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An infinitesimal criterion for topological triviality of
families of sections of analytic varieties
Maria Aparecida Soares Ruas and Joao Nivaldo Tomazella
Abstract.
We present sufficient conditions for the topological triviality of
families of germs of functions defined on an analytic variety V. The
main result is an infinitesimal criterion using the integral closure of
a convenient ideal as the tangent space to a subset of the set of
topologically trivial deformations of a given germ. Applications to
the problem of equisingularity of families of sections of V are also
discussed.

§1.

Introduction

Let V, 0 be the germ of an analytic subvariety of kn (k = lR or q and
let Rv (respectively C 0 -Rv) be the group of germs of diffeomorphisms
(respectively homeomorphisms) preserving V, 0. In this paper we introduce a sufficient condition for the C 0 -Rv- triviality of families of map
germs h : kn x k, 0 ----> kP, 0, based on the integral closure of TRv(h),
the tangent space to the orbit of h under the action of the group Rv.
Our main result establishes that if~~ E TRv(h), then his topologically
Rv-trivial.
We are specially concerned with the case p = 1, that is, with families
h : kn x k, 0 ----> k, 0. In this case h- 1 (0) defines a family of sections of
the analytic variety V, 0.
As a corollary of the method, we obtain sharp results when the
analytic variety is weighted homogeneous and the family of sections is a
deformation of a weighted homogeneous map germ ho (consistent with
V) by terms of filtration higher than or equal to the filtration of h0 .
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This result was previously proved by Damon in [8]. In the final section,
we introduce a notion of V-equisingularity of the family of sections and
we show that the hypothesis of the main theorem implies this geometric
condition. A weighted approach for the topological triviality of families
of sections of analytic varieties was presented in [16]. For other results
related to the subject discussed in this paper, see for instance [2], [8],

[19].
§2.

Basic results
Let On be the ring of germs of analytic functions h : kn, 0 __, k,

k

= JRorC.

A germ of a subset V, 0 C kn, 0 is the germ of an analytic variety
if there exist germs of analytic functions h, ... , f r such that V = {x :
h(x) = · · · = fr(x) = 0}.
Our aim is to study map germs h : kn, 0 __, kP, 0 under the equivalence relation that preserves the analytic variety V, 0. We say that two
germs h 1 and h 2 : kn, 0 __, kP, 0 are Rv-equivalent (respectively C 0 Rv-equivalent) if there exists a germ of a diffeomorphism (respectively
homeomorphism) ¢ : kn, 0 __, kn, 0 with ¢(V) = V and h 1 o ¢ = h 2 .
That is,

Rv = {¢

E

R: ¢(V)

= V},

where R is the group of germs of diffeomorphisms of kn, 0.
A one parameter deformation h: kn x k,O __, kP,O of h 0 : kn,o __,
kP, 0 is topologically Rv-trivial (or C 0 -Rv-trivial) if there exists homeomorphism H : kn x k, 0 __, kn x k, 0, H(x, t) = (h(x, t), t), such that
h o H(x, t) = h 0 (x) and H(V x k) = V x k.
We denote by en the set of germs of tangent vector fields in kn, 0; en
is a free On module of rank n. Let I(V) be the ideal in On consisting of
germs of analytic functions vanishing on V. We denote by 8v = { 17 E
en : 17(/(V)) ~ I(V)}, the submodule of germs of vector fields tangent
to V (see [2] for more details).
The tangent space to the action of the group Rv is TRv(h) =
dh(8~ ), where 8~ is the submodule of 8v given by the vector fields
that are zero at zero.
The group Rv is a geometric subgroup of the contact group, as
defined by J.Damon [5], [6], hence the infinitesimal criterion for Rvdeterminacy holds (see [2] for a proof).

Theorem 2.1. The germ h is Rv-finitely determined if and only if
there exists a positive integer k such that TRv(h) :J M~.
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The following theorem is the geometric criterion for the 'R.v-finite
determinacy.

