Advanced Studies in Pure Mathematics 53, 2009
Advances in Discrete Dynamical Systems
pp. 363-370

The Friedman rule under habit formation
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Abstract.
This paper studies the Friedman rule on the optimal quantity of
money in a money in the utility model with habit formation. If habits
are formed only in consumption, or if habit formations in both consumption and real money holdings are symmetric, the Friedman rule is
optimal. However, if habit forming is assumed in real money holdings,
then the Freidman rule may not be optimal.

§1.

Introduction

In the seminal paper "The Optimum Quantity of Money" (1969),
Milton Friedman claimed that government should supply as large an
amount of money as possible to the market. This follows since the
amount of money supply is optimal if the marginal utility of real money
holdings is equal to the marginal cost of money supply and the production cost of money is negligible. This optimal rule of money supply
implies that the nominal interest rate is zero in market and that government should not tax the real money holdings of households.
Recently, a considerable number of studies have been made on the
Friedman rule, including models with distortional taxes. In particular,
Chari et al (1996) and Correia and Teles (1999) demonstrate that, in
money in the utility models, the Friedman rule is optimal if the utility
function is homothetic in consumption and real money holdings and
separable in leisure 1 .
In this study, we extend their models by introducing habit formation
which arises from consumption and real balance holdings 2 . And we show
that if habits are only formed in consumption, the Freidman rule is
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We appreciate Professor Kazuo Nishimura for his valuable comments and
suggestions. All remaining errors are, of cause, our responsibility.
1 Chari and Kehoe (1999) surveys the literature of this field.
2 Habit formation is formalized by Ryder and Heal (1973).
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optimal. If habits are symmetrically formed in both consumption and
real balance holdings, the Friedman rule is still optimal. However, if
habits are formed only in real money holdings, the Freidman rule is not
necessarily optimal. We conclude that the optimality of the Friedman
rule depends only on habits formed from real balance holdings with the
exception of the symmetric habit parameter case.
This paper is organized as follows. In section 2, we set up the basic
model with habit formation. In section 3, we show steady state solution
and consider the optimal quantity of money. A summary is given section
4.
§2.

The model

We consider an infinite horizon model in which a representative
agent maximizes utility. Utility is a function of consumption, real balance holdings, and leisure. Consumption and real balance holdings include habit from past periods. The representative agent maximizes the
discounted sum of utility over an infinite horizon:
00

(1)

Lf3tU(Xt,Mt,lt), with U(·)

= v(Xt,Mt) +u(lt)

t=O

where (3 represents the discount factor, lt is leisure, and Xt and Mt are
consumption and real balance holdings in relative amounts. v(·) and
u(·) possess the following properties.
Assumption 1. v(·) is strictly concave, homogeneous of degree k

k

1), differentiable, and

lim

Mt--+oo

(tiJ)
t

= 0.

Assumption 2. u( ·) is strictly concave and differentiable.
We also assume that Xt and Mt have the following forms.

(2)

(3)
where TJ E [0, 1) and u E [0.1). Xt and mt represent the consumption
good and real balance holdings in the current period, respectively. Let
ht and bt represent the weighted average of past consumption as in the
following: ht = p
0 (1- p)1xt-1-j and bt = w
0 (1- w)1mt-1-j,
where p E (0, 1) and wE (0.1). These equations are equivalent as

2::::

2::::
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(4)
(5)
In period t, households trade money, bonds, and the consumption
good in each market. The budget constraint of households is

where Tt, (1- lt), nt, it, Bt, and Pt represent, respectively, the income
tax, labor supply, nominal money holdings, the nominal interest rate,
bond holdings from period t to t+1, and the price of the consumption
good in units of money.
Next, we introduce the resource constraint. Households are endowed
with one unit of time in each period. For simplicity, one unit of labor
produces one unit of the consumption good. Thus, the resources constraint which the economy faces in period t is

(7)

1 - lt 2: Xt

+ g,

where g is a given level of government expenditures that is constant over
time.

§3.

The Friedman rule

Under a given sequence { Pt, it, Tt}~ 0 , the representative household
maximizes the utility function (1) subject to budget constraints (6),
the initial condition n_ 1 = B_ 1 = 0, and a no Ponzi games condition
t~~/t(nt+Bt) 2:0, with It= rr!=aCHi.)" The set of budget constraints
can be written as a unique intertemporal budget constraint;

(8)

=

L ItPt(l t=O

Tt)(1 - lt) 2:

=

=

t=O

t=O

L ItPtXt + L ItitPtmt.

