





























































































































An action of a Lie algebra 445

smooth projective surface and 7 : X — Y a birational map such that
Rm,(Ox) = Oy. We first recall perverse coherent sheaves introduced
by Bridgeland [B1].

Definition 6.1. [B1] Let Per(X/Y) be the subcategory of D(X)
such that an object F € D(X) belongs to Per(X/Y) if and only if
(i) H(E)=0fori#—1,0,
(ii) m(H Y(E)) =0 and R'w,(H°(E)) =0,
(iii) Hom(H°(E),c) = 0 for all sheaf ¢ on X with R.(c) = 0.
An object E € Per(X/Y) is called perverse coherent sheaf.

Per(X/Y) is an abelian category. For E € Per(X/Y), we get
Hi(m.(E)) =0, i # 0. Thus 7.(E) € Coh(Y). The following is due
to Bridgeland [B1] (cf. [N-Y, Lem. 1.2]).

Lemma 6.1. (1)  For a coherent sheaf F' on'Y, we have an
exact sequence

0 — R'm (L7 'n*(F)) — F — m,*(F) — 0.

In particular, if F 1s torsion free, then F = w m*(F).

(2) Let E be a coherent sheaf on X. For the natural map ¢ :
m*m.(E) — E, we have (i) Rmw.(ker¢) = 0, (i1) m(im¢) —
n.(E) is isomorphic, (iii) m.(coker ¢) = 0 and (iv) R (E) =
R, (coker ¢).

(3) A coherent sheaf E belongs to Per(X/Y) if and only if ¢ :
m*7.(E} — E is surjective.

(4) For a coherent sheaf F on Y, Ext*(n*(F),c) = 0 for all c €
Coh(X) with Rm.(c) = 0.

6.2. A family of perverse coherent sheaves

Let Y — S be a flat family of surfaces and 7 : X — ) a family of
projective birational maps such that X — S is smooth and Rx.(Ox) =
Oy.

Definition 6.2. Let M, / 5(v) be the moduli stack of perverse co-
herent sheaves E € Per(X;/)s) N Coh(X;), s € S with topological in-

variant v(E) = v or v(E) = v in Section 4.2 such that 7.(F) is torsion
free or purely 1-dimensional.

By Lemma 6.1 and the base change theorem, M?, / 5(v) is an open
substack of the moduli stack of coherent sheaves E on X;,s € S. Let w
be a numerical invariant of 7,(E), E € M% 5(v)s and My, s(w) be the
moduli stack of torsion free sheaves or purely 1-dimensional sheaves F
onYs;,s€S.
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Proposition 6.2. We have a “proper” map f : Mf\g/s(v) — My/s(w)
by sending E to m.(E). More precisely, let T be a scheme of finite type
over S and F a flat family of torsion free or purely 1-dimensional sheaves
on Y xsT. Then Mb g(v) Xpy,5(w) T — T is proper.

Let T" — T be a morphism and € a flat family of coherent sheaves
parametrized by T’ such that & € Per(X:/)y), v(&) = v and 7, (€) =
F o, Or:. Since € is a quotient of 7*(F ®p, Or) in the category of
coherent sheaves with a fixed topological invariant v, M?%, / s(W) X as,, /s(w)
T — T is of finite type.

In order to prove the properness, we use the valuative criterion. Let
R be a discrete valuation ring and K the quotient field of R. Let s be
the closed point of S = Spec(R). Let W C Y := Y be the closed subset
such that 7 is isomorphic over Y \ W.

Lemma 6.3. Let ¢ : £, — &2 be a homomorphism of R-flat families
of coherent sheaves £;, 1 = 1,2 on ). Assume that (£1)s is torsion free
or purely 1-dimensional, and ¢ is an isomorphism on Y \ W. Then ¢
is injective and coker ¢ is R-flat. Moreover if ¢ is isomorphic over K,
then ¢ is an isomorphism.

