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On a mean value of a multiplicative function of two
variables
Noboru Ushiroya
Abstract.
We prove the existence of a mean value of arithmetical functions of
two variables: limx,y--->oo(xy)- 1 L:m::;x,n::;y f(m, n) under some conditions, and, when f is a multiplicative function of two variables, express
the mean value as an infinite product over all primes. Five examples
are given which are not obtained by trivial generalizations of results on
arithmetical functions of one variable.

§1.

Introduction and main results.

In this paper we investigate a mean value of arithmetical functions
of two variables, and give an expression of the mean value as an infinite product over all primes. This expression is not a straightforward
extension of that in the case of one variable. For an arithmetical function of one variable J, the mean value M(f) is defined by the limit
: limx_, 00 x~ 1 I:n<x f(n) if this limit exists. When we want to express the mean vafues of arithmetical functions by an infinite product
over primes, it is usually necessary to require the property of multiplicativeness. So far, numerous expressions of the mean values of multiplicative functions of one variable have been known. For example,
M(p, 2 ) = ITP(l - 1/p2 ) = 6j1r 2 where p, is the Mobius function. Also
many other examples are given in Tenenbaum[4]. It is also well known
that iff is a multiplicative function satisfying 2:Pp~ 1 1f(p)- 11 < oo
and 2::.: p I:k> 2 p~klf(pk)l < oo then the mean value M(f) exists which is
equal to IT (1 + I:k>l p~k(f(pk)- f(pk~l) )) by Corollary 2.3 in SchwarzP
~
Spilker[3] (p.51), which is a corollary of a well known theorem of Wintner. We want to extend the above theorem to the case of two variables
~
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and obtain some interesting examples which are not expected to be found
from the results in the case of one variable.
For an arithmetical function of two variables f, the mean value M(f)
is defined by the limit : limx,y--+oo(xy)- 1 L:m::;x,n:'Oy f(m, n) if this limit
exists. For an arithmetical function of two variables the definition of
multiplicativeness is given in Delange[2]. In that paper, he investigated
a density for sets of pairs (m, n) of positive integers satisfying certain
conditions, and he studied the mean value of the function f = 1e where
1e is the characteristic function of a set E, under the assumption of
the multiplicativeness of 1e. He applied his mean value theorems to
the set of irreducible fractions of the form njm, and derived interesting
formulas concerning densities. More precisely, let Fa,b,x be the set of all
irreducible fractions njm with a ::; njm ::; b and whose denominator is
::; x. Let <I>a,b(x) be the number of elements of :Fa,b,x, and let <I>~ b(x) be
the number of elements n/m of :Fa,b,x for which m and n are squ'arefree.
Then he proved that <I>~,b(x)/<I>a,b(x) tends to ; 2 Il{l- 1/(p + 1) 2 } as
x tends to infinity.
After Delange's paper, to my knowledge, few results with respect
to a mean value of a multiplicative function of two variables have been
known. In Babu[1], the distribution of a real valued additive or multiplicative function of two variables is investigated and the conditions
under which the distribution is absolutely continuous or singular are
described. But in this paper we concentrate our attention not to the
distribution but to the mean value.
Delange treated the case If I ::; 1, but we do not confine ourselves
to the case when f is bounded, and our theorems below are valid even
when f is unbounded. Our methods of proving mean value theorems are
different from Delange's work and our infinite product representation of
a mean value is simple.
Lastly, five examples are given, which are not trivial generalizations
in cases of one variable.
Notations.
N = {1, 2, .... } , the set of positive integers,
C the set of complex numbers,
f.L the Mobius function,
8 the delta function, i.e. , Da,b=1,0 according to a = b or not,
P the set of prime numbers (p or q [in general] denotes prime),
gcd (a, b) the greatest common divisor of integers a, b; often also written
as (a, b),
f « g the Vinogradov symbol, i.e., f « g means that there exists a
constant M > 0 such that lf(x)l ::; Mg(x) holds for all x > 0,
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f * g the convolution off and g, i.e.,
f * g(n) = Ldln f(d)g(n/d) when f, g: N---+ C and
f * g(m, n) = Lklm, lin f(k, l)g(mjk, n/l) when J, g: N 2 ---+ C.
We first generalize Wintner's theorem, which is well known in the
case of a usual arithmetical function of one variable (Schwarz-Spilker[3]),
to the case of an arithmetical function of two variables. Let J..L( m, n) =
J..L(m)J..L(n), for n, mEN.
Theorem 1. Let f : N 2 ---+ C be an arithmetical function of two
variables. Suppose 'L:,n= 1(mn)- 1lf * J..L(m, n)l < oo. Then, the mean
value M(f) = limx,y~oo(xy)- 1 Lm-:;x,nS:y f(m, n) exists, and equals
'L:,n= 1 (mn)- 1 f * J..L(m, n).
In the usual case when f is an arithmetical function of one variable,
we require the multiplicativeness of f to represent the mean value as an
infinite product over primes. We next give a definition of a multiplicative
function of two variables which appeared in Delange[2].
Definition.
Let f : N 2 ---+ C be an arithmetical function of
two variables. We say that f is a multiplicative function if f satisfies j(m1m2, n1n2) = j(m1, n1)J(m2, n2) for any m1, m2, n1, n2 E N
satisfying (m1n1, m2n2) = 1.
We also generalize Cor.2.3 of Schwarz-Spilker[3] (p.51) to the case
of multiplicative functions of two variables.
Theorem 2. For a multiplicative function of two variables
set fork, l E N and two distinct primes p, q,

