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Functions of finite Dirichlet sums and
compactifications of infinite graphs

Tae Hattori and Atsushi Kasue

Abstract.

We introduce the p-resister for an infinite network and show a
comparison theorem on the resisters for two infinite graphs of bounded
degrees which are quasi isometric. Some geometric projections of the
Royden p-compactifications of infinite networks are investigated and
several observations are made in relation to geometric boundaries of
hyperbolic networks in the sense of Gromov. In addition, a Riemann-

" ian manifold which is quasi isometric to the hyperbolic space form is
constructed to illustrate a role of the bounded local geometry in study-
ing points at infinity.

§1. Imntroduction

Let G = (V, E) be a connected, infinite, and locally finite graph with
vertex set V and edge set E. (Loops and multiple edges are not admitted
in this paper.) It is known that given a family ® of bounded functions
B(V) on V, there exists a compact Hausdorff space C3(G), unique up to
homeomorphisms, satisfying the following properties: (1) V is embedded
in C(@G) as an open and dense subset; (2) every function of ® extends
to a continuous function on Cs(G); (3) the extended functions separate
the points of the boundary 0Cs(G) = Co(G) \ V. For instance, we have
the end compactification £(G) of G associated to the space of bounded
functions on V' that are locally constant outside a compact subset of V.
We note that for two families ® and ¥ in B(V') with ® C U, the identity
map induces a continuous map from 8Cy(G) onto ICs(G).

Received February 10, 2009.

2000 Mathematics Subject Classification. 53C21, 58D17, 58J50.

Key words and phrases. Dirichlet sum of order p, Royden compactification,
quasi isometry.

The second author is partly supported by the Grant-in-Aid for Scientific
Research {A) No. 19204004 of the Japan Society for the Promotion of Science.



142 T. Hattori and A. Kasue

In this paper, we are concerned with compactifications of a graph
relative to some spaces of functions with finite Dirichlet sums.

Given a weight, or a positive function r on the set of edges of a con-
nected, infinite, and locally finite graph G = (V| E), we have a weighted
graph, or a network (G, r). Let L1'P(G,r) be the space of all functions f
on the set of vertices whose Dirichlet sums of order p(> 1) with weight
r are finite, that is,

Diyp(f) = Z L‘Z gi) P <o,

where, for an edge e = |zy| with end points z and y, we set |df(e)| =
ldf (Jzy|)| = |f(z) — f(y)|. Then LYP(G,r) is a Banach space with re-
spect to the norm || f|l-p = Drip(f)}/? +|f(0)|, where 0 € V is a fixed
point. Let us denote by Lé’p (G, ) the closure of the set of functions on
V with finite support. A function on V that is locally minimizing with
respect to D, is said D,.,-harmonic, and we denote by HLP(G,r)
the set of all D,,,-harmonic functions h on V with D,,(h) < +oc.
Let BLY?(G,r) = LY(G,r) N B(V). This is a Banach algebra with
unit element 1 with respect to the norm || f|lrp.oo = Drip(£)" 4 | Flloo-
Associated to BLY?(G,r), we have a compactification R,(G,r) called
the Royden p-compactification of the network (G, r) and the boundary
OR,(G,r) = Rp(G,r)\ V is called the Royden p-boundary of (G,r).
There is an important part of the Royden p-boundary, called the har-
monic p-boundary of the network (G, ), which is defined by

A(Q,7) = {z € ORH(G,r) | f(z) =0, Vfe BLY*(G,r)}.

We recall further that for any function f € LYP(G, ), there exist uniquely
h e HLY*(G,r) and g € LyP(G,r) such that f = h+ g. (See e.g. [10],
[12], [15] and [16] for the details on Royden compactifications.)

On a network (G, ), each edge e is taken to be of length r(e) and
also every finite path has its length, so that we can define a distance
d(c,ry(z,y) between two vertices x and y by taking the infimum of the
lengths of paths joining z and y. In this way, the network (G, r) can be
thought as a metric space. Considering also each edge e as a continuous
curve of length r(e), we get a locally compact, geodesic space called the
metric graph associated to the network.