Proof. Since ¢, is isomorphic on Y \ W and (&), is torsion free
or purely 1-dimensional, ¢ is injective. Hence ¢ is injective and coker ¢
is R-flat. If ¢ is isomorphic over K, then (cokerd) @ g K = 0, which
implies that coker ¢ = 0. Hence ¢ is an isomorphism. Q.E.D.

Corollary 6.4. Let F be a R-flat family of torsion free or purely
1-dimensional sheaves on'Y. Let w*(F) be the R-torsion free quotient of

7*(F). Then F — mo(7*(F)) — s (71'/*(?)) is injective and the cokernel
is R-flat.

By the following proposition, we have Proposition 6.2.

Proposition 6.5. (1) Let & and & be R-flat families of co-
herent sheaves on X such that (i) (€;)s € Per(Xs/Vs), (i)
7« (E1)s 18 torsion free or purely 1-dimensional, and (iii) there
are isomorphisms ¢ : E1 Qr K — EQr K, ¢ : m(&1) —
7« (E2) such that ¢ induces Y over K. Then there is an iso-
morphism ¢ : &1 — & extending ¢ and 1.

(2) Let Ek be a coherent sheaf such that Ex € Per(Xk /Vk), i.e.,
R7.(Ex) = 0 and m*m.(Ex) — Ex 1is surjective. Let F be a
R-flat family of torsion free or purely I-dimensional sheaves
on Y with an isomorphism Vi : 7.(Ex) — F @r K. Then
there is a R-flat family £ of perverse coherent sheaves which
is an extension of Ex with an extension ¥ : m(E) — F of Yk .
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—

Proof. (1) Let 7*(m«(&;)) be the R-flat quotient of 7*(m.(&;)) by
the R-torsions and L; the kernel of 7* (7. (&;)) — &;. Then L; are R-flat.
Since Ly ® g K — & ®p K is a 0-map, Ly is contained in Lo. Hence we
have a homomorphism ¢ : & — & and we get a commutative diagram:

Thus the claim holds.

(2) Let ¢ : 7 (F) — Ex be a homomorphism defined by the composi-
tions ¢ : 7*(F) — n*(F)@rK — 7*(1.(Ek)) — Ex. We set € := im(¢).
Then £ is a R-flat family of coherent sheaves such that R'7.(€) = 0 and
E®r K =E&k. By Lemma 6.3, F — 7, (7*(F)) — m(£) is an isomor-
phism. Q.E.D.

The following definition of the stability is slightly different from
[N-Y, Lem. 2.9].

Definition 6.3. Let H be an ample Cartier divisor on Y. An object
E € Per(X/Y) is stable with respect to H if E is a sheaf and 7. (E) is
stable with respect to H. If 7, (F) is pu-stable, we say that E is y-stable.

Lemma 6.6. Let E € Coh(X) be a perverse coherent sheaf and F
a coherent sheaf such that m.(F) is torsion free. Then Hom(E, F) —
Hom(m.(E), . (F)) is injective. In particular, a stable perverse coherent
sheaf is simple.

Proof. Since n*(m«(E)) — E is surjective, we have an injective
homomorphism Hom(E, F) — Hom(7*(7.(E)), F). Since

Hom(n* (1.(E)), F} 2 Hom(7.(E), 7 (F)),
we get our claim. Q.E.D.

Theorem 6.7. [N-Y, Thm. 2.14] There is a coarse moduli scheme
MP¥(v) of stable perverse coherent sheaves E with the topological invari-
antv. ME(v)* denotes the open subscheme of p-stable perverse coherent
sheaves. More generally, for a family of resolutions m: X — Y — S and
a relatively ample Cartier divisor H on Y, we have o relative moduli
space of stable perverse coherent sheaves M3, /S,H(U), which is quasi-
projective over S.



448 K. Yoshioka

Lemma 6.8. (1) Letv := (r&a) € ZxNS(X) x Z be a
topological invariant. Assume that there is a line bundle £ on
X with € = ¢1(L,), s € S. If tr : Ext?(E, E) — H?(X;,0x,)
is injective for all E € M;I\’f/s,u(”)s’ then MQ/S’H(U) — S is
smooth over s € S.

