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Local stability of a discrete competition model
derived from a nonstandard numerical method

Wendy J. Hernandez-Padilla and Lih-Ing W. Roeger

Abstract.

The continuous two-dimensional Lotka-Volterra competition model
is converted to a discrete version using a noncanonical symplectic nu-
merical method. The local stability of the differential equations and
difference equations are analyzed and compared. We found that the nu-
merical method preserves the local dynamics of the continuous model.
The local stability criteria are the same between the continuous model
and the discrete model. The discrete-time model is dynamically con-
sistent with its continuous counterpart.

§1. Introduction

Mathematical models are used to represent phenomena in the biolog-
ical, ecological, and physical sciences, to name a few. Differential equa-
tions are used when the model represents continuous variables. However,
when working with discrete variables, difference equations are most ap-
propriate. For example, in ecology, predator-prey models can be formu-
lated as discrete-time mappings. Difference equations are appropriate
when organisms have discrete, nonoverlapping generations [1]. Different
numerical schemes can be used to convert differential equations into dif-
ference equations. If the corresponding difference equations possess the
same dynamic behavior as the continuous equations, such as local sta-
bility, bifurcations, and/or chaos, then they are said to be dynamically
consistent [2].

Received November 14, 2006.
Revised October 12, 2007.

2000 Mathematics Subject Classification. 34-04.
Key words and phrases. discrete model, competition model, local stability,

nonstandard numerical method, dynamically consistent.
This research is supported by the Research Enhancement Fund from College

of Arts and Sciences at Texas Tech University



284 W. J. Hernandez-Padilla and L.-I. W. Roeger

The following is the Lotka-Volterra competition model:

dz

% = Cﬂ(ﬁ — @117 — a12y),
W a

il y(ra2 — ag1x — azy),
where
(2) r; > 0 and a;; > 0.

The parameters r; are the intrinsic growth rates for species z and y;
a12 and ag; are the interspecific acting coeflicients; and x(t) and y(¢)
represent the number of individuals or population density in species x
and y at time t. The dynamics of the model is well-known. We will
briefly mention the results of the Lotka-Volterra model.

The system (1) has at most four equilibria. They are the extinct

equilibrium Eg = (0,0); the exclusive equilibria Fy = (fl—, 0) and Ey =
11

T
(0, a—z—); and the possible coexistence equilibrium
22

Q2271 — 41272 a1172 — 2171 . o .
Es=( , ). Their stability conditions are
a11022 — G12021 411422 — (12021
summarized as follows

(i) Ep is a repeller, always unstable.
(ii) E is locally asymptotically stable if i o n
a1 T
E» is locally asymptotically stable if N < ﬂg.
T2 a2

(iii)
(iv) Ejs is locally asymptotically stable if

a

a1 a2

G21 T2 Q22
and unstable if

a r a

o 1 T2

a21 T2 a2

We will introduce a-numerical method that converts the continuous

model (1) into a discrete-time model. We are inspired by a method
that was applied to a continuous predator-prey model which will be
explained. The following is a simple normalized Lotka-Volterra predator-

prey model:

dr -1y
3) a@
Y
— = —y +zy.

dt
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All solutions of the predator-prey model are mutually stable periodic
solutions if the initial conditions are positive, z(tg) > 0 and y{to) > 0.
Standard numerical methods will not produce periodic solutions unless
the step size is small enough. Roeger [5] has shown that there are a
class of nonstandard numerical methods that will produce periodic so-
lutions for the predator-prey system. However, the methods in [5] do
not apply to the Lotka-Volterra models with 22 or y? terms, as it hap-
pens in the competition model (1). The simplest numerical method for
the predator-prey model (3) that produces periodic solutions and also
preserves positivity of the solution is the following method:

s+ =2®) oy e+ hyy(),

4)
= —y(t+h) + z(t+ h)y(t).

An example solution is given in Figure 1 when h = 0.1.

