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Integral representation for space-time excessive
functions
Klaus Janssen
Abstract.
We study space-time excessive functions with respect to a basic
submarkovian semigroup IP'. It is shown that under some regularity
assumptions many space-time excessive functions on a half-space have
a Choquet-type integral represention by suitably choosen densities of
the adjoint semigroup IP'*. If lP' is a convolution semigroup which
is absolutely continuous with respect to the Haar measure, then all
space-time excessive functions admit such an integral representation.

§1.

Introduction

Let!:::. := I:~=l ~ denote the Laplace operator onE :=!R.n. We
on the half space Ex]O, oo[. It is
consider the heatoper~tor ! !:::. well known that the positive solutions v of

gt

1
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at -

-f:::.v--<0
2

on Ex]O, oo[ (called supercaloric functions) admit a Choquet-type integral representation by minimal supercaloric functions (c.f. [15]). Moreover, these minimal supercaloric functions are just the densities of the
Gaussian semigroup lP' = (Pt)t>O which has the generator !!:::..

It is a remarkable fact that all this remains true also in the degenerate case n = 0 (where E = {0} is just a one-point set); in this case the
above integral representation is exactly the standard correspondence between distribution functions von ]0, oo[ and measures p on [0, oo[ given
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by

v(s) = p([O, s(

for s > 0,

or, written in a fancier way,

v(s) =
where {l]so,oo[ : so
functions.

~

J

l]so,oo[{s)dp(so)

for s > 0,

0} is the set of normalized minimal supercaloric

In this paper we show that a similar result holds in great generality:
We replace the above Gaussian semigroup by a general basic semigroup I?
(i.e. there exists some measure J.t such that E:xPt is absolutely continuous
with respect to J.t for all x and t). Under some regularity assumptions
concerning the adjoint semigroup !?* the appropriately choosen densities
of!?* turn out to be minimal space-time excessive functions, which then
give a Choquet-type integral representation of a large class of space-time
excessive functions.
In the special setting of convolution semigroups which are absolutely
continuous with respect to the Haar measure, all space-time excessive
functions on a half-space are represented in this way. In particular, all
excessive functions of the parabolic operator of order a (c.f. (7]) on the
upper halpf plane admit this Choquet-type integral representation.
§2.

Notations and Preliminaries

In the following we fix the central potential theoretic notions which
will be used througout. As basic references we use (5] or (3] and (6].
(E, £)will always denote a standard Borel measurable space, i.e. E may
be identified with a Borel subset of a completely metrizable separable
space equipped with it's Borel field£.
We denote by p£ the convex cone of positive numerical £-measurable
functions on E.
Remember that a kernel P on (E, £) is a family (P(x, ·))xEE of
measures on (E, £) such that for f in p£ the function

P f(x) =
is in p£.

f

f(y)P(x, dy),

xEE
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Then, for every measure JL on (E, £) the measure JLP satisfies

J

fd(JLP)

=

J

PfdJL

for f E pt:.

We assume to be given a measurable semigroup lP' = (Pt)t>O of
substochastic kernels on (E, £) (i.e. we have P 8 Pt = Ps+t, Ptl ::; 1, and
(x, t) -+ Ptf(x) is t: ® B(]O, oo[)- measurable for every fin pt:).
Examples 2.1. i) The trivial example is given by the one-point set

E = {0} and the semigroup Pt(O, ·) =co fort> 0.
ii) The standard example is the Gaussian semigroup onE:= ~n which
is given by the Lebesgue densites Pt(x, y) = Qt(X- y) with
Qt(x)

=

1

--n

.j2;i

lxl2

exp( - - ) ,
2t

t > 0, x, y E

~n .

iii) More general examples are given by semigroups associated with second order linear parabolic or elliptic differential operators on a domain of
~n (c.f. [2]) or suitable pseudo-differential operators (c.f. [8]). In particular, absolutely continouous convolution semigroups on ~n fit into this
setting (c.f. [1]).
In the general setting we denote by V = (V.x).>.?:O the associated
resolvent defined by

J
00

V.xf(x) :=

e->.t Ptf(x)dt,

x E E, f E pt:, >. 2:: 0.