(2) Weset X = X;, Y := Vs and assume that X — Y is a
minimal resolution of rational double points. Let E be a stable
perverse coherent sheaf on X. If

H(Y, Ky) — Hom(r, (E), m,(E) ® Ky)

is surjective, then tr : Ext*(E, E) — H?(X,Ox) is injective.

Proof. (1) is a consequence of a standard deformation theory.

(2) By the Serre duality, it is sufficient to prove that Hom(X, Kx) —
Hom(E, E ® Kx) is surjective. Since Kx = n*(Ky), the claim follows
from Lemma 6.6. Q.E.D.

Proposition 6.9. Let 7 : X — Y be a contraction of (—2)-curves
by a linear system |nH| on X. We set v := (r,§,a). Assume that
~Kx is effective and ged(r, (€, H),a) = 1. Then My (v) is smooth and
projective over C. If there is a polarized deformation ¢ : (X,L) — S of
Xs, = X with a family of Mukai vectors v and a family of dvisors H
such that Hs, = H and M} does not contain (—2) curves for a general
s € S. Then M% (v) is deformation equivalent to My (v).

Proof. Since Rm.(Ox) = Oy, H(X,0Ox(nH)) = 0 for n > 0.
Hence the base change theorem implies that @.(Ox(nH)) is a locally
free sheaf on S and we get a flat family of contractions 7 : X — ) such
that Rm,(Ox) = Oy. We set H,, := nH + L. For a sufficiently large
n, let Mx,g,(v) — S be the relative moduli space of (Hy)s-stable
sheaves on X;. Let Sy be the open subscheme of S such that H, is
ample. Then My g 3, (v) coincides with M¥, /5,1 (v) over So. Hence we
get our claim. Q.E.D.

Corollary 6.10. Let X be a smooth projective surface with a con-
traction # : X — Y of (—2) curves, and let H a divisor which is the
pull-back of an ample divisor on Y.

(1) Assume that X be a rational surface and —Kx is effective. If
ged(r, (€, H),a) = 1, then ME(r, &, a) is deformation equiva-
lent to Myg(r,€,a) and H*(ME(r,€,a)) is identified with
H*(Mpy(r,£,a)) by an algebraic correspondence.

(2) Assumethat X be o K3 surface with p(Y) > 2. Ifged(r, (€, H))
=1, then M%(r,€,a) is deformation equivalent to My(r, €, a)
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and H*(M%(r, €, a)) is identified with H*(Mg(r,&,a)) by an
algebraic correspondence.

Proof. We prove (2). Let N be a primitive sublattice of Pic(X)
spanned by H and £. Replacing & by & + rmn*(n), n € NS(Y), we may
assume that dimg 7. (N ® Q) = 2. Indeed ged(r, (£, H)) = 1 means that
the stability does not change under the change E — E(mD), if D is
the pull-back of a Cartier divisor on Y. Then there is no (—2)-curve in
NNH*. Let R be the set of (—2)-vectors on H+NPic(X). Since R is a
finite set, we can take an ample divisor L such that I € Qu+N®Q for all
u € R. We shall consider a deformation of (X, L, H,£). Then H deforms
to an ample divisor, which implies that we can apply Proposition 6.9 to
get the claim. Q.E.D.

Remark 6.1. If £ is relatively ample, then we can take L = £ +
rmH. Then the same assertion holds if ged(r, (¢, H),a) = 1 and H*NN
does not contain (—2) vectors.

6.3. An action of the affine Lie algebra

From now on, we assume that 7 : X — Y is a minimal resolution
of rational double points. For simplicity, we assume that Y has one
singular point p € Y. Let C1,C4,...,C, be the irreducible components
of the exceptional divisor and Z the fundamental cycle on X.

Lemma 6.11. (1) Let ¢ be a coherent sheaf on X such that
m«(c) = 0. Then there is o filtration

(6.1) OChCFC---CFs=c

such that each Fi/Fy_1 is a subsheaf of O¢,(—1), ¢ > 0. In
particular, if Hom(e, O¢,(—1)) =0 for all i, then ¢ = 0.