Theorem 2.2. ([2]) Let V, 0 ~ en, 0 be the germ of an analytic
variety and let h : en, 0 ---+ e, 0 be the germ of an analytic function. Let

V(h) = {x

E en:

eh(x) = 0 for all e

E

Then h is 'R.v- finitely determined if and only if V (h)

8v}.

= {0} or 0.

As a consequence of this result, it follows that if h is 'R.v-finitely
determined, then h - 1 (c) is transverse to V away from 0, for sufficiently
small values of c.
In the real case, the necessary condition remains true, that is, if h is
'R.v-finitely determined then the set {x E !Rn : eh(x) = 0 for all e E 8v}
is {0} or 0.

§3.

Basic facts on integral closure of ideals

Let I be an ideal in a ring A. An element h E A is said to be integral
over I if it satisfies an integral dependence relation hn+a 1 hn- 1 + ... +an =
0 with ai E Ii. The set of such elements form an ideal in A, called the
integral closure of I.
When A= Ox,x 0 , the local ring of a complex analytic set, Teissier
gives in [18] various notions equivalent to the above concept.

Theorem 3.1. ([11], Proposition 1.2) Let I be an ideal in Ox,xo
and 1 its integml closure, where X is a complex analytic space. The
following statements are equivalent:
(a) hE 1.
(b) For each choice of genemtors {gi} of I there exist a neighbourhood
U of xo and a constant C > 0 such that for all x E U:

(c) For each analytic curve 'P: e,o---+ X,x 0 , hocp lies in (cp*(I))0 1 •
(d) There exists a faithful Ox,xo module L of finite type such that h.L C
I.L.
In the real case, the above algebraic definition of integral closure is
not appropriate. But, one can use condition (c) above as a definition.
More precisely,

Definition 3.2. Let I be an ideal of the ring Ox,x 0 , where X is a
real analytic set. The real integml closure 1 of I is the set of h such that
for all analytic 'P : IR, 0 ---+ X, xo, we have h o 'P E ( cp* (I) )0 1 .
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Gaffney ([11], p. 30) shows that hE I ifand only iffor each choice of
generators {gi} of I there exists a neighbourhood U of xo and a constant
C > 0 such that for all x E U:

§4.

The main result

Let ho : kn, 0 ~ k, 0 be a 'Rv-finitely determined germ of an analytic
function and let h : kn x k, 0 ~ k, 0 be an analytic deformation of
ho. In the sequel, we shall assume h(O, t) = 0. The property of being
'Rv-finitely determined is open in the sense that the germ { x E kn :
dht~(x) = 0, V~ E 8v} at 0 is {0} or empty for sufficiently small values
of the parameters ([2)). However, this does not guarantee the existence
of a neighbourhood U of 0 in kn, 0 and an open ~:-ball, Be, centered at
the origin ink such that the above condition holds Vx E U and Vt E Be.
We then need the following definition:

Definition 4.1. Let ho : kn, 0 ~ k, 0 be a 'Rv-finitely determined
germ. We say that a deformation h : kn x k, 0 ~ k, 0 of h 0 is a
good deformation if V(h) ~ {0} x k, 0, where V(h) = {(x, t) E kn x
k,O; dht(x)~(x) = OV~ E 8v}.
Example 4.2. Let V be the x-axis in k2 ; 8v is generated by (1, 0)
and (0, y). The germ h 0 (x, y) = x 2 + y 3 is 'Rv-finitely determined. The
deformation ht(x, y) = x 2 + y 3 + ty 2 of ho has the property that ht is
'Rv-finitely determined for each fixed t, but we cannot find c > 0 such
that the above condition holds for all t E Be.
Our main result is the following theorem:

Theorem 4.3. Let ho: kn,o ~ k,O be a 'Rv-finitely determined
germ and let h : kn x k, 0 ~ k, 0 be a good deformation of ho. If
~~ E dht(8~) for all t E k sufficiently near 0, then his C 0 -'Rv-trivial.
The proof of the theorem is a consequence of the following results.
In what follows we can assume thatdht~(O) = 0, V~ E 8v. In fact,
if~ E 8v, then dht~· '/}; = dht(~~ -~). If dht~o(O) -I- 0 for some ~o, then

ah
at

= dht( ~~ -~o)
dht~o

and hence the deformation is cw-'Rv-trivial (i.e. analytically trivial).
ah

e

Observe that S~:e: E 8~.
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Lemma 4.4. Let I and J be ideals in On with Mni ~ J ~ I and
V(I) = {0}, where V(I) is the variety of the ideal I. Then V(J) = {0}.
Proof From the hypothesis, V(Mni) ;::2 V(J) ;::2 V(I). Since
V(Mni) = V(Mn) U V(I) = {0} u {0}, we get V(J) = {0}.
Q.E.D.

Let ho : kn, 0 --+ k, 0 be a Rv-finitely determined germ and let
h : kn x k, 0 --+ k, 0 be a good deformation of ho. Let {6, ... , ~r}
be generators of 8v and I = (dht6, ... , dht~r) the ideal in On+l then
V(I) ~ {0} x k, since his a good deformation of ho. Let {a1, ... ,am}
be the generators of 8~, dhtai = Pi and J = (p1, ... , Pm)· Since the
ai and hence the Pi vanish on {0} x k, it follows that V(J) ;::2 {0} x k.
On the other hand, Mni C J C I, and it follows from Lemma 4.4, that
V(J) ~ {0} x k.
Let p(x, t) =
1 1Pil 2 . The condition V(J) = {0} x k implies that
p ;:::: 0, and Pt(x) = 0 is equivalent to x = 0. Then, the following result
holds.

2::

Lemma 4.5. Let ho : kn,o --+ k,O be a Rv-finitely determined
germ and let h : kn x k, 0 --+ k, 0 be a good deformation of ho. If
p(x, t) =
1 ldhtail 2 , then V(p(x, t)) = {0} x k.

E:

Lemma 4.6. Let h : kn x k, 0 --+ k, 0 be a deformation of ho.
Suppose there is a continuous vector field (W, 1) E 8vxk such that:
(i} p ~; = dht (W), where p is a control function, that is, p : kn x k, 0 --+ lR
with p(x, t) ;:::: 0 and p(x, t) = 0 if and only if x = 0.
(ii} (- ~, 1) is locally integrable.
·
Then h is topologically Rv-trivial.
Proof Let ¢(x, t, r) be the flow of the on kn x k, 0 defined by
(-~,1), so~
(-~,1)o¢, ¢(x,t,O) = (x,t). When k = JR, we
define
<p(x, t) = cjJ(x, 0, t) = C'P(x, t), t).

Taking the derivative of h(<p(x, t))
get
gt(h(<p(x,t)))

=

h(cp(x, t), t) with respect tot, we

= L~=l g;-,(cp(x,t),t)~(x,t)

+ CJf:(cp(x,t),t)

g;-, (cp(x, t), t) ~' (cp(x, t), t) + ~; (cp(x, t), t)
"n
.!:fi. 8h ) (-( t) ' t) -_ 0
L<i=l p 8x; 'P X,

= - L~=l
_ ( 8h

-

8t -

where Wi are the components of W. Hence, fixing x, it follows that
h( <p(x, t)) is constant, that is, h( <p(x, t)) = h( <p(x, 0)) = h(x, 0) = ho(x)
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for all t and x. Therefore h is topologically Rv-trivial. When k = C,
we consider the restriction

It is sufficient to show that h is a Rv-topologically trivial deformation
of h 1, which in turn is a Rv-topologically trivial deformation of h 0 .
Let ¢(x, t, r) be such that ~~ = (- ~, 1) o ¢and ¢(x, t, 0) = (x, t).
We consider ¢ 1 (x,u + iv) = ¢(x,u,v) and ¢ 2 (x,u) = ¢(x,O,u). It
follows that h o ¢1 is constant with respect to v and hence h( ¢1 (x, u +
iv)) = h(¢ 1(x, u)) = h(¢(x, u, 0)) = h(x, u) = h1 (x, u). One can also
show that h 1 o ¢ 2 is constant with respect to u, therefore h 1(¢ 2 (x, u)) =
h 1(¢ 2 (x,O)) = h 1 (x,O) = h 0 and the result follows.
Q.E.D.