0

V := V0 is called the potential kernel of IP'. The resolvent V determines
the semigroup lP' uniquely.
Remember that a set N E t: is called a set of potential zero if
VlN = 0. We say that some property holds V-a.e. if this property holds
except on a set of potential zero.
Remember that v E pt: is called an excessive function (with respect
to the given semigroup IP') if supt>O Ptv = v, or equivalently, Ptv j v
for t 1 0. For f in p£ the potential V f generated by f is an excessive
function.
We denote S := S(IP') := { v : v is excessive, v < oo V-a.e. }.
A a-finite measure 11 on (E, £) is called an excessive measure if 17Pt j
11 for t 1 0. Exc := Exc(IP') denotes the convex cone of all excessive
measures.

K. Janssen

170

The set of potential measures
Pot := Pot(J!D) := {JLV : JL is a measure such that JL V is O"-finite }

is a convex subcone of Exc.
In this paper we study space-time excessive functions. Therefore we
associate with the given semigroup JPl on E the space-time semigroup
Ql = (Qt)t>O on Ex]O,oo[ defined by

for t > 0. Ql is again a measurable semigroup of substochastic kernels.
We denote by W = (W.~)>.>o the resolvent associated with Ql.
Of course, there are variants of these space-time semigroups, some
of them will appear later.

Examples 2.2. i) In the trivial example E = {0} and Pt =co fort>
0 it is easily seen that a positive function v belongs to S(Q) if and only
if v is finite, increasing, and left continuous (or: lower semicontinuous)
on ]0, oo[. A measure rJ belongs to Exc (Q) if and only if rJ has a finite,
decreasing, and right continuous (or: lower semicontinouous) Lebesgue
density v with respect to Lebesgue measure A.\ on ]0, oo[.
ii) For the Gaussian semigroup the cone of space-time excessive functions
is just the cone of supercaloric functions mentioned in the introduction.
iii) In general, for f in p£ the function

v(x, s) := Psf(x),

x E E, s > 0

is excessive with respect to Ql, since

Qtv(x, s) = ljt,oo[(s)PtPs-tf(x) = ljt,oo[(s)v(x, s) j v(x, s)
for t > 0, t

! 0.

In this paper we are interested in Choquet-type integral representations for space-time excessive functions, i.e for functions which are
excessive with respect to Ql.

Remark 2.1. The following general results on Choquet-type integral
representations of excessive measures and functions are known:
i) Under very general assumptions every excessive measure rJ has a
unique representation as a mixture of minimal excessive measures, i.e.

ry(A) =

i

v(A)dp(v)

for A E £,
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where p is a measure on the space F of suitably normalized minimal
excessive measures.
Here, 1/E Exc is called minimal if v = v1 + v2 for v1 , v2 E Exc can only
hold if v1 and v2 are proportional to v (c.f. [17]).
ii) If the potential kernel V is proper, then the corresponding integral
representation of every excessive function by minimal excessive functions
holds if and only if V is basic, i.e. Ex V « J-L for all x for some a--finite
measure J-L (c.f. [3] and [10]).
Consequently, a Choquet-type integral representation for all spacetime excessive functions exists if and only if the potential kernel W
is basic, i.e. for some a--finite measure m on Ex ]0, oo[ all the measures Ex,s W are absoluteley continuous with respect to m. It is well
known that under this assumption there exists a a--finite measure J-L on
(E, £) such that ExPt « J-L for all x E E, t > 0, hence the following
Assumption 3.1 is quite natural.
§3.

Choquet-type integral representation of space-time excessive functions

To obtain the wanted integral representation we need the existence
of a nice dual semigroup lP'*.
Assumption 3.1. lP' and lP'* are substochastic measurable semigroups on a standard Borel measurable space (E, £) which are in duality
and absolutely continuous with respect to some a--finite measure J-L, i.e.

ExPt

J

«

J-L, ExPt'

Ptf · gdJ-L =

J

«

J-L

f · Pt gdJ-L

for all x E E, t > 0 and
for all t > 0, f, g E p£.

From [19] we know that we can choose very nice densities for the
associated space-time potential kernels Wand W*:
Theorem 3.1. There exists a unique B(]O, oo[) 0£0 £-measurable
function p : ]0, oo[ x E x E --+ IR+ such that for s, t > 0, x, y E E and
f E p£ the following is true:
i) Ptf(x) = J f(z)pt(x, z)dJ-L(z)
ii) Pt f(x) = J f(z)pt(z, x)dJ-L(z)
iii) Ps+t(x, y) = J Ps(x, z)pt(z, y)dJ-L(z)
Conclusion 3.1. i) For so 2:- 0 and xo E E the function

Wx 0 ,s 0 (x,s) := 1]so,oo[(S)Ps-s 0 (x,xo),

X

E E,s

>

0
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belongs to S(Q), since the Chapman-Kolmogorov equation, Theorem 3.1.iii,
gives
ii) By Fubini 's theorem we conclude that for every a-finite measure p on
E x [0, oo[ the function
wP(x, s) :=