Therefore, the household maximizes (1) subject to (8). The first order
conditions of this problem, for t 2: 0, are
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(3

t (

Uxt · (ht-l)

-ry

+ ~
~

(3

T-t

T=t+l

(10)

(3

t (

(
)-"
UMt. bt-l

+ ~
~
T=t+l

(3

T-t

8Xr)

Uxt---a;;t

UMt

8Mr)
am
t

(11)
where >. is the Lagrange multiplier of the intertemporal budget constraint. Terms Uxt ·(ht- 1 )-ry and UMt ·(bt_I)-" in (9) and (10) represent
the current marginal utilities, which are positive terms. On the other
(3T-tU BXr
d "\'oo
(3T-tU
BMr
h an d , t erms o f "\'oo
uT=t+l
xt Bxt an uT=t+l
Mt Bmt represent the marginal effects of habit formation. Because consumption and
real balance holdings in period t reduce the utilities of future periods,
these terms are negative. We assume that the sums of the left hand terms
of (9) and (10) are non-negative. To simplify notation, we define Uxt =
(3T-tU BXr
d
U Xt . (h t-l )-ry ' Uffit -- U Mt . (b t-l )-<> ' VXt -- "\'oo
UT=t+l
Xt Bxt ' an
11,
_ "\'oo
(3T-tU
BMr
mt - uT=t+l
Mt Bmt ·

From (9), (10), and (11), we can derive the following conditions:
(12)

(13)
From (12), the Friedman rule it = 0 is equivalent to (Umt
Moreover, from (9), we have following difference equation:

+ Vmt) =

0.

(14)
Since consumption causes a habitual effect represented by Vxt and Vxt+l,
(14) includes terms for not only period t and t+1 but also all periods
after period t.
A benevolent government chooses a policy assuming that households' maximize their utilities. The first order condition (12), (13), and
(14) and the budget constraint (8) represent the sequence of households'
behaviors on markets. From these equations, the implementability constraint of this problem is
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CXl

(15)

L;3t [(Ux, + Vx,)Xt + (Um, + Vm,)mt- Uz,(1-lt)]:::; 0.
t=O

Government chooses a { Ct, mt, lt}~ 0 that maximizing (1) subject to
the implementability constraints (15) and the resource constraints (7).
First order conditions are
(16)
(Ux, + Vx,)-p[(Ux, + Vx,)+(Ux,x, +Vx,x,)Xt+(Ux,m, +Vx,m, )mt]-Wt

= 0,

(17)
(Um,+Vm,)-p[(Um, +Vm,)+(Ux,m, +Vx,m,)Xt+(Um,m, +Vm,m,)mt]

=

0,

(18)
where Wt = ~i, and JL and '1/Jt are multipliers of the implementability
constraint and resource constraints. From the first order conditions (16),
(17), and (18), and constraints (7) and (15), five variables, i.e. Xt, mt,
lt, p, and Wt, are determined. Since these conditions are independent
of t, the solution is stationary in all variables. For the remainder of
this section, we omit time subscript t. Now, we check whether i = 0
is the optimal policy in the steady state. First, we have the following
proposition.

Proposition 1. The Friedman rule, i
the following equation is satisfied.

(19)

(Uxm
Moreover, when

+ Vxm) X+

O"W/3-=/=-

(Umm

= 0,

is the optimal policy iff

+ Vmm) m = 0.

1- ;3(1- w), i = 0 iff UMm-u = 0.

Proof.
From (12), i = 0 is equivalent to (Um + Vm) = 0 since
(Ux + Vx) -=/=- oo. Substituting (Um + Vm) into (17), we have (19) since
we consider an interior solution, i.e. JL -=/=- 0. Moreover, since, in the
steady state, x =hand m = b from (4) and (5), we have Um + Vm =
UMm-u (1- 1 _;(!~w)). Therefore, if O"W/3-=/=- 1- ;3(1- w), Um + Vm =
0 { = } UMm-u = 0.
Q.E.D.

