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§0. Introduction

Let X be a smooth projective variety over C. Let a := {oyx €
HY%(U;NnU; NUg, O%)} be a 2-cocycle representing a torsion class [a] €
H?(X,0%). An o-twisted sheaf E := {(E;, pi;)} is a collection of
sheaves F; on U; and isomorphisms ¢;; : Eju,nv; — Ejju,nu, such that
v = idg,, @5 = <pi_j1 and @i © Yji © Yi; = ok idg,. We assume that
there is a locally free a-twisted sheaf, that is, a gives an element of the
Brauer group Br(X). A twisted sheaf naturally appears if we consider a
non-fine moduli space M of the usual stable sheaves on X. Indeed the
transition functions of the local universal families satisfy the patching
condition up to the multiplication by constants and gives a twisted sheaf.
If the patching condition is satisfied, i.e., the moduli space M is fine,
than the universal family defines an integral functor on the bounded de-
rived categories of coherent sheaves D(M) — D(X). Assume that X is
a K3 surface and dim M = dim X. Then Mukai, Orlov and Bridgeland
showed that the integral functor is the Fourier-Mukai functor, i.e., it is
an equivalence of the categories. In his thesis [C2], Caldararu studied
the category of twisted sheaves and its bounded derived category. In
particular, he generalized Mukai, Orlov and Bridgeland’s results on the
Fourier-Mukai transforms to non-fine moduli spaces on a K3 surface.
For the usual derived category, Orlov [Or] showed that the equivalence
class is described in terms of the Hodge structure of the Mukai lattice.
Caldararu conjectured that a similar result also holds for the derived

Received December 13, 2004.
Revised January 7, 2005.



2 K. Yoshioka

category of twisted sheaves. Recently this conjecture was modified and
proved by Huybrechts and Stellari, if p(X) > 12 in [H-St]. As is well-
known, twisted sheaves also appear if we consider a projective bundle
over X.

In this paper, we define a notion of the stability for a twisted sheaf
and construct the moduli space of stable twisted sheaves on X. We also
construct a projective compactification of the moduli space by adding
the S-equivalence classes of semi-stable twisted sheaves. In particular if
HY(X,0x) =0 (e.g. X is a K3 surface), then the moduli space of lo-
cally free twisted sheaves is the moduli space of projective bundles over
X. Thus we compactify the moduli space of projective bundles by using
twisted sheaves. The idea of the construction is as follows. We consider
a twisted sheaf as a usual sheaf on the Brauer-Severi variety. Instead
of using the Hilbert polynomial associated to an ample line bundle on
the Brauer-Severi variety, we use the Hilbert polynomial associated to
a line bundle coming from X in order to define the stability. Then the
construction is a modification of Simpson’s construction of the moduli
space of usual sheaves (cf. [Y3]). M. Lieblich informed us that our
stability condition coincides with Simpson’s stability for modules over
the associated Azumaya algebra via Morita equivalence. Hence the con-
struction also follows from Simpson’s moduli space [S, Thm. 4.7] and
the valuative criterion for properness.

In section 3, we consider the moduli space of twisted sheaves on a K3
surface. We generalize known results on the moduli space of usual stable
sheaves to the moduli spaces of twisted stable sheaves (cf. [Mu2], [Y1]).
In particular, we consider the non-emptyness, the deformation type and
the weight 2 Hodge structure. Then we can consider twisted version
of the Fourier-Mukai transform by using 2 dimensional moduli spaces,
which is done in section 4. As an application of our results, Huybrechts
and Stellari prove Caldéararu’s conjecture generally (see Appendix).

Since our main example of twisted sheaves are those on K3 surfaces
or abelian surfaces, we consider twisted sheaves over C. But some of the
results (e.g., subsection 2.2) also hold over any field.

E. Markman and D. Huybrechts communicated to the author that
M. Lieblich independently constructed the moduli of twisted sheaves.
In his paper [Li], Lieblich developed a general theory of twisted sheaves
in terms of algebraic stack and constructed the moduli space intrinsic
way. He also studied the moduli spaces of twisted sheaves on surfaces.
There are also some overlap with a paper by N. Hoffmann and U. Stuh-
ler [Ho-St]. They also constructed the moduli space of rank 1 twisted
sheaves and studied the symplectic structure of the moduli space.
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§1. Twisted sheaves

Notation: For a locally free sheaf E on a variety X, P(E) —» X
denotes the projective bundle in the sense of Grothendieck, that is,
P(E) = Proj(P.~, S™(E)).

Let X be a smooth projective variety over C. Let o := {a;x €
HO(U;NU; NUx, O%)} be a 2-cocycle representing a torsion class [a] €
H%(X,0%). An o-twisted sheaf E := {(E;, )} is a collection of
sheaves F; on U; and isomorphisms ¢;; : Eyu,nv; — Ejju,nu; such
that ¢y = idg;, w5 = gai“jl and @g; 0 Yk © Yij = oy idg,. If all E; are
coherent, then we say that E is coherent. Let Coh(X, a) be the category
of coherent a-twisted shedves on X.

If E; are locally free for all i, then we can glue P(E)) together
and get a projective bundle p : Y — X with 6([Y]) = [a], where
[Y] € HY(X, PGL(r)) is the corresponding cohomology class of Y and
§ : HY(X,PGL(r)) —» H?*(X,0%) is the connecting homomorphism
induced by the exact sequence

1— 0% - GL(r) » PGL(r) — 1.

Thus [a] belongs to the Brauer group Br(X). If X is a smooth projective
surface, then Br(X) coincides with the torsion part of H2(X,0%). Let
Op(ey)(A:) be the tautological line bundle on P(EY). Then, ¢;; induces
an isomorphism 851‘]‘ : OP(E;/)()‘i)|p—1(UimUj) — OP(E;/)(/\j)lp'l(UiﬂUj)-
L(p* (@) := {(Opmy)(Xi), §ij)} is an p*(a~!)-twisted line bundle on
Y. :

1.1. Sheaves on a projective bundle

In this subsection, we shall interpret twisted sheaves as usual sheaves
on a Brauer-Severi variety. Let p: Y — X be a projective bundle. Let
X = U;U; be an analytic open covering of X such that p~1(U;) =
U; x Pr=1. We set Y; := p~}(U;). We fix a collection of tautological line
bundles Oy, (\;) on Y; and isomorphisms ¢;; : Oy,ny, (A;) — Oy,ny, (Ai)-
We set G; := p.(Oy,(N;))V. Then G, are vector bundles on U; and
p*(Gi)(\;) defines a vector bundle G of rank 7 on Y. We have the Euler
sequence

0—-0y —-G—Ty/;x —0.

Thus G is a non-trivial extension of Ty, x by Oy.

Lemma 1.1. Eth(Ty/X,Oy) = C. Thus G is characterized as a
non-trivial extension of Ty,x by Oy. In particular, G does not depend
on the choice of the local trivialization of p.
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Proof. Since Rp.(GY) = 0, the Euler sequence inplies that
Ext!(Ty,x,0y) = H(Y,0y) 2 C.
Q.E.D.

Definition 1.1. For a projective bundle p: Y — X, let ¢(Y)(:= G)
be a vector bundle on Y which is a non-trivial extension

0—- Oy —¢eY)—Ty/x —0.

By the exact sequence 0 — p, — SL(r) — PGL(r) — 1, we have
a connecting homomorphism &' : HY(X, PGL(r)) — H*(X, p,). Let
o: H*(X,ur) — H?*(X,0%) be the homomorphism induced by the
inclusion p, < O%. Then we have § = 004’.

Definition 1.2. For a P"~l-bundle p : Y — X corresponding to
[Y] € HY(X, PGL(r)), we set w(Y) := &§'([Y]) € H3(X, ).