J

l]so,oo[(s)Ps-s 0 (x, xo)dp(xo, so),

X

E E, s > 0

is space-time excessive.
Moreover, if p is concentrated onE x {0}, then wP is "invariant up to
the exit from Ex]O,oo[" for the space-time process, i.e. QtwP(x,s)
wP ( x, s) for all 0 < t < s, x E E.
For our main result we need an additional regularity hypothesis:
Assumption 3.2. IP'* is a right semigroup on E, i.e. there exists
an associated right Markov process (c.f. [14]).

Remark 3.1. If V* is a proper kernel, then Assumption 3.2 is equivalent with the following potential theoretic properties of the convex cones
S*,Exc*,Pot* with respect to IP'* (c.f. [16] for details):
i) S* is inf-stable, 1 E S*,a(S*) = £,
ii) E is *semisaturated, i.e. Pot* is hereditary in Exc* (i.e. for 7J E Exc*
satisfying 7J ::; J.L V* E Exc* we have 7J = v V* for some measure v).
If IP'* induces a strong harmonic space in the sense of [4], or if IP'* induces
a balayage space in the sense of [2], then Assumption 3.2 is satisfied.
In the following result we use the functions
in Conclusion 3.1.

Wxo,so

and wP introduced

Theorem 3.2. We assume Assumption 3.1 and Assumption 3.2.
Then the following is true:
i) Let v E S(Q) satisfy v ::::. wPo E S(Q) for some measure p0 on E x

[O,oo[.
Then there exists a unique measure p on E x [0, oo[ such that v = wP,
i.e.
v(x,s)

=

J

Wx 0 ,s 0

(x,s)dp(xo,so),

x E E,s > 0.

For all xo E E and so :;::: 0 the function Wx 0 ,s 0 is a minimal element of
S(Q).
ii) Every v E S(Q) decomposes uniquely into v = wP + v', where p is
a unique measure on E x [0, oo[ and v' :;::: w 7 holds only for the zero
measure 7.
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JL 0 A.\.
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We denote by Q* the semigroup on

and we denote by W* the associated resolvent. Then W is in strong
duality with W*with respect tom, and

e :v____,vm
is a bijection from S(Q) onto Exc (Q*). Obviously, Exc (Q*) = Exc (Q*)
for the extended semigroup Q* onE x [0, oo[ given by
x E E,s::;:: O,t

>0

since m(E x {0}) = 0 and since all measures in Exc(Q*) are absolutely
continuous w.r. tom (c.f. [3] for general details of this identification).
Since IP'* admits an associated right Markow process, this remains true
for Q*. Consequently, every Q* -excessive measure vm :::; wPo m = p0 W*
is of the form vm = plV* for a suitable unique measure p. Inverting the
mapping 8 shows that V = wP.
Applying this to Wx 0 , 80 = wP for p := E"(xo,so) gives the minimality of
Wx 0 .s 0 for Xo E E, So ::=:: 0.
ii) For general v E S(Q) the measure vm decomposes uniquely as vm =
plV* + v'm, where v'm ::;:: TlV* holds only for T = 0 (i.e. v'm is the
harmonic part of vm with respect to Q* according to [6]). Transporting
this decomposition by the inverse of e gives the stated result.
0
Remark 3.2. Simple examples show that in general it is not true
that every space-time excessive funtion admits a representation as in
Theorem 3.2.i. A setting where this is true is described below in Application 3.1. Motivated by § 3 in [15] one might conjecture that it is
sufficient that E be thermically closed, i.e. f :::; Ptf for all t > 0 for
every IP'-subharmonic f E p£.
In the setting of uniformly elliptic differential operators in gradient
form on a domain in ffi.n Murata gave sufficient conditions for the nonexistence of a non-zero positive space-time harmonic function on Ex ]0, oo[
with boundary values 0 onE x {0} (c.f. Theorem 4.2 in [12]).

Remember that u E S is called quasibounded iff u can be written
as a countable sum of bounded elements of S. It is well known that
in classical potential theory associated with Laplace's equation a potential is quasibounded if and only if the associated Riesz measure does
not charge polar sets. The same result is true for the potential theory
associated with the heat equation according to [18].
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Corollary 3.1. LethE S(IP') be invariant, i.e. Pth = h < oo V -a. e.
for all t > 0 . Then every h-quasibounded v E S(Q) admits a unique
integral representation

v(x,s)

=

J

Wx 0

, 80

(x,s)dp(xo,so),

x E E,s > 0.

