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A-integrability of geodesic flows and geodesic
equivalence

Peter Topalov

§1. Introduction

A common property of the metrics that admit non-trivial geodesic
equivalence is that their geodesic flows admit families of pairwise com-
muting integrals of a special type (see [14, 7, 16, 17, 13]). The metrics
studied in [1] and [20] have integrals with analogous properties. We con-
sider this property as a definition of a new class of (pseudo) Riemannian
metrics that we call A-integrable metrics. We prove that these met-
rics inherit the main properties of the metrics that admits non-trivial
geodesic equivalence (see [16]).

Let M™ be a smooth n-dimensional manifold. By I'(E) we denote
the space of the smooth sections of the vector bundle 7 : E — M™. Let
P e T(Hom(TM,TM)). We say that P is diagonalizable over R on M™
if for every point x € M™ there exists a (real) basis in T, M™ such that
the operator P(z) has diagonal form P(z) = diag(A1, ..., An).

Definition 1. Let g be a (pseudo) Riemannian metric on the mani-
fold M™ and let A € T'(Hom(TM,TM)) be a self-adjoint operator which
is diagonalizable over R on M™ with respect to g. The metric g is called
A-integrable if the functions from the one-parameter family

(1) L(€) % det(A + cl)g((A + 1) 1€, )

are in involution with respect to the symplectic structure wg «f FLjw.
Here FLy : TM — T*M tis the Legendre transformation corresponding
to the metric g and w is the canonical symplectic structure on T*M .
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Remark 1. It seems that the assumption that A is diagonalizable
over R is not essential and the theorems proved in the present paper
are likely to be true without this restriction. We refer to [15] where the
pseudo-Riemannian analogues of the results proved in [14, 7, 16, 17, 13]
are given. The case of arbitrary A is extremely interesting because in
this case we do not have orthogonal separation of the variables and the
corresponding systems are not locally of Stackel form.

Remark 2. If the functions 1. are in involution, then they are in-
tegrals of the geodesic flow of the metric g. Indeed, it is easily seen that
I.(8) = Sn—1(§)c™ ™ + Sp—2(E)c" 2 -+ - + Sp(€) and Sp—1(€) = g(&,€).

Remark 3. It follows from the definition that every metric is 1-
integrable, where 1 denotes the identity. Moreover, if g is A-integrable,
then for any real constant o the metric g is (A + al)-integrable .

We assign to any operator A on the manifold M™ a decomposition
of the manifold M™ = S(A)| |-, M*(A), where M?(A) denotes the set
of the stable points of type i, i.e., the set of the points € M™ such that
the operator A(y) € Hom(TyM, T, M) has exactly ¢ distinct eigenvalues
for every point y in an open neighborhood of the point . Denote by
M(A) the set of the stable points | |[, M*(A). The closed set S(M)
is called set of the singular points. It is easily seen that S is nowhere
dense. '

Definition 2. The (pseudo) Riemannian metrics g and g are called
geodesically equivalent iff they have the same geodesics (considered as
unparametrized curves).

If ¢ is not a constant multiple of g, then we say that the metrics
are non-trivially geodesically equivalent. We say that the (pseudo) Rie-
mannian metric g admits non-trivial geodesical equivalence if there ex-
ists a (pseudo) Riemannian metric g such that g and g are non-trivially
geodesically equivalent. If, in addition, the metrics g and g are simulta-
neously diagonalizable over R, then we say that the metric g admits a
non-trivial geodesical equivalence of Levi-Civita type (LC-type).

Theorem 1. The (pseudo) Riemannian metric g admits a non-
trivial geodesical equivalence of LC-type if and only if g is A-integrable,
the operator A is non-degenerate on M™, A # constant X1, and the
eigenspaces of A are integrable on M(A). If the metric g is A-integrable
and the eigenspaces of A are integrable, then the metrics given by the
formula

e (6.6 ¥ e+ e e)



Geodesic flows 491

defined for every real parameter ¢ such that the operator (A+cl) is non-
degenerate on M™, are geodesically equivalent to g. Conversely, if there
exists a metric g such that g and g are simultaneously diagonalizable
over R and geodesically equivalent, then the metric g is A-integrable,
where the operator A is given by the formula

1
n+1

—ia
Gaj-

det g
det g

(3) Al(g,9) &

By definition, the operator A is non-degenerate on M™ iff det A £ 0
on M™.

Remark 4. Suppose that the operator A = A(g, ) is derived from
a pair of geodesically equivalent metrics g and § (see formula (3)); then
the formula

(4) Lo 5(9,9)(€) “ det(ad + B1)g((aA + 51)71¢, ),

gives a family of pairwise commuting integrals of the geodesic flow of the
metric g.

Remark 5. Suppose that g is a (pseudo) Riemannian metric and let
A be a self-adjoint operator which is diagonalizable over R with respect
to g. If the metrics given by formula (2) are geodesically equivalent, then
the functions given by formula (1) are pairwise commuting integrals of
the geodesic flow of the metric g. It is easily checked that A(g,go) = A,

where go def gele=o and the operator A(g, go) is derived from formula (3).

The next theorem gives a description of the decomposition of the
manifold corresponding to an A-integrable metric.

Theorem 2. Suppose that the metric g is A-integrable. If the man-
ifold M™ is connected, then M™ = S(A)| | M™(A), where m is a natural
number m < n. The set of singular points S(A) is nowhere dense and
coincides with the set of points on M™ where the number of the dis-
tinct eigenvalues of the operator A is less than m. There exist quadratic
forms By,..., By on M™ such that any form from the family given by
formula (1) is a linear combination (with constant coefficients) of the
forms By, ..., B,,. Considered as functions on the tangent bundle TM™
the forms Bi, ..., B, are functionally independent almost everywhere.