Lemma 1.2 ([C1],[H-Sc]). Ifp:Y — X is a P~ !-bundle associated
to a vector bundle E on X, i.e., Y =P(EV), then

w(Y) = [c1(E) mod r].

Lemma 1.3. [c1(G) mod 7] = p*(w(Y)) € HX(Y, ).

Proof. There is a line bundle L on Y X x Y such that Ly, v, =
Pi(Oy; (= X)) @ p5(Oy,(\)), where p; : Y xx Y — Y, i =1,2 are i-th
projections. By the definition of G, p1.(L) ¥ GV. Hence p; : Y xxY —
Y is the projective bundle P(GV) — Y. Then we get

—[c1(GY) mod 1] = w(Y xx Y) = p*(w(Y)).
Q.E.D.

Lemma 1.4. Letp: Y — X be a P""1-bundle. Then the following
conditions are equivalent.

(1) Y =P(EV) for a vector bundle on X.
(2) w(Y) e NS(X) ® pr-
(3)  There is a line bundle L on'Y such that Ljp-1(;) = Op-1(5(1).

Proof. (2) = (3): If w(Y) = [D modr], D € NS(X), then
c1(e(Y)) — p*(D) = 0 mod r. We take a line bundle L on Y with
c(e(Y)) —p*(D) = rea(L). (3) = (1): We set EV := p,(L). Then
Y = P(EY). QE.D.
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Definition 1.3. Coh(X,Y) is a subcategory of Coh(Y') such that
E € Coh(X,Y) if and only if

Ely, 2 p*(Ei) ® Oy, (\i)
for E; € Coh(U;). For simplicity, we call E € Coh(X,Y) a Y-sheaf.

By this definition, {(U;, E;)} gives a twisted sheaf on X. Thus we
have an equivalence

(L1) ALPT(@™D) . Coh(X,Y) =  Coh(X,a)
) E = p*(E®LV)7

where L(p*(a™!)) := {(Oy;(\), ¢i;)} is a twisted line bundle on Y and
oz idoy. (n) = Bk © Bk © Pij.
We have the following relations:
P«(GY ® E)jy, =p«(p"(GY) ® Oy, (=) ® p*(E;) ® Oy, (\))
=p.p* (G} ® E;) = G{ ® E;,

P«(E) v, =p«(p"(Ev) ® Oy, (X))
=E; ® p«(Ov.(\i)) = G} ® E;.
Lemma 1.5. A coherent sheaf E on'Y belongs to Coh(X,Y) if and
only if ¢ : p*p«(GY ® E) — GV ® E is an isomorphism. In particular
E € Coh(X,Y) is an open condition.

Proof. ¢y, is the homomorphism
P'G{ @ p'p(E(-Ni)) = p*G{ ® E(=Xy).

Hence ¢y, is an isomorphism if and only if p*p.(E(=X;)) — E(=X\;) is
an isomorphism, which is equivalent to E € Coh(X,Y). Q.E.D.

Lemma 1.6. Assume that H3(X,Z)ior = 0. Then H*(Y,Z) =
H*(X,Z)[z]/(f(x)), where f(z) € H*(X,Z)[z] is a monic polynomial of
degree r. In particular, H*(X,Z) ® pur — H*(Y,Z) ® u, is injective for
all v'.

Proof. R*p.Z is a local system of rank 1. Since c1(Ky/x) is a
section of this local system, R?p.Z = Z. Let h be the generator. Then
R?%p,7Z =~ Zh'. Since H3(X,Z)tor = 0, by the Leray spectral sequence,
we get a surjective homomorphism H?(Y,Z) — H°(X, R?p,Z). Let
x € H%(Y, Z) be alifting of h. Then z* is a lifting of h* € H%(X, R%p.Z).
Therefore the Leray-Hirsch theorem implies that

H*(Y,Z) = H*(X, Z)[2]/(f(x))-
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Q.E.D.
Lemma 1.7. Assume that o(w(Y)) = o(w(Y")).
(i) Then there is a line bundle L on Y’ xx Y such that
L|p"1(z)><p*1(x) = Opl—l(z)(l) X Op—1(z)(—1)

forallz e X. If L' € Pic(Y' xxY) also satisfies the property,
then L' = L ® ¢*(P), P € Pic(X), where ¢: Y/ xxY — X is
the projection.

(i) We have an equivalence

gL ¢ Coh(X,)Y) — Coh(X,Y)
E = py«(p'y(E) ® L),

where py: 1 Y xxY — Y and py : Y xxY — Y are
projections.

Remark 1.1. We also see that E is a Y-sheaf if and only if p'y (E) ®
L = p}, (E') for a sheaf E' on Y.

Definition 1.4. Assume that H3(X,Z)ir = 0. For a Y-sheaf E of
rank 7/, [c;(E) mod '] € H%(Y, u,+) belongs to p*(H?(X, u,)). We set

w(E) := (p*) " ([eL(E) mod r']) € HX(X, pr)-
By Lemmas 1.3 and 1.7, we see that
Lemma 1.8. (i) By the functor EL_ ., in Lemma 1.7,
w(EE_y/(E)) = w(E), for E € Coh(X,Y).
() w(e(V) = w(y).

§2. Moduli of twisted sheaves

2.1. Definition of the stability

Let (X,0x(1)) be a pair of a projective scheme X and an ample
line bundle Ox (1) on X. Let p: Y — X be a projective bundle over X.

Definition 2.1. A Y-sheaf E is of dimension d, if p.(FE) is of di-
mension d.

For a coherent sheaf F' of dimension d on X, we define a;(F) € Z
by the coefficient of the Hilbert polynomial of F:

X(F(m)) = iam (m * )
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Let G be a locally free Y-sheaf. For a Y-sheaf E of dimension d, we set
af(E) := a;(p«(GY ® E)). Thus we have

* Vv d G m+7’
X(G, E ® pOx (m)) = x(p.(G¥ ® E)(m)) = 3 a (E)( . )

; i
i=0
Definition 2.2. Let E be Y-sheaf of dimension d. Then E is (G-
twisted) semi-stable (with respect to Ox(1)), if
(i) E is of pure dimension d,
(i)
X(P«(G¥ ® F)(m)) _ x(p+(G" ® E)(m))

0
a§ (F) - a§(E) ™ >

(2.1)

for all subsheaf F' # 0 of E.

If the inequality in (2.1) is strict for all proper subsheaf F' # 0 of E,
then E is (G-twisted) stable with respect to Ox(1).

Theorem 2.1. Let p : Y — X be a projective bundle. There is a

) ——h . )
coarse moduli scheme M x ¢ parametrizing S-equivalence classes of G-
twisted semi-stable Y -sheaves E with the G-twisted Hilbert polynomial

—h . Lo
h. Mx,c is a projective scheme.

Remark 2.1. The construction also works for a projective bundle
Y — X over any field and also for a family of projective bundles, by the
fundamental work of Langer [L].

Lemma 2.2. Letp’' : Y/ — X be a projective bundle with o(w(Y")) =
o(w(Y)) and X _ ., the correspondence in Lemma 1.7. Then a 'Y -sheaf
E is G-twisted semi-stable if and only if =%, (E) € Coh(X,Y") is
2L,/ (G)-twisted semi-stable. In particular, we have an isomorphism
of the corresponding moduli spaces.

Indeed, since Ef,%giy,xs(*)s ==L (* ® k(s)), if we have a flat
family of Y-sheaves {&}scs, € € Coh(Y x .S), then {€}scs is also a

flat family of Y’-sheaves, where £ := Ef,%giy,x s(€).

