
























Euler Equations 13 

For the proof we refer [15]. For plane flows(solution of the 2D Euler 
equations) w = 0. Hence, as a trivial corollary of the above theorem we 
obtain the global regularity for the 2-D Euler equations. It would be 
interesting to improve the above result by replacing llwlliio by llwiiL=, 

xl 

or even llwllii~ x. For the 3D Navier-Stokes case it was possible to 

obtain the Serrin type of regularity criterion by llwllu;,", where L!jq = 
LP(O, T: U(JR.3 )), 2/p + 3/q = 1 is the scale invariant space for the 3D 
Navier-Stokes equations([24]). Next, we consider the axisymmetric 3D 
Euler equations. By the axisymmetric flow we mean the velocity field 
v(r, x 3 , t) has the representation: 

v(r, X3, t) = vr(r, X3, t)er + v 8 (r, X3, t)ee + v 3 (r, X3, t)e3, 

where r = Jxi + x§, and 

X1 X2 
er = (-, -,0), 

r r 
X2 X1 

ee = ( --, -, 0), e3 = (0, 0, 1). 
r r 

The vorticity w = curl v is computed, w = wr er +we ee + w3 e3 , where 
wr = -ax3Ve,we = ax3Vr- arv3,w3 = ~ar(rve). We use the notations, 
v = vrer +v3e3,w = wrer +w3e3, and w = w +we with we= weee. The 
Euler equations for the axisymmetric solution are 

avr - - r ap 
at + ( v . V')v = - ar' 

ave - - e vrve 
at + (v. V')v = --r-, 

av3 - - 3 ap -+(v·V')v =--
at ax3 

with div v = 0, v(r,x3,0) = vo(r,x3), where we set '\7 = er/}r + 
e3 cfL. For the axisymmtric flow we have control of the blow-up by one 

UX3 

component of vorticity. 

Theorem 3.5. Let v be the local classical axisymmetric solution of 
the 3-D Euler equations, corresponding to an axisymmetric initial data 
Vo E Hm(JR.3 ). We decompose w = w +we, where w = wrer + w3e3 and 
we = we ee. Then, 

lim sup llv(t)IIH"' = oo {o} {T llwe(t)lliio dt = oo. 
t/T } 0 x.l 

For the proof we refer [15]. We note that for the axisymmetric 3-D 
Navier-Stokes equations with swirl it is possible to control the regularity 
only by llwellu;," with 2/p + 3/q = 1([29]; see also[81]). 
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§4. Dynamics of the Deformation Tensor 

Given velocity field v, we introduce the 3 x 3 matrices V = (Vi1 ), P = 

( Pij ) defined by 

v: - avj 
ij- -a , 

Xi 

Let us decompose the gradient matrix into the symmetric and the anti­
symmetric part, 

The symmetric part Si1 is the deformation tensor, while the antisym­
metric part Aij is related to the vorticity by (we use the summation 
convention) 

4.1. The spectral dynamics 

The spectral dynamics approach in the fluid mechanics was initiated 
by Liu-Tadmor( [7 4]). They investigated the pointwise dynamics of the 
eigenvalues of the matrix (Vi1 ) for a specific model system for the Euler 
equations, called the 'restricted Euler equation', where a non-local term 
arising from the pressure was replaced by an artificial local term. In this 
section we briefly review recent approach by the author of this article 
in [18], where the spectral dynamics of the deformation tensor sij was 
studied for the full 3D Euler system. We note the related approaches 
applied to the Navier-Stokes equations in [80]. In the Euler equations, 
taking partial derivatives a 1 ax k of ( 1.1) yields 

( 4.1) DV = -V2- p 
Dt ' 

D a 
- =- + (v · \i')v. 
Dt at 

Using the decomposition V = S +A, the symmetric part of (4.1) can be 
written as 

from which, substituting the formula Aij = ~EijkWk, we derive 

DSij 1 2 -- = -sksk + -(Jwl 8·.- w·w ·)- p. 
Dt ' 3 4 '3 ' 3 •1 
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Using this formula, we compute 

where we used the £ 2-version of the vorticity equation, 

We note 

Hence, 

Substituting this into previous one, we obtain that 

Let >.1, >.2, >.3 be the eigenvalues of the deformation tensor Si1, then we 
have just derived the following equation holds. 