(2) IfRm.(c) =0, then c is a semi-stable 1-dimensional sheaf and
gr(c) = @i, Oc,(-1)®.

Proof. (1) Assume that ¢ # 0. Since m.(c) = 0, ¢ is of pure di-
mension 1. Since ((Cj, Cj);,;) is negative definite, x(O¢,;(—1),¢) > 0
for an 4. Then there is a non-zero homomorphism ¢ : O¢,(—1) — c or
¢ :c — O¢,(—1). For the first case, ¢ is injective and . (coker ¢) = 0.
For the second case, m.(ker ¢) = 0 and im(¢) is a subsheaf of O¢,(—1).
Applying the same procedure to coker ¢ or ker ¢, we get the claim.

(2) We first note that x(c) = 0. Let E be a subsheaf of ¢. Then
H°(X,E) = 0, which implies that x(E) < 0. Therefore c is a semi-
stable 1-dimensional sheaf. Obviously O¢,(—1) are stable. We take
a filtration (6.1). Then x(Fk/Fx-1) < 0 and the equality holds if
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Fy/Fx—1 = Oc¢,(—1). Hence Fy/Fy_1 =2 O¢,(—1) for all k. Therefore ¢
is S-equivalent to ®;0¢,(—1)®. Q.E.D.

Corollary 6.12. E € Coh(X) belongs to Per(X/Y) if and only if
Hom(E, O¢,(—1)) = 0 for all i.

Proof. Obviously E €  Per(X/Y) N Coh(X) satisfies
Hom(FE, Oc¢,(—1)) = 0 for all i. We prove the converse direction. We
shall prove that the homomorphism ¢ : 7*(7.(E)) — E is surjective. By
Lemma 6.1 (2), the cokernel of m.(E) — 7. (im ¢) satsifies 7, (coker ¢) =
0. Since Hom(coker ¢, O¢,(—1)) C Hom(E, O¢,(—1)) = 0, by Lemma
6.11 (1), we get coker ¢ = 0. Thus ¢ is surjective. Q.E.D.

Lemma 6.13. Let E be a coherent sheaf belonging to Per(X/Y).
If Hom(Og,(—1),E) =0, i =1,2,....,n and Ext"(Oz,E) =0, then E is
locally free along Z and 7.(E) is reflexive at p.

Proof. Replacing X by an open neighborhood of Z, we may assume
that F is locally free on X'\ Z. Assume that F is not torsion free. Then
for the torsion submodule 7' of E, there is a surjection T' — C,. We
note that there is an exact sequence 0 — ¢ — Oz — C, — 0 such that
¢ € Coh(X) with Rm.(c) = 0. Since Hom(c,T) = 0, Ext'(C,,T) —
Ext*(Oz,T) is injective. Since x(Cz,T) = 0, Ext’(Cy,T) # 0. Thus
Ext*(Oz,T) # 0, which is a contradiction. Therefore E is torsion free.
By the exact sequence

Hom(Ogz, EVY) — Hom(Oz, EVV/E) — Ext' (04, E),

we get Hom(Ogz, EVV/E) = 0. Since Hom(C,, EVV/E) # 0 for a point
z € Supp(EVV/E), EVY/E = 0. Thus E is locally free. Then we get
Rz, (E\z) = 0, which implies that R'm.(E") = 0. Therefore 7, (E) is
a reflexive sheaf. Q.E.D.

Lemma 6.14. (1) (a) Let E be a coherent sheaf on X such
that E € Per(X/Y) and w.(E) is torsion free. For a
subspace U C Hom(Og¢,(—1), E), the evaluation map ¢ :
U ® Oc¢,(—1) — E is injective in Coh(X), coker¢ €
Per(X/Y) and m.(coker ¢) is torsion free.