The smooth functions Fi, ..., Fx given on the smooth manifold V4
are called functionally independent on V¢ iff the set of the points x € V¢
where the differentials d Fi, ..., d; Fy are linearly independent is dense
in V9.
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Definition 3. The natural number m that appears in Theorem 2 is
called rank of the A-integrable metric g.

It follows from Theorem 2 that if the operator A of some A-integrable
metric g has n different eigenvalues at some point o € M™, then the
geodesic flow of the metric g is completely integrable.

The theorems that follow allow us to produce new A-integrable met-
rics from a given one.

Theorem 3. Suppose that the (pseudo) Riemannian metric g is
A-integrable; then for every real-analytic function f(t) such that the

operator f(A) is non-degenerate and well defined on M™ the metric

gr(& &) o g{(f(A)E, &) is also A-integrable.

Theorem 4. Suppose that the (pseudo) Riemannian metric g is A-
integrable; then, provided the operator (A+cl) is non-degenerate on M™,
the metric g. given by formula (2) is («A + B1)(A + c1)~-integrable,
where « and B are arbitrary real parameters.

Therefore, from an A-integrable metric g we obtain a family (hier-
archy) of A-integrable metrics

(5) S(g, A) = {g¢|f satisfies the conditions of Theorem 3}.

Many classical examples of integrable geodesic flows and mechanical
systems lie in hierarchies obtained from a fixed A-integrable metric (see
[16] for details). Perhaps the most remarkable fact is that the Liouville
integrability of the ellipsoid and the Poisson sphere follow from the Liou-
ville integrability of the standard sphere (all these metrics lie in a fixed
hierarchy). Analogous results are true also in the cases of the hyper-
bolic and the Euclidean plane. Let us describe briefly the corresponding
constructions (for details see [16, 13] and {6]).

(a) The standard sphere and the free motion of a rigid body
in Euclidean space. Let

n+1

st E Y 2 =1}
i=1

be the unit sphere embedded in the Euclidean space R**! supplied with

the Euclidean metric gg &ef dz? + - + dz? +1- Denote by g the restric-
tion of gg to the sphere S™. Consider a non-degenerate linear transfor-
mation C of R™"1. The transformation C induces in a natural way a
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transformation pe of the sphere S™ (uc(z) f “Cx”, where |[y]| is the

Euclidean norm of y € R**1). It is clear that uc preserves the geodesics

on the sphere. Therefore, the metrics g and g Lef ©*g are geodesically
equivalent. It follows from Theorem 1 that g is A-integrable where

AY A(g,3). Theorem 3 shows that the metrics g(*¥)(¢,£) = def g(Ak¢ €)
(k=1,2,...) are also A-integrable. It is proved in [16] that g(*) is iso-
metric to the metric of a suitable ellipsoid and the metric ¢ is geodesi-
cally equivalent to the metric of a suitable Poisson sphere. Varying the
matrix C' we obtain all possible ellipsoids and Poisson spheres.

(b) The hyperbolic plane and the free motion of a rigid body
in Minkowski space. Denote by

Hgdéf{—x%+a:%+~--+w;2l:—l}

and et
" = { :1:0+£L’1++33$L=1}

the hyperboloids of two sheets and one sheet respectively, embedded in
the Minkowski space R1™, go %' —da2+da?+- - -+dz2, and consider the

submanifold M™ % Hp | |ST. Let g be the restriction of the metric go
on M™. Recall that the hyperbolic plane H" is isometric to the positive
part (zo > 0) of the hyperboloid of two sheets. As in the previous case
any non-degenerate linear transformation C of the plane R**! induces a
partially defined mapping pc : M™ — M™ that preserves the geodesics
on M"™. It is clear that the metrics g and g ] ueg are geodesically
equivalent. The metric g is not smooth at the points of M™ where
the mapping pc is not defined. Nevertheless, the operator A = A(g, )
derived from formula (3) is smooth. As in the previous case we construct
the metrics g(*) (k = 1,2,...). Tt is proved in [13] that the metric g(*
(restricted to the hyperbolic plane H") is geodesically equivalent to the
metric of the analogue of the Poisson sphere corresponding to the free
motion of the rigid body in Minkowski space.

(c) The Euclidean space and the Clebsch case of motion of
a rigid body. Let us consider the projective plane

RP" & {(x1: :zpy1)}

and fix the affine chart R” = {z,,41 = 1} — R™*!. Any non-degenerate
linear transformation L of R™*! gives a projective transformation of
RP" that acts on the affine chart R™ as a linear-fractional transfor-
mation that we denote by ur. It is clear that the partially defined
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mapping pr : R*— — R™ preserves the geodesics of the Euclidean met-
ric g dwl + - + dr? on R™. It allows us to construct a partially

defined metric g = ,ufig that is geodesically equivalent to the Euclidean
metric g. The corresponding operator A = A(g,g) given by formula
(3) is smooth and the metric g is A-integrable. It is proved that the
corresponding hierarchy S(g, A) (given by Theorem 3) contains a met-
ric that is geodesically equivalent to the analogue of the Poisson sphere
corresponding to the Clebsch case of motion of the rigid body (see [13]).
We consider item c¢) in more detail in Appendix 1.

The next theorem allows us to construct A-integrable metrics on
Cartesian products.