Remark 2.2. For a locally free Y-sheaf G, we have a projective bun-
dle Y/ — X with e(Y') = ZL_,/(G). Hence it is sufficient to study the
e(Y)-twisted semi-stability.

Remark 2.3. This definition is the same as in [C1]. If Y = P(GY)
for a vector bundle G on X, then Coh(X,Y) is equivalent to Coh(X)
and G-twisted stability is nothing but the twisted semi-stability in [Y3].
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Definition 2.3. Let )\ be a rational number. Let E be a Y-sheaf
of dimension d. Then E is of type A with respect to the G-twisted
semi-stability, if

(i) E is of pure dimension d,
(ii)
ag 1 (F) 05—1(E)
af(F) ~ af(E)
for all subsheaf F' of F.
If A =0, then E is u-semi-stable.

+A

2.2. Construction of the moduli space

From now on, we assume that G = €(Y) (cf. Remark 2.2). Let
P(z) be a numerical polynomial. We shall construct the moduli space
of G-twisted semi-stable Y-sheaves E with x(p.(GY ® E)(n)) = P(n).

2.2.1. Boundedness Let E be a Y-sheaf. Then

P’p(G'QE)®G - E

is surjective. Indeed p*p.(GY ® E) — GV ® E is an isomorphism and
G ® GV — Oy is surjective.

We take a surjective homomorphism Ox (—ng)®" — p.(GY ® G),
ng > 0. Then we have a surjective homomorphism p*(Ox (—ng))®V —
GV®G.

Lemma 2.3. Let E be a Y -sheaf of pure dimension d. If

aG’
(2.2 0§ 1(F) > a§(F) ( dg}(EE)) - )

aq
. I / af—l(E)
for all quotient E — F, then ag_1(F') > aq(F") (W —v— ng) for
all quotient p.(GY ® E) — F'. In particular

S, = {E € Coh(X,Y)

E satisfies (2.2) and
x(p.(G¥ ® E)(nH)) = P(n) }
is bounded.

Proof. Since p*p.(GY ® E) = GV ® E, we have a surjective homo-
morphism

p*(Ox(-ncH)®N ® E - G @ p*p.(G¥ Q E) — G @ p*(F').
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By our assumption, we get

aa-1(p.(G¥ ® G) ® F)

zad(p*(GV Q G) ® F/) (ad—l(p*(Gv ® E)) _n —I/) '

aq(p«(GY ® E))

Since aq—1(p+(GY ® G) ® F') = rk(G)%aq-1(F’) and aq(p«(G'¥ ® G) ®
F') = 1k(G)?aq(F"), we get our claim. The boundedness of S, follows
from the boundedness of {p.(GY ® E)|E € S, } and Lemma 2.4 below.

Q.ED.

Lemma 2.4. Let S be a bounded subset of Coh(X). Then T :=
{E € Coh(X,Y)|p«(GY ® E) € S} is also bounded.

Proof. For E € T, we set I(E) := ker(p*p.(GY ® E) ® G — E).
We shall show that T’ := {I(E)|E € T} is bounded. We note that
I(E) € Coh(X,Y) and we have an exact sequence

0= p(GY®I(E)) — p:(GY ®E)®pu(G®GY) = pu(GY ® E) — 0.

Since p,(GY Q® E) € S, {p«(GY ® I(E))|E € T} is also bounded. Since
0 (GY ® I(E)) ® G — I(E) is surjective and I(E) is a subsheaf of
p*p«(GY ® E) ® G, T' is bounded. Q.E.D.

Corollary 2.5. Under the same assumption (2.2), there is a ratio-
nal number v which depends on v such that

afi;'-—l(E) VI
a§(E) )

aqg—1(F') < aq(F') (

for a subsheaf F' C p.(GY ® E).

Combining this with Langer’s important result [L, Cor. 3.4], we
have the following

Lemma 2.6. Under the same assumption (2.2),

WG, E |1 (ag.® )\
ag(E) §[5<a§<E) +”“” /

+

where ¢ depends only on (X,0x(1)), G, d and a§(E).
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2.2.2. A quot-scheme Since p.(GY ® E)(n), n >> 0 is generated by
global sections,

H(GY @ E®p*Ox(n)) ® G — E®@p*Ox(n)

is surjective. Since R'p.(GY ® E) = 0 for 1 > 0, we also see that
HY(GY® E®p*Ox(n)) =0,i>0and n> 0.

We fix a sufficiently large integer ng. We set N := x(p.(GY ®
E)(ng)) = P(ng). We set V := CN. We consider the quot-scheme 0
parametrizing all quotients

¢0:VeG—E

such that E € Coh(X,Y) and x(p.(GY ® E)(n)) = P(ng + n). By
Lemma 2.4, £ is bounded, in particular, it is a quasi-projective scheme.

Lemma 2.7. 9 is complete.

Proof. We prove our claim by using the valuative criterion. Let R
be a discrete valuation ring and K the quotient field of R. Let ¢ : VR ®
G — £ be a R-flat family of quotients such that £ ® g K € Coh(X,Y),
where Vg := V ®c R. We set 7 := ker¢. We have an exact and
commutative diagram:

0 - pP'p(ZTRGY) — VRRG®R®GY — p'p(E®GY) — 0
! I lv
0 — ITQGY - Vr®GGY — ERGY — 0

We shall show that 1 is an isomorphism. Obviously ¢ is surjective.
Since £ is R-flat, £ has no R-torsion, which implies that p*p,(E® GV) is
a torsion free R-module. Hence ker ) is also torsion free. On the other
hand, our choice of € implies that ¢ ® K is an isomorphism. Therefore
kery) = 0. Q.E.D.

Since ker ¢ € Coh(X,Y'), we have a surjective homomorphism
V ® Hom(G,G @ p*Ox(n)) — Hom(G, E ® p*Ox(n))

for n > 0. Thus we can embed £ as a subscheme of an Grassmann va-
riety Gr(V ® W, P(ng + n)), where W = Hom(G, G ® p*Ox(n)). Since
all semi-stable Y-sheaf are pure, we may replace 9 by the closure of
the open subset parametrizing pure quotient Y-sheaves. The same ar-
guments in [Y3] imply that Q/GL(V) is the moduli space of G-twisted
semi-stable sheaves. The details are left to the reader. For the proof,
we also use the following.
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Let (R, m) be a discrete valuation ring R and the maximal ideal m.
Let K be the fractional field and & the residue field. Let £ be a R-flat
family of Y ® R-sheaves such that £ ® g K is pure.

Lemma 2.8. There is a R-flat family of coherent Y ® R-sheaves F
and a homomorphism ¢ : € — F such that F Qg k is pure, i is an
isomorphism and Yy, is an isomorphic at generic points of Supp(FQgrk).

By using [S, Lem. 1.17] or [H-L, Prop. 4.4.2], we first construct F as

a usual family of sheaves. Then the very construction of it, 7 becomes
a Y ® R-sheaf.

2.3. A family of Y-sheaves on a projective bundle over
M%)

Assume that £°° consists of stable points. Then Q% — M’;(/C is
a principal PGL(N)-bundle. For a scheme S, fs : ¥ xS — S de-
notes the projection. Let Q be the universal quotient sheaf on Y x %5,
V := Homy,.. (G X Ogqx:s, Q) is a locally free sheaf on 2°°. We consider
the projective bundle q : P(V) — %%, Since Q is GL(N)-linearized,
V is also GL(N)-linearized. Then we have a quotient ¢ : P(V) —
P(V)/PGL(N) with the commutative diagram:

P(V) 9, Qs

! !

