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Darboux transformations and generalized self-dual
Yang-Mills flows

Gu Chaohao

81. Introduction

The self-dual Yang-Mills equations are important partial differen-
tial equations in mathematical physics and have significant applications
in mathematics [2, 3]. Besides the outstanding results related to 4-
dimensional topology [5], it was known long ago that the self-dual Yang-
Mills equations are an integrable system in the sense that they are the
integrability condition of an overdetermined system of partial differen-
tial equations with a spectral parameter A [12, 16]. Consequently, the
rapidly developing theory of integrable systems can be applied to the
self-dual Yang-Mills equations. Moreover, it has been found that many
known soliton equations are reductions of the self-dual Yang-Mills equa-
tions [1, 17].

The self-dual Yang-Mills equations are equations in 4 dimensional
space. It is interesting to generalize the equations to higher dimensions
[13, 14, 18]. In [14], the generalization to R*" is a simple case. In [8],
more general integrable systems called generalized self-dual Yang-Mills
flows (GSYMF) in R*™! were introduced. These are dynamical systems
on the moduli space of the generalized self-dual Yang-Mills equations.
The systems are very general in the sense that almost all known soliton
equations of all dimensions are the reduction of these systems. It has
been found that the Darboux transformation method is applicable to the
GSYMF, giving new solutions explicitly. For the multi-soliton solutions,
the phenomena of separation of solitons and confinement of solitons
occurs.
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In the present paper we give an overview of the generalized self-dual
Yang-Mills flows and the Darboux transformation method for obtaining
explicit solutions.

In §2, we give a very brief sketch of some basic facts on Yang-Mills
fields and self-duality. §3 is devoted to the derivation of the GSYMF
from the Lax equations. In §4, the Darboux transformations (DT) for
the GSYMF, as a method to obtain explicit GSYMF from a known
one, are described. The algorithm is purely algebraic, depending on the
choice of several arbitrary holomorphic functions. The most important
cases of U(N) and SU(N) are emphasized. §5 is devoted to the explicit
construction of solitons. The asymptotic behavior of solitons, which is
a generalization of the usual KdV solitons, is much more complicated.
In particular the multi-solitons may exhibit separation or confinement
of single solitons as |t| — oo. In §6 we point out that the AKNS sys-
tem in R™! can be a reduction of the GSYMF. Hence we can say the
GSYMF may be the most general integrable system known to date, since
almost all soliton equations for spaces of lower dimensions (< 4) are the
reduction of the self-dual Yang-Mills equations.

§2. Yang-Mills fields, self-duality

First we recall some well-known basic facts on self-dual Yang-Mills
fields. Let G be a matrix Lie group, g its Lie algebra and R™ an N-
dimensional flat space {(z1, -+ ,zn)} with a metric of the form ds? =

Zg’ﬁ Nap dz® dz?, where Nao = %1, Nag = 0 (o # B). The Yang-Mills
potential is a 1-form valued in the Lie algebra g

(1) A= A,dz*
and the field strength is

@) FodA+ANA= %F,\Hdaz* A dat
where
(3) Fyy = 00A, — 0,A\ — [AL, A

Differentiating F, we obtain the Bianchi identity
(4) Fonuly) = 0.

Here F),, is the gauge derivative of F, defined by
(5) Fyupp = 0uFx, + [Av, Fo
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and (Au|v) is the symbol for the sum of cyclic permutations, i.e.

Eoaulvy = Fappy + Fuyx + Foxp-

The Yang-Mills equations are

(6) W“VF/\,AV = 0.

A transformation from a potential A to A’ defined by
(7) A'=¢Ap~t — ()¢~ (¢: RV = G)

is called a gauge transformation; A’ and A are called gauge equivalent.
Gauge equivalent potentials are regarded as the same physical entity.
The Yang-Mills theory is the most important theory in modern physics
and has had great influence on mathematics. In mathematical terms, A4
is the connection form and F is the curvature of a G-bundle over R".
The case N = 4 is the most important, but the study of the higher
dimensional case is also interesting [9, 13, 14, 18].

If N = 4 and R* is Euclidean, a duality operator * (Hodge operator)
can be applied to F:

1
(8) (*Flap = ieaﬁvé'qw\n&l‘fku
where

1 (a,B,7,9) is an even permutation of (1,2, 3,4),

(9) €apys =
o -1 (a,8,7,0) is an odd permutation of (1,2, 3,4),

A Yang-Mills potential is called self-dual (respectively, anti-self-dual) if

(10) *xF=F (respectively, * F = —F)
or

Fyp = £ Fyy, Foy = £ Fiy, F31 = £ F5y, (10")
where “+” (respectively, “~") is for the self-dual (respectively, anti-self-
dual) case.

