ e Kcl ~ --------+ 
Cp Cp 

(6.3) /311 11 a 

oEf3n !3* eel 
06. --------+ 

Cp p 

Thus we have the canonical choice of the local trivialization 

(3*: F* 0 Kcl6 ~ 0 0Ef3n. 
p p 

Definition 6.1 (Serre Dual). The Serre dual of the geometric date 
(C,p, z, F, (3) is the set of data (C,p, z, F* 0 Kc, (3*). 

To identify the counterpart of the Serre duality on the Sato Grass­
mannian, we introduce a non-degenerate symmetric paring in C((z)) by 
(6.4) 

(a(z), b(z)) = ~ f a(z)b(z)dz = the coefficient of z- 1 in a(z)b(z), 
2nz 

and define 
n 

(6.5) (f(z),g(z))n = L(fi(z),gi(z)), f(z), g(z) E C((z))Eiln. 
i=l 
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Lemma 6.1. Let W E Gr n ( q be a point of the Sato Grassmann ian 
of index d. Then 

wj_ = {! E <C((z)yfin I (!, w)n = 0 for all wE W} 

is a point of Grn(C) of index -d. Moreover, we have 

(6.6) {
Ker('Yw )* ~ Coker('Yw_j_) 

Coker('Yw )* ~ Ker('Yw_j_ ), 

where l'w is defined by the exact sequence 

0---+ Ker('Yw)---+ W ~ <C((z))Efin/C[[z]]Efin---+ Coker('Yw)---+ 0. 

Proof. Take an element f E Wj_ n C[[z]]Efin. Then 

Thus it induces a linear map 

f: <C((z))/(W +C[[z]]Elln) 3 g f------+ (f,g)n E C, 

defining a natural inclusion 

(6.7) Ker('Yw_j_) c Coker('Yw )*. 

Now let h* E Coker('Yw )* be an arbitrary element. Choose a sequence 
{gi, g~, g~ ... h=l, ... ,n of elements of C((z))Efin such that 

(1) g} = eiz~j + l:~=l l:k2:l 9£jkeRz~j+k; 
(2) if W has an element whose leading term is eiz~j for j > 0, 

then g} E W. 

Here ei = (0, ... '0, 1, 0, ... 'o)T is the i-th standard basis vector for en. 
We denote by g} the projection image of g} in <C((z))Efin j(W +C[[z]]Efin). 
Consider the set of equations 

(6.8) (f,g})n = h*(g}), i = 1, ... , n; j = 1, 2, 3, ... 
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for f E C[[z]]EBn. If we write f(z) = 'L~1 Lr:::oaijeizJ, then (6.8) is 
equivalent to 

aiO = h*(gi) 
n 

ail= h*(g~)- 2.:aeogm 
f=l 

ai2 = h*(g~)- (t ange31 + aeog£32) 
f=l 

ai3 = h*(g!)- (t ae2ge41 + ange42 + aeoge43) 
£=1 

It is obvious that (6.8) has a unique solution. By construction we have 
(f, W)n = 0, hence f E Ker('Ywj_). Therefore, the inclusion (6.7) is 
indeed a surjective map. 

The application of the same argument to W n C[[z]]EBn establishes 
that 

Ker('Yw) ~ Coker('Ywj_)*. 

Q.E.D. 

Remark 6.2. We note that Wj_j_ = W. It is obvious that W c 
W _1__1_. The relation (6.6) then makes the inclusion relation actually the 
equality. 

Theorem 6.3. Let WE Grn(C) be the point of the Grassmannian 
corresponding to a set of geometric data ( C, p, z, F, (3). Then the point 
corresponding to its Serre dual (C,p, z, F* 0 Kc,f3*) is Wj_. 

Proof. Let W' be the point of the Grassmannian corresponding to 
( C, p, z, F* 0 Kc, (3*). Note that 

index('Yw) = dimH0 (C,F)- dimH1 (C,F) = -index('Yw')· 

Take an arbitrary f E H 0 (C \ {p}, F) and g E H 0 (C \ {p}, F* 0 Kc). 
Then 

g · f E H 0 (C \ {p}, Kc). 

From (6.3) we see that (J*(g) · (3(!) = a(g ·f). Abel's theorem tells us 
that the sum of the residues of the meromorphic 1-form g · f on Cis 0. 
Since g · f is holomorphic everywhere on C except for p, we have 

0 = resp(g · f) = ((3* (g), (3(!) )n· 
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Therefore, W' c W.L. Since 'Yw' and 'Yw..t. have the isomorphic kernels 
and cokernels, we conclude that W' = W.L. Q.E.D. 