Proof of the Theorem 4.3.

Since p

=

2:::: 1 IPil

2,

With the above notations, it follows that

it follows that

hence

From Lemma 4.5, V(p(x, t)) = {0} x k. We define the vector field X in
kn X k,O,
X(x, t) = {

(-

~~ i(p1a1 + ... + PmO!m), 1)

(0, 1)

if
if

X#

0

X=

0

The vector field X(x, t) is real analytic away from {0} x k.
From the hypothesis, ~~ E dht ( 8~) and hence by item (b) of Theorem 3.1
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Then

IX(x, t)- X(O, t)l

= I~~ i(p101 + ··· + PmOm)l
S ~~~li(IP1IIo1l

+ ··· + IPmlloml)

S csup{IPil}i(IP1IIo11
S c(lo1l

+ ··· + IPmlloml)

+ ... + loml) S Clxl.

Thus, X satisfies the Lipschitz condition around the solution (0, t), and
it follows from [4] or [13] that X(x, t) is locally integrable in a neighbourhood of (0, 0) E kn x k. Then, there exists a family of homeomorphisms
¢(x,t,r), ¢: kn x k x R,O ~ kn x k,O such that~= -X o ¢and
¢(x, t, 0) = (x, t). The proof follows now from Lemma 4.6 (see Lemma
6.2, in [9]).
Q.E.D.

§5.

Weighted homogeneous germs and varieties

Definition 5.1. (a) Given (w1, ... ,wn: d1, ... ,dp), wi, dj E Qi+, a
map germ f : kn, 0 ~ kP, 0 is weighted homogeneous of type ( w1, ... , Wn :
d1, ... , dp) if for all A E k- {0}:

In this case, the value Wi is called weight of the variable Xi and the value
di, is the filtration of fi with respect to the weights (w1, ... , wn). We
write: weight(xi) = w(xi) = Wi and filtration(!)= fil(!) = (d1, ... , dp)·
(b) Given (w~, ... ,wn), and any monomial x<> = xr 1 x~ 2 ••• x~n, we
define fil(x<>) = 2:::~= 1 OiWi·
(c) We define a filtration in the ring On. via the function defined by
fil(!) = inflal{fil(x<>): 8~=~1 (0) # 0}, lol = 01 + ... +On·

Definition 5.2. A germ of an analytic variety V, 0 ~ kn, 0 is
weighted homogeneous if it is defined by a weighted homogeneous map
germ f: kn,o ~ kP,O.
Definition 5.3. Let V, 0 ~ kn, 0 be the germ of a weighted homogeneous analytic variety. We say that a set { 01, ... ,Or} of generators
of 8v is weighted homogeneous of type (w1, ... , Wn : d~, ... , dr) if Oij are
weighted homogeneous polynomials of type ( w~, ... , Wn : di +wj) whenever
Oij # 0, where Oi = 2:::?= 1 Oij a~j, i = l...r. ·
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When V is a weighted homogeneous variety, we always can choose
weighted homogeneous generators for 8v. A proof can be found in [10].
Following [7], we define:

Definition 5.4. Let V be defined by weighted homogeneous polynomials. We say that h is weighted homogeneous consistent with V if h is
weighted homogeneous with respect to the same set of weights assigned
to V.
Example 5.5. Let V = ¢- 1 (0) c k 3 where ¢(x, y, z) = z 2 We have that ¢ is weighted homogeneous of type (1, 2, 2 : 4). Let
h(x,y,z) = x 3 + xy + xz and f(x,y,z) = x 3 + xy + z 2 • Then h is
consistent with V, f is weighted homogeneous but not consistent with V.

x 2 y.