—h ——h
My ¢ :==P(V)/PGL(N) — Mx,c

Since (1y x q)*(Q) ® fpv(Opv)(—1)) is PGL(N)-linearlized, we have

a family of G-twisted stable Y-sheaves £ on Y x M})l( /¢ with
(Iy x 9)"(€) = (Iy x 9)"(Q) ® frv)(Opv)(=1))-

———~——

Hence £V € Coh(Y x My,c,Y x My/c) (if € is locally free). Let W
be a locally free sheaf on M’;(/C such that v*(W) = q*(V)(—1). Then

we also have WV = e(_J\/T’;(/C) € Coh(ﬁ’;(/c,ﬂ?{/c) and £® f:— (W)

MX/C
descends to a sheaf on Y x My /c
Remark 2.4. There is also a family of G-twisted stable Y-sheaves &’
onY x P(VV)/PGL(N) such that

£ € Coh(Y x My,c,Y x P(VY)/PGL(N)).
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§3. Twisted sheaves on a projective K3 surface

3.1. Basic properties
Let X be a projective K3 surface and p : ¥ — X a projective
bundle.

Lemma 3.1. For a locally free Y -sheaf E of rank T,
co(Rp,(EY ® E)) = —(r — 1)(w(E)?) mod 2r.

Proof. First we note that (r — 1)(D?) mod 2r is well-defined for
D € H*Z,u,), Z = X,Y. We take a representative a € H%(X,Z)
of w(E). Then ¢1(E) = p*(a) mod 7. Hence c2(p*(Rp«(EY ® F))) =
2reo(E) — (r —1)(c1(E)?) = —(r — 1)(p*(a?)) mod 2r. Since H4(X,Z)
is a direct summand of H*(Y, Z),

co(Rp.(EY ® E)) = —(r — 1)(@®) mod 2r.
Q.E.D.

Let K(X,Y) be the Grothendieck group of Y-sheaves.
Lemma 3.2. (1) There is a locally free Y -sheaf Ey such that

rk By = min{rk E > 0|E € Coh(X,Y)}.

(2) K(X.)Y)=2ZEy® K(X,Y)<1, where K(X,Y)<1 is the sub-
module of K(X,Y') generated by E € Coh(X,Y) ofdim E < 1.

Proof. (1) Let F be a Y-sheaf such that rk F = min{rk E > 0|F €
Coh(X,Y)}. Then E; := FVV satisfies the required properties. (2)
We shall show that the image of E € Coh(X,Y) in K(X,Y) belongs
to ZEy & K(X,Y)<1 by the induction of tk 2. We may assume that
rkE > 0. Let T be the torsion submodule of E. Then E =T + E/T
in K(X,Y). Since Hom(Eg(—nH), E/T) # 0 for n > 0, we have a non-
zero homomorphism ¢ : Eg(—nH) — E/T. By our choice of Ey, ¢ is
injective. Since Eo(—nH) = Eg — Egjny in K(X,Y), E = (E/T)/Eo +
Eo)+(T' - Eojnn)- Sincerk(E/T)/Eq <tk E, we get (E/T)/Ep € ZEy®
K(X,Y)<1, and hence E also belongs to ZFy ® K(X,Y)<:. Q.E.D.

Remark 3.1. rk Fy is the order of the Brauer class of Y.
Let ( , ) be the Mukai pairing on H*(X,Z):

(x,y):—/xvy, z,y € H*(X,Z).
X
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Definition 3.1. Let G be a locally free Y-sheaf. For a Y-sheaf E,
we define a Mukai vector of E as

_ ch(Rp.(E®GY) ,—
(3.1) ve(E) " V/ch(Rp. (G ® GY)) tdx
Z(l‘k(E),C,b) € H*(Xv Q),

where p*({) = c1(E) — rk(FE) Crlk(g) and b € Q. More generally, for
G € Coh(X,Y) with rkG > 0, we define vg(F) by (3.1).

Since
Rp.(E1 ®GY) @ Rp.(E2 @ GY)Y = Rp.(E1 ® EY) @ Rp. (G ® GY),

(va(Er),vg(E2)) = — /X ch(Rp*(Elcf(gz)i)(;h;Rg:‘/()f}z ®GY))V

= - / ch(Rp.«(E1 ® E%/))tdx
X
= — X(Ez, E1).

tdx

We define an integral structure on H*(X,Q) such that vg(E) is
integral. This is due to Huybrechts and Stellari [H-St]. For a positive
integer r and & € H%(X,Z), we consider an injective homomorphism

T H*X,Z) — H*X,Q)
T — e_E/T:L'.

T_¢/, preserves the bilinear form ( , ).

Lemma 3.3. We take a representative £ € H?*(X,Z) of w(G) €
H?(X, ), where tk(G) = r. We set (rk(E), D,a) := e*/™vg(E). Then
(rk(E), D, a) belongs to H*(X,Z) and [D mod rk(E)] = w(E).

Proof. We set 0 := (c1(G) — p*(&))/r € H*(Y,Z). Since p*(D) =
p*(¢) + tk(E)p*(€)/ k(G) = c1(E) — rk(E)o € H*(Y,Z), we get D €
H?(X,Z). By Lemma 3.1, we see that

(e*/Tv6(E), e/ "va(E)) =(va(E), ve(E))
=co(Rp.(E ® EY)) — 21k(E)?
=(D?) mod 2rk(E).

Hence a € Z. The last claim is obvious. Q.E.D.
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Remark 3.2. €4/"yg(E) is the same as the Mukai vector defined by
the rational B-field &/r in [H-St]. More precisely, there is a topological
line bundle L on Y with ¢;(L) = 0 and EQ L™ is the pull-back of a topo-
logical sheaf E¢/. on X. Then we see that e¢/"vg(E) = ch(E¢/,)v/tdx
(we use H*(X,Q) = 0 for i > 4, or we deform X so that L becomes
holomorphic).

Definition 3.2. [H-St] We define a weight 2 Hodge structure on
the lattice (H*(X,Z),( , )) as

H?*°(H*(X,Z) ® C) ::T_‘gl/T(HZ’O(X))

HY'(H*(X,Z) ® C) ==T:§/T(€B HPP(X))
p=0

H*?(H*(X,Z) ® C) ::T_—g/r(H°~2(X)).

We denote this polarized Hodge structure by (H*(X,Z),( , ), —%).

T

Lemma 3.4. The Hodge structure (H*(X,Z),{ , ), —§) depends
only on the Brauer class §'([¢ mod r)).

Proof. If §'([¢ mod r]) = §([¢' mod r']) € H*(X,0%), then we
have r'é —r¢’ = L+ rr'N, where L € NS(X) and N € H(X,Z). Then
we have the following commutative diagram:

™

H*(X,Z) =~ H*(X,Q)

H*(X,Z) — H*(X,Q).

e r
Thus we have an isometry of Hodge structures

(H*(X7Z)7< s )7_§ r

)= (H'(X,2).( , )2,

/

Q.E.D.

Definition 3.3. Let Y — X be a projective bundle and G a locally
free Y-sheaf. Let £ € H%(X,Z) be a lifting of w(G) € H?(X, u,), where
r = 1k(G).

(i) We define an integral Hodge structure of H*(X, Q) as

T-&/T((H*(Xv Z)v < ) >7 _—))'
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(i) v := (r,(,b) is a Mukai vector, if v € T_,,.(H*(X,Z)) and
¢ € Pic(X)®Q. Moreover if v is primitive in T_; /. (H* (X, Z)),
then v is primitive.

Definition 3.4. Let v := (r,(,b) € H*(X,Q) be a Mukai vector.

(i) M},{’G(r, ¢,b) (resp. ME’G(T, ¢,b)) denotes the coarse moduli
space of S-equivalence classes of G-twisted semi-stable (resp.
stable) Y-sheaves E with vg(E) = v.