Relative to the set of functions f in LYP(G, r) such that for some fi-
nite subset K, Dy, (f) < Dy.p(u) if u € LYP(G, r) coincides with f on K,
we have a compactification of V' called the Kuramochi p-compactification
of (G,r) and denoted by K,(G,r). The boundary dK,(G,r) is called
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the Kuramochi p-boundary of (G, 7). The identity map of V induces a
continuous map from OR,(G,r) onto K, (G, ). We note that ICp(G, 1)
is metrizable, although OR,(G,r) is not in general. For example, the
Kuramochi p-compactification of an infinite tree T' with weight r is iden-
tified with the end compactification £(T').

Now in the case where r = 1, we simply write G for (G,1) and the
distance dg(= d(g,1)) is the graph distance of G.

We recall here two results in [7].

Theorem 1. Let G = (V,E) and G' = (V', E') be connected, lo-
cally finite and infinite graphs with bounded degrees. Suppose that G
and G' are quasi isometric, that is, there exists a quasi isometry ¢ :
(V,dg) — (V',dg'). Then ¢ extends to a continuous map ¢ of Rp(G)
to Rp(G") whose restriction to OR,(G) induces a homeomorphism tr(e)
between ORp,(G) and ORH(G") such that tr(¢)(Ap(G)) = Ap(G'). More-
over assigning a function h of BHLYP(G') the unique function n(h) of
BHLY?(G) whose trace tr(n(h)) on Ay(G) coincides with tr(h) o tr(¢)
is bijective, and there exists a positive constant C' such that

C—le(h) < Dp(n(h)) < CDyp(h)

for all h € BHLY?P(G'). When p = 2, 1 induces a linear isomorphism
between BHLY?(G) and BHLY?(G").

For a connected, complete, noncompact Riemannian manifold M of
dimension 7, we can define the function spaces LY?(M), Ly¥(M) and
HLY?(M), and also the Royden p-boundary R ,(M) and the harmonic
p-boundary 0A,(M) of M, which respectively correspond to those of an
infinite network (@,7), LY?(G,r), Ly*(G,r), HLY*(G,r), dR,(G,r)
and 0A,(G,r) (cf. [10], [11]).

Theorem 2. Let G = (V, E) be a connected, locally finite and in-
finite graphs with bounded degrees, and let M be a connected, complete
Riemannian manifold of dimension n such that the Ricci curvature is
bounded from below and the volume of any ball of radius one is bounded
below by a positive constant. Suppose that (V,dg) and (M,dpy) are
quasi isometric. Then there exists a bijective correspondence o between
HLY(G) and HLY?(M) such that

C7'Dy(h) < Dy(o(h)) < CDy(h)

for some positive constant C and all h € HLYP(G). In the case of
p = 2, o is a linear isomorphism between HLY*(G) and HLY?(M).
Moreover for p > n, a quasi isometry ¢ : (V,dg) — (M,dnr) induces
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a homeomorphism between the Royden p-boundaries of G and M which
sends the harmonic p-boundary of G to that of M.

The outline of the paper is as follows. In Section 2, we introduce
two functions related to the Green functions of a network and give a
comparison theorem on these functions under quasi isometries. In Sec-
tion 3, some projections of Royden compactifications are discussed and
Section 4 is devoted to providing some examples of Kuramochi com-
pactifications. The observations made in these two sections are found
in [9] where the case of p = 2 is discussed. In Section 5, we illustlate a
role of the condition of manifolds on volume of unit balls in Theorem 2
with an example of Riemannian manifolds which are quasi isometric to
hyperbolic space forms.

§2. Royden compactifications

Let G = (V,E) and r be respectively a connected, locally finite,
infinite graph and a weight on E. Let

P
MP) (z) = su {M— e L?P G,r}, xz eV
G,'r( ) p Dr;p(g) Ig 0 ( )

We say that the network (G,r) is p-parabolic if Mc(;p l(x) is infinite for
some (and hence for all) z € V, and (G, r) is p-nonparabolic otherwise.
To begin with, we state some results of Yamasaki [14], [16], [17].

Theorem 3. (1) The following three conditions are mutually equiv-
alent: (i) (G,r) is p-parabolic, (i) A,(G,r) = 0, (iii) LyP(G,r) =
LYP(G,r).

(2) Suppose that (G,r) is p-nonparabolic. Then f € LyP(G,r) if
f =0 o0n A,(G,1).