J,

!::.oof(p, q) = !(1, 1) = 1,
!J.kDf(p, q) = f(pk) 1) - f(pk-I, 1 ),
!::.od(p, q) = f(1, q1)
!J.kd(p, q)

= f(pk, ql)

-

!(1, q1-

1 ),

- f(pk) ql-1) - f(pk-1, ql)

+ f(pk-1, ql-1 ).

Suppose

2:: k,l?_O,k+l?_
2::

pEP

1

k+llt:.kd(p,p)l < oo.
1

p

Then the mean value M(f) exists, and equals

we
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Oun class of multiplicative functions of two variables that satisfies
the condition of Theorem 2 is given in the next theorem.
Theorem 3. Let g be a multiplicative function of one variable satisfying
1
2klg(pk)- g(pk-1)1 < oo.
pEP k~1 p

I: I:

If we set f(m, n) = g((m, n)) , then f becomes a multiplicative function
of two variables and the mean value M(f) exists, which is equal to
1
II (1 +I: 2k(g(pk)g(pk-1))).
pEP

§2.

k~1 p

Proofs.

Lemma 4. For arithmetical functions of two variables f and g, we
have
L....
f*g(m,n)=
L....
F(-,-)g(m,n),
"
"
"
"
X
y
m:5,x,n:5,y

where F(x, y) =

m n

m:5,x,n:5,y

Lm::;x,n:5,y

f(m, n).

(Proof.) By the definition of the convolution we have

L

f*g(m,n)

=

m:5,x,n:5,y

Lemma 5. The identity J-L * 1 = r5 holds, where 1(m, n)

=1,

J-L(m, n) = J-L(m)J-L(n), and r5(m, n) = r5m,1r5n,1·

(Proof.) The proof is the same as that in the case of one variable.
Proof of Theorem 1.

Noting that f

L
m:5,x,n:5,y

= f * J-L * 1 by Lemma 5, we have by Lemma 4

f(m,n)

=

L
m:5,x,n:5,y

f*J-L* 1(m,n)

=

L
m:5,x,n:5,y

f*J-L(m,n)[~][~]
m n
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n

=:
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h +h +h +h

where

I:

h =xy

m$x,n$y

1
-f*J.L(m,n),
mn

I:

l2=X

m$x,n$y

I:

I:

m$x,n$y

m$x,n$y

h =y

* p(m, n),

0( 1) f
m

0(1)/

* p(m, n).

Obviously,
1
lim x,y-->oo xy

1
-p

00

h

=

I:

mn

m,n=l

* f(m,n).

As for the remainder terms we first see that

1

1
n 1
I:
-lf*J.L(m,n)l « I: --lf*J.L(m,n)l
xy m$x,n$y m
m$x,n$y y mn
x

-1121 « xy

m$x,n$.JY

1
,jfJ

I:

n 1

""""'
~

--lf*J.L(m,n)l+
ymn

:::;- I:
m$x,n$.JY

1
:::;I:
,jfJ

m>l n>l

n 1

m$x,.JY<n$y

1
-lf*J.L(m,n)l+
mn
1
mn

I:
I:

1
mn

-lf*p(m,n)l

m2:l,n>.JY

0 ( x, y

1
mn

-lf*J.L(m,n)l

m$x,.JY<n$y

-lf*J.L(m,n)l+
--->

--lf*J.L(m,n)l
ymn

---> 00 ).

Therefore h/xy---> 0. Similarly we also see that h/xy---> 0. As for the
term ! 4 , we have

mn 1
I:
lf*J.L(m,n)l = I: --lf*J.L(m,n)l
xy m$x, n$y
m$x, n$y xy mn
1

1

«yfxfj
+

I:
m"Sfi, n$v'fj

1

I:

r;;.

yX

m"Sfi, .JY<n$y

1

«rr;;;
-

I:

y~IJ m2:1, n2:1

1
mn

1
,jfJ

I:

-lf*J.L(m,n)l+1
mn

fi<m$x, n$v'fj

I:

-lf*J.L(m,n)l+

""""'
~

YIJ m2:1, n2:1

1
mn

-lf*J.L(m,n)l

fi<m$x, .JY<n"Sy

1
1
-lf*J.L(m,n)l+mn
ly

1
mn

-lf*J.L(m,n)l

1

-lf*J.L(m,n)l
mn
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1

+..jX

1

'"'
L...-

m2':1, n2':1

-If*
JL(m, n)l +
mn
--+

1

L
m>,fX, n>,jY

-If*
JL(m, n)l
mn·

0 ( x,y--+ oo).