(ii) ME’G(T, ¢, b)** (resp. M}/I‘G(r, ¢, b)*) denotes the moduli stack
of G-twisted semi-stable (resp. stable ) Y-sheaves E with
Ug(E) = .

Lemma 3.5. Assume that o(w(Y)) = o(w(Y"’)). Then ZL_,, in-
duces an isomorphism

M?G(v)ss o~ Mz’,G' (U)ss’

where G' := ZL_.(G). Moreover if dimY = dimY’ and w(Y) =
w(Y’), then My (v)# = MY (v)ss.

Proof. We use the notation in Lemma 1.7. For a Y-sheaf E, we
set E' := 2L _ . (E). Then p}"(E ® GV) = p}.(E' ® G'Y). Hence
ve(E) = v (E'). fdimY = dimY”’ and w(Y) = w(Y’), then since
w(e(Y)) = w(e(Y")), replacing L by L ® ¢*(P), P € Pic(X), we may
assume that 1 (EL_ . (e(Y))) = c1(e(Y)). Thus Z£_ . (e(Y)) = e(Y) +
T in K(X,Y’), where T is a Y-sheaf with dimT = 0. From this fact,

t L € ’ ’
we get M}/{ =yl (Y))(v)sS = M}/I (¥ )(w)ss. Q.E.D.
Let E be a Y-sheaf. Then the Zariski tangent space of the Kuranishi

space is Ext' (E, E) and the obstruction space is the kernel Ext?(E, E)
of the trace map

tr: Ext®(E, E) — H*(Y,Oy) = H*(X, Ox).
Hence as in the usual sheaves on a K3 surfaces [Mul], we get the fol-
lowing.

Proposition 3.6. Let E be a simple Y -sheaf. Then the Kuranishi
space is smooth of dimension (vg(E)?)+2 with a holomorphic symplectic
form. In particular, (vg(E)?) > —2.

Corollary 3.7. Let E be a u-semi-stable Y -sheaf such that E =
lEy+ Fe K(X,Y), FeE K(X,Y)<1. Then (vg(E)?%) > —2I2.
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3.1.1. Wall and Chamber In this subsection, we generalize the no-
tion of the wall and the chamber for the usual stable sheaves to the
twisted case.

Lemma 3.8. Assume that there is an exact sequence of twisted
sheaves

(3.2) 0—E; - E— Ey—0,

such that E;, 1 = 1,2 are u-semi-stable Y -sheaves. We set E; = [;Eg +
F, e K(X,Y) with F; € K(X,Y)<1. Then we have

(va(E)?) Lo> _ (vg(F1) — livg(F2))?
l - Ul '

This lemma easily follows from Corollary 3.7 and the following lemma.

Lemma 3.9. Let Ey be a locally free Y -sheaf such that tk Fy =
min{rk E > 0|E € Coh(X,Y)}. For an exact sequence of twisted sheaves

(33) 0—>E1—>E—>E2—>0,
we have
(va(E1)?) + (va(E2)®)  (va(E)*) _ (lvg(F1) — hivg(Fy))?
A Iy l - 1yly ’

where E; = ;Ey + F; and E = |Ey + F in K(X,Y) with F;,F €
K(X,Y)<:.

Proof.

(o(E1)®) | (va(B2)?)  (vG(E)?)
I Iy l

= (ll(UG(EO)Q) + 2(vg(Eo), va(F1)) +

<UG(F1)aUG(F1)>)
L
+ (lQ(UG(E0)2> + 2(va(Eo), va(F)) + <UG(F2)l72UG(F2)>)

- (z<vG(E0)2> + 2(ve(Eo), ve (F)) + M)
(ve(F),ve(F1)) | (ve(F),ve(F2))  (va(F),ve(F))
Iy lo l
(l2vg(F1) — hvg(F,))?
11l ’

Q.E.D.
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Definition 3.5. We set v = vg(lEp + F'), where F is of dimension
1or0.
(i) For a ¢ € NS(X) with 0 < —(£2) < §(2l2 + (v%)), we define a
wall We as
We = {L € Amp(X) ® R|(§, L) = 0}.

(i) A chamber with respect to v is a connected component of
Amp(X) @ R\ U We.

(iii) A polarization H is general with respect to v, if H does not
lie on any wall.

Remark 3.3. The concept of chambers and walls are determined by
tk(IEy + F) and (v?). Thus they do not depend on the choice of Y and
G.

Proposition 3.10. Keep notation as above.

(i) If H and H’ belong to the same chamber, then /'V[}I;’C’Y(v)“‘S =
MEE (v)s.

(i) If H is general, then M}_/I’G(Ug(F))SS = ME’G/(UG/ (F))** for
F e K(X,Y) with tkF > 0. Thus My C(va(F))* does not
depend on the choice of a Y-sheaf G.

(i) If

2

min{—(D?) > 0|D € NS(X), (D, H) = 0} > %(212 + (v?),

then H is general with respect to v.

The proof is standard (cf. [H-L]) and is left to the reader. By
Proposition 3.10 and Proposition 3.6, we have

Theorem 3.11. Assume that v is a primitive Mukai vector and H
is general with respect to v. Then all G-twisted semi-stable Y -sheaves
E with vg(E) = v are G-twisted stable. In particular M};’G(v) is a
projective manifold, if it is not empty.

In the next subsection, we show the non-emptyness of the moduli
space. We also show that ME’G(U) is a K3 surface, if (v?) = 0.

Proposition 3.12. (¢f. [Mu3, Prop. 3.14]) Assume that Pic(X) =
ZH. Let E be a simple twisted sheaf with (vg(E)?) < 0. Then E is
stable.

For the proof, we use Lemma 3.9 and the following:
Lemma 3.13. [Mu3, Cor. 2.8] If Hom(E;, E3) = 0, then

dim Ext!(Ey, E1) + dim Ext' (Ez, F2) < dimExt'(E, E).
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3.2. Existence of stable sheaves

In this subsection, we shall show that the moduli space of twisted
sheaves is deformation equivalent to the usual one. In particular we
show the non-emptyness of the moduli space.

Theorem 3.14. [H-Sc] H(X, PGL(r)) — H*(X, u,) is surjective.

Proposition 3.15. For a w € H?(X, u,), there is a P"~!-bundle
p:Z — X such that w(Z) = w and €(Z) is p-stable.

D. Huybrechts informed us that the claim follows from the proof
of Theorem 3.14. Here we give another proof which works for other
surfaces.

Proof. Let p:Y — X be a P'~l-bundle with w(Y) = w. We set
Ey := €(Y). In order to prove our claim, it is sufficient to find a p-
stable locally free Y-sheaf E of rank r with ¢;(E) = ¢;1(Ep). For points
T1,T2,...,Zn € X, let F be a Y-sheaf which is the kernel of a surjection
Ey — @ ; Op-1(,,1(1). We take a smooth divisor D € [mH|, m > 0.
We set D := p~}(D). Let Ext'(F, F(—D))o be the kernel of the trace
map

Ext!(F, F(-D)) — H'(Y,Oy(-D)) & H(X, Ox(-D)).
If n > 0, then by the Serre duality,
Ext?(F, F(—D))o = Hom(F, F(D))q = 0.

Hence Ext!(F, F)y — Extl(Fiﬁ, F|5)0 is surjective. Since F|5 deforms

to a u-stable vector bundle on ﬁ, F deforms to a Y-sheaf F” such that
Fllﬁ is p-stable. Then F” is also p-stable. Then E := (F’)VV satisfies

required properties. Q.E.D.