Exact solution |
O Method (x,Xy)

12¢

10+

Fig. 1. The method (4) produces periodic solutions for the
predator-prey model (3).
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Inspired by the method (4), we decide to try the following numerical
method on the competition model (1):

w = r1z(t) — anz(t)z(t + h) — a2z (t + h)y(t),
Oy n) —u)

o roy(t -+ h) — az1x(t + h)y(t) — az2y()y(t + h),

where the pattern of nonlocal terms on the right hand side equations
follows the numerical method (4), except the z? and y? terms which are
replaced by z(z)z(t + h) and y(t)y(t + h) respectively. Since the system
has an extra parameter h, further assumptions are needed which will
be stated in Section 2. In Section 2, we will discuss the local stability
results of the discrete time model (5).

Other different schemes have been used to transform the differential
equation (1), into its discrete counterpart [2, 4]. For example, Liu and
Elaydi [2] use the following numerical scheme to convert the competition
model into its discrete version:

z(t)(t + h) — z(t)
o(h)
y(®)(Et+h) —y(®)
o(h)

where p(h) = h + O(h?). Let z, = z(t), yn = y(t), Tnt1 = z(t + h),
and yn+1 = y(t + h). Tts discrete version can be expressed explicitly in
terms of x,, and yp:

= rz(t) — apnz()z(t)(t + h) — a2z(t)(t + h)y(t),

= roy(t) — ag1z(t)y(t)(t + h) — azny()y(t)(t + h),

1+ ri@(h)]z,

(6) 1+ p(h)[a112n + ar12yn]
[1 + ra(h)]yn

T T B ann + azyn]

Tn41

Cushing [3] has shown that the dynamics of the discrete system (6) are
the same as the continuous model (1}).

§2. The main results

We will analyze the local stability of the discrete time system (5).
Let z, = z(t), yn = y(t), Tny1 = z(t + h), and yp41 = y(t + h). The
discrete-time competition model (5) can be expressed explicitly in terms
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of z,, and y,.

. _ xn(l + ]’L’/’l)
ntl 1+ hai1z, + haioyn, ’
(7)
_ Yn(l = hag1Znq1)
Yn+1 -

1— hry + haggyn ’

Since this is a discrete-time competition model, we would like to have
the solutions to be nonnegative. Therefore, we will assume that

(8) h>0and 1—hry > 0.

We will show that the local stability conditions for each equilibrium of
the discrete-time competitive model (7) are exactly the same as those of
the continuous model (1). First, we show that under certain conditions,
the solutions for the model (7) are bounded.

Theorem 2.1. Consider the discrete-time model (7) under the as-
sumptions (2) and (8). If 1 + hry < ai1/az21, then for fized h > 0 the
solutions of the system (7) are nonnegative and bounded.

Proof. It is not difficult to see that z,,41 is nonnegative and bounded
since
Zn (1 + hry) Tn(l+hry) 14 hry

0< Tnyr = < - .
= Enkl = hai1xy, + hazyn —  auhz, aih

If we can show that 1 — asihx,+1 > 0 and since 1 — hry > 0, then

1+h
Un+1 1S nonnegative. We know that z,41 < i—él, so 1 —agrhzpy1 >
11
n 1
1—%(1+h7‘1)>0if1+hr1<g£. Then ypi1 < L =—.
a1 az axhy,  axh
Yn+1 18 bounded. Q.E.D.

The system (7) has the same equilibria as the continuous Lotka-
Volterra model (1). First, we will show the stability conditions for the
equilibria Ey, E1, and Fs.

Theorem 2.2. Consider the discrete system (7) under the assump-
tions (2) and (8). We have the following results.
(i) Eo is unstable and a repeller.

(i) F1 is locally asymptotically stable if (—Z;E < ;l
21 2
(iii) Eo is locally asymptotically stable if ;1 < 9—13.
2 a22



288 W. J. Hernandez-Padilla and L.-I. W. Roeger

Proof. We only need to consider the eigenvalues of the Jacobian
matrix evaluated at each equilibrium. The Jacobian matrices evaluated
at Eg, F1, and F5 are

1 b 1 1‘1h(112
+ hry 0
() = 1 J(Ey) = 1+hry  an(l+hr) ,
0 1T 0 a11 — hriag;
"2 a11(1 - h’r‘g)
and

az2(1 + hry)
az2 + hraaia
hr2a21(1 -+ th)
az2 + hraa12
respectively. Their eigenvalues appear along the diagonals.
For Ey, since hr; > 0, hra > 0, and 1 — hre > 0, both eigenvalues
of J(Fy) are greater than one, 1 +hr; > 1 and 1/(1 —hrg) > 1. Epis a
repeller and unstable.
For E1, the first eigenvalue of J(E1), 1/(1 + hry), is less than one.