Suppose that the (pseudo) Riemannian metric g, given on the man-
ifold M; (dim My = n;) is Aj-integrable and the (pseudo) Riemannian
metric go given on the manifold My (dim My = ny) is As-integrable.
Denote by M the Cartesian product M; x My and let m; : M — M;
(i = 1,2) be the projections. Let us c0n31der the operators A;(£) = e

def
(dumi|k,) " (A1 (dum1(€))), € € TuM, Ko, Lef ker d, o, and Ay(£) =
(duma|k,) " H(A2(dum2(£))), € € TuM, K, % kerd,m. Denote by
01(A;),...,0n,(4;) the elementary symmetric polynomials of the op-
erator A; (i = 1,2). Let L be a linear operator in the vector space V,
dimV = n. The elementary symmetric polynomials of the operator L
are defined by the equality det(L +c1) = ¢" + o1 (L)™' + -+ + o, (L).
It is clear that o (A;) are smooth functions on M;. Let us consider the
functions o €of mrok(A;). Define the operators G, & A"2 —o2AT 7 4
c4(=1)m202, 1; and G, & AP — ol AP 4+ (=)™} 15, where
1; is the projection on Ko, w1th respect to K, and 1s is the pro-

jection on Ky, with respect to Ka,. Define also the forms g;(¢,n) ef

gi(dymi (&), duymi(n)) (1 = 1,2), &,n € T,M. Let us consider the set

A {A|X € Spect A;(z),x € M;}, where Spect A denotes the spectrum
of the linear operator A.

Theorem 5. Suppose that A{NAg = (; then the (pseudo) Riemann-
ian metric

(6) g(ﬁ? ,’7) d:_e'f gl(Glfﬂl) +§2(G2€7 71)’ &an € TuM7

is A-integrable where A def A+ A,
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§2. Proof of Theorem 1.

We follow the construction of the proof of Theorem 2 in [17]. Assume
that the metric g is A-integrable. It follows from our assumption that
any two functions from the 1-parameter family

def

(7) Ie(€,€) = det(A +c1)g((A+c1)7'¢,€)

are in involution. Suppose that the point g € M™ is stable of type m
(0 <m < n), ie, xg € M™(A). Therefore, there is an open neighbor-
hood U(zgp) of the point such that the operator A has exactly m < n
distinct eigenvalues ¢1(z) < ¢2(z) < -+ < ¢ (z). The corresponding
eigenspaces give a natural splitting T7U = W1 & - - - & Wy, dim Wy, = .
Let Xio (k= 1,...,m;a = 1,...,lt) be an orthonormal frame on U
such that A(Xka) = ¢xXka, Wi = Span(Xi1,..., Xk, ). Making the
Legendre transformation corresponding to the Riemannian metric g we
obtain

1 1
®) IC:<I>(C){¢1+CA1+...+¢m+cAm}7

where ®(c) def (1 + ) - (o + ), Ag Lot fozl €xaVi2,, €ka = £1,
and Vka d:ef <p7 Xka>7 pE T*U(‘TO)

First of all, let us consider the case m = 1. We obtain A = ¢ 1.
Hence, I. = (¢ + ¢)" g is a 1-parameter family of first integrals of the
geodesic flow of the metric g. This gives 0 = {g,I.} = (n — 1)(¢ +
c)""?{g,¢}g. Hence, {g,¢} = 0. This yields ¢ = constant and 4 =
constant x1. This contradicts the assumption that A # constant x1.

We will suppose further that m > 2. Let us take m distinct real
numbers ¢y, . .., ¢y such that ¢; # —¢; (4,5 =1,...,m) on U(zg). Note
that such constants exist if U(z) is sufficiently small. If necessary, we
shrink the neighborhood U(zg). We obtain m integrals Fy def I, in
involution such that

1 = 1 AU S
3 = ¢1+01A1+ +¢m+C1Am’

1 1 1
ﬁFm - ¢1+CmA1 +ooet ¢m+CmAm'
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As in section 2 in [17], we prove that

E et 1 [H0re) i
IL Cr | TI(¢s +¢j) Ok

il
i#k

e L1 (duter) - (d+cr—1) (¢ + chr1) - (G + cm)
B Z( 2 I Cr (¢1 4 cx)i— LBz 4 ck)2=1 - (pm + cg)im—T e,

where Il ¥ (¢ — ¢1) -+ (¢1+1 — @) (b — d1—1) -+~ (¢ — ¢1) and Cp &

(em —ck) - (ck+1 — ck)(ck — ck—1) -+~ (ck — ¢1). Hence,

A d;f Ap
P (¢p+cl)"’(¢p+cm 1)

= — +k_C_ﬂ ¢1 +Cm)l1 ,1 (¢P+cm>lzj,.(¢m+6m)lm_l
_Z( 1)p Cy <¢1 + ck ¢p+ck ¢m+C_k Fk,

k

I,C[($1 + em)" 71+ (P + cm) '™ 7]

and we write this as
(9) Ap = Z akak.
k

We are going to prove that

1) ¢k = constant, if dim Wy > 1;
2) Lx,,6q =0 (p # q), if dim W, = 1.

It follows from (9) and the Stéckel-Painlevé theorem proved in [17] (see
Proposition 1 in [17]) that Lx_,ap;x = 0 (¢ # p). Without loss of
generality we can suppose that Iy > I > «+- > [,,. If [y = 1, then
age = (—1)‘1""“%%%%. Hence, Lx,, ¢, = 0 (p # ¢). Suppose that
Iy > 1. Denote by s the largest natural number m > s > 1 such that

ls > 1. Observing that Mfﬁ = (ck — cm) (Ck — t 3o +C ) and ap-

plying Lemma 3 in [17] t(fl‘:—he coeflicients apr (kK =1,...,s) of the first
two equations of (9) we obtain ¢, = constant (k =1,...,s). Therefore,
a(s4+1)1 = constant x (%’ﬁ%) (I=1,...,m—s). It follows that the
functions ¢s4; (I = 1,...,m — s) satisfy condition 2).