(3) Suppose that ORp(G, 1)\ Ap(G, ) is not empty. Then any point
of ORH(G,7) \ Ap(G, ) is not a Gs set; in particular, OR,(G, 1) is not
metrizable. In addition, for any closed subset F' C ORy(G, 1)\ Ap(G,7),
there exists a function g € L(l,’p (G,r) such that g(z) tends to infinity as
z€V — F.

Now we have the following

Proposition 4. The following three conditions are mutually equiv-
alent: (i) Mépl is bounded on V, (i) all g € Ly*(G,r) are bounded,
(i) ORH(G,T) = Ay(G,r), that is, for any bounded g € Ly*(G, ), g(x)
tends to zero as x — oo.
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Proof. Obviously (i) or (iii) implies (ii), and in view of Theorem 3,
(iii) follows (ii). Now we suppose that (ii) holds. Then the bounded
inverse theorem shows that the two norms || - ||rp and || - [rp.eo are
equivalent in Ly?(G,r)(= BLyP(G,r)). Therefore we have ||f]lco <
MD,.,(f) for some positive constant M and all f € LyP(G,r). This

proves that supgey Mg; () < M. Q.ED.

We assign, to any pair of vertices z and y, a nonnegative number
Rg’,)r(x, y) defined by

R (o) =sup { LI ZLOE s ¢ 1oy, D) # 0}

1
We note that R(Cff,)r » is a distance on V and R(Cﬁ)r(a:,y)l/f’ <
diG,r)(,y) VP for all z,y € V. When p = 2, RS (z,y) is called the
effective resistance between two vertices x and y of the network (G, r),
and it is known that Rg?r itself induces a distance on V called the re-
sistance metric of (G, r). For instance, Réfj )T = d(r,"" for an infinite
tree T with weight r.

The same argument as in the proof of Proposition 4 is valid to prove
the following

Proposition 5. Rgzﬂ is bounded if and only if any u € LYP(G, 1)
is bounded, that is, LY"?(G,r) = BL*P(G,r). Moreover in these cases,
the conditions of Proposition 4 are satisfied and OR,(G,7r)(= Ap(G, 1))
s metrizable.

We remark that if p = 2 and sup, ,cy Rgv)r(w,y) is finite, then
OR2(G,r) coincides with 0K2(G,r) (cf. [9]); however it is in question
whether this would be true for any p other than 2.

In what follows, we study the case where r = 1.
We first notice that for p < g, Dg(f)/7 < Dy(f)V/? for all f €
LYP(G). In fact, we have

Dy(f) = Z |df(e)|p(|df(e)|p)(q"p)/p < Dp(f)Dp(f)(q‘p)/p — Dp(f)’m’.

ecE

As consequences, we get LyP(Q) ¢ Ly¥(G), LY?(G) ¢ L9(G) and
moreover

RP(z,y) < RD(z,y), zyeV; MP (2) < MP (2)(< +), zeV.
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As a result of the last inequality, G is g-parabolic if it is p-parabolic,
and the parabolic index of G can be introduced as the infimum of the
indices p so that G is p-parabolic (cf. [14]).

Now we shall exhibit examples of graphs whose Royden p-boundaries
consist of single points.

(I} Let G = G x G2 be the cartesian product of connected, locally
finite, and infinite graghs G; and Gs. If G5 satisfies the conditions
in Proposition 4 for an éxponent p(> 1), then the Royden p-boundary
OR,(G) consists of a single point. For instance, OR,(G1 x Z"™) = {oo}
forl <p<n.

(II) Let G = (V, E) be a connected, locally finite, infinite graph.
Given a subset A of V', we denote by 9,4, called the vertex boundary
of A, the subset of A consisting of points adjacent to those outside of
A. Let {V,,} be an increasing family of finite subsets of V' whose union
coincides with V. Suppose that the finite subgraphs B,, of G generated
by 0, V,, are connected and satisfies the following Sobolev type inequality

(Sp,g) (L<p<g):

1-p/q
< > 1f@) —f!”q/("“’)> <CDy(f), f€L""(Bn),

€W Vn

where weset f =3 . ayv, £(2)/106V0|, |06Vy| stands for the cardinality
of OpV,, and C is a positive constant independent of n. Then we see
that OR,(G) = {o0}.