The ring of ordinary differential operators is defined as 

(6.9) V = <C[[x]] [d~]. 
Extending the powers of the differentiation to negative integers, we de­
fine the ring of pseudo-differential operators by 

(6.10) 

Let Ex be the left maximal ideal of£ generated by x. Then £j£x is a 
left £-module. Let us denote a = d/ dx. As a C-vector space we identify 

(6.11) 

Two useful formulas for calculating pseudo-differential operators are 

(6.12) an. a(x) = 2::: (7)acil(x)an-i, 
i?_o:O 

where aCil(x) is the i-th derivative of a(x), and 

(6.13) a(x) ·an= L(-1)i(7)an-i. aCil(x). 
i?_o:O 

A pseudo-differential operator has thus two expressions 

P = L an(x)an = L L(-1)i(7)an-i. a~l(x) 
nEZ nEZi?_o:O 

= L L( -1)i (m: i)am. a~+i(x). 
mEZ i?_o:O 

The natural projection £ ---+ £/Ex is given by 

(6.14) p: £ 3 P = L an(x)an 
n 

f--7 L L( -1)i (m: i)a~+i(o)am E q(a-1 )). 

m i?_o:O 



Hitchin systems, spectral curves, and KP equations 71 

The relation to the Grassmannian comes from the identification 

(6.15) C((z)) 3 f(z) f------* f(Er 1 ) · EJ- 1 E C((EJ- 1)). 

Then C((z)) becomes an £-module. The action of P E £ on f(z) E 
C((z)) is given by the formula 

by 

P · f(z) = p(P · f(EJ- 1)8-1 ) E C((z)). 

Definition 6.2 (Adjoint). The adjoint of P = Lp ap(x)EJR is defined 

P* = L 8£ · ap( -x). 
p 

Remark 6.4. Our adjoint is slightly different from the formal ad­
joint of [13, 29], which is defined to be Lp( -EJ)R · ap(x). This is due to 
the fact that we are considering the action of pseudo-differential oper­
ators on the function space <C((z)) through Fourier transform. Thus a 
acts as the multiplication of z-1 , and x acts as the differentiation. 

Let us compute the (m, n)-matrix entry of P. We find 

= ( zm, p ( ~ ap(x)EJ£-n-1)) 

= ( zm, p ( ~ ~) -l)i (£- ~- 1) 0£-n-1-i. a~i)(x))) 

= ( zm, ~2((-l)i (£- ~ -l)a~i)(O) · z-P+n+i) 

= L(-l)i(m7i)a~+n+i+1(0). 
' 
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Similarly, we find 

(zn, P* · zm) 
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= (zn,p (~aeae(-x) .a-m-1)) 

= ( zn, p ( ~ ~( ~1)i( -1)i ( -mi- 1 )a£-m-1-i. a~i) ( -x))) 
= ( zn, ~ ~ ( -mi- 1)a~i)(O). z-Hm+i) 

'""""' (-m- 1) (i) = ~ i am+n+i+1 (0). 
t 

Following [16], we introduce the ring of differential and pseudo­
differential operators with matrix coefficients and denote them by gln(D) 
and gln(£), respectively. The adjoint of a matrix pseudo-differential op­
erator is defined in an obvious way: 

(6.16) P = [P.· ·l· ·-1 ===} P* ~r [r.J· ·-1 'LJ 2,1- , ... ,n J't t,J- , ... ,n· 

Proposition 6.5. For arbitrary f(z),g(z) E C((z))Efln and P E 

gln(£) we have the adjoint formula 

(f(z), P · g(z))n = (P* · f(z), g(z))n· 

Proof. The statement follows from the above computations, noting 
the identity 

and the usual matrix transposition. Q.E.D. 

A more direct relation between pseudo-differential operators and the 
Sato Grassmannian is that the identification of the big cell of Grn(C) 
with the group 

(6.17) 

of monic pseudo-differential operators of order 0 ([16], Theorem 6.5). 

Theorem 6.6. Let WE Grn(C) be in the big cell, and correspond to 
a pseudo-differential operatorS E G. Then W j_ corresponds to (S*)- 1 E 

G. 
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Proof. The correspondence of S E G and Win the big cell is the 
equation 

W S -1 ""[ -1JE!ln -1 = ·\L..Z ·Z • 

For f(z),g(z) E qz-1]Elln · z-1 , we have 

(S* · f(z), s-1 · g(z))n = (f(z), ss-1 · g(z))n = 0. 

Q.E.D. 

The Lax operator is defined by 

(6.18) L = S ·In· 8 · s-1 . 

Lax operators bijectively correspond to points of the big cell of the quo-
- -.l 

tient Grassmannian Zn(C). If W corresponds to L, then W corre-
sponds to L*. Therefore, the Serre duality indeed corresponds to the 
adjoint action of the pseudo-differential operators. 