It is well-known that a self-dual (respectively, anti-self-dual) Yang-
Mills potential satisfies the Yang-Mills equation. This can be seen from
the definitions if the Bianchi identity is used.
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The concept of self-duality can be extended to R?? where the metric
can be written as

(11) ds? = 2(dz; dzy — dz dzs).

In this case the self-dual condition is

(12) Fi2 =0, F34 =0, Fiqy — Fo3 =0.
Here we have changed the sign of €,344, €.8. €1234 = —1 (or we consider
the anti-self-dual case).

From Fj5 = 0 we see that the equations
(13) 019 = pA1, 02 = 9 A

are completely integrable on any plane z3 = constant, x4 = constant.
Hence we can find ¢(z1, 22,23, z4) € G such that after the gauge trans-
formation defined by ¢,

(14) A} = pA197 = (D19)p™ ' =0,  Ab = ¢pAr¢™ ' —(020)9 " = 0.
This special gauge is called the R-gauge [19].
Let p; = x4, p1 = 3. Under an R-gauge, the equations (12) become

Odp DAy (0 g1 Odp DAy

1
(15) Op2 Op1 Oz Oz

and A,, = A;, = 0. Hence the self-dual Yang-Mills equations in R*?
can be simplified to (15) in which A,, and A;, disappear.

83. Generalized self-dual Yang-Mills fields and their flows

We consider the generalization of the self-dual Yang-Mills fields in
the higher dimensional flat space R™".

Let (z,p) = (%1, ,Zn;P1, "+ ,Pn) be the coordinates of points in
R" (n>2) (i=1,2,---,n). We start with the Lax equations
3] 0
16 LY = — -\ U =—A".
(16) (7 - *5=) z

Here ¥ is an N x N matrix in G, A; = A;(z,p) take values in the Lie
algebra g of G, and X is the spectral parameter. '
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By calculation, we see that the integrability condition for (16) is

DA; DA,

1 —[4;,A;] =
(17) 0, " o [4i, A;] =0
and

0A; OA;
1 L )

If n = 2, these are just the self-dual Yang-Mills equations in the R-gauge.
Thus (17) and (18) may be considered as the generalized self-dual Yang-
Mills equations with A,, = A;, A;, = 0. The generalization was initiated
by Takasaki [13] for even n. However, as an integrable system, it makes
sense for odd n too [7].

From (17) we see that there is a matrix-valued function J such that

oJ
19 A= ———J7
and (18) becomes
o [oJ o [0J
2 — =T - = J1)=o0.
( 0) 69ci (Bpj d ) Bwj (Bpi )
From (18) we see that there is a matrix-valued function K such that
oK
1 A; =
(21) 9%,

and (17) becomes

2 2
(22) 0°K ‘K [8[( BK] —0

Op;0z; B Op;Oz; ~ | oz’ EU;
Consequently (20) or (22) is an equivalent form of the generalized self-
dual Yang-Mills equations.
The metric of R™" is defined as
-1

(23) ds* = Z (dr2k+1 dpakte — dTaky2 dpokt1) (n even)
k=0

w3

and

(24) d$2 = (d$2k+1 dp2k+2 -dx2k+2 dp2k+1)+d.’1}n dpn (n Odd)

M=
|
h.

k=0
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As in the 4-dimensional case, it can be shown that:

Theorem 1. If n is even, a solution of generalized self-dual Yang-
Mills equations satisfies the Yang-Mills equations.

If ¥ is a solution to (16) and det ¥ # 0, it is called a Lax represen-
tation of the generalized self-dual Yang-Mills field.

Remark 1. If we replace (16) by
(25) L9 =(—A;,+ BV,
then the integrability condition is still given by the equations
(26) Fpip; =0, Fpw; — Fpz; =0, Friz; =0.
Here A,, = B;, A,, = A; are the gauge potentials in a general gauge.

In the general case, let ¢ be a function valued in G and ¥’ = ¢V,
then

LV = (L;ig)U + ¢(—A; + AB,)¥
= (Lig)¢~ W + ¢(—A; + AB;)¢p~ U = — AW + AB/W/

with

= ¢Aip™! — (Op,0)9 7,

(27)
= ¢Bi¢p™" — (02, 4)0™".