We are interested in properties invariant under quasi isometries as
mentioned in the introduction. In this place, we prove the following

Theorem 6. Let G = (V,E) and G’ = (V', E') be two connected,
locally finite, infinite graphs with bounded degrees. Suppose that they are
quasi isometric and let ¢ : (V,dg) — (V',dg') be a quasi isometry.
Then there exist constants C > 1 and C' > 0 such that

) éRé’:’)@,y) — ¢ < R®($(x),6(y)) < CRD(z,1), z,y € V;
2) SMP (@)~ ¢ < ME) (9(a) < OMP (@), z e V.

Proof. We recall first that Dp(f o¢) < C1.Dp(f) for some constant
C: > 0 and every f € LYP(G’), since the degrees of the graphs are

uniformly bounded and R(Cf)(x, y) < dg(z,y)P~! holds for all z, y € V
(see [7] for details). Then it follows that for any pair of points z and y
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of V,

£6() = FGWIP _ , VB ~ TGO _ (o
5 SO Dfes -y

This shows that Rgf,)(qﬁ(x), o(y)) < ClR(éf) (z,y).
Now we take a quasi isometry ¢ : (V/,dg/) — (V,dg) such that
da(z,Y(¢(z))) < Cy for some constant C2 > 0 and all z € V. Then

by the same reason as above, we see that Rg)(ap(¢(x)),¢(¢(y))) <

CgR(C@)(qﬁ(a:),qb(y)) for some constant Cs and all z,y € V. Then for
any u € LV?(G) and every pair of points z,y € V, we get

Ju(z) — u()P
Dp(u)
oo (1) — u@GE@)P | Ju(e(z)) — u(w(6w))P
=4 ( D) * Dy ()
u((6(1))) — u(y)l?
* D, (u) )

< 7 (da(e, b($(@)P " + BE 0(9(2), (6W)))

+ da(y, v(6(1)))P )
<470 + 47105 RE) (6(x), D (y)).-

Hence we have
RE)(z,y) < °CE + 471G RE) (4(2), 6(v)).

Thus (1) is verified, and (2) can be also derived from the same arguments
as above. Q.E.D.

As a corollary of estimate (2), we see that the parabolic index is
invariant under quasi isometries among the set of connected, locally
finite, infinite graphs of bounded degrees. This is a result due to Soardi
and Yamasaki [13].

§3. Projections of Royden boundaries

Since the Royden p-compactification of an infinite network is very
complicated in general, it will be useful to investigate its projections
onto some metric spaces.

Let G = (V, E) be a connected, locally finite and infinite graph and
r a weight on E. Let (X,dx) be a metric space. Define the Dirichlet
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sum of order p with weight r of a map ¢ from V to X by

dx (¢(x), d(y))”
-Dr; ¢ = T T Ne—1
A= 2 Gl
Observe that if D,.,(¢) is finite, then for any Lipschitz continuous func-
tion f with Lipschitz constant L on X, the composition f o ¢ belongs to
LYP(G,r) and
Drp(f 0 ¢) < LPDyrip(9).

Let X be a compactification of X satisfying liminf,_¢ ., dx(z,y) > 0
for all £, € 8X (= X \ X) with £ # 7. Then it is easy to see that a map
¢ : V — X with finite D,,,(¢) extends to a continuous map from the
Royden p-compactification of (G, r) onto the closure of the image ¢(V)
in X.

For instance, considering the identity map I of V' as a map of the
graph to the metric space (V,d( ), we see that

Dy(I) < 3 (o),

ecE

so that if the right side is finite, that is, r € LP(E), then I extends to
a continuous map from OR,(G) onto IL(V, d(q,r)), where L(V,d(c )
stands for the compactification of V" associated to the space of bounded
Lipschitz continuous functions with respect to the distance d(g,). '
There are certain cases where the compactification £(V,d(g,r)) as
above play important roles in geometries of the graphs.
Let

S(’I’L) = {:L' eV | dG(xao) = ’I’L},
E(n)=A{lzy|€ E |z, ye S(n)orz € S(n), y € S(n—1)},
where n = 1,2,... and o is a fixed vertex of G. For a positive constant

e, we define a weight r. on G by letting r.(e) = exp(—en) if e € E(n).
Then we have

Dy(I) < Y 1E(n)| exp(—epn)(< +o00),
n=1
where |A| denote the cardinality of a finite set A. Let
1
e(G) = limsup - log |E(n)|(€ [0, +00]).

n—00
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Then if e(G) is finite and pe > e(G), then D,(I) is finite and hence
the identity map I of V' as a map of the graph G to the metric space
(V,d(c,r)) extends to a continuous map from OR,(G) onto OL(G, re).