Assume in addition that the eigenspaces of the operator A are inte-
grable on M(A). It follows from (9) and the Stéckel-Painlevé theorem
that there is a chart {(Z1,...,Zm)}, Tk def (k1. -+, Tk, ), given in a
neighborhood of the point zg, such that Ay = Ax(Z;, Pr), where pgo are
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the conjugate impulses. Therefore, Ay = Hika(izk,ﬁk). By definition,
g=A1+ -+ A,,. Hence,

g= Ql(flvﬁl) + + Qm(jmaﬁm)‘

10 -

(10) T, T
Therefore,
(11) g =I1G1(Z1,d%1) + - - + G (T, AT,

where G, are quadratic forms. Let us consider the metric g ef m gA~L.
We have

(12) g= planl(:Z‘l, da_ﬁ) + -+ pmHme(a_:m, d;fm),

where pi €' L _ L Now, it is easily checked (using the local co-

1 Pm Pi

ordinates) thzft tﬁe ﬁletrics g and g given by formulae (11) and (12)
are geodesically equivalent. The same fact also follows from the Levi-
Civita’s theorem (see [5, 3, 11, 16]). Note that Levi-Civita proved his
theorem when the metrics ¢ and g are positive definite. Nevertheless,
it is easily seen that his proof works also in the case of simultaneously
diagonalizable pseudo-Riemannian metrics. Finally, the first statement
of Theorem 1 follows from the fact that the metric g is globally defined
on M™ and the set of stable points M is everywhere dense in M™ (see
[7]). Formula (2) follows from Proposition 1 in [16].

Conversely, suppose that the (pseudo) Riemannian metric g admits
non-trivial geodesical equivalence of LC-type, i.e., there exists a metric
g such that the metrics g and g are non-trivially geodesically equivalent
and simultaneously diagonalizable over R. Let us consider the operator
A = A(g,7) given by formula (3). A is a self-adjoint operator with
respect to the both metrics and §(£,£) = 59(A7'¢,£). We prove
the involutivity of the functions I, given by formula (1) in Appendix 2.
Theorem 1 is proved.

§3. Properties of the A-integrable metrics.

In this section we prove theorems 2, 3, 4 and 5 that give some of the
main properties of the A-integrable metrics.

3.1. Proof of Theorem 2.

Denote by N(z) the number of distinct eigenvalues of the operator
A at the point z € M™. Suppose that m = maxgepn~ N(z). It is clear
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that if N(z) = k, then N(z) > k in a neighborhood of the point z.
Therefore, if N(z) = m, then x is stable point of type m. It is easily
seen that the set of stable points is dense in M™.

Consider the case when the geodesic flow of the metric g is complete.
The general case is easily reduced to this one. Suppose that M™1(A) # 0
where m; < m. Let us take zq € Vo C M™(A) and z; € V1 C M™(A)
where V and V; are open sets. Taking Vy and V; sufficiently small we

can find real constants ¢y, . . ., ¢, that are not eigenvalues of the operator

(=Ag) if = belongs to Vp U V. Let us consider the forms B; def I,

(i=1,...,m). It is easily shown that for any real number c there exist
constants ap, . .., an, such that I, = 37", a;B; on Vp. Indeed, it follows
from formula (8) and Lemma 2 in [17] that there are smooth functions
ai,...,a, defined in Vj such that I. = Z:’;l a;B;. Differentiating the
last equality with respect to the Hamiltonian vector field corresponding
to the metric g we obtain 0 = {g, I.} = >.{9g, a;} B;. Hence, {g,a;} = 0.
This gives a; = constant.

Let us take a geodesic line 7(t) that connects the points zg and z;
(7(0) = zp and y(to) = z1). Without loss of generality we can suppose
that the points zg and z; are not conjugate. It follows from formula (8)
and Lemma 2 in [17] that the set Z;, of points v € T, M™ where the
differentials d,, By, . . ., d, B, are linearly independent is dense in T, M™.
Hence, there exists a point vy € Z, such that expvy € Vi. The geodesic
flow of the metric g preserves the functions By, ..., By,. Therefore, the
differentials d,, B1, ..., dy, Bm, where v; def ﬁlﬂtzl exptvg, are also lin-
early independent. On the other hand, on V; we have B,,, = E;n:ll A;Bj,
Aj = constant. This is a contradiction. Therefore, m; = m. This
proves that all stable points on M™ are of type m. Therefore, M" =
S(A) | M™(A). 1t is clear that if N(z) = m, then z € M™(A). Hence,
S(A) = {z € M"|N(z) < m}. Let us prove the last statement of the the-
orem. Suppose that there is an openset U € M™ such that forany z € U
the forms B1(z),...,Bm(z) (defined above) are linearly dependent (as
quadratic forms in the tangent space T,U). Taking U sufficiently small
we can choose constants oy, . .., a,;, such that By = Z;"zl Brjla, , where
Bk; are constants and the forms I, (z), ..., I, (x) are linearly indepen-
dent for any fixed x € U. It is clear that the matrix (0k;) is degen-
erate. Hence, the differentials d,B1,...,d,B,, are linearly dependent
on TU. But the arguments used above show that we can find a point
vg € TU where the differentials d,,, B, ..., dy, Bm are linearly indepen-
dent. This contradiction shows that the set K of points x € M™ where
the forms Bi(z), ..., Bn(z) form a basis of the linear space generated
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by the forms {I.(z)|c € R} is dense in M™. Therefore, for any real
constant ¢ we have I, = Z;":I u;B; where p; are functions on K that
are locally constants. Let us prove that these functions are constant
on K. Suppose that I, = Zj p5Bj in some open set U, C K and
I. = Zj M?Bj in some open set Ug C K. Let us take x, € U,. It is eas-
ily seen that the set of the points £ € T, M™ where the differentials d¢ B;
(j = 1,...,m) are linearly independent is dense in T M™. Therefore,
we can find &, € Ty, M™ such that exp&, = x5 € Us and the differ-
entials d¢_ B; are linearly independent. Denote by ¢ : TM™ — TM™