The following result does not follow as a corollary of the Theorem
4.3, but the proof is similar. It was previously proved by J. Damon in [8],
but we include it here for completeness. In [16], we discuss a weighted
approach for the topological triviality of families of sections of analytic
varieties, which also gives Theorem 5.6 as a corollary.

Theorem 5.6. Let V be a weighted homogeneous subvariety of kn, 0
and let ho : kn, 0 --+ k, 0 be weighted homogeneous consistent with V
and 'Rv-finitely determined. Then any deformation h of ho by terms of
filtration greater than or equal to the filtration of ho, is 0°-'Rv-trivial.
Proof Under the above conditions, any such his a good deformation of ho (see [15]).
We have dho(o:i) is weighted homogeneous, where {0:1, ... , o:m} is a
set of weighted homogeneous generators of ev. Let ri be the filtration
of dho(o:i), i = 1, ... , m and

with Si = k/ri, and k = l.c.m.{ri}· Let Pi= dht(o:i) and w =
Since

Then

L:Z:, 1 IPil 28 '.
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The proof now follows analogously to the proof of Theorem 4.3.
Q.E.D.

Example 5.7. Let V,O C JR.3 ,0 (ore 3 ,0) be defined by cp(x,y,z) =
2xk+ 1 y 2+y 3 -z 2+x 2(k+l)y = 0. This is the implicit equation for the Sksingularities classified by D. Mond [14]. The function-germ 'P is weighted
homogeneous of weights 2, 2k + 2 and 3k + 3 for x, y and z respectively.
We have that h(x, y, z) = y + ak+lxk+l is Rv-finitely determined for
ak+l -=1- 0, 1 and consistent with V. Therefore deformations of h by
terms of order higher than or equal to fil(h) are C 0 -Rv-trivial. Fork
odd, h 1 (x,y,z) = z + ax 3 (k+l)/ 2 and h 2(x,y,z) = z + bx(k+l)f 2y are
consistent with V and Rv-finite for all a 2 -=1- -4/27 and b -=1- ±2. Thus
deformations of h1 and h2, respectively by terms of order higher than or
equal to fil(hl) and fil(h2) are C 0 -Rv-trivial.
§6.

V-Equisingularity

Bernard Teissier developed in [18] an infinitesimal theory and a theory of geometrical invariants to study the equisingularity of families of
complex analytic hypersurfaces Xf with isolated singularities. The integral closure of an ideal I is the right object to the infinitesimal part of
that theory. T. Gaffney in [11] extended Teissier results, using the integral closure of a convenient module to obtain necessary and sufficient
conditions for the equisingularity of families of complete intersections
with isolated singularities.

Definition 6.1. Suppose (X,x) is a complex analytic germ, Ox,x
its local ring and M a submodule of O~,x· Then an element h E O~,x
is in M if and only if for all¢: e,o-> X,x, h o ¢is in (¢*(M))0 1 .
Theorem 6.2. ([11], Theorem 2.5) Let F: et X eN-> eP, 0, defining X= p- 1 (0) with reduced structure, y = et X 0 and Xo the smooth
part of X. Then

~~

E

(Zig~ )a X

for all tangent vectors

ts

to et

X

0

iff (Xo, Y) are Whitney regular.

Our purpose in this section is to show that the infinitesimal condition
in Theorem 4.3 gives a sufficient condition for equisingularity of families
of sections of analytic varieties. We also show with an example that it
is not a necessary condition.
Let V c en be an analytic variety. The family of sections of V is
defined by h(x, t) = 0, where h : en X e, 0-> e, 0, h(O, t) = 0, is a good
deformation of a Rv-finitely determined map germ h 0 : en, 0 -> e, 0.
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In order to define the notion of V-equisingularity, we will construct
a stratified diagram of mappings which satisfies Thorn's second isotopy
lemma.
From now on, we assume that V admits a Whitney stratification Sv
in a neighbourhood U of the origin, for which {0} is a stratum. We can
also extend this stratification to the neighbourhood U of the origin in a
natural way, that is, the strata are the strata of Sv and the complement
of v in U. We denote by
the subvariety of en X e, 0 defined by
V = V x C. The product stratification is clearly Whitney regular. Since
the germ h : en X e, 0 --> e, 0 is a good deformation, we can choose a
representative, which we also denote by h, given by h : U x Bn 0 --> e, 0,
where Br is an open ball in e centered at the origin with the property
that h- 1 (0) is transversal to the strata of V away from 0 x Br.
We refine the stratification S of U x Br as follows. Given a stratum
8 of S, we define the new strata § of S as one of the following types:
(8 x Br)- h- 1 (0) and (8 x Br) n h- 1 (0). This refinement defines a new
stratification U x Bn since h is transversal to V away from zero. We
denote this new stratification by the same notationS.