We shall recall here a basic fact on proper geodesic spaces which are
hyperbolic in the sense of Gromov: if the metric graph (|G|, d|g|) associ-
ated with the graph G is hyperbolic, then there exists £9(G) € (0, +o0]
such that 0L(G,r.) coincides with the Gromov boundary 0y (|G|, d|c|)
for any positive ¢ < eo(G) (ef. [6], [4]).

In addition, we can deduce from simple calculations that the identity
map induces a homeomorphism between OR,(G,rs) and 0L(G, ) for
a positive number § less than (ep — e(G))/(p — 1).

Now we consider a finitely generated, infinite, properly discontinu-
ous subgroup I' of isometries of a proper geodesic space (X,dx). Fix
a point o of X and let ¢ : ' — X be a map from I' into X defined
by ¥(g) = g7 (0), g € . We take a finite generating set S of I' with
S = S~ and consider the Cayley graph Gr = (I', Eg). First we carry
out “conformal” changes of the metric of X as in the case of graphs. For a
positive continuous function w on X, the w-length L., (c) of an arc-length
parametrized curve ¢ : [a,b] — (X, dx) is given by Ly (¢c) = fj w(c(t))dt.
Then we define a distance d,,(z,y) between two points = and y of X by
the infimum of L, (c) where ¢ ranges over all arc-length parametrized
curves joining z and y. As in the case of graphs, we are interested in
the case when w, = exp(—edx (%, 0)), where ¢ is a positive constant and
0 is a fixed point of X. The Dirichlet sum of order p of the map ¢ from
Gr into (X, dy,) is given by Dp(¥) = 3 cr ses duw. (¥(9), ¥(ag))?. If
the completion X~ of the metric space (X, dy,) is compact, the critical
exponent of I" defined by

é(l) =inf{s >0 | Zexp(—sdx(o,g(o))) < 400}
ger

is finite, and ep > €(I"), then we can conclude that ¢ extends to a
continuous map of the Royden p-boundary of the Cayley graph Gt onto
the intersection of the closure of the orbit of I'(0) in X and the boundary
of X°.

We refer the reader to [1], [2], [3] and [5] for related topics and
results.

§84. Kuramochi compactifications

In this section, we give two observations on the Kuramochi com-
pactifications of infinite graphs.



150 T. Hattori and A. Kasue

Let G = (V, E) be a connected, locally finite, infinite graph. For a
positive integer n, we denote by B,, = (V,,, E,,) the graph with the set of
vertices {z, z1,. .., zn,y} and the set of edges {|zz|, |zy|,i =1,...,n}.
By assigning a positive integer v(e) to each edge e € F and replacing
each edge e = |zy| € E with the graph B, ., we obtain a connected,
locally finite, infinite graph G, = (V,, E,)), where V is assumed to be a
subset of V,,. We remark that two metric spaces (V,d¢) and (V,,dg,)
are quasi isometric. For p > 1, we introduce a weight function r,,, on
E defined by 7, ,(e) = 2v(e)~/®=1 for ¢ € E. Then we get a network
(G,7y;p) so that the identity map of V extends to a continuous map
of OR,(G) onto OR,(G, 7y;p). Moreover the inclusion map of V into V,,
extends to a homeomorphism between OR,(G, r,,,) and OR,(G,) which
induces also a homeomorphism between the Kuramochi p-boundaries
0K(G,ry, ) and OK(G,).

For instance, we assume that a given graph G = (V, E) is hyperbolic
in the sense of Gromov and further peo(G) — e(G) is positive. Then we
choose a function v : E — Z% such that C™texp((p — 1)en) < v(e) <
Cexp((p—1)en) ife € E(n) (n=1,2,...), where C is a constant greater
than 1 and ¢ is a positive number less than (peo(G) — e(@))/(p — 1).
Then it turns out that OR,(G,) is also identified with 0x (|G|, d|g)); in
addition, if p = 2, then OR2(Gy) = 0K2(Gy) = 0u (|G|, d|q|) (cf. [9]).
The degree of G, is clearly unbounded. .