Therefore we have l4jxy--+ 0 ( x, y
is proved.

--+

oo), and thus Theorem 1

Lemma 6. (Delange[2]) If f, g are multiplicative functions of two
variables, then the convolution f * g is also a multiplicative function of
two variables.

Proof of Theorem 2.

We see that f satisfies the assumption of Theorem 1 when f satisfies
the assumption of Theorem 2. As in the proof of Schwarz-Spilker[3] p.51
Cor.2.3, noting that f *JL is mutiplicative iff is mutiplicative by Lemma
6, we have

1
II (I: kll~kzf(p,q)l)
· · · (*)
p:5,x, q:5,y

Since

~kzf(p,

q)

=

k,l2':0 p q

~kof(p, q)~ozf(p,

q)

=

~kof(p, p)~ozf(q,

q) if

pi=- q and k, l ~ 1 by the multiplicativeness off, we have

:::; exp(2

L
pEP

k1+ll~kzf(p,p)l)

L

< oo,

k,l2':0, k+l2':1 p

by the well-known inequality 1 + (3 :::; exp((3) for (3 ~ 0 and the
assumption of Theorem 2. Therefore by Theorem 1, the mean value
M(f) exists and equals L::;;',n=l (mn)- 1f * J.t(m, n). It is easy to see
that

=
I:

m,n=l

1

- f * J.t(m, n) =
mn

1
II (I:. pk+l
~kzf(p,p))

pEP

k,l2':0
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by Lemma 2 of Delange[2].
Proof of Theorem 3.

Let g satisfy the assumption of Theorem 3 and we set f(m, n)
g((m, n)). It is easy to see that f becomes a multiplicative function of
two variables. Moreover we easily see that

ilkof(p,p) = ilod(p,p) = 0, for k,l::::: 1,
ilkd(p,p) = 0, for k f-l and k,l ::::0:1, and
llkd(p,p) = g(pk)- g(pk- 1), for k = l : : 0: 1.
Therefore we obtain

I: I:
pEP

k1+zlilkd(p,p)l

k,l?:O,k+l?:1 p

=I: I:
pEP k?:1

;k lg(pk)- g(pk- 1)1 < oo.
p

By Theorem 2 the mean value M(f) exists, and it is easy to see that
1
IT (1 + L 2f(g(pk)g(pk-1))).

M(f) =

pEP

§3.

k?:1

p

Examples.

Example 1. (Delange[2]) If f(m, n) = 11 2 (mn), then f becomes
a multiplicative function of two variables, and the mean value !1,1 (f)
exists and

M(f)

=(:zfiT{l-(p :1)2}.
pEP

(Proof.) It is easy to see that f satisfies the assumption of Theorem
2. Since il2of(p,p)
flo2f(p,p)
ilnf(p,p)
-1, floof(p,p)
il12f(p,p) ll2d(p,p) 1, and ilkd(p,p) 0 otherwise, we have

=
=

=

M(f) =

=

=

IT (1- 2_p2 + 2.)
= IT (1 p3

pEP

pEP

6
= ( 1!'2

)2 IT {1 -

(p

=

_!_ )2{1-

p2

=

(p

+1 1 )2 }

1

+ 1)2 }.

pEP

Example 2. If f(m, n) = (m, n)"' (a < 1), then f becomes a multiplicative function of two variables, and the mean value JVI(f) exists
and
M(f) =
(1 + ~Q- 1 ).
pEP
p - p"'

IT
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(Proof.) This is the case when g(n) =nOt in Theorem 3, which satisfies
the assumption of Theorem 3 because

=

2:: pPOt--pOt1 < oo.
2

pEP

The proofs of the following examples are similar.
Example 3. If f(m,n) = !l((m,n)), then f becomes a multiplicative
function of two variables, and the mean value M (f) exists and

M(f)

Example 4. If f(m, n) = 11 2 ((m, n)), then f becomes a multiplicative
function of two variables, and the mean value J\,1(!) exists and

M(f)

Example 5. If f(m,n) = crOt((m,n)), (0 <a:< 1), where crOt(n) =
Ldln dOt , then f becomes a multiplicative function of two variables, and

the mean value M(f) exists and

M(f)

=

IT (1 + 1 -

1

pOt-2 ).

pEP
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