v

Definition 6.3. With the above notation, h is V -equisingular if
there exists E: > 0 such that:
(1) (Be; x Br, S) is Whitney regular;
(2) Be; x Br ~eX Br ..:.':. Br satisfies the second isotopy lemma, where
Be; is the closed ball in en with radius s, Br is the closed ball in e of
radius r, and F: en Xe, 0--> eX e, 0 is given by F(x, t) = (h(x, t), t).
In the following theorem we show that ~~
condition for V -equisingularity.

E

dht (8~) is a sufficient

Theorem 6.4. Let V = q'>- 1 (0), q'>: en,o--> e,o, h 0 : en,o--> e,o
Rv-finitely determined and h: en X e, 0--> e, 0 a good deformation of
ho. Let h- 1 (0) n I:q, = {0} x e, where L:q, is the singular set of q'>. If
~~ E dht ( 8~), then h is V -equisingular.
J.W. Bruce in [1] considers an analogous question. He describes
the topological type of generic families of sections of a semialgebraic
stratification T of a neighbourhood of the origin in JR.n, with 0 being
a stratum. Such families are generalised transverse (G.T) with respect
to the stratification, that is, for every pair of strata 8 1 and 8 2 , and a
sequence of points (xi) E 81 such that limi--+oo Xi = X E 82 and the
limit of the tangent spaces limi__.oo Txi8 1 = T then dh(x) : T--> JR. has
maximal rank, that is, h- 1 (h(x)) is transversal toT.
The following theorem is proved in [1]:
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Theorem 6.5. ([1], Proposition 1.4) Let 'T a Whitney stratification
of an open neighbourhood U of the origin in JRn, with 0 being a stratum.
Let h : R.n x [0, 1] ---t JR. be a family of submersions, with h(O, t) = 0 and
ht(x) = h(x, t). If the family h is generalised transverse with respect
to 'T, for all t E [0, 1], then there exists a germ of homeomorphism
G : JRn, 0 ---. JRn, 0 preserving the strata of 'T such that ho o G = h1.
Good examples offamilies satisfying the G.T. condition are the families of sections of an analytic variety defined by generic families of hyperplanes in JRn. In this work, we substitute the G.T. condition by the
finite determinacy of ho and the integral closure condition. Under these
hypothesis we are able to obtain the topological triviality of families that
do not satisfy the G.T. condition.

Example 6.6. Let V, 0 t;;: <C 3 , 0 be the swallowtail parametrized by
(x, -4y 3 - 2xy, -3y 4 - :1;y 2 ). The module 8v is generated by 171 =
(2x, 3y, 4z), 172 = (6y, -2x2 - 8z, xy) and 173 = (-4x 2 - 16z, -8xy, y2 ).
The 'Rv classification of germs h : <C 3 , 0 ---. <C, 0 given by Theorem
4.10 in [3], gives the normal form z + axn + txn+ 1 , n 2': 2 which is
finitely determined for a -1- 0, n -1- 2, and a -1- 0, a -1- 1/12, n = 2 .
Let ho(x, y, z) = z + axn from Theorem 4.3 we have that the family
ht(x, y, z) = z + axn + txn+ 1 is topologically 'Rv-trivial. However this
family ht is not G.T. at 0, since dht(O,O,O) = (0,0, 1) and the limit of
tangent ,planes to the smooth part of V is the xy-plane.
To prove Theorem 6.4, we first prove the following Lemma.