Using the fact >.1 +>-2 +>.3 = 0, we easily obtain >.y +>.~ +>.~ = 3>.1>.2>.3. 
In conclusion we have just derived, 

(4.2) 

Using this formula, we can deduce the following theorem. 
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Theorem 4.1. We set 0. = JR3 or 1!'3 . Let v(x, t) be the classical so­
lution of the 3D Euler equations in 0., and >.1(x, t) ~ >.2(x, t) ~ >.3(x, t) 
be the eigenvalues of the deformation tensor Sii· We denote >.t(x, t) = 
max{>.2(x, t), 0}, and >-2 (x, t) = min{>.2(x, t), 0}. Then, the following 
(a priori) estimates hold. 

exp [ t (~ inf >.!(x, t)- sup 1>-2 (x, t)l) dt] ::; lll~(tiil£2 
} 0 2 xEf! xEf! wo £2 

::; exp [ t (sup>.!(x,t)- ~ inf l>-2(x,t)1) dt] Jo xEf! 2 xEf! 

For the proof we refer [18]. From the previously known Constantin's 
equation( [38]), 

Dlwl = alwl 
Dt ' 

we also have 

w·Sw 
a(x,t) = ~' 

(1t ) llw(t)ll£2 (1t ) exp infa(x,s)ds ::; II II ::;exp supa(x,s)ds . 
o xEf! Wo £2 o xEf! 

Combining this with the estimate for the Rayleigh quotient, A3 ::; a ::; 
>.1, we derive 

Notice that Theorem 4.1 contains only >.2 to control the growth/decay, 
and could be regarded as a refinement. 

Corollary 4.1. Letv0 E Hm, m > 5/2 be given, and >. 1 (x, t),>.2 (x, t), 
>.3 (x, t) are as in Theorem 4.1. Then, 

1T. 

lim sup llw(t)ll£2 = oo =? 11>-!(t)IIL=dt = oo. 
t->T, 0 

Proof. From the estimate of Theorem 4.1, we have immediately 

This implies the corollary. 0 

Let f = (h, h, h), div f = 0. We denote by >.2(!) the second 
largest eigenvalue of the symmetric part of \7 f. We define admissible 
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classes A± defined by A+ = {f E Hm(f!) I infxEl1 Az(f)(x) > 0 }, and 
A_ = {f E Hm(f!) I supxEl1 Az(f)(x) < 0 }. Given Vo E Hm, let T*(vo) 
be the maximal time of unique existence of solution in Hm for the Euler 
system. Let St: v0 >----+ v(t), from Hm into Hm, be the solution operator 
of the Euler system. Given f E A+, we define the first zero touching 
time of )..2 (f) as 

T(f) = inf{t E (0, T*(vo)) l::lx E f! such that .A2 (Stf)(x) < 0}. 

Similarly for f E A_, we define 

T(f) = inf{t E (0, T*(vo)) I::Jx E f! such that Az(Stf)(x) > 0}. 

Observing that vo E A+(resp. A_) implies .A2 = 0, .>..i = .Az(resp . 
.>..t = 0, .>..;- = .>.. 2 ) on f! x (0, T(v0 )), we have the following corollary of 
Theorem 4.1. 

Corollary 4.2. Let v0 E A± be given. We set .A 1 (x, t) :::- .Az(x, t) :::­
.A3(x, t) as the eigenvalues of the deformation tensor associated with 
v(x, t) = (Stvo)(x) defined t E (0, T(vo)). Then, for all t E (0, T(vo)) we 
have the following estimates: 
{i) If vo E A+, then 

exp (~ t inf I.Az(x, s)lds) ~ llw(t)ll£2 ~ exp ( ft sup I.Az(x, s)lds). 
2 Jo xES! llwoll£ 2 Jo xEl1 

{ii) If vo E A_, then 

( 1t ) llw(t)ll£2 ( 11t ) exp - sup I.Az(x, s)lds ~ II II ~ exp -- inf I.Az(x, s)lds . 
o xEl1 Wo £2 2 o xEl1 

Using the spectral equation (4.2), we can also prove some decay in 
time estimates for some ratios of eigenvalues. 