(b) Let F be a coherent sheaf on X such that F' € Per(X/Y)
and m.(F) is torsion free.  For a subspace V of
Hom(F, Oc,(—1)[1]}, the associated extension in Coh(X)

0-V'®0c,(~-1) - E—F —0

defines E € Per(X/Y) and 7.(E) is torsion free.
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(2) (a) Let E be a coherent sheaf on X such that E € Per(X/Y)
and m.(E) is torsion free. Let U C Hom(Oz[~1], F) be
a subspace. For the associated extension in Coh(X)

0—-EFE—-F—-0z0U—0,

F € Per(X/Y) and 7.(F) is torsion free.

(b) Let F be a coherent sheaf on X such that F € Per(X/Y)
and 7. (F) is torsion free. Let V C Hom(F, Oz) be a sub-
space. Then ¢ : F — Oz @ VV is surjective in Coh(X),
E :=ker¢ € Per(X/Y) and 7.(E) is torsion free.

Proof. (1) (a) Since R, (O¢,(—1)) = 0 and m.(E) is torsion free,
7. (ker ¢) = 0 and Rlm,(ker ¢) & 7, (im ¢) = 0. By Lemma 6.11, we see
that ker ¢ = Og,(—1)®". Since ¢ induces an injective homomorphism
U — Hom(O¢,(—1), E), we have r = 0. Since m.(E) = m.(coker ¢),
R, (coker ¢) = 0 and n*m.(E) — E — coker ¢ is surjective, coker ¢ €
Per(X/Y).

(b) We note that m.(E) & 7, (F) and R'm.(F) = 0. Hence we shall
prove that Hom(E, O¢,(~1)) = 0. If j # 4, then obviously the claim
holds. If j = 4, then we have a non-zero map V¥V ® O¢,;(-1) —» E —
Oc¢,(—1). By our choice of the extension class, this is impossible. Hence
E € Per(X/Y).

(2) (a) Obviously 7*m.(F) — F is surjective and R'm.(F) = 0. If
7« (F) has a torsion, then we have a non-trivial map Oz = 7*(C,) — F.
Then Oz — F — Oz ® U is injective. By our choice of the extension
class, this is impossible. Hence 7, (F') is torsion free.

(b) Since Hom(F,Oz) — Hom(n*m.(F),Oz) = Hom(m.(F),Cp) is
injective, m. (F) — C, ® V'V is surjective. Since 7*(m,(F)) — 7*(Cp) ®
VV is the composition of 7*(m«(F)) — F and F — Oz @ VY, ¢ is
surjective. Since Ext'(Oz, Oc¢,(~1)) = 0 for all j, Hom(E, O¢,(-1)) =
0 for all j. Thus E € Per(X/Y) and 7.(F) is torsion free. Q.E.D.

We set By := Oz, E; := O¢,(—1)[1], i =1,2,...,n and set
= {(B,U)|E € M (v),UY C Hom(E, E;), dimU = m}.
By Lemma 6.14, the Brill-Noether locus with respect to E;,7 = 0,1, ...,n
behaves very well and we have the following.

Proposition 6.15. The affine Lie algebra associated to E;, i =
0,1,...,n acts on @, H.(M%(v)).

Remark 6.2. f: ME(v) — Mg(w) gives the contraction map of
the Brill-Noether locus with respect to E;, t =1,2,...,n.
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Remark 6.3. Let X be an abelian surface or a K3 surface with
a symplectic G-action. Assume that there is a fixed point. By the
McKay correspondence [BKR], we have an equivalence ® : D%(X)
D()/(7é), where )/(7(/}’ — X/@ is the minimal resolution of X/G. More-
over we can ChOOSi\a/l’l equivalence so that ® induces an equivalence
Coh®(X) — Per((X/G)/(X/@)). By this equivalence, we have an iso-
morphism My (v)* — MPE (w)#, where w is the Mukai vector correspond-
ing to v via ®. By this identification, the actions of the Lie algebras in
Section 5 and Section 6 are the same.