the geodesic flow of the metric g and let &3 Lef %|t=1 exp(t€y). We have
that de, I. = >_; pu§de, B;. On the other hand

de,Io = dg, 1.0}
= ZN?dﬁﬁBjOCi

J
> ulde,B;.
j

If

Hence, pu§ = ,u? def p; (4 = 1,...,m). This gives I. = > ; u;B; on

K. Therefore, I. = 37, p;Bj on M™. It is clear that the functions
By,...., B, are functionally independent almost everywhere on TM™.
This proves the theorem.

3.2. Proof of Theorem 3.

Suppose that the metric g is A-integrable. It is sufficient to prove
the theorem in a neighborhood of an arbitrary stable point. Suppose
that zo € M™ is a stable point of type m and let the smooth functions
$1(x) < ¢2(z) < -++ < Pm(z) be the eigenvalues of the operator A(z)
in a neighborhood U(zg) of the point xg. As in the proof of Theorem
1 we see that the condition m = 1 implies that A = constant x1. In
this case the statement of Theorem 3 is obvious. Consider the case
m > 2. Let us consider the functions Fj def I, , where ¢1,...,cm are
different real constants such that ¢; # —¢; 4,5 = 1,...,m on U(zo).
As in the proof of Theorem 1 we see that equality (9) holds and the
functions ¢1, - .., ¢, satisfy conditions 1) and 2) of section 2 (following
formula (3)). We have to prove that the 1-parameter family of functions

It &ef det(A + c1)gs((A + c1)71&,€) are in involution. Let us consider
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the functions F,f e gk. As in the proof of Theorem 1 we see that

f déf f(¢P)_1AP Ii—-1 . I —1
Ap (¢p +ep) - (¢p +em—1) HpCm[(¢1 +¢m) (¢m + cm) ]

=Skl <¢1 +Cm)’l'?.. (% +Cm>’f’.. <¢_m_+0m)’”‘}f
- Cr \ ¢1+ck ¢p + Ck Gm + ck k
f
= ZaPka .
k

It is clear that the coefficients a,r satisfy the Stéckel condition (see
Proposition 1 in [17]). Moreover, Af = f(¢,) "' Ap, where the functions
Ai,..., A, are in involution. Hence, the functions A{ e ,Afn are in
involution. Finally, a variant of the Stackel-Painlevé theorem shows that
the functions F/, ..., F/ are in involution. Note that g; = Jim ct—nrIf.

Therefore, the functions F lf ,..., FJ are integrals of the geodesic flow of
the metric g¢. Let us fix an arbitrary real constant «. It follows from the
definition of the function I that If = Z;’;l o; F jf , where a; are smooth
functions on U(xzg). The arguments used in the proof of Theorem 2 show
that o; are constants. Therefore, the functions from the family I, gc are
in involution on M (A). Finally, the statement of the theorem follows
from the fact that the set of stable points M (A) is everywhere dense in
M. Theorem 3 is proved. :

3.3. Proof of Theorem 4.

It is sufficient to prove that the functions

. A A -t
(13)  L(€) % det (%1—%? + 31) e ((%ﬂ% + 51) 5,5)

are in involution with respect to the symplectic structure wy, ef p L} w,
where F'L,, is the Legendre transformation corresponding to the metric
ge and w is the canonical symplectic structure on T*M™. Applying the
Legendre transformation and using matrix representation we obtain

__det((c+a)A 4 (cs+ B)E)
B det(A + cE)
=det((c+a)A+ (s+cB)E)((c+a)A+ (s+cB)E) M (A +cE)?g™!,

I, ((c+a)A+ (cs+ B)E) " (A+cE)g; "

where E is the unit matrix. It follows from Theorem 3 that the metric
g((A+c1)72%¢,¢) is A-integrable. This proves Theorem 4.
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3.4. Proof of Theorem 5.

Suppose that the conditions of Theorem 5 are satisfied. Let us
fix two points x9 € M; and yp € M, and suppose that g is stable
of type m; < ny and yy is stable of type ms < no. Consider the
point ug = (®o,y0) € M. It is clear that the point ug is stable of

type mi1 + mg with respect to the operator A def Ay + Ay. There
is an open neighborhood U(zg) C M; where the operator A; has ex-
actly m; distinct eigenvalues ¢; < --- < ¢, and an open neigh-
borhood V(yo) C Ms where the operator Ay has exactly mq distinct
eigenvalues ¢y, 41 < -+ < @m,+m,- Denote by q;k the functions 7} ¢k
(k=1,...,my) and 73 (k =m1+1,...,my+mgz) on U(zg) X V(yo).
There exist an orthonormal (with respect to the metric g1) frame Xgq,
(k=1,...,m1, ar = 1,...,0k, Y12l = n1) on U(zo), such that
A1(Xkay) = Pk Xka,, and an orthonormal (with respect to the metric g2)
frame Xiq, (K =ma1+1,...,mi+me, ap =1,..., 1, Z;cn;;'lnjl Ik =mng2)
on V(yo), such that As(Xka, ) = Ok Xka,- Using the natural identifica-
tion Tz, M = K2 ® Ky = Ty My ® T, M> we obtain a frame )Afkak (k=
1,...,mi+ma, ag =1,...,1;) on U(zg) X V(yo). We have to prove that
the one-parameter family of functions I.(£) &f det(A+c)g((A+c)71E, €),
£ € TM are in involution with respect to the symplectic structure wy.
Making the Legendre transformation corresponding to the metric g we
obtain ’