This is exactly a gauge transformation.

We turn to the flows of the generahzed self-dual Yang—MlllS equa-
tions under the R-gauge in R™"

Suppose the functions ¥ and A; depend on (z,p) and a “time” ¢
and an evolution equation for ¥

o s
(28) o =V¥= ZV/\’" ‘v, (¢>0),

is satisfied. Besides, (16) and (28) constitute an integrable system in
R*"!. Here the V,’s are independent of the spectral parameter A and
can be determined in the following way.
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Considering the condition of integrability for (16) and (28) we obtain
a system of equations for the V,’s:

Wy
(9xi - 0,
(29)
OV,  OVa, B
afL'i - apz +[A23Va—1], (a._1,2’... 7m)’
and
Vs
Ot = Vot i
(30)
Vo1 OV, B |
api _axi+[Va—1,Az], (a—m+q’...,m+2)

and a system of evolution equations for the A;’s:

0A; OV, OV
ot | op | om

Theorem 2. If the A;’s satisfy the generalized self-dual Yang-Mills
equations (17), (18), then (29) and (30) are completely integrable and V,
(a=0,1,--- ;m,m+1,--- ,m~+q) can be expressed as integro-differential
expressions of the A;’s.

(31) +[A;,Vin] = 0.

Proof. From the first equation of (30) we have

Assume that Vi, Vs, -+, V,_1 (@ < m) are constructed already. By
differentiating (29) with respect to z;, we have

0%V, _ 0%V,

83?2'8.Ij - ijaxi

if (17) and (18) hold. Hence V,(z,p) can be obtained by integrating the
right hand sides of (29) along any paths connecting (0, p) and (z,p) in
the plane p; = constant, i.e.

(=p) 75V 1
(33) Va = / ( - + [AZ7 ‘/a—l]) dxz + Vao(pv t)
zi: ©0.p) \ P

The integral is independent of the choice of paths and Vy(p, t), V.)(p, t)
are arbitrary functions.
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Let
(34) Vo, = JW,J™ 1, a=m+gq, - ,m+ 1.
Equation (30) becomes

(35) Wm+q - m+q(l’, t)v
Wur W, [, 0]
ooy Bm {J pr

(36) Wa], (a=m+gq,--- ,m+2).

When (17) and (18) are satisfied, we have

(z,p) aJ
Waoo1 = JP= WLl ) dps + WO (,0).
( 1 Z/;,; 0) ( 6(1)1 |: axi’ ]) D + a-—l(w )

Here, the path of integration is any curve on the plane z; = constant
connecting (z,0) and (z,p) and Wp4(z,t), W2(z,t) (m <a <m+q)
are arbitrary functions of integration. The theorem is proved.

Equations (31) can be considered as dynamical equations on the
moduli space of generalized self-dual Yang-Mills equations.

84. Darboux transformations

The Darboux transformation of GSYMF is actually a modified gauge
transformation

(38) U =S5v
of the solutions of Lax equations with
(39) S=XM+a

such that (Li\fl)il“l is independent of A. S is called a Darboux matrix.
Here I is the unit matrix and « is to be determined.

We can write

~ o 0\~  +~
(40) Li\Il—<api—)\6$i>\Il——Ai$I!,

aij _ Iym—aj,
(41) = = > ViAo,
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Substituting (38) and (39) in (40), we obtain

(42) LG = ((i - Ai) o — (M + oc)Ai) U = — A, + ).

Op; Ox;
Hence
~ da
43 A=A+ —,
( ) A * (956‘i
and
(44) (3_0& = OéAi — A;Ot = [Oé, Al] - O

Similarly, from (41) we obtain

% = V07

‘ZL=VG.+ ‘/;L— _‘7;1.—— =1721“'3m7
(45) aVa-1 = Voorax @ )

Vm+q = an+qa_1,

Vinak =V k0™ + (Vg1 = Vingkr1)a™ ! (k=g—1,--- ,1)
and

Oa ~ ~

(46) E’ +aVy — Vipa+ Vipy1r — Vipger = 0.

Since the generalized self-dual Yang-Mills equations (17), (18) and the
evolution equation (31) are consequences of the Lax equations (16) and
(28) (provided that det ¥ % 0), the A;’s are solutions to (17), (18) and
(31) as well. We have

Theorem 3. Let A; be a solution to the generalized self-dual Yang-
Mills equations (17), (18) and the evolution equations (31), and let ¥
be the Lax representation. If a is a solution to (44) and (46), then the

47 Ai=Ai+ —
(47) Ai=Ai+ 5=

satisfy (17), (18) and (31), in which the V, are replaced by the V, in
(45). Moreover,

U=\ +a)l

is the Lax representation of sz
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The transformation (¥, 4;) — (¥, 4;) defined by (38), (39) and (47)
is called a Darboux transformation.