§7. Appendix

7.1. Moduli of coherent systems
In this subsection, we shall explain how to construct the moduli
space of coherent systems ‘Bg? (v). We start with a definition of a flat
family.
Definition 7.1. Let S be aschemeand & : -+ — E_1 — & — -+~
a bounded complex on S x X.
(i) &, is a flat family of stable complexes, if & are coherent
sheaves on S x X which are flat over S and (&,); are sta-
ble complexes for all s € S.
(if) (&, U) is a family of coherent systems, if &, is a flat fam-
ily of stable complexes and U is a locally free subsheaf of
Hom,, (Os K E;, &,) of rank n such that Us — Hom(F;, (E)s)
is injective for all s'€ S. In this case, we have a resolution of
E;
W. : W_2 — W._1 — WO
with a morphism Y X W, — &, as complexes which induces
the inclusion Y — Hom,,, (Og K E;, &,).

For a quasi-isomorphism & — & of families of stable complexes
over S, we take a resolution of FE;

W.ZW_2—>W.]_ ——)WO

such that Ext?(Wj,(Ek)s) = ExtP(W;,(€)s) = 0, p > 0 for j =
0,—1, k € Z and all s € S. Then we see that ExtP(W_q, (Ek)s) =
ExtP(W_2,(&;)s) =0, p > 0 for k € Z and all s € S. By this choice of
W,, we have an isomorphism

Homg (sx xy(Os ¥ W, E,[p]) — .
HomK(SXx)((’)S X W,, 5‘ [p])(g Ext? (0 X E;, gi))
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where K(Z) is the homotopy category of complexes on Z. Hence for a
family of coherent systems (£],U) and a quasi-isomorphism £, — & of
flat families of stable complexes, there is a resolution of E; and a family
of coherent systems (&, ,U) such that we have a homotopy commutative
diagram:

urw, —2— ¢,

| |

URW, —— &..
The choice of ¢ is unique, up to homotopy equivalence. In this case, we
say that (&.,U) is equivalent to (E,,U).

Let ¢ : Qu(v) — Mg (v) be a standard PGL(N)-covering of My (v)
which is an open subscheme of a suitable quot-scheme and satisfies the
following properties:

(i) There is a flat family of stable complexes V, : V_; — Vg on
Qu(v) x X, which is GL(N)-equivariant.

(ii) For a flat family of stable complexes £, parametrized by S, if
we take a suitable open covering S = U,S), then we have
a morphisms fx : Sy — Qu(v) such that &g, is quasi-
isomorphic to f(Vs). In particular (g o fa)is,ns, = (g ©
fu)isxns, and we have a morphism f : § — Mg(v).

We take a locally free resolution of F;

0—-W,o,—-W_1—->Wy—E; —0

such that Ext?(W;, Vk):) =0, p > 0 for j = 0,-1, k = —1,0 and all
t € Qu(v). Then Ext?(W_s,(Vk):) = 0, p > 0 for k£ = —1,0 and all
t € Qu(v). We set

Hn = @ HomeH(v) (OQH(’IJ) X Wj, Vk).
—j+k=n

Hp, n € Z are locally free sheaves on Qg (v). We take a complex
0—Hoy S Ho B, B
associated to R Homy, (O (v) B E4, Ve). Since
ker(v_1)¢ =2 Hom(E;, &[—1]) =0

for all t € Qg(v), -1 is injective as a vector bundle homomorphism.
Hence H|, := cokert_; is a locally free sheaf on Qg (v). For the mor-
phism fx : Sx — Qu(v) and a locally free subsheaf & C Homy, (Og
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E;, &) such that Us — Hom(E;, (£.)s) is injective for all s € S, we have
an inclusion as a vector bundle homomorphism:

Us, — Homy (Os B By, &))s, = ker(f3(Hp) — f3(Ha)) = fX(Ho)-

We take a Grassmann bundle Gr(H{,n) — Qu(v) over Q i (v) parametriz-
ing n-dimensional subspaces U of (H{):, t € Qu(v). Then we have a
lifting fx : Sx — Gr(Hj,n) of fx and an equivalence between (EesUysy)
and (f~§\‘ (Ve),U,s,). Hence ‘,B;Z) (v) is constructed as a closed subscheme
of Gr(Hg,n)/PGL(N).