—h
w. We can check that

J(Es) =
1- h/l‘g

Its second eigenvalue is Ay =

all(l - h7‘2)
<le
a21 T2
Therefore, F; is stable if % < :—; The stability conditions for Fy can
be proved similarly as the case of F;. Q.E.D.

The positive coexistence equilibrium F5 = (z*,y*) for the system
(7) satisfies

14+ hry =1+ hayjiz”™ + hayoy™,

9
©) 1— has1z* =1 — hrg + hagoy®,

which is the same as . .
a11T” +ay =711,

anz* + agy* =ra.
Theorem 2.3. Consider the discrete system (7) under the assump-

tions (2) and (8). The coexistence equilibrium Es is locally asymptoti-

cally stable if
a 7 aiz
._.1_1_ 1 > 1

a1 T2 a22

and unstable Zf
a]] 7 a 2
—_— < 1 < 1

a21 2 22
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Proof. The coexistence equilibrium E3 = (z*,y*) =
2271 — Q1272 a11T2 — 42171 a1 71 a2
, ). FEj exists if — > — > —= or
G11022 — 012021 Q11022 — A1202] a1 T2 a2
air T a2

a1 T2 OG22 )
By using the identities in (9), the Jacobian matrix evaluated at Es

can be simplified to

1+ haioy™ —haioz*
1 + h’f‘l 1 + hT’l
J(E3) =
—hag1y*(1 + ha12y*) (1 — hre)(1 + hry) + h2a12a01 2% y*
(1 + hrl)(l — haglm*) (1 -+ th)(l — hagll'*)

From (9), we know 1 — hag1z* = 1 — hrs + hagy* > 0. Therefore,
the entries of the matrix J(F3) satisfy Ji; > 0, Ji2 < 0, Jo; < 0, and
Jag > 0.

To determine the stability of F3, we conduct the Jury test: Fj is
stable if and only if |trJ] < 1+ detJ < 2. The trace and determinant of
J(Es) are

trJ = Ji1 +Jae >0

and
(1 — h’f‘g)(l + halgy*)

> 0.
(1 + hrl)(l — hazl.'l?*)

detJ =

Since trJ > 0, we only need to check two conditions: 1 — detJ > 0 and
1+ detJ — trJ > 0. Using the equations in (9), we can show that

(1 hT‘Q)(l + halzy*)
1—detS =1~ (1 -+ hT‘l)(l - haglzv*)
. (1 + hrl)(l — hry + hagay* ) - (]_ — h’r’z)(l + hry — haux*)
- (1 + hr)(1 — hagi1z*)
haggy (1 -+ th) + hajiz* (1 — h’l"g)
( + h’/‘l)(l — haglm*)

which is always positive because 1 — hry > 0 and 1 — hag;z™ > 0.
For the condition 1+ detJ — trJ, using as12* + ag0y™ = rg, we have

h2y*(agem1 — @12a21Z* — a12a22y™)
(1 + hry)(1 — hag1z*)

— h2y*(a22r1 - a127‘2)
(1 + hr)(1 — hag1z*)°

1+ det —trJ =
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r a )
Since 1 — haglx* > 0, then 1 + detJ — trJ is positive if LN a_12 and is
T2 22

a
negative if 1L < 2, Q.E.D.
T2 az2

§3. Conclusion

We have shown that the local stability conditions between the con-
tinuous Lotka-Volterra competition model (1) and the discrete compe-
tition model (7) are the same. In other words, the two systems are
dynamically consistent.

Numerical methods can be applied to differential equation systems
to obtain difference equation systems or discrete-time systems. Com-
parisons between the two systems help us understand the relationship
between them. It will helps us to construct a more appropriate discrete
model from continuous system.

The numerical method we used is only one of the methods discussed
by Roeger [5]. We will look into other different methods to see if the re-
sulting discrete model is still dynamically consistent with the continuous
model.
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