From the definitions of Uj and Vj (j = Xt, mt), we calculate the
terms in equation (19). Since x =hand m =bin the steady state, from
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(4) and (5) we have X= x 1 -'7, and M
as
(20)

A· UxMxm-a

+B

=

m 1 -a.Thus, (19) is rewritten

· UMMMm-a

+ C · UM'm-a = 0,

(Jryapw
B _ 1
f3a 2 w 2
d C _ f3a(a+l)w 2
h ere A -_ 1 + 1-fJ(l-p)(l-w)'
+ l-/3(1-w)2'
an
- l-fJ(l-w) 2 ·
When i = 0, equation (20) is not always established. Therefore, i = 0 is
not always the solution of this problem in the steady state. We consider
several parameter cases to obtain a better description of the optimal
money supply.

W

Case 1. (Chari et al. 1996)
If TJ = 0' = 0 (households do not depend on habit formation}, the
Friedman rule is optimal.

Proof.
Substituting TJ = 0' = 0 into (20), because of A = B = 1
and C = 0, we have UxMX + UMMM = 0. Since the utility function
is homogeneous of degree k, this equation is rewritten as (k - 1) U M = 0
using Euler's formula. This result stems from assumption 1.
Q.E.D.
This case is identical to Chari et al. (1996). Thus, if preferences do
not have habit formation, the Freidman rule is the optimal policy when
preferences are separable and homogeneous of degree k.
Case 2. If TJ = 0' and p = w (households have symmetric habit
parameters), the Friedman rule is optimal.
Chari et al. (1996) proved the optimality of Freidman rule under
homothetic preferences. If there is symmetric habit formation in both
consumption and real balance holdings, preference is homothetic for x
and m as well as X and M. Thus, Case 2 above is a special case of
Chari et al. (1996).
Case 3. If TJ i- 0 and 0' = 0 (i.e.
forming), the Friedman rule is optimal.

only consumption is habit

Faria (2001) obtained a similar result. However, there is a big difference between Case 3 and Faria's result. In Faria's case, there is no
constraint on the government's supply of money. On the other hand,
we solved the problem in which government has to impose a distortional
tax and/ or an inflation tax since government needs financial sources for
expenditure g in (8). Therefore, we demonstrate the optimality of the
Friedman rule under a different setting.
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Case 4. Suppose rJ = 0 and a =f. 0 {i.e. only real money holdings
are habit forming). If a> ~' the Friedman rule is the optimal policy.

Proof.
Since, by substituting 'Tl = 0 into (20), we obtain A = 1,
(20) is rewritten as UxMXm-u + UMMMm-uB + UMm-ac = 0.
The first and third terms in the left hand side of this equation are
lim (UxMxm-u) = lim (UMm-uC) = 0. However, since M =

m---too

m---+oo

the second term in the left hand side is rewritten as UMMm 1- 2u B.
Therefore, if 1- 2a < 0, then lim (UMMm 1- 2u B) = 0.
Q.E.D.

m 1-u,

m-+oo

This result contrasts with that of Case 3. In Case 3, if habits are
only formed from consumption, the Friedman rule is independent of
consumption based habit formation. However, Case 4 claims that, if
habits are only formed from real balance holdings, the optimality of the
Friedman rule depends on habits formed from real balance holdings.
From the proof of Case 4, we can extend Case 4 for cases where
'Tl =f. 0. Then, we obtain a more general proposition than the above
cases.

Proposition 2. If a= 0, a>~' orry =a and p
rule is the optimal policy.

= w, the Friedman

We omit the proof because it is trivial given the above cases. In our
study, we analyzed a model with habit formation arising from consumption and real money holdings. We introduced four habitual parameters,
i.e. ry, a, p, and w. However, we conclude that the optimality of the
Friedman rule in habit forming models depends only on the habitual
parameter of money holdings a, with the exception of the symmetric
parameter case, i.e. 'Tl = a and p = w.

§4.

Summary

We studied the optimality of the Friedman rule in a model with
habit formation in real balance holdings as well as consumption. If the
functions of habit formation are symmetric, the Friedman rule is optimal. If habit formation is assumed only in consumption, the Friedman
rule is again optimal. Moreover, if the habit parameter of real balance
holdings a is greater than one-half, the Friedman rule is optimal regardless of the habit parameter of consumption. We introduced four habitual
parameters. However, we conclude that the optimality of the Friedman
rule in our model only depend on the habit parameter of money holdings
a with the expection of the symmetric parameter case.
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