Now we are given a connected, locally finite, and infinite graph
G = (V, E) such that SUpP, yev Rg’ ) (z,y) is finite (see Proposition 5). In
what follows, we construct a connected, locally finite, infinite graph G, =
(Vi, Ey) such that the Kuramochi boundary of G, is homeomorphic to
the union of the metric graph |G| associated to G and a quotient space
of the Royden p-boundary of G.

We first take a family of locally finite, infinite graphs indexed by
the set of the vertices V of G, {Go = (Vu, Ea) | @ € V}, such that the
Royden p-boundary of G, consists of a single point p, for all @ € V.
Secondly we choose a sequence {pq;n} of vertices in V,, tending to p, for
each o € V, and then for any edge (o, 8) € F, we connect V,, with V3
by a family of paths (Cug, Eag) = {(C’é%),E(n)) | n=1,2,...} joining
{pPa;n} to {pg.n}, that is

ng = {Pan = x(ozi);O’xgtnﬁ);l’ T ’xggﬁ(a,ﬁm) = P}

Ein) = {(xc(::,lg)z’ <(:znﬁ)z+1) ’ 1=0,. -'7T(a7ﬂ;n) o 1}’
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and the length r(n) of the path ng) is assumed to satisfy

|
2 T =

n=1

for all (o,8) € E. Set Vi = (UpevVa) U (U(aﬂ)eECaﬁ) and E, =
(UaEa) U (Uta,p)cEEap)- Then we can deduce that the resulting graph
G« = (Vi, Ex) has the desired properties mentioned above. It is in
question whether there would be any need to take a quotient space of
the Royden p-boundary of G. In fact, in case p = 2, the Kuramochi
boundary of G, is homeomorphic to the union of |G| and OR2(G)(=
OK2(Q)) (see [9]). We remark that G, is connected at infinity, and
further that it is of bounded degrees if the degrees of G and all G, are
bounded uniformly.

§85. Riemannian manifolds quasi isometric to hyperbolic space
forms

In this section, we construct a Riemannian manifold of dimension 4
which is quasi isometric to the hyperbolic space form H3(—1) of dimen-
sion 3 and admits infinite dimensional space of harmonic functions with
finite Dirichlet integrals.

We first define a Riemannian metric on R* by using the Hopf map
from the unite 3-sphere S onto the unit 2-sphere S2, 7w : §3 — S2,
Let go be the standard metric of S3. We choose a vector field £ on S3
such that |£| = 1 and dr(¢) = 0. The tangent vector space of S3, T'.S3,
is decomposed into the orthogonal sum T'S® = {£}r @ H. Let we be the
1-form on S which satisfies we(£) = 1 and w(H) = 0. Let n(r) be a
smooth function such that n(r) = sinhr for 0 < r < 1 and n(r) = ="
for 2 < r, where b is a constant in (0,2). Then we define a Riemannian
metric on R* by

gy = dr? + (sinh7)?(go — wf) + n(r)*wi.

Then the Ricci curvature of (R?*,g,) is uniformly bounded from be-
low; however the volume of unit balls in (R*, g,,) tends to zero as r — oo.
On the other hand, the space of all Dirichlet finite harmonic functions
on (R*, g,) has infinite dimension. Indeed, Dirichlet finite harmonic
functions on (R*, g,) are obtained as follows. Let g1 be the standard
metric on S?. Given an eigenfunction 9 associated to an eigenvalue A
on (82, g1), we let ¢(0) = 1(m(9)). Let u(r) be the solution of a differen-
tial equation ((sinh7)2n(r)u(r)’) — An(r)u(r) = 0 subject to the initial
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conditions: 4(0) = v/(0) = 0. Then f(r,8) = u(r)¢(9) turns out to be a
Dirichlet finite harmonic function on (R*, g,) (cf. [8]).
Finally, we define a map 7 : R* — H3(—1) by

7: R*=1[0,00) x 8% — H3(—1) = [0,00) x 8%, #(r,6) = (r,7(6)).

Then # induces a quasi isometry between (R*,g,) and H*(—1). Note
that H3(—1) admits no nonconstant Dirichlet finite harmonic functions.
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