System (44) and (46) is nonlinear and very complicated. However,
we are able to construct explicit solutions as follows:

Let Ay (@ =1,2,---,N) be N numbers (at least two of them not
equal, Ay # 0) and hy(Aa,z,p) be N column vectors, satisfying (16)
and (28) for A = Ay (@ =1,2,---,N), ie.

Oha | Ohg Oha —a
(48) " Aa T, — Aiha, 2 = Za:Va)\a Ra.
Define
(49) H = [hy, hy, -, hy].

Here we require that det H # 0.
Theorem 4. The matriz « defined by

A1
Az
(50) a=—-HAH™" with A =
AN
satisfies equations (44) and (46).
Proof. From (48) it is easily seen that
0OH OH
51 _OH, im
(51) o5 8:ciA AH
Hence
0 H
@ _ _OH gy mag 22 s g1 Aot an,,
Op; Ox; ox;
(52)
0o OH, . _, 1 0H
7, Ba:iAH + HAH 6_1:Z-H i

By using (50), the definition of «, it is easily seen that (44) is satisfied.

Similarly, we have

OH
ot

(53) > VeHA™
a=0
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Hence
da m+q m+q
S = 2 VeHA"TUTUHTL4 Y T HAH W, HAT O
a=0 a=0
m-+q m-+q
(54) =Y Va(=0)""a—a ) Vi(-a)™ "
a=0 a=0

From (45) it can be seen that the right hand side of (54) is just Vimor —
Vi + Vine1 — Ving1. Thus (46) is satisfied.

Remark 2. The column solutions ho in (48) can be obtained from
U(A) by setting hy = U(Ay)lo, where l, satisfies
dl, dl,
Lil,==—-A—=0,
Bpi 8mi
te. lo = la(Aap + ). It is easily seen that the l,’s are holomorphic
functions of Aup + .

Remark 3. As in many other cases, we can apply Darboux transfor-
mations successively to obtain an infinite sequence of solutions by the
purely algebraic algorithm indicated in Theorem 4, provided that a seed
solution (¥, A;) is known.

Remark 4. It can be seen that L;(¥(A)*T(N)) = 0, 3;(T(A\)*T(N\)) =
0. If we take a suitable initial condition for W(\), the W(A) can be
normalized so that W(X)*¥(A) = I.

For the case of U(N), we consider (z, p) as real coordinates of R™".
The potential A;’s should take values in the Lie algebra u(N), i.e.

(55) Af+ A; = 0.

Moreover, we can choose the functions of integration Vy(p), V2 (p) (a =
1,2,--+,m) such that Vp, V1, ---, V,,, take values in u(N) too. In this
case we can apply the Darboux transformation as before. However, we
should consider the additional requirement

(56) Af+ A, =0
which is equivalent to

o7 | Do
dx;  Or;

(57)
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since (55) and (43) hold. For this purpose we choose the parameters
Ao's and [, ’s as follows. Let u be a complex number (u # i) and

(58) Ao = [t Or [ (a=1,2,---,N).

We assume that ¥ is normalized and choose the [, such that
(59) Il = 01if Ay # Ag.

Then we have

(60) hihg =0 if Ay # Ag.

From (50), the definition of «, we have

(61) ahg = —/\Ighg, h;a* = —/\Ehg.
Hence
(62) By(a” + a)hy = —hi(u* + p)h,

holds for all 3,7 = 1,2,--- ,N. Since the columns {hy} are linearly
independent, we have

(63) o +a=—(p+ml
and (57) holds. Thus we obtain:

Theorem 5. If A; € u(N), V, € u(N) and parameters Ay, -+, An;
li, -+, In for constructing the Darbouz matriz satisfy (58) and (59) and
the condition of linear independence, then A; € u(N).