Theorem 4.2. Here we consider the three dimensional periodic do­
main 1I'3 . Let v0 E A± be given. We define 

where we set 

( ) _ I.Az(x, t)l 
EX, t - A(X, t) \f(x, t) E 1I'3 x (0, T(vo)), 

{ 
.A1(x, t) 

.A(x, t) = ( ) 
-.>..3 x, t 

if vo E A+ 
if vo E A_. 
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Then, there exists a constant C 
volume of the box 1!'3 , such that 

c 
inf c:(x, s) <- \ft E (0, T(vo)). 

(x,s)ET3 x(O,t) Jt 
For the proof we refer [18]. 

4.2. The points leading to possible singularities 

The blow-up criteria introduced in the previous sections are in­
dependent on the initial data. Here we present recent results by the 
author of this article(see [19] for more details), where the blowing-up 
condition depends on the initial data and points on the domain. Let 
w(x, t) /c 0 at (x, t), and ~(x, t) = w(x, t)/lw(x, t)l be the direction field 
of the vorticity. At such point (x, t) we define the scalar fields O"(x, t) = 
'L7,J=l ~i(x, t)Sij(x, t)~J(x, t), andp(x, t) = "L7.j=l ~i(x, t)Pij(x, t)~J(x, t), 
where S(x, t) and P(x, t) are the deformation tensor and the Hessian of 
the pressure respectively, associated with the flow. As will be seen be­
low the quantities O"(x, t) and p(x, t) have prominent roles in leading to 
finite time singularity of solution to the Euler system (1.1)-(1.3). We 
denote O"o(x) = O"(x, 0), p0 (x) = p(x, 0). The function X(a, t), which is 
the particle trajectory introduced before. Then, we have 

Theorem 4.3. Given v0 E Hm(n), m > 5/2 with div v0 = 0, let 
us define the set S by 

S = {a En I wo(a) /c 0, O"o(a) > 0, and po(a) < -0"6(a)}. 

Suppose there exists a E S, and c: E (0, 1] satisfying, 

sup j(20"2 + p)+((X(a, t), t)) ~ (1- c:)O"o(a), 
o::;t< E:O"f~(u) 

where (h)+= max{h,O}. Then the solution of (1.1)-(1.3) with the ini­
tial data vo blows up in finite time. Moreover, the blow-up time T. is 
estimated from above by 

1 
T. < ------,--...,.. 

- supaES C:O"o(a) 

The set S of candidate points in rl leading the finite time blow-up 
is specified by functions O"o, p0 which involve nonlocal operators. Recall 
that S contains singular integral operators acting on the vorticity w(see 
e.g. [76]), and Pij = -RiRJTr[('Vv) 2 ], where Ri, i = 1, 2, 3, are the 
three dimensional Riesz transforms. We note that the similar type of 
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specification of the corresponding set is given for the one dimensional 
model equation studied in [36], where the nonlocal operator is the Hilbert 
transform. In particular, as will be seen in the proof below, the condition 
£To(x) > 0 corresponds to the initial amplification of vorticity at the 
point x. We also note that £To( -vo) = -£T0 (v0 ). Hence, by reversing 
the direction of initial velocity we can change the sign of £To. We can 
easily check that S = 0 for the 2D Euler equations. We note that for 
the well-known example of Taylor-Green vortex S =1- 0(see [19]). We 
note that £To(o:) > J[po(o:) + 2£T5(o:)]+ if and only if £To(o:) > 0 and 
Po ( o:) < -0"5 ( o:). Hence, as a special case of the above theorem we can 
choose 

c _ 1 _ J[2£T5(a) + po(a)]+ 
- lTo(a) ' 

and we have the following corollary. 