& ﬁl ﬁm1+m2
14 L=3)d —21 4.4 1 ’
( ) (C) {Dl (¢1 + C) Dm1+m2 (¢m1+m2 + C) }

where 5(0) def (qgl +eo)h--. (émﬁmz + ¢)lmitma, ﬁk def Zf)’j:l ekaﬁ,?a,
€Cka = :i:]., Pk:a d——e"f <p7 Xka>a D € T*Ma and

ﬁk d___e_f { (%k - dEml"'l)IMIjl o ~(('5"’ - q;m1+mz)lml+m27 1<k< my,
(o — d1)" -+ (P — Pmy)' ™1, my+1 <k <my +ma.

As in the proof of Theorem 1 we take m = mj + mg > 2 real constants
€1,---,Cm such that ¢; + ¢; # 0 (4,7 = 1,...,m) on U(zo) x V(yo).
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Denoting by Fj the functions I, we obtain (see formula (9))

) 7y T e Gt e
Dy (¢p+c1) - (dp + cm-1)

- li—1 - Im—1 =~

C 1+ Cm Gm + Cm ¢p + Cm
_ 1\p+k L L= i F
Z( : (¢1+Ck) (¢m+ck> ¢p +ck ¢

~ - = > def

where Hk = (¢m ¢k) s (¢k - ¢1) and Ck = (Cm - Ck) te (Ck - Cl)
(k =1,...,m). By assumption, the metric g is A;-integrable and the
metric go is As-integrable. Hence, the functions Q.(§) = def det(A; +
c)g1((A1 + ¢)71,€), € € TM; are in involution with respect to the
symplectic structure wy, on TM; and the functions R.(§) def det(Az +
¢)g2((Az + ¢)7In,m), n € TM, are in involution with respect to the
symplectic structure wgy, on T'M,. Using the constants ci,...,cmn, and
formula (9) we obtain

PO 4 pOIM Q) (¢1+ cm)" 7L (P + Emy)im !
(¢s +Cl) (¢s +Cm1—1)

_ s+k CT(V%I) ¢1 + Cm, h=t ¢m1 + Crm,y by =1 ¢s + Crmy
= Z(“l) c® e Qk,
k k

$1 + ck Om, + Ck ¢s + Ci

which we write as

mi
def

(16) Ps(l) = ZaSka’ Qr = Qcy-

k=1
Here Ps(l) ef Zf; 1€saPs2aa €sa = T1, Pso (l_gf <p7Xsa>a p € T*"M,

def def

and H“) : (¢m1 $s) - (85 = 61), CV = (emy — €s) -+ (€5 — 1),
s=1,.. 1. Analogously,

I — Im—
p2) def sz)ngmcﬁ) (Bmas1 + cm) ™17 (G + G
(¢s + Cm1+1) e (¢s + Cm-l)

= Z( 1 s+k (¢m1+1 +Cm ) e _1 (¢m +Cm>lm_1¢s +CmRk
¢m1+1 + ¢k ¢m + ¢k ¢s + ck




Geodesic flows 503

which we write as

(17) P® = 3" buRk, Rk < R.,.
k=my+1

Here Ps(z) def Zile €saP2,, €sa = £1, Py def (p, Xsa), p € T*M>, and
I X (6 = @)= (s = dmy1), O = (em = )+ (s = Cmyr1),
s =my+1,...,m. It follows from the Stackel-Painlevé theorem that
the functions Ps(l), s =1,...,m, are in involution with respect to the
canonical symplectic structure on T*M; and the functions Ps<2), § =
my +1,...,m are in involution with respect to the canonical symplectic
structure on T* M. As in the proof of Theorem 1 we see that if [ > 1,
then ¢ = constant, and if £ # ¢, then Lx,, ¢, = 0. It follows from
formula (15), (16) and (17) that

D —_ ﬁlsl)BP 9 ISPSmly
P PPB, , mi+1<p<m,

where B, are smooth functions on U(zo) x V(yo) such that Lz By,
if £ # p, and 13,9') def p;‘(Pp(i)) € C>®(T*M), where p; : T*M =
(T*My) x (T*Mz) — T*M,; is the natural projection on T*M; (i = 1,2).
Therefore, the functions P, (p = 1,...,m) are in involution with respect
to the canonical symplectic structure on 7M. Finally, applying a vari-

ant of the Stdckel-Painlevé theorem to equation (15) we obtain that the
functions Fj are in involution. Theorem 5 is proved.

§4. Appendix 1

In this appendix we apply the theorems proved in the previous sec-
tions to the A-integrable metric described in item ¢) of section 1.

Let us consider the projective transformation of the plane R™ given
by the formula

T e (A1z1)/zn
e :
Tp—-1 ()\n—lxn-l)/mn
I — )\n - )\n/xn
where \; (1 = 1,...,n) are non-zero constants. Consider the Euclidean

metric g % dz?+---+dz? in R" (see [15], where the pseudo-Riemannian
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analogue of the present construction is given). The geodesics of the
metric g are straight lines. Denote by g the pull-back p*g. Note that

the metric § is not defined over the hyperplane Z &ef {z, = 0}. It is clear

that the metrics g and g are geodesically equivalent on D def g \ Z.
We have

_  def *
g = w9
2 2
o [ Tndz — z1dTH 9 Tndlp_1 — Tn_1dT,
= )\1 <_—w2 ) +...+)\n_1( x%
dzn \ 2
2 n

(18) +A5 (E) .