Lemma 6.7. Let¢ : cn,o ---. <C,O and V = ¢- 1 (0). Given h :
<en+l,o---. <C,O, define G: cn+t,o---. <C 2 ,0, by G(x,t) = (h(x,t),¢(x)).

lfg E dht(8 1?r) 0

then (g,O) E (xiga)
n+l

x1

.
Oa-l(o)

Proof. By hypothesis, for any analytic curve cp : <C, 0---. cn+ 1 , 0, it
follows that go cp E (dht(o:i) o cp) where O:i are generators of 8~ . Then
for all cp : <C, 0 ---. V x <C, 0, we also have
(go cp, 0) E (dht(o:i) o cp, d¢(o:i) o cp), since d¢(o:i) E (¢) and ¢(V) = 0.
Therefore (go cp, 0)

(g,O) E

E

((xi%/:;, Xi*!-;) o cp). Thus,

((xig;,xi~))
1

1

=
Ovxr:

(xig:;)
1

Ovxc

. In particular, (g,O) E
Q.E.D.

Remark 6.8. The above result remains true under the weaker hypothesis g E dh( 8~),.,
.
vvxc
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We now proceed to prove Theorem 6.4; our proof is analogous to
the proof of Theorem 6.5 in [1]. As in [1], we divide the proof in steps:
Step 1. The stratification

S is Whitney regular.

Proof. The Whitney regularity of a pair of strata (S1 , S2 ) follows
easily, with exception of the regularity condition of the strata over {0} x
<C. Clearly the strata of type (S x <C)- h- 1 (0) are regular with respect to
{0} x Br, since the original stratification satisfies the Whitney conditions.
Then we only have to verify that ( S x Br) n h - 1 ( 0) is regular over
{0} x Br. From hypothesis, ~~ E dht8f{,; and from Lemma 6.7 it follows
that

(~~,0)

E

.

(xig~)
Oc-l(o)

I:a-1(0)>

{0}

X

Br)

= (h- 1 (0) n

Now, from Theorem 6.2, (G- 1 (0)-

v- {0}

X

Br, {0}

X

Br) is Whitney

Q.E.D.

regular.

Step 2. For some c:' > 0 and all 0 < c: ::; c:' the product of the
boundary of the c:-ball, aBe, by Br meets the strata of S transversaly.
Proof. The argument is the same as in Theorem 6.5 in [1]. Let
us suppose that the statement is false. Then we can find a sequence of
points
ti) in some stratum S with
~ 0 and
T(x,,t,)S C T(x,,t,)(aBe, X Br) where C:i = llxill· Then (xi,O) is perpendicular to T(x,,t,)S. This contradicts the Whitney condition B. Q.E.D.

(xi,

xi

We then have the first approximation to our stratified diagram, that
is,
Be

X

Br .!.., <C

X

Br ~ Br

where Be is the closed ball in en ofradius c:, c: ::; c:', F(x, t) = (h(x, t), t)
and 1r is the projection to the second factor. We stratify <C x Br by
(<C- {0}) x Br U {0} x Br and we refine the stratification of Be x Br,
taking the intersection of the strata inS with aBe X Br and intBe X Br.
We would like to show that this stratification satisfies Thorn's condition,
but ht might have critical points on aBe. To get around this difficulty
we need the following.
Step 3. For some <5 > 0, Bii - {0} in <C consists only of regular
values of ht for every t E Br.
Proof.

ho.

This follows from the fact that h is a good deformation of

Q.E.D.

In the above diagram we change <C by Bii, where B 8 is the ball with
radius <5, with the stratification aBiiu{O}UintBii-{0}, and satisfying the
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conditions in Step 3. We then get a new stratification of F- 1 (B 0 x Br)
pulling back the strata. We consider now

Step 4. The above diagram is Thorn stratified.