Remark 5. The matrices o and S can be expressed in a geometric
way. Without loss of generality, let Ay = p (a = 1,2,--- k), Ay = [
(b=k+1,---,N). At each point of R™", the l, s span a k-dimensional
subspace L1 of C,, and the l,’s span the orthogonal complement Lo. They
are holomorphic functions of up+ x and jp + z, respectively. Define ¥,
to be the bundle of k-dimensional spaces on R™™ x R spanned by the
U(u)la, and let m be the Hermitian projection from C™ x (R™" x R')
on Ty and 7t the complement of 7. Then from (61) we see that

(64) a = —(ur + prt)
and

65) S=QA-pr+A-—g)rt=0A-p) <I+ ’;%Zwi)
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Hence the Darboux transformation of ¥ can be written as

H—HB
66 Uy =]+ —— v,
(66) ' ( AT )
Here both U1 and ¥ are normalized. Consequently, a Darbouz transfor-

mation is defined by a complex number u and a holomorphic map p from
C" to the Grassmannian Gy such that the subspace Ly is the image

of p(up + ).

Remark 6. The above statements are valid for the case of SU(N),
since we have tra = ky + (N — k)i = constant and trA; = 0, from
trd; = 0.

§5. Solitons and interactions

We start with the trivial solution A; = 0. In order to obtain the
solution ¥o(A) to the Lax equations, we have to determine Vp, V7, ---,
Vin. For A; =0, (29), (30) become

Vo = Vo(p),

8V,  OVau
(67) 6xi - 6pi

OVimtq -0
Op;

We assume that Vo, V2, W2 | ., Wy q are independent of ¢. It is easily
seen that

(68) V) = Ui0p+2)+ Uz (p+3).

where Uy, U, are matrix-valued polynomials of degrees m and ¢, and
Uy, U € u(N) (or su(N)) for real A\. Thus

(69) Wy = exp[V{\)t].

We can find explicit expressions for H and a. We assume N = 2 in
order to simplify the expressions, and let

iv(A) 0

(70) =1y —iv(A)
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with
(71) v =u(p+a) +uz (p+5).
Here u1, us are polynomials of degrees m and ¢ with real coefficients.
The matrix H takes the form
elv(m)t _;]meiv(ﬂ)t

72 H=
( ) g(u)e-lv(”)t e_iv(ﬂ)t

Here g(u) is a holomorphic function of up + = and p = o +ir (7 # 0).
The condition h3h; = 0 holds. By calculation we have

A =det H = e®t + |g(p) |22,
() L[ pe g™ (u- f)ge™
A\ (p-mge™™  plglPet + et
Here

(74) w=io(p) ~v(@),  u=v() +v(d)

are real functions of p and z. Consequently,

15] a; a;
(75) A= a _ 11 12
Oz —8;12  —0511
with
1 dlg|? 28“’
i1l = 2
o = 27 oo (e 205

(83:1 + g du tl) iut

(76) a; = —27i
BT e (e

t 2, —wty D —wt gl
+2Ti(ew - |g(/l/)| e )51%-}_6 v ox; -—eiut‘
(et +|g(p)[Pev")?
These are the explicit formulae for single solitons. The asymptotic be-

havior of the single solitons as ¢t — £0o0 depends on pu, g and v. For the
general case it is quite complicated.
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We assume

(77) g(n) = P(p) exp{Q(u)}

where P and @ are polynomials of up + z. Imagine an observer who
moves in the space R™" with constant velocity. His world line [ in
R™™! i

(78) p=mnt+m, x=~E+&.

Here (7, &) is his velocity and (mg, &) is his starting point. In his obser-
vation, v, P, @} behave as polynomials of t. Write Q = q + is, where ¢
and s are real. Then |g|? = |P|?¢?. Along [,

(79) g-wt=Cot™+ Cit" '+ + Crp1t + Cpm,

where the coefficients Cy,Cy, -+ ,Cyp, are polynomials in 7, £ and m,
&o. If |A;] — 0 as t — +oo along [, then [ is called a vanishing line of
the soliton. If at least one of Cy,C1,- - ,Cp—1 is not zero and |P| # 0
along [, then the world line [ is a vanishing line. If along [, P = 0 and
e~ %t approaches infinity, [ is also a vanishing line. The asymptotic
behavior of the single soliton is seen by the observer, who is going along
the non-vanishing world line.

Example 1. Let
v = a =real constant, g¢g= P(up+ z).
Then w =0, ¢ = 0. From (76) we have

1 9|P)?
(L+|P[?)?* Oz;

11 — 271

o 1 0P P AIPI*\ auir

g = =271 | ———— — )

12 1+|PP20x; (1+|PP)? 0x;

The soliton is periodic with time ¢ and z; = 22, p; = p, t =t are
oP

non-vanishing world lines if |P| # 0 or D #0.