Let us compute the operator A def A(g, g). We need the following simple
lemmas.

Lemma 1. Consider the matriz
(19) c¥aga+b,
where b ™ diag(by, ... by), bi #0 G =1,....,n), 8 (ay,...,an) (the
symbol ' denotes the transposition of a matriz) and @ ® a stands for the
matriz aa’. Then the inverse matriz C™' is given by the formula

1, 1 1
1_5(1) la) ® (b~1a),

(20) cl=b"
where D & (b~'a,a) + 1 and (z,7) gef S Ty Moreover, det C =
(ITi=1 b%)D.

Proof of Lemma 1. The proof is by direct calculation. We have
(aa'+b)(b~t—(1/D)(b~ta)(b~ta)’) = a(a’b~ ')+ E—(a,b~taya(b~'a)’ /D
—(1/D)a(b~'a) = E where E denotes the unit matrix. Lemma 1 is
proved.

Lemma 2. Consider the matriz Cy “faat diag(by, ..., bn-1,0),

where b; #0 (i = 1,...,n — 1). Then the inverse matriz Cy' is given
by the formula Cy 1=

n—1 n—1 n—1
1 a? a? Ana; Ana;
gr{ fEii+<§Z%+1)Enn—Z 3 Em—ZTEm}

i=1 =1

where the matriz E;; has elements ex def Okidy (k1 =1,...,n). We
have det Co = (T2, bx)a2.
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Lemma 2 easily follows from Lemma 1 and the formula Cy' =
lima_.+()(C0 + a)‘l.
Denote by G the matrix corresponding to the metric g, i.e. the

Gramian of the metric g. Taking @ = Z = (21,...,2n), bi = A2/A2
(i=1,...,n~1), and applying Lemma 2 we see that

— xz )\2 )\2
(21) G—1=—"(f®i+diag<—’l,...,—",o)>.
A% AT

As a corollary we obtain that det G = ([}, A?)/z2"*2. Finally, com-
bining (3) and (21) we obtain (up to multiplication by a constant) that

A2 A2
(22) A(g,g)=E®:E+diag(3‘—;l,...,)\2—"—,0).
1 n—1
It follows from Theorem 1 formula (22) and Lemma 1 that the quadratic
forms
2 d 2 dr?
I. = D, dxl +...+___w”f1 +ﬂ
di+c¢ dpn-1+c c
T1dT Tp-1dTn_1 TndTn, 2

23 _ ... ,
(23) (d1+c + dn—1+c¢ T )
where di, % A2/ A (k=1,...,n—1), are pairwise commuting integrals

of the geodesic flow of the metric g on all half-planes {z, > 0} and
{x, < 0}. The quadratic forms I, are smoothly defined on the whole
of R™. Therefore, they are pairwise commuting integrals of the geodesic
flow the metric g on R™.

Suppose that d; # d; (i # j) and d; #0 (¢ = 1,...,n—1). Consider
the characteristic polynomial of the matrix A &f A(g,9)

def

xa(c) = det(A+cE)
- z? 2 z2
= d 1 L A N
g(k+0){dl+c+ S e b }

where we put d,, = 0. It is clear that if z1 . ..z, # 0, then the polynomial
x4(c) has n different roots. We have proved the next theorem.

Theorem 6. The metric g %< ", dz? is A-integrable. If d; # d;
(i#£37) andd; #0 (i =1,...,n — 1), then the rank of the A-integrable
metric g 1S n.
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It follows from Theorem 1 that the one-parameter family of metrics

9:(9,9) def mg(zﬁl + c1)~! are geodesically equivalent to g. We
have

1
(24) G. ¥ ————(A+cE)™!

¢ det(A + cE)

where G. denotes the Gramian of the metric g.. It follows from Lemma
1 that up to a multiplication on a constant

_Ip dx? - dr?_; N dr?
ge = “Ndi+¢ dpn-1+¢ ¢

T1dx1 Tpe1dTpn—-1 TndZn, 2 9
925 _ D?,
(25) (d1+c+ * dn—1+¢ T ) /D
where

2 2 2

def X7 Th—1 Ty
26 . = BT et S it TR
( ) d1+C+ +dn_1+c+ C

Remark 6. The metric g. is not defined on the quadric Z. def
{D. = 0}. Nevertheless, from now on when we say that two metrics are
geodesically equivalent we mean they are geodesically equivalent in the
domain where both of them are defined.

The metrics g. given by formula (25) have the very special property
given by the next theorem.