Theorem 3.16. Let Y — X be a projective bundle and G a lo-
cally free Y -sheaf. Let vg = (r,(,b) be a primitive Mukai vector with
r > 0. Then M};’G(vg) ts an trreducible symplectic manifold which is
deformation equivalent to Hilb;fz’wprl for a general polarization H. In
particular

(1) M}%we) # 0 if and only if (vE) > —2.

(2)  If (vE) =0, then M}y (ve) is a K3 surface.

We divide the proof into several steps.

Step 1 (Reduction to M} (r,0,—a)) : Let & be a lifting of w(G).
Then et/ ™®yg = (r,D,b') € H*(X,Z). By Theorem 3.14; there is
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a projective bundle Y’ — X such that w(Y’) = [D mod r|. Since
D/r — £/1k(G) = ¢/r € Pic(X) ® Q, o(w(Y")) = o(w(Y)). Let G’
be a locally free Y-sheaf such that Z£_ ., (G') = €(Y’), where we use
the notation in Lemma 1.7. By Lemma 1.8, w(G’) = w(e(Y")) = [D
mod 7]. Then replacing L by L ® ¢*(P), P € Pic(X), we may assume
that e¢/™*Cyg(G’) = (r,D,c), ¢ € Z. Hence vg:(E) = (r,0,—a) for a
Y-sheaf E with vg(E) = (r,(,b). Since H is general with respect to
(r, ¢, b), Proposition 3.10 implies that M};’G(r, ¢,b) = M};’G’(r, 0, —a).
By Lemma 3.5, M;I/’GI (r,0,—a) = M;;,’e(yl)(r, 0, —a). Therefore replac-
ing (Y,G) by (Y',€(Y")), we shall prove the assertion for M};’G(r, 0, —a)
with G = ¢(Y).

Step 2: First we assume that w(Y) € NS(X) ® pr C H2(X, u,).
Then the Brauer class of Y is trivial, that is, Y = P(F) for a locally free
sheaf F' on X. Since H is general with respect to (r,0, —a), Proposition
3.10 (i) and Lemma 3.5 imply that My (r,0,—a) = M °X(r, D,c)
with 2ra = (D?) — 2rc. By [Y1, Thm. 8.1], MF©X(r, D, ) is deforma-
tion equivalent to Hilb’"XaH.

We next treat the general cases. We shall deform the projective
bundle Y — X to a projective bundle in Step 2.

Step 3: We first construct a local family of projective bundles.

Proposition 3.17. Let f : (X, H) — T be a family of polarized K3
surfaces. Letp:Y — X, be a projective bundle associated to a stable
Y -sheaf E. Then there is a smooth morphism U — T whose image
contains ty and a projective bundle p: Y — X X1 U such that Vi, =Y.

Proof. We note that p*(K¥/ XLO) is a vector bundle on X, and
we have an embedding ¥ — ]P(p*(K)\ﬁ/ Xz,n))‘ We take an embedding
P(p*(K¥/XLO )) — PN~1x X, by a suitable quotient Ox, (—nHg,)®Y —
Da (K}V,/ Xt(,)' More generally, let Yg — X X1 S be a projective bundle
and a surjective homomorphism Oxx,s(—nH)®Y — Pe(KY) s rs)-
Then we have an embedding Vg «— PV=1 x X xr S.

Let ) be a connected component of the Hilbert scheme Hilbpn -1, x /7
containing Y. Let Y € PV~1 x X x12) be the universal subscheme. Let
@ :Y — X x12 be the projection. Let 2)° be an open subscheme of )
such that ¢ x (¢} is smooth and HI(T%,‘l(zyt)) = 0 for (z,t) € X x7Y°.
Since Y € 9)°, it is non-empty. Then ¢ is locally trivial on X x1 9°.
Thus Y — X x19° is a projective bundle.
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If Y is a projective bundle associated to a twisted vector bundle E,
then the obstruction for the infinitesimal liftings belongs to

H?(End(E)/Ox) = H°(End(E)o)Y,

where £nd(F)g is the trace free part of End(E). Hence if E is simple
(and rk E is not divisible by the characteristic), then there is no ob-
struction for the infinitesimal liftings. In particular 9° — T is smooth

at Y. Q.E.D.

Step 4 (A relative moduli space of twisted sheaves): Let f : (X, H) —
T be a family of polarized K3 surfaces and p : YV — X a projective
bundle on X. We set g := f o p. We note that Hi(yt,ﬂyt/x,/) =0,
1# 1 and Hl())t,Qyt/X‘) =Cfort eT. Hence L := Ext;(Ty/X’,Oy) =~
Rlg, (f2y,x) is a line bundle on T'. By the local-global spectral sequence,
we have an isomorphism

Ext"(Ty/x,g"(L")) = HY(T,Exty(Ty,x,9"(L"))) = H(T,Or).
We take the extension corresponding to 1 € HY(T, Or):
0—g*(LY) =G —Ty,x — 0

such that G, = €(}4). Let v := (r,(,b) € R*f.Q be a family of
Mukai vectors with ¢ € NS(X/T) ® Q. Then as in the absolute case,
we have a family of the moduli spaces of semi-stable twisted sheaves

M()i{fﬁ) yr(v) — T parametrizing G;-twisted semi-stable };-sheaves E

on Xy, t € T with vg,(E) = vy. M?;;}?H)/T(v) — T is a projective
morphism. Let E be a Gi-twisted stable V;-sheaf. By our choice of (,
det(F) is unobstructed under deformations over T', and hence E itself is
unobstructed. Therefore M(Jj\Lng)/T(v) is smooth over T.

Step 5 (A family of K3 surfaces): Let Mg be the moduli space of the
polarized K3 surfaces (X, H) with (H?) = 2d. My is constructed as a
quotient of an open subscheme T of a suitable Hilbert scheme Hilbpn /c.
Let (X, H) — T be the universal family. Let I" be the abstruct K3 lattice
and h a primitive vector with (h?) = 2d. Let D be the period domain for
polarized K3 surfaces (X, H). Let 7 : T — T be the universal covering
and ¢; : H(X,;,Z) —» T, t € T a trivialization on T. We may assume
that ¢;(H, ;) = h. Then we have a period map p : T — D. By the
surjectivity of the period map, we can show that p is surjective: Let U
be a suitable analytic neighborhood of a point x € D. Then we have a
family of polarized K3 surfaces (Xy,Hy) — U and an embedding of X
as a subscheme of PV x U. Thus we have a morphism h: U — T. The
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embedding is unique up to the action of PGL(N +1). Moreover if there
is a point fy € T such that p(to) € U, then we have a lifting h:U—T
of h: U — T such that to = h(p( 0)). Then U — T — D is the identity.
Hence we can construct a lifting of any path on D intersecting p(T).
Since D is connected, we get the assertion.

Step 6 (Reduction to step 2): We take a point teT. We set
(X,H) := (XT(;),HT(;)). Let p: Y — X be a P""l-bundle. Assume
that H is general with respect to v := (r,0,—a). We take a D € T’
with [D mod r] = ag(w(Y)) Let e1,€9,...,e92 be a Z-basis of I" such
that ey = ¢p(H, ;) and D = aey + bez. For an n € @}2;Ze; with
(€2)(n?) — (e1,m)? < 0, we set ] := ez + rkn € I, kK > 0. Since

2
det ((61,6(;}1—)7%7,) 22’2642- ‘:];;”;727))) <« 0 for k >» 0, the signature of
the primitive sublattice L := Ze; @ Z7] of T is of type (1,1). Moreover
et N L does not contain a (—2)-vector. We take a generalw € L+ NI'®@C
with (w,w) = 0 and (w,@) > 0. Then w* NT = L. Replacing w by its
complex conjugate if necessary, we may assume that w € D. Since p
is surjective, there is a point #; € $ such that p(t1) = w. Then X, ()
is a K3 surface with Pic(X, ;) = ZH 3, @ qu{l (e2 + rkn). Hence

[d)il(D) mod 7] = [q&il(ael +b1) mod 7] € Pic(X, 7)) ® pr. Since

T

2
min{—(L?)[0 # L € Pic(X, 3,)), (L, H, 7)) = 0} > a—(zrz + 2,

Proposition 3.10 (iii) implies that H_;  is a general polarization with
respect to v. Then by the following lemma, we can reduce the proof to
Step 2. Therefore we complete the proof of Theorem 3.16.