7.2. The existence of semi-stable sheaves on a K3 surface

Proposition 7.1. Let X be a K3 surface and H an ample divisor
on X. Forv=r+£&+ap, r € L0, € NS(X),a € Z with (v?) > -2,
the moduli space of semi-stable sheaves M g (v) is not empty.

Proof. We may assume that v is primitive. In H*(X,Q), we can

write v as
v=r+(dH +D)+ap,D € H.

Since ve™ =1+ (d+rn)H + D + (a+ (dn +rn?/2)(H?))p, n € Z, we
see that
(veH yerfy — (D?) = (v,v) — (D?).

Hence replacing v by ve™, n >> 0, we may assume that d is sufficiently
larger than (v?) — (DD?). We shall consider the Fourier—-Mukai transform

2 : DX) — D(X)
E — Rp.(i(E)QIa),

where p1,ps : X x X — X are projections and I, is the ideal sheaf of the
diagonal A ¢ XxX. By [Y5, Thm. 3.1], <I>§<A_, x induces an isomorphism
Mpy(r+&+ap) = My(a— & +rp). Moreover [Y5, Cor. 2.14] says that
every p-semi-stable sheaf F' with v(F) = a — £ + rp is semi-stable. For a
sufficiently small e € NS(X) ® Q, [Y3, Thm. 8.1] implies that there is a
stable sheaf F' with respect to H + € with v(F) = a — £+ rp. Then F'is
p-semi-stable with respect to H, which implies that M g (a—£&-+1p) # 0.
Therefore M g (v) # 0. Q.E.D.

7.3. The existence of stable sheaves on a rational elliptic
surface ‘
We shall find the conditions for the existence of stable sheaves on

a rational elliptic surface 7 : X — P! with a section 0. We first note
that a divisor C with (C?) = (C,Kx) = —1 is effective. Indeed since
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(Kx—C, f)=-1,H*(X,0x(C)) = 0. By the Riemann—Roch theorem,
dim H%(X, Ox(C)) > x(Ox(C)) = 1. The following is the result for the
case of rank 0.

Proposition 7.2. Let X be a rational elliptic surface with a section
a. Let D be a divisor with (D?) > 0. Assume that (0, D, x) is primitive.
Then M§(0,D,x) is not empty for a general H and G if and only if
(D,C) >0 for all divisor C with (C?) = (C,Kx) = —1.

Proof. We 'use the notation in Subsection 4.3. Since
M(GX,H) y7(0,D,x) — T is smooth, it is sufficient to prove the claim
for a nodal rational elliptic surface X. Let C be a divisor with (C?) =
(C,Kx) = —1. Since every fiber is irreducible, C' must be a section
of m. If (D,C) < 0, then x(Oc¢(k),E) = —(D,C) > 0 for all sheaves
E with ¢1(E) = D. We set n := max{k|Hom(O¢(k), E) # 0}. Then
Hom(Oc(n), E) # 0 and Hom(E, O¢(n))Y = Ext*(Oc(n + 1), E) # 0.
This means that E is not semi-stable, unless E = O¢(n).

Conversely, we assume that (D,C) > 0 for all sections C with
(C?) = (C,Kx) = —1. Then D is a nef divisor. If (D, f) = 1, then
there is a section 7 of 7 such that D = 7 +nf, n > 0. In this case,
My (0,7+nf,x) = Hilb% # 0 via the relative Fourier~Mukai transform.
Since the non-emptyness does not depend on the choice of G [Y4], we get
our claim. Hence we may assume that (D, f) > 2. We shall show that
there is a reduced and irreducible curve C € |D|. Then a line bundle
on C with x(E) = x belongs to Mg (0, D, x).