Proof. We have to show that the diagram satisfies the condition
Ah,. Given two strata S1, S2 with (xi, ti) E S1, and (xi, ti) ---+ (x, t) E
S2, the restriction of the kernel of dF(xi, ti) to Tcx,,t,)§b say Ki, is
T(x;,t;)§1 n (ker dht;(xi) x {0} ). The limit of this sequence of spaces
is contained in T n (kerdht(x) x {0}) where T = limi---+oo T(x;,t;)§1· If
x =/=- 0 then kerdht(x) x {0} is transversal to T, hence limi---+oo Ki =
T n (kerdht(x) x {0} ). Since T ::J Tcx,t)§2 (Whitney condition A), then
limi---+oo Ki contains the restriction of the kernel of dF(x, t) to Tcx,t)§2· If
x = 0 then S2 = {0} x Bn and Thorn condition follows trivially. Q.E.D.
Remark 6.9. The V -equisingularity of a family h as above implies
that h is topologically Rv-trivial.
In fact, from Thorn's second isotopy lemma {[12], p.62}, there exist
homeomorphisms
H: F- 1 (BoX {0}) x Br---+ F- 1 (Bo x Br)

preserving the stratifications, such that the following diagram commutes:

F- 1 (B 0

X

{0}) x Br

Fxid
----+

B 0 x {0}

X

Br

!H

! id
F

----+

Then H(x, 0, t) = (h(x, t), t), F(h(x, t), t) = (h(x, 0), t) and it follows
that h(h(x, t), t) = ho(x) for all t and x. Therefore h is topologically
Rv-trivial.
The example below shows that the condition g
stronger than the condition (g, 0)

E

.

(Xi g~)
Oa-l(o)

E

dh(8°v) 0 vxt: is
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Example 6.10. Let V, 0 C k3 , 0 be defined by cp(x, y, z) = 2x 2 y 2 +
z 2 + x 4y = 0 and h: C 4 , 0--+ c, 0, h(x, y, z, t) = y +(a+ t)x 2 and
G: C 4 , 0--+ C 2, 0 given by G(x, y, z, t) = (y+ (a+t)x 2, 2x 2y 2 +y 3 - z 2 +
x 4y). The module 8v is generated byTJl = (2x,4y,6z), T/2 = (0,2z,x 4 +
4x 2y + 3y 2), T}3 = (x 2 + 3y, -4xy, 0) and T/4 = (z, 0, 2x 3 y + 2xy 2). The
element ~; = x 2 is not in the integral closure of the ideal dht(8~) {it
also follows that x 2 ¢ (dh(TJi))ovxJ In fact, given¢: k,O--+ k 4 ,0,
cp(s) = (s,-as 2,0,0), it follows that~ ocp is not in (¢*(dht(8~)))01,
then by Theorem 3.1, ~; = x 2 ¢ dht ( 8~). We can verify that (x 2 , 0) E

y3

-

I Xi g~)
\

Oa-1(o)

. In fact,

we will show that (x 2 , 0) E

I Xi g~, eiGj)
\

04

and the result will follow from this. We have
(a)
(b)
(c)
(d)
Let

1.p:

zGz = (0, -2z 2 )
e1G1 = (y+(a+t)x 2,0)
x 2Gy = (x 2, 4x 4y + 3x 2y 2 + x 6 )
e2G2 + !zGz = (0, 2x2 y 2 + y3 + x 4y)

C,O--+ C 4 ,0 be given by ~.p(u)

We shall see that ('Pt,O) E
and s

=

(~.pt, 0)

E (

ord(~.p2),

if s ~ r

= ('PI(u),'P2(u),i.p3(u),i.p4(u)).
((xig~,eiGi)o~.p) 01 . Let r = ord(~.p1)
or 2s = r then it follows from (b) that

(xig~, eiGj) o 'P) 01 .

If s > r then it follows from (c) that
x 2Gy o i.p

= (i.p~, 4i.pi'P2 + 3i.p~i.p~ + i.p~) = (i.p~, 0) + (0, 4'Pi'P2 + 3i.p~i.p~ + i.p~)

and from (d) we get that (0, 4~