Example 2. Let
v=uv(p), g=exp{Q(z)}
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Then w = —2ilmv, u =2Rev, P =1, ¢ =ReQ, s =ImQ. From (76),
we have

—47i ow
e—qtwt + eq—wt)2 8—1;1 !

ai11 = (

aizl(q B 18) ei(u—s)

a; = —2 ]
112 Tle—q+wt + ed—wt

(e=7twt _ ga—wi)Owy _ gpq—wt 00
+27i x; 9z i(u—s)t

(e—q+wt + eq—wt)Z

The vanishing world lines are defined by the expansion of ¢ — wt, since
|P| = 1.

86. Multi-solitons and the interaction of solitons

Let (¥, A) be a single soliton obtained from the trivial solution with
“parameters” (p1,91), with v given. It will be denoted by X(,, ¢.)-
Applying the Darboux transformation with parameters (uz, g2) to (¥, A)
we obtain a solution X, g 4,,4,) Which is called a double soliton. The
Lax representation of the double soliton is

(80) Uy = ()\I+ a'z)()\I-l- Oél)\I’.

Here ¥ is the Lax representation of the trivial solution, AI + «; is the
Darboux matrix based on ¥ and defined by (u1,g1), M + a5 is the
Darboux matrix based on ¥y = (M + «1)¥ and defined by (uz, g2).

Let Oy ,91)» O(uz,g.) b€ the sets of vanishing world lines of ¥, 4))
and X, ¢.), respectively. Consider the behavior of £, 4, 4u,.4.) along
a line l; € O, 4,)- From the definition it is seen that as ¢t — oo, oy
behaves as a constant matrix af. Then

(81) Uy ~ (A + o) (M + o)) V.

Hence U5 behaves asymptotically as a Darboux transformation with pa-
rameters (uz, g2), based on ¥} = (A +a?) which is a Lax representation
of the trivial solution. Consequently, X, g,.u,..) behaves asymptoti-
cally as a single soliton EE 12.92) 2l00g 1. By the theorem of permutabil-
ity, Uo = (A + a})(A + a2)¥. Similarly, it can be seen that, along a
line ly € O(uy,g2)> L(us,g1,12,92) Dehaves as a single soliton X, . Thus
we have:
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Theorem 6. Ifl € O, 4, (respectively, O(,, g,y), then along | the
double soliton ¥, 4, M,gz) behaves asymptotically as a single soliton

2#2,9 (respectively, & (b1, 91))

In particular, if I € Oy, 4,)NOpy,g.), then L, o 1, 4,) approaches
the trivial solution. Let S(,, 4,) (respectively, S(,, 4,)) be the set of
non-vanishing world lines of ¥(,,, ;) (respectively, ¥, .y). If S(m,gl) N
S(uz,g2) = 0, then X, o .0 oy splits into two single solitons E(u o) @
Slz,ge) 85— 00 I8, 51)NS(piy 9,) # O and L € Sy 61) NS iz g) then
along [, the behavior of ¥, 4. 4, 4,) can be regarded as confinement of
solitons.

The situation for p-solitons is similar. The most interesting phenom-
ena of the interaction of KdV solitons and many other solitons are thus
extended to the case of GSYMF. Furthermore, confinement of solitons
seems to be an interesting phenomenon in soliton theory.

§7. Reduction to AKNS systems in R™?

As has been pointed out by many authors, almost all known soliton
equations can be obtained as reductions of self-dual Yang-Mills equa-
tions. Of course, each of these equations at most has four independent
variables. In recent years, integrable systems with more independent
variables have beeen considered by many authors [4, 10, 15]. Almost all
of these integrable systems with many independent variables belong to
the framework of the AKNS system [11]. However, we have:

Theorem 7. The AKNS system in the space R™" is a reduction of
the generalized self-dual Yang-Mills flows.

Proof. Let ¥ = ¥(z,p,t) satisfy the Lax equation (16), (28), and let
J; (¢=1,2,---,n) be constant diagonal matrices. Define

D(p,t) = exp(— . x;J;
(82) Pi(p,t) = —exp(—ij ')A‘exp(Zxa‘J
Ua(p,t) = exp(—>_x;J;)Va exp(3_x;J;).
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Assume that the right-hand sides are independent of x. Substituting
them into the Lax equations (16), (28), we obtain

oo

o (A + P)®,
(83) " mig
%—T = Z U A%,
a=0

This is just the AKNS system in R™?.

From this theorem, one is lead to believe that the GSYMF is the
most general known integrable system.
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