(1) If (D?) > 1or (D, f) > 3, then D' := D—Kx is a nef divisor with
(D' 2) > 5. In this case, we shall prove that D = D’ + Kx is base point
free by using Reider’s result [R, Thm. 1]. If D is not base point free, then
there is an effective divisor B such that (a) (B,D’) =1 and (B?) = 0,
or (b) (B,D') =0 and (B?%) = ~1. Since 0 < (D, B) < (D', B) <1, (i)
(f,B)=0and (D,B) <1lor (i) (f,B) =1and (D, B) = 0. In the first
case, B =nf. Since (D, f) > 2, this is impossible. In the second case,
there is a section 7 and B = 7+nf. Then (B?) = 2n—1 # 0. Therefore
D = D' + Kx is base point free.

(2) If (D?) = 0 and (D, f) = 2, then D= 2114 f or D = 11+ 72 with
(11, 72) = 1, where 71, T2 are sections of 7. In the first case, (D, 1) = —1,
which is a contradiction. In the second case, D is connected and D is
base point free.

Applying Bertini’s theorem to both cases (1), (2), we have a reduced
and irreducible curve C € |D|.

QE.D.
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Definition 7.2. We set

(D,C) > 0 for all divisors C
with (C?) = (C,Kx)=-1 |~

C:= {D € Pic(X)

Let W = W(E") be the Weyl group of the sublattice f+ & EM of
Pic(X). W acts on Pic(X) and C is a W-invariant subset of Pic(X).
Let CT C C be the set of nef divisors. If X is nodal, then C* = C.

Theorem 7.3. Let r and d be relatively prime integers with r > 0.

(i) For any D € (o, f)*, there is a stable vector bundle Ep such
that tk(Ep) =1, c1(Ep) = do+D mod Zf and x(Ep, Ep) =
1. Ep is unique up to replacing it with Ep(nf), n € Z. We
set

&(r,d) :={Ep|(D,0) = (D, f) = 0}.

(iiy Let F € K(X) be a primitive class with tk(F) = Ir and
(c1(F), f) =ld. Assume that x(F,F) <0. We take an ample
divisor H which is sufficiently close to f. Then Fis repre-
sented by a stable sheaf if and only if x(Ep,F) < 0 for all
Ep € &(r,d). Moreover F is represented by a p-stable vector
bundle, if Ir > 1.

Proof. We may assume that [r > 0. By the deformation argument
in the proof of Proposition 7.2, we may assume that X is nodal. We
first prove (i). We note that My (0,7f, —d) = X. Let £ be a universal
family on X x X. Since every fiber is irreducible, we have 0 — D =
7= ((o,7) + 1) f, where 7 is a section of 7. Then €|\§(XT is a stable sheaf
with the desired invariant. We next prove (ii). The proof of the necessary
condition is similar to the proof of Proposition 7.2. We shall show that
the condition is sufficient. Let % _  : D(X) — D(X) be the relative
Fourier-Mukai transform defined by the sheaf £. Then ®%_ x(Ep)[1] =
O, where 7 is a section of w such that 7 — o0 = —D mod Zf. Then
tk(®4 _ x (F)[1]) = 0 and ¢1 (9% _, x (F)[1]) € C. Therefore ®5 _ 5 (F)[1]
is represented by a line bundle L on a reduced and irreducible curve.
Then the inverse ® _ (L)[1] is a p-stable sheaf. Q.E.D.

By the proof of the theorem, we also get the following.

Corollary 7.4. If ged(r, (&, f)) = 1 and the expected dimension
is non-negative, then My (r, £, x) is not empty, where H is sufficiently
close to f.
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Let X be a rational elliptic surface with a section o such that there
is a singular fiber 77(0) = 3°°_, a;Ci, 0 € P! of type E{", where C;
are smooth (—2)-curves. We assume that a9 = 1. Let C be a divisor
with (C?) = (C,Kx) = —1. Then C =0 + Z;S:O n,C;, n; > 0. Hence

Ct ={D € Pic(X) |(D,0) > 0,(D,C;) >0,0<i<8}.
Thus D :=ro 4+ nf + &, £ € @5, ZC:; is nef if and only if

n>r,
(§,C;)>0,1<i<8
Z?:l ai(&; C'L) S r.

Let W be the affine Weyl group of Eél). Then Mg (0,D’,x) # 0 if and
only if D’ = w(D) with D € Ct,w € W.
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