Theorem 7. Let us assume that d; # d; (¢ # j) and d; # 0 (i =
1,...,n—1). Then the restrictions of the metrics g. given by formula
(25) on every quadric Q. (o # ¢) from the confocal family Qq def {D, =
0} are geodesically equivalent to the restriction of the standard Euclidean
metric g on Q-

As a corollary we obtain the theorem proved in [14] and indepen-
dently in [12] that the standard ellipsoid admits a non-trivial geodesic
equivalence. Theorem 7 shows that the same result is true for the hy-
perboloids. ’

Proof of Theorem 7. Suppose that g = )", dz?. Let us fix a point
Zo = (29,...,22) € R™ such that z9...20 # 0. It is easily seen that
there exist n different real constants ai,...,a, such that Qq,(Zo) =

0,...,Qu,(Zo) =0. It follows from formula (23) that
(27) Lo |30 = _(dioQaz)2/4'
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The forms dz,Q,, are linearly independent. It follows from Remark
2 and the non-degeneracy of the corresponding Vandermonde determi-
nant that the forms So|z,, - - ., Sn—1|z, are simultaneously diagonalizable
in the frame which is dual to the forms dz,Q,, (I = 1,...,n). The form
Sp—1 is conformally equivalent to the metric g and the form Sy is confor-
mally equivalent to g. Hence, the gradients (with respect to the metric g)
Viz,Qary-- -y Vz,Qa, coincide with the principal directions of the met-
rics g|z, and §lz,. Finally, the statement of the theorem follows from
Levi-Civita’s theorem about the local form of the Riemannian metrics
that permit geodesic equivalence (see [5, 16, 17]). Theorem 7 is proved.

Let (21, ...,Zxn) be the coordinates in R”, and (z1, ..., Tn;P1,---,Pn)
the corresponding coordinates in T*R"™. Applying Theorem 3 we obtain
the next theorem.

Theorem 8. For every fized real k and every fized integer I, con-
sider the one-parameter family of functions on T*R"™ given by the for-

def l _ def = —\ def n
mula I(l)(p) <Lgt)p7 >} Wherep = (ph-”vpn)} <§,77> = Zi:] fﬂh‘:

19 %€ det(A+ aE)(A+aE)™! (A + ,@E)—l
_ (l) L(K)an~ 1+S(l)2(ﬁ) - +S(l)( )
and the matrix A is given by the formula
(28) A 2z +diag(d,...,dn1,0).
These functions are in involution with respect to the canonical symplectic
structure on T*R™. Ifd; #d; (i #j) andd; #0 (i =1,...,n—1), then
the functions S(gl), R S,(llll are functionally independent on T*R"™.

Remark 7. Taking | = 0 we derive the integrals obtained by K.
Uhlenbeck in [19]. Another way of obtaining these integrals was proposed
by J. Moser in (8] and K. Kiyohara in [4]. The families of functions in
involution given by Theorem 8 generalize all these results.

Remark 8. The case | = —1, k = 0, gives a family of parrwise
commuting functions S(_l)( 0),. S(_l)( 0) on T*M™. The function
( 1)(0) coincides with the Hamiltonian of the metric

def 1 2
‘ moi=1
Therefore, the functions SS—I)(O), .. ( 1)(O) on T*M™ are a complete

family of integrals of the geodesic ﬂow of the hyperbolic plane.
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§5. Appendix 2

Suppose that the (pseudo) Riemannian metrics g and g, given on the

smooth manifold M™, are geodesically equivalent. In this appendix we

prove that the functions given by the formula I.(¢) def det{A+cl)g((A+

cl)7E€), € € TM™, where c is real parameter and the operator A =
A(g,g) is given by formula (3), are in involution with respect to the
symplectic structure wgy on TM™ (see [15]).

Let us fix a point g € M™. It is clear that there exists an open
neighborhood U(zg) of the point ¢ and an interval (—¢,€), € > 0, such
that the operator (A + c1)|, is invertible if z € U(xg) and ¢ € (—¢,¢).
Consider the one-parameter family of geodesically equivalent metrics on
U(SL‘O)

def

1 . i}
= TET (At Tem, &neTM",

(30)  gc(g,9)(&m)

where ¢ € (—¢,€) (see Proposition 1 in {16]). Let us fix some x € (—e¢, €).
The metrics g and g, are geodesically equivalent on U(zg). Consider
the following subsequence of geodesically equivalent metrics

! i
g <5 g
i !
g &5 g
! !
g®» &5 @
! l

where ¢ def gA(g,gx)" and g® def 9xA(g,gx)" (see [10, 16]). The
metrics g¢® and gff) are geodesically equivalent. It is easily seen that
A(9,9<) = A+ k1. Hence, g,(f) o 9:A(g,9x)? = @;—(Al+—,{1)g(A + x1).
Let us consider the one-parameter family of integrals I, (g,({z) ,g?) of
the geodesic flow of the metric g,(f). A direct computation show that
A(g? g®) = (A + k1)~1. Applying the Legendre transformation cor-

responding to the metric g,(f) we see that the functions

(31) 9@ 7" = det(A + Kk1)(A + k1)"1g
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and I (¢, g@) &

(32) det((A‘—I—kal)~1 +al)(A+k)7? 4—041)“19,22)—1
(33) =det(aAd + (ka + 1)1)(ad + (ka + 1)1)"1g~!

are in involution with respect to the canonical symplectic structure on
T*M™. Note that after applying the Legendre transformation corre-
sponding to the metric g the family of integrals (1) takes the form
I.(g,9) = det(A + ¢)(A + ¢)lg™!, where ¢ is an arbitrary real pa-
rameter. Hence, the Poisson brackets {Ix, ., 1} vanish for all a # 0
and k € (—e¢,¢€). Fixing n different real numbers «; € (¢,€), 1 =1,...,n,
ki # Kj (i # j), we obtain that {I;,I.} = 0 for all real values of the pa-
rameter c. Finally, recall that I, = Sp,_1u™ 1+ S, _ou™ 2+---+S,. The
last equality and the non-degeneracy of the corresponding Vandermonde
determinant show that the functions S; (I = 1,...,n) are linear combina-
tions with constant coefficients of the functions I,;, (i =1,...,n). There-
fore, the integrals given by formula (1) are in involution on T*U (o).
The point xy was arbitrary. This proves the statement.
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