§7. The Hitchin integrable system for Sp2m and corresponding 
KP-type equations 

In this section we identify the KP-type equations that are equivalent 
to the Hitchin integrable system for Sp2m. Since the moduli space of 
the Sp2m-Higgs bundles is identified as the fixed-point-set of the Serre 
duality involution on 1-lc(2m, 2m(g- 1)) (Proposition 2.4), we will see 
that the evolution equations are the KP equations restricted to a certain 
type of self-adjoint Lax operators. 

Let (E, ¢) = (E* ® Kc, -¢*) be a fixed point of the Serre duality 
operation on the Higgs moduli space 1-lc(2m, 2m(g- 1)), and (.CE, C8 ) 

the corresponding spectral data. We choose a point p E C and a local 
coordinate z as in Section 5. We assume that the spectral cover 1r 

Cs -t C is unramified at p. This time we choose a local trivialization 

f3: .CEic ~ 0 0 ~ C[[z]]EB2m. 
s,7l'-1 (p) s,?T-1 (p) 

Then the Serre dual of the data (rrs: Cs -t C,p,z,CE,¢,/3) is 

(7rs• : Cs• -t C,p, z, E*(CE ® Kc.), -¢*, E* /3*). 



74 A. Hodge and M. Mulase 

In general the dual trivialization is defined by 

£EI6 
E 

Kc.i6 -------+ 
S,7l";l(p) s,-rr;l(p) 

(311 11 a 

06 
f3* (E) 

06 -------+ 
s,-rr;l(p) S,1r;l(p) 

Ell /1€ 
OA e* (3* (E) OA 
c. -lc l c. -lc l s ,-rr s* P s ,7r s* p 

Note that in the current case we haves= s* and E: Cs -+ Cs is a non­
trivial involution. Since E commutes with n, it induces an involution of 
the set w- 1 (p) = {p1 , ... , p2m}. Let us number the 2m distinct points 
so that 

where 

(7.1) 

By the same argument we used in Theorem 6.3, if we define 

then we have 

Let us assume that E is not on the theta divisor of [3] so that 
H 0 (C,E) = H 1 (C,E) = 0. Then WE Gr2m(C) is on the big cell, and 
hence corresponds to a monic 0-th order pseudo-differential operator 
S E G. Since W = AWj_, we have 

(7.3) S =A· (S*)- 1 · A. 

The Lax operator 

then satisfies that 

(7.4) L* = A·L·A, 
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or equivalently 

The time evolution of S and the Lax operator L is given by the for­
mula established in Section 6 of [16]. Let S(t) be the solution of the 
n-component KP equations with the initial data 8(0) = S. Then S(t) 
is given by the generalized Birkhoff decomposition of [16, 18] 

(7.5) exp ( [D1 n 2]) . S(o)-1 = S(t)-1 . Y(t), 

where D1 and D2 are diagonal matrices of the shape 

corresponding to (5.13), and Y(t) is an invertible infinite order differ­
ential operator introduced in [18]. We impose that the time evolution 
S(t) satisfies the same twisted self-adjoint condition (7.3). Applying 
the adjoint-inverse operation and conjugation by A of (7.1) to (7.5), we 
obtain 

] A) · S(o)-1 = S(t)-1 . (A(Y(t)*)- 1 A). 
-D2 

Therefore, the time evolution (7.5) with the condition D 2 = -D1 pre­
serves the twisted self-adjointness (7.3). We have thus established 

Theorem 7.1. The KP-type equations that generate the Hitchin 
integrable systems on the moduli spaces of Sp2m-Higgs bundles are the 
reduction of the 2m-component KP equations that preserve the twisted 
self-adjointness (7.3) for the operator S, or (7.4) for the Lax operator 
L. The time evolution S ~----+ S(t) preserving the condition is given by 
the generalized Birkhoff decomposition 

(7.6) exp ( [D -D]) · S(o)-1 = S(t)-1 · Y(t), 

where 
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Remark 7.2. Since the time evolution of (7.6) is given by a traceless 
matrix diag(D,-D), every finite-dimensional orbit of this system is a 
Prym variety by the general theory of [16], which is expected from the 
Sp Hitchin fibration. 

References 

[ 1] M. R. Adams and M. J. Bergvelt, The Krichever map, vector bundles over 
algebraic curves, and Heisenberg algebras, Commun. Math, Phys., 154 
(1993), 265-305. 

[ 2] A. Alvarez Vazquez, J. M. Munoz Porras and F. J. Plaza Martin, The 
algebraic formalism of soliton equations over arbitrary base fields, In: 
Workshop on Abelian Varieties and Theta Functions, Aportaciones Mat. 
Investig., 13, Soc. Mat. Mexicana, 1998, pp. 3-40. 

[ 3] A. Beauville, M. S. Narasimhan and S. Ramanan, Spectral curves and the 
generalised theta divisor, J. Reine Angew. Math., 398 (1989), 169-179. 

[ 4] R. Donagi and E. Markman, Spectral covers, algebraici!lly completely in­
tegrable Hamiltonian systems, and moduli of bundles, Lecture Notes in 
Math., 1620, Springer-Verlag, 1996. 