Here v E S(Q) is called h-quasibounded if v = .EnEN Vn for some sequence (vn) C S(Q) such that Vn:::; Cnh for suitable constants Cn for all
n inN.
Proof. For p0 := (hJ-L) 0 Eo we have obviously h = wPo, hence the
stated integral representation holds for every h-bounded Vn in S(Q).
Summing these formulae for n inN gives the wanted result.
0
Application 3.1. Let G be a locally compact abelian group with
countable base of the topology, and let (J-Lt)t>O be a convolution semigroup of measures on G such that all measures J-Lt are absolutely continuous with respect to the Haar measure. Let (Pt)t>O be the associated
semigroup of convolution kernels on G (c.f. [1]). The reflected measures
given by

J

fdJ-L; =

J

f( -x)dJ-Lt(x), t > 0, f E p£

define a dual basic convolution semigroup. (Pt)t>O and (Pt)t>O are
strong Feller kernels. Consequently, the Assumptions 3.1 and 3.2 are
satisfied (in fact, the associated Markov processes are very nice Levy
Processes). The densities of ( Pt )t>D according to Theorem 3.1 are of the
form Pt(x, y) = qt(x- y) for t > 0, x, y E G for suitable densities qt of
J-Lt with respect to the Haar measure on G.
In this particular case we have the following
Result. For every v E S(Q) there exists a unique measure p on
E x [0, oo[ such that

v(s, x) =

J

1]so,oo[(s)qs-so (x- xo)dp(xo, so),

x E G, s > 0

Proof.
Let v E S(Q). We use the notations of the proof of Theorem 3.2. Then vm ist in Exc (Q*). Obviously, vm is also an excessive measure with respect to the space-time convolution semigroup
(J-L; 0 Et)t>O on the group G x R
Let K* := J000 J-L; 0Etdt denote the associated potential kernel measure on
G x R From Theorem 16.7 in [1] we know that vm decomposes uniquely
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as vm = p * "-* + p1, where Pl is invariant with respect to (J-t; 0 Et)t>D·
Since vm is supported byE x [0, oo[ we conclude p 1 = 0, and pis a measure supported byE x [0, oo[. Consequently, we have vm = P*"-* =wPm,
and the stated integral representation v = wP follows.
0
Examples 3.1. As examples of Application 3.1 we obtain an explicit
integral representation of all space-time excessive functions in the following cases:
i) the Brownian semigroup with densities given in Example 2.l.ii.
ii) the symmetric stable semigroup of order 1 (the Cauchy semigroup)
with densities

X

E ~n, t

>0

for a= r(ntl )/7r(n+l)/2.
Similar results hold for more general a-stable semigroups (c.f. [7] and
[13]), except that there the densities are not elementary functions (only
their Fourier transforms are explicitly given).
Remark 3.3. We formulated our results for a basic semigroup. The
standard example for such a semigroup is determined by some second
order elliptic linear partial differential operator L on a domain E in
~n, where the coefficients of L depend on the space variables in E and
have to be reasonably nice and not to degenerate. More generally, one
may consider coefficients which are also time dependent. This leads to
transition families IP' = (Ps,t)s<t which are no longer time homogeneous.
Nevertheless, our reasoning carries over to this more general setting
due to the fact that in [19] the existence of nice densities of such nonhomogeneous families IP' has been proven.
Some examples of harmonic spaces associated with such time dependant
differential operators appear in [9].
Remark 3.4. In [11] Murata proved for a large class of uniformly
elliptic differential operators L in gradient form on a domain E in ~n
that the Martin boundary for the associated heat operator is given by
(Ex {0} )U(ax ]0, oo[), where is the Martin boundary of E with respect
to L. It should be true in our setting that the Martin-Poisson space associated with the space-time semigroup Q is given by (E U a) x [0, oo[),
where denotes the set of suitably normalized minimallP'-harmonic functions (c.f. [3] for details).

a

a
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Remark 3.5. It is easily verified, that the integral representation
of Corollary 3.1 for v E S(Q) holds already, if v is only wP0 -quasibounded for some general wPo E S(Q). The proof is the same as that of
Corollary 3.1.