Corollary 4.3. Let v0 , S be as in Theorem 2.1. Suppose there 
exists a E S such that 

[(2£T2 + p)(X(a, t), t)]+ ::; [2£T5(a) + Po(a)]+ 

for all t E [0, <ro(a)~ho(a) ), where ho(a) = J[2£T5(a) + Po(a)]+· Then 
the solution of (1.1}-(1.3} with the initial data v0 blows up along the 
trajectory {X (a, t)} in finite time, T* with the upper estimate 

§5. Model Problems 

5.1. The quasi-geostrophic equations 

The 2D quasi-geostrophic equation(QG) models the dynamics of the 
mixture of cold and hot air and the fronts between them. 

(QG) 

Ot + (u · \1)8 = 0, 

u = -V.l(-~)-!e 

( = v.l r e(y, t) dy) , 
J!R2 lx- Yl 

O(x, 0) = Oo(x), 

where V'.l = ( -82 , 81). Here, O(x, t) represents the temperature of the 
air at (x, t) E IR2 x IR+. Taking V'.l to the first equation of (QG), we 
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obtain 

where 
u = r 'Vl_e(y, t) dy. 

J!Rz lx- Yl 

This is exactly the vorticity formulation of 3D Euler equation if we 
identify '71_() <¢==? w. The local existence can be proved easily following 
T. Kato's classical method. The blow-up criterion[40] is 

1T. 

lim sup IIB(t)llw = oo if and only if 
0 

II'V1_8(s)IILxds = oo. 
t/T. 

This result has been refined, using the Triebel-Lizorkin spaces [14]. The 
question of finite time singularity/ global regularity is still open, although 
there are some of interesting partial results in [42, 45, 46, 47, 48, 49](see 
also [41, 36, 43, 30, 95, 96, 97] for the studies of the viscous quasi­
geostrophic equation). 

5.2. One dimensional QG model 

In this section we present the results in [26](see also [44] for the 
related result). We begin with 

Note that 

{ 
Bt + ( u · '7)8 = 0, 

(QG) u = -'Vj_(-~)-!e, 

8(x, 0) = 8o(x), 

where Rj, j = 1, 2, for the two dimensional Riesz transform(see e.g. 
[85]) defined by 

RJ(8)(x, t) = _2_PV { (xJ- YJ)B(y, t) dy. 
21r JIR2 lx- yl 3 

We can rewrite Bt + div [(R1_8)8] = 0, since div(Rj_8) = 0. To con­
struct the one dimensional model we replace Rl_ ( ·) =? H ( ·) and div 
(·) =? 8x to obtain Bt + (H(8)8)x = 0. Defining the complex valued 
function z(x, t) = H8(x, t) + i8(x, t), and following the argument due to 
Constantin-Lax-Majda([39]), we find our equation is the imaginary part 
of complex Burgers' equation, Zt + zzx = 0. Contrary to the real Burgers' 
equation The characteristics method does not work here for the proof 
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of finite time singularity for smooth solutions. By different method we 
can prove the finite time blow-up for the generic initial data as follows. 

Theorem 5.1. Given a periodic non-constant initial data eo E 

C1 ([-1r,1r]) such that J::1re0 (x)dx = 0, there is no C1 ([-1r,1r] x [O,oo)) 
periodic solution to the model equation. 

For the proof we refer [26]. Here we give an idea of construction 
of an explicit blowing up solution. We begin with the complex Burgers 
equation: 

Zt + ZZx = 0, Z = U + ie 

with u(x, t) = He(x, t). Expanding it to real and .imaginary parts, we 
obtain the system: 

{ 
Ut + UUx - eex = 0, 

et + uex + eux = 0 

In order to perform the hodograph transform we consider x( u, e) and 
t(u, e). We have, 

Ux Jto , ex = -Jtu , 

Ut - J X(} , et = J Xu , 

where J = (xuto- xotu)- 1 . By direct substitution we obtain, 

{ -xe + ute + etu : 0 ' 

Xu - Utu + eto - 0 . 

as far as J- 1 -:f 0. This system can be written more compactly in the 
form: 

{ 
-(x- tu)e + (te)u = 0 

(x- tu)u + (te)e = 0, 

which leads to the following Cauchy-Riemann system: 

for 

{ 
ry(u, e): x(u, e)- t(u, e)u. 