Lemma 3.18. For t1,ta € T, let Y — @y 8= 1,2 be Pr-1.
bundles with w(Y') = [¢;7'(D) modr] and G; := €(Y*). Letv =
(1,0, —a) be a primitive Mukai vector. Assume that H_;,), 1 =1,2 are

general polarization. Then My, v G‘(r 0, —a) is deformation equivalent
Y2,G2 .
to MHT(EQ) (r,0,—a).
Proof. In order to simplify the notation, we denote M. Y:(Y) (r,0,—a)
by M(Y) for a projective bundle Y over (X;, H:). By Proposition 3.15
and Lemma 3.5, we may assume that €(Y?) (i = 1,2) is u-stable. Let
7 :[0,1] — T be a path from #; = 5(0) to to = (1) and v := 707. Then
we have a trivialization ¢, : H?(X, (), ur) — I ®z pr. By Proposition
3.15, there is a projective bundle Y; — X, such that ¢ (w(Y)) = [D
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mod 7] and €(Y;) is p-stable for each s € [0,1]. By Proposition 3.17,
we have a family of projective bundles V¥ — X x1 9° over a T-scheme
¥ : D — T such that there is a point y* € (¥°)~'(y(s)) C Y* with
Y, = Ve and 1® is smooth at y*. Then we have a family of moduli

spaces M(X>< T/ (r,0,—a) — P*, where H is the pull-back of H to
X x79* (Step 4). Since 9° is smooth, 1*(2)*) is an open subscheme of T'
containing v(s). We take an analytic open neighborhood U; of (s) such
that Uy is contractible and has a section g5 : Us — 2)° with o5(v(s)) =
y®. Let Vs be a connected neighborhood of s which is contained in
v~ 1(Us). Since [0, 1] is compact, we can take a finite open covering of
[0,1]: [0,1] = U1 Vs;, 81 <82 < -+ < sp. Since {t € T|rkPic(Xx;) = 1}
is a dense subset of T, there is a point t; € U, N Us,,, such that
t; is sufficiently close to a point v(s;;+1), 3m+1 € Vs, NV, and
Pic(X;,) = ZH,,. Under the identification H?(X;, i) = H (X (s)s hr)
for t € U, we have w(y‘7 ) = w(y;f) and w( ;;ii(tj)) = w(y;jj[i),
where we set 0; := 05, and y? :=y*. Since t; is sufficiently close to the
point ¥(s;;j+1), we have w(¥,’, ,) = w(¥,’*", )). Hence by Lemma
3.5, M(y(7 (t;)) is isomorphic to M(ysﬁi(t }). By Step 4, M(y o (t51))
is deformation equivalent to M (ya (t5) ). Therefore M(Y:! Lt )) is de-
formation equivalent to M (Y? o (6 1)) By using Step 4 again, we also
see that M (Y!) = M(Y) is deformation equivalent to M (Y’ , ;) and

MY? = M(y;l) is deformation equivalent to M ( ;:(tn_l ). Therefore

our claim holds. Q.E.D.

Remark 3.4. Let vg := (r,¢,b) be a Mukai vector with r, (v&) > 0
which is not necessary primitive. By the same proof, we can also show

that M;’G(vg) is an irreducible normal variety for a general H (cf. [Y2]).

3.3. The second cohomology groups of moduli spaces

By Theorem 3.16, M}{/’G(vg) is an irreducible symplectic manifold,
if vg is primitive and H is general. Then HQ(M}};’G(Ug), Z) is equipped
with a bilinear form called the Beauville form. In this subsection, we
shall describe the Beauville form in terms of the Mukai lattice.

Let p: Y — X be a projective bundle with w(Y) = [§ mod r] and
set G := €(Y). We consider a Mukai lattice with a Hodge structure
(HY(X,Z),{ , ),—5) in this subsection. We set w := r(1,0,% —

e (f ) ), a € Z. In this subsection, we assume that w is primitive, that

is, ged(r, &,a) = 1. We set v := wet/” = (r,£,a) € H*(X,Z). Then v is
algebraic.
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Let ¢ : M};’G(w) — M};’G(w) be a projective bundle in subsection
2.3 and £ the family of twisted sheaves on Y x M (w) We set WV :=
e(MYE%(w)). Let 7 Y M}C(w) — M}jG(w) and Ty : Y x

Y.G
H

M};’G(w) — Y be projections. Then (1ly X ¢). (5 Q7" —~ (WV)) is
My~ (w)

a quasi-universal family on Y x ME’G(w).
Let mx : X x M};’G(w) — X be the projection. We define a homo-
morphism 6% : vt — H*(]W};‘G(w), Q) by

66 (u) = /X Q¥ (el

where [...]s means the degree 6 part and
B Jidx \ /thZ[.(:(w)
Veh(Rp.(GY & G)) \/ch(Ra. (WY @ W)
-ch (R(p X q)« (%’{,(GV) RERT )(WV))>

g (W

€ H (X x M7%(w),Q).

Remark 3.5. If £ is algebraic, then Y is isomorphic to the projective
bundle P(FV) and G = FY ® Oy (1), where F is a vector bundle of
rank r on X with ¢;(F) = —&. In this case, MZI/’G(w) is the usual
moduli space of stable sheaves F' with the Mukai vector v and R(p x
@) (T35 (Oy (—1)) ®5®7r e (WV)) is a quasi-universal family. Since

(
(
chF/\/ch(F @ FV) —e‘f/T we have
. o '/th,};(’(w)
\/ch (Rg. (WY @ W))

-ch (R(p X ). (%*y(oy(—m) RERT N(w)(WV)» .

Q =e”

Hence 6% is the usual Mukai homomorphism, which is defined over Z.

Let p' : Y/ — X be another P"~L-bundle with w(Y’) = w(Y).
Then by the proof of Lemma 3.5, we see that the following diagram is
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commutative:
1 1

v fve— v

6% l lef’

H2(MPC (w),Q) —— HA(MY % (w),Q),

where G’ := Z£_ /(G) = €(Y’). Since Q is algebraic, 5 preserves
the Hodge structure. By the deformation argument, Remark 3.5 implies
that 6% is defined over Z. Moreover it preserves the bilinear forms.
Theorem 3.19. For £ € H*(X,Z) with [¢ mod r] = w(Y), we set
v = wet/T,
(i) If (v2) >0, then 6C : v+ — H2(MYC(w),Z) is an isometry
of the Hodge structures.
(i) If (v?) =0, then 6S induces an isometry of the Hodge struc-
tures vt /Zv — HQ(Mg’G(w),Z).
The second claim is due to Mukai [Mu4].

84. Fourier-Mukai transform

4.1. Integral functor

Let p : Y — X be a projective bundle such that §([Y]) = [a] €
Br(X) and p’ : Y’ — X' a projective bundle such that 6([Y”]) = [o/] €
Br(X’). Let 7x : X’ x X — X and 7x/ : X' x X — X’ be projections.
Wealsolet 7y : Y/ XY - Y and 7Ty: : Y/ xY — Y’ be projections. We
set G :=¢(Y) and G’ := €(Y”).