[ 5] R. Donagi and T. Pantev, Langlands duality for Hitchin systems, 
arXiv:math/0604617v2. 

[ 6] E. Frenkel, Lectures on the Langlands program and conformal field theory, 
arXiv:hep-th/0512172. 

[ 7] E. Gomez Gonzalez, J. M. Munoz Porras and F. J. Plaza Martin, 
Prym varieties, curves with automorphisms and the Sato Grassmannian, 
arXiv:math.AG /0207202[math.AG]. 

[ 8] T. Hausel and M. Thaddeus, Mirror symmetry, Langlands duality, and the 
Hitchin system, Invent. Math., 153 (2003), 197-229. 

[ 9] D. Hernandez-Serrano, J. M. Munoz Porras and F. J. Plaza Martin, Equa­
tions of the moduli of Higgs pairs and infinite Grassmannian, Internat. 
J. Math., to appear. 

[10] N. J. Hitchin, The self-duality equations on a Riemann surface, Proc. Lon­
don Math. Soc. (3), 55 (1987), 59-126. 

[11] N. J. Hitchin, Stable bundles and integrable systems, Duke Math. J., 54 
(1987), 91-114. 

[12] N. J. Hitchin, Langlands duality and G2 spectral curves, 
arXiv:math.AG/0611524. 

[13] M. Jimbo and T. Miwa, Solitons and infinite-dimensional Lie algebras, Publ. 
Res. Inst. Math. Sci., 19 (1983), 943-1001. 

[14] A. Kapustin and E. Witten, Electric-magnetic duality and the geometric 
Langlands program, arXiv:hep-th/0604151 v3. 

[15] Y. Li and M. Mulase, Hitchin systems and KP equations, Internat. J. Math., 
7 (1996), 277-244. 



Hitchin systems, spectral curves, and KP equations 77 

[16] Y. Li and M. Mulase, Prym varieties and integrable systems, Comm. Anal. 
Geom., 5 (1997), 279-332. 

[17] M. Mulase, Cohomological structure in soliton equations and Jacobian va­
rieties, J. Differential Geom., 19 (1984), 403-430. 

[18] M. Mulase, Solvability of the super KP equation and a generalization of the 
Birkhoff decomposition, Invent. Math., 92 (1988), 1-46. 

[19] M. Mulase, Category of vector bundles on algebraic curves and infinite 
dimensional Grassmannians, Internat. J. Math., 1 (1990), 293-342. 

[20] M. Mulase, Geometry of character varieties of surface groups, RIMS 
Kokyilroku, 1605 (2008), 1-21. 

[21] D. Mumford, J. Fogarty and F. Kirwan, GeometriC Invariant Theory, Third 
ed., Springer-Verlag, 1994. 

[22] F. Plaza Martin, Families of infinite Grassmannians and the induced central 
extensions, in preparation. 

[23] I. Quandt, On a relative version of the Krichever correspondence, Bayreuth. 
Math. Schr., 52 (1997), 1-74. 

[24] M. Sato andY. Sato, Soliton equations as dynamical systems on infinite­
dimensional Grassmann manifold, In: Nonlinear Partial Differential 
Equations in Applied Science, North-Holland Math. Stud., 81, 1983, pp. 
259-271. 

[25] G. Segal and G. Wilson, Loop groups and equations of KdV type, Inst. 
Hautes Etudes Sci. Publ. Math., 61 (1985), 5-65. 

[26] T. Shiota, Characterization of Jacobian varieties in terms of soliton equa­
tions, Invent. Math., 83 (1986), 333-382. 

[27] T. Shiota, Prym varieties and soliton equations, In: Infinite-Dimensional 
Lie Algebras and Groups, Adv. Ser. Math. Phys., 7, 1989, pp. 407-448. 

[28] A. Strominger, S.-T. Yau and E. Zaslow, Mirror symmetry is T-duality, 
Nuclear Phys. B, 479 (1996), 243~259. 

[29] K. Takasaki, The World of Integrable Systems-The Fellowship of the Toda 
Lattice (in Japanese), Kyoritsu Shuppan Publ. Co., 2001. 

[30] T. Tsuchida, New reductions of integrable matrix PDEs-Sp(2m)-invariant 
systems, arXiv:0712.4373[nlin.S~. 

[31] P. Vanhaecke, Integrable systems in the realm of algebraic geometry, Lec­
ture Notes in Math., 1638, Springer-Verlag, 1996. 

Andrew R. Hodge 
Department of Defense 
Fort George G. Meade, MD 20755-6000 
U.S.A. 

Motohico Mulase 
Department of Mathematics 
University of California 
Davis, CA 95616-8633 
U.S.A. 
E-mail address: mulaseQmath. ucdavis. edu 