~(u, e)= t(u, e)e 

Hence, f(z) = ~(u, e)+ iry(u, e) with z = u + ie is an analytic function. 
Choosing f(z) = ln z, we find, 

(5.1) { 
te = ln J u 2 + e2e 

x- tu =arctan-, 
u 
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which corresponds to the initial data,z ( x, 0) = cos x + i sin x. The rela­
tion 5.1 defines implicitly the real and imaginary parts (u(x, t), e(x, t)) 
of the solution. Removing e from the system, we obtain tu tan( X- tu) = 
ln lu/ cos(x- tu)l, which defines u(x, t) implicitly. By elementary com­
putations we find both Ux and ex blow Up at t = e- 1 . 

5.3. The Boussinesq equations 

The system of (viscous) Boussinesq equations is 

av at + (v. 'V)v = -'Vp + vD..v +eel, 

(B) 
ae 
at + (v · 'V)e = r;,D..e 

div v = 0, 

v(x, 0) = vo(x), e(x, 0) = ea(x) 

where v = (v1,v2), v1 = v1(x,t),j = 1,2, e1 = (1,0), v,r;, ~ 0. The 
case v = r;, > 0( = 0) is known to be essentially equivalent to the 3D 
axisymmetric N avier-Stokes(Euler) equations off the axis of symmetry. 
In the case v = r;, > 0, the global regularity is well-known, while in 
the fully inviscid case of r;, = v = 0 the problem of regularity /finite 
time singularity is completely open. In this case the local existence 
and blow-up criterion is obtained [51, 26, 29, 87]. Here we consider the 
case r;, = 0, v > 0 or r;, > 0, v = O(the 'partial viscosity' case). We 
can view these cases as the system 'between the Navier-Stokes and the 
Euler equations'. In the article [77], H. K. Moffatt asked the question 
of existence of singularity in the case r;, = 0, v > 0 and its possible 
development in the limit r;, ---> 0( vanishing diffusivity limit), and listed 
this as one of the 21th century problems. For this problem there is 
a partial result excluding the "squirt singularities" ([49]). The author 
of this article recently proved that actually there is no singularity at 
all in this case, and the strong convergence happens in the vanishing 
diffusivity limit. Actually we have: 

• Global regularity for both of the cases(r;, = 0, v > 0, and 
"'> 0, v = 0) 

• Strong convergence for vanishing viscosity(v---> 0 with r;, > 0 
fixed), and vanishing diffusivity(r;, ---> 0 with v > 0 fixed) limits. 

For the proof we refer [16]. Our proof shows that both of the partial vis­
cosity cases are the 'critical' ones in the sense that the classical method 
of a priori estimates 'barely' works. We note that the global regularity 
part of the above is also obtained independently in [58]. 
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5.4. The modified Euler equations 
We are first concerned on the system in a periodic domain ']['n = 

IRn /'liP. 

at + (u. \7)u = -\7q + (1 + c)ll\7u(t)IIL=u, 
{ 

au 

(Pl) div u = 0, 

u(x, 0) = uo(x), 

where u = (u1 , · · · , un), Uj = ui(x, t), j = 1, · · · , n, q(x, t) is a scalar, 
and c > 0 is a constant. We note that the system (Pl) has the same 
scaling property as the Euler system. 

Theorem 5.2. Given sufficiently smooth u0 with div u0 = 0, the 
following statements hold true for ( Pl). 

(i) (finite time blow-up) If llwoiiL"" =f 0, then there exists time 
t* :s; c:llwoll L = such that the solution actually blows up at t*. 

( ii) (relation to the Euler equations) The relation between the solu­
tion u(x, t) of (P1 ) and the solution v(x, t) of the Euler system 
(1.1)-(1.3) is given by u(x, t) = cp'(t)v(x, cp(t)), where 

cp(t) =,\lot exp [(1 +c) for ll\7u(s)IIL=ds] dT. 

(iii) (blow-up of the Euler system in terms of solutions of (Pi)) The 
solution v(x, t) of the Euler system (E) blows up at T* < oo 
if and only if fort* := cp- 1 (T*) < c:llwoliL"" both of the follow-

ings hold true: j~· exp [(1 +c) J; ll\7u(s)IIL=ds] dT < oo, and 

j~· exp [(2 +c) J; ll\7u(s)IIL=ds] dT = oo. 