Definition 4.1. Let Coh(X’ x X,Y’,Y) be the subcategory of
Coh(Y’ x Y) such that Q € Coh(Y’ x Y) belongs to Coh(X' x X, Y",Y)
if and only if (p x P)*(p' X p) (G’ RQRGY) =G @ Q®GY. In terms
of local trivialization of p, p’, this is equivalent to

Qlyyxy; = Oy (=X) B Oy, (X)) @ (' x p)*(Qy5),
Qi; € Coh(U! x Uj). Coh(X' x X,Y",Y) is equivalent to Coh(X’ x
X, o/ 7! x a).

Remark 4.1. We take twisted line bundles £(p'*(a/~")) on Y’ and
L(p*(a™1)) on Y respectively which give equivalences AL @)
Coh(X’,Y’) = Coh(X’,a/) and AL (@) : Coh(X,Y) = Coh(X,a)
n (1.1). Then we have an equivalence AP (&' )Y 5 ALB"(a™1),

Coh(X' x X,Y')Y) — Coh(X' x X,o'™! x a)
Q = (0 xp) (L@ (@) Qe Lp*(a™))Y).
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Let D(X'x X,Y’,Y) 2 D(X'x X, o'~ ! xa) be the bounded derived
category of Coh(X’ x X,Y",Y). For Q € D(X’' x X,Y",Y), we define
an integral functor

¢, 1 DX.Y) — D(X,Y)
z — R7Ay.(Q Q7 (x)).

For Qe D(X' x X,Y')Y) and R € D(X" x X', Y",Y"), we have

Q R _ &S
8L o®R v = BF_y,

where & = Rty v. (70 v/ (R) @75y (Q)) and T ) : Y XY XY —
( ) is the projection.

4.1.1. Cohomological correspondence For simplicity, we denote the
pull-backs of G and G’ to Y’ x Y by the same letters. For example
G’ ® Q® G implies 7}, (G') ® QR 7y (GY). We note that

R(p xp)(G®Q®GY) e DX’ x X)
satisfies
(0 % p) (R x p) (G’ ® Q0 GY)) = G’ ® Q8 GV,
We define a homomorphism
v _x HY(X'\ Q) — H'(X,Q)
by
TR _x(®)
=tx. 0 (0 % P)s ((p' X p)* 0wy (y) ch(C) ch(Q) ch(GY)
\/tTtdY’/X’ Vidx tdy, x )
\/ch GV ®G") \/ch(GY ® G)

Vidx tdx
=T X % 7rxr
\/ch Ryp.(G"Y ® G")) v/ch(Rp.(GY ® G))

ch(R(p' x p)«(G' ® Q® GV))) ;

where tdx, tdx-,... are identified with their pull-backs.

Lemma 4.1. U5, v =0, _ o ¥R,_ ..
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Proof. my: X" x X' x X — () denotes the projection to ( ).
We note that

Torx (RO x 7). (G" 2 R&EY))
@ mxxx (R(P X p)«(G'® Q®GY))
=R(p" xp' x p)e(G" @R ® QR GY) @ 7 (RpL(G" & G")).
Then

Txrxx (Ch (R(p” X p ) (G" @R ® G’V))) .

W;{’X‘X (ch (R(p/ X p)*(G/ ®LI® Gv))) X (ch(Rp' E(év)/{\// ® G/)))

=ch(R(p" x p' x p)(G" @R ® Q® G")) 7k (tdx").

Since

Txrxx (Ch (R(p" x p' x p)o(G" @R ® Q® GY)) 7k (tdx))
=ch (Raxmxx« R(p" x p' x p).(G" @R @Q®G)))
=ch(R(p" x p)« o Ry rxy«(G" @ R® Q® GY))
=ch(R(p" x p).(G" ® S® GV)),

we get

TS5 (2) =7xe (w},, (2) ch(R(p” x p)«(G" @ S ® G))

) Vidxr td x )
VARRpI(G 2 G7)) Jh(Rp. (G G))

=0¢ _oUR,_ i (2)
Q.E.D.

Lemma 4.2. Assume that the canonical bundles Kx, Kx/ are triv-
ial. Then

<‘T’ \I’%’—J((y)) = <\II)Q(LX’(‘T)7y>7 HANS H*(XaQ)v Yy € H*(X/7Q)v

where { , ) is the Mukai pairing.



Moduli spaces of twisted sheaves on a projective variety 27

Proof.
(€, 9%, _x(¥))
:A/ x\I,)Q{’—»X(y)V
X

— [ w@ ) e vidx
xx O\ R R(GY 8 G)) Veh(Bp. (G 5 G))

ch(R(p' x p)«(G'® O ® GV)))

— _/ tdx/ Vidx
x'xx \ Veh(RpL(G" ® G")) V/ch(Rp«(GY ® G))

-ch(R(p’ x p).(G" ® Q¥ & G))W&(ff)) X (y")

- / ) \I’)Q(v—»x'(ﬂf)yv
=0 v (2),y).
Q.E.D.

4.2, Fourier-Mukai transform induced by stable twisted
sheaves

Let p: Y — X be a projective bundle over an abelian surface or a

K3 surface. Let G be alocally free Y-sheaf. Assume that X' := M;’G(v)

—~———

is a surface and consists of stable sheaves. We set Y’ := M;’G(v). Let
& be the family on Y’ x Y.
We consider integral functors

%, : DIX\Y) — D(X,Y)

r — RAy.( @75 (x)),
@%V__)X/[z] . D(X7X) N D(X”Y/)

Y — Ry (EY @75 (y)[2).

Remark 4.2. Let L(p'"(a™!)) and L(p*(a™!)) be twisted line bun-
dles on Y’ and Y respectively in (1.1). Then AL@ (@) o % _x o
(AL(I’/*(‘“HI)))_l : D(X', o) — D(X, a) is an integral functor with the
kernel R(p’xp)*(ﬁ(p’*(a'ﬁl))®£®£(p*(a'l))v) eD(X'xX,a' ' xa).
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Calddraru [C2] developed a theory of derived category of twisted
sheaves. In particular, Grothendieck-Serre duality holds. Then we see
that ®%_ +,[2] is the adjoint of ®, . As in the usual Fourier-Mukai
functor, we see that the following theorem holds (see [Br], [C1]).

Theorem 4.3. ®5_ ,[2]0®%,_ x =1 and %, xo®%_ x/[2] X 1.
Thus ®%., _, y is an equivalence.

Then we have the following which also follows from a more general
statement [H-St, Thm. 0.4].

Corollary 4.4. ¥%, . induces an isometry of the Hodge struc-
tures: ,
£ 3

(H(X",2),(, ), ——) = (HY(XZ),(, ), =)

Proof. Obviously ¥%, _, x induces an isometry of the Hodge struc-
tures over Q. If X is a K3 surface such that w(Y) € NS(X) ® u, and
X" is a fine moduli space, then U%,, __ y is defined over Z. For a general
case, we use the deformation arguments. Q.E.D.

We also have the following which is used in [Y4].

Corollary 4.5. Assume that X' consists of locally free Y -sheaves.
Then €|\§,,X{y}, y €Y is a simple Y'-sheaf. If NS(X) = ZH, then

5t\{/,x{y}, y €Y is a stable Y'-sheaf.

Proof. Since ®5 +.[2] is an equivalence, <I)§(V_,X,(Op71(p(y))(1)) =
6|\§/’X{y} is a simple Y’-sheaf. . If NS(X) = Z, then Proposition 3.12
implies the stability of 5|\§"><{y}' Q.E.D.
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