References

[ 1] Christian Berg and Gunnar Forst, Potential theory on locally compact
[ 2]

[ 3]

[ 4]

[ 5]

[ 6]

[ 7]

[ 8]

[ 9]

abelian groups, Springer-Verlag, New York, 1975, Ergebnisse der Mathematik und ihrer Grenzgebiete, 87, MR MR0481057 (58 #1204).
J. Bliedtner and W. Hansen, Potential theory, Universitext, SpringerVerlag, Berlin, 1986, An analytic and probabilistic approach to balayage, MR MR850715 (88b:31002).
Nicu Boboc, Gheorghe Bucur and Aurel Cornea, Order and convexity in potential theory: H-cones, Lecture Notes in Mathematics,
853, Springer, Berlin, 1981, In collaboration with Herbert Hollein,
MR MR613980 (82i:31011).
Corneliu Constantinescu and Aurel Cornea, Potential theory on harmonic spaces, Springer-Verlag, New York, 1972, With a preface by
H. Bauer, Die Grundlehren der mathematischen Wissenschaften, 158,
MR MR0419799 (54 #7817).
Claude Dellacherie and Paul-Andre Meyer, Probabilites et patentiel. Chapitres XII-XVI, second ed., Publications de l'Institut de
Mathematiques de l'Universite de Strasbourg [Publications of the Mathematical Institute of the University of Strasbourg], XIX, Hermann,
Paris, 1987, Theorie du potentiel associee a une resolvante. Theorie des
processus de Markov. [Potential theory associated with a resolvent. Theory of Markov processes], Actualites Scientifiques et Industrielles [Current Scientific and Industrial Topics], 1417, MR MR898005 (88k:60002).
R. K. Getoor, Excessive measures, Probability and its Applications,
Birkhiiuser Boston Inc., Boston, MA, 1990,
MR MR1093669
(92i:60135).
Masayuki Ito and Masaharu Nishio, Poincare type conditions of the regularity for the parabolic operator of order a, Nagoya Math. J., 115
(1989), 1-22, MR MR1018079 (90j:35044).
Niels Jacob, Pseudo-differential operators and Markov processes, Mathematical Research, 94, Akademie Verlag, Berlin, 1996, MR MR1409607
(97m:60109).
Pawel Kroger, Harmonic spaces associated with parabolic and elliptic differential operators, Math. Ann., 285 (1989), 393-403, MR MR1019709
(90k:31011).

Integral representation for space-time excessive functions

177

[10] S. E. Kuznetsov, More on existence and uniqueness of decomposition of
excessive functions and measures into extremes, Seminaire de Probabilites, XXVI, Lecture Notes in Math., 1526, Springer, Berlin, 1992,
pp. 445-472, MR MR1232009 (94i:60088).
[11] Minoru Murata, Martin boundaries of elliptic skew products, semismall
perturbations, and foundamental solutions of parabolic equations, J.
Funct. Anal., 194 (2002), 53-141, MR MR1929139 (2003i:35052).
[12] Minoru Murata, Heat escape, Math. Ann., 327 (2003), 203-226,
MR MR2015067 (2004i:31009).
[13] Masaharu Nishio and Noriaki Suzuki, A characterization of strip domains
by a mean value property for the parabolic operator of order a, New
Zealand J. Math., 29 (2000), 47-54, MR MR1762260 (200lg:35099).
[14] Michael Sharpe, General theory of Markov processes, Pure and Applied Mathematics, 133, Academic Press Inc., Boston, MA, 1988,
MR MR958914 (89m:60169).
[15] Malte Sieveking, Integraldarstellung superharmonischer Funktionen mit
Anwendung auf parabolische Differentialgleichungen, Seminar tiber Potentialtheorie, Springer, Berlin, 1968, pp. 13-68, MR MR0245822 (39
#7128).
[16] J. Steffens, Excessive measures and the existence of right semigroups
and processes, Trans. Amer. Math. Soc., 311 (1989), 267-290,
MR MR929664 (89e:60146).
[17] J. Steffens, Duality and integral representation for excessive measures,
Math. Z., 210 (1992), 495-512, MR MR1171186 (93k:31013).
[18] N. A. Watson, Quasibounded and singular thermal potentials, Math.
Proc. Cambridge Philos. Soc., 102 (1987), 377-378, MR MR898157
(88h:31020).
[19] Rainer Wittmann, Natural densities of Markov transition probabilities, Probab. Theory Relat. Fields, 73 (1986), 1-10, MR MR849062
(87m:60170).
Klaus Janssen
Mathematisches Institut, Heinrich-Heine- Universitiit Dusseldorf, Universitiitsstr. 1
D-40225 Dusseldorf, Germany
E-mail address: j anssenk@uni -duesseldorf . de