Here we present the proof of (i) below. For the other parts we refer 
[21]. Let p E (2, oo). Taking £ 2 inner product with wlwiP- 2 , we obtain 

t! llwlltP L"' (w · \7)u · wlwiP- 2dx + (1 + c)ll\7uiiL= llwlltP 

> -ll\7uiiL= llwlltP + (1 + c)ll\7uiiL= llwlltp 
cll\7uiiL"" llwlltp :::: cllwiiL= llwllj,P, 

where we used the pointwise estimate lw(x, t)l :s; l\7u(x, t)l. Hence 
ftllwiiLP:::: cllwiiL= llwiiLP· Integrating this over (t, t +h), we have 

i t+h 

llw(t + h)IILP -llw(t)IILP :::: c t llw(s)IIL= llw(s)IILPds. 
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Passingp""""""' oo, we deduce llw(t+h)ll£= -llw(t)IIL= ~ c ftt+h llw(s)llic>Cds. 
Dividing both sides by h > 0, and passing to h """"""' 0, we obtain the differ­
ential inequality ft llwll£= ~ cllwlli=. Solving the differential inequality, 
we have blow-up: 

llwoll£= 1 
llw(t)ll£= ~ 1- cllwoiiL=t = c(t*- t)' 

If, instead, we consider the following problem: 

· { au - + (u · V)u = -Vq- (1 + c)IIVu(t)IIL=u, at 
(P2) div u = 0, 

u(x, 0) = uo(x), 

for c ~ 0, then we can prove(see [21]): 

Theorem 5.3. Given u0 E Hm(fl), m > ~ + 2, then the solution 
u(x, t) of (P2 ) belongs to C([O, oo) : Hm(!Rn)). Moreover, we have the 
following decay estimate for the vorticity, 

Vt E [0, oo). 

§6. Nonexistence of the Self-Similar Blow-up 

The Euler system (1.1)-(1.3) has scaling property that if (v,p) is a 
solution, then for any >. > 0 and a E lR the functions 

v>-'"'(x, t) = >."'v(>.x, >."'+lt), p>.'"'(x, t) = >.2"'p(>.x, >."'+1 t) 

are also solutions with the initial data v;'"'(x) = >."'v0 (>.x). 
In view of this it would be interesting to check if there exists any non­
trivial solution ( v"'(x, t), p"' (x, t)) of the form, 

j "'( ) 1 ( X ) v x, t = ...£... v 1 ' 
(T* - t) <>+ 1 (T* - t) n+l 

"'( ) 1 ( X ) p. x,t = 2a p 1 

(T* - t) a+1 (T* - t) a+l 

for t E [0, T*) and a =f -1. Substituting this into the Euler equations, 
we find that (V, P) should be a solution of the system 

(6.1) 

(6.2) 

0: 1 
--V + --(x · V)V + (V · V)V 
o:+1 o:+1 

div V 

-VP, 

0, 
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which could be regarded as the Euler version of the Leray's equations( [71]). 
Now the question of existence of self-similar blow-up is equivalent to that 
of solution to the system (6.1)-(6.2). For the solution of (6.1)-(6.2), we 
have the following earlier result in [12]: 

Theorem 6.1. If V E H 1 (IR.3 ) is a nontrivial(nonzero) classical 
solution of (6.1)-(6.2) in IR.3 , then the helicity of V is equal to zero, 
namely JIR3 V · f1dx = 0, where f1 =curlV. 

More recently the author ruled out completely the self-similar singu­
larities assuming some integrability condition for the vorticity( [22, 23]). 

Theorem 6.2. There exists no finite time blowing up self-similar 
solution to the 3D Euler equations of the form described above with a -:f 
-1' if there exists Pl > 0 such that the vorticity n =curl v E LP (JR. 3) 

for all p E (O,pl). 

We recall that the similar problem for the 3D Navier-Stokes equa­
tions is settled down in [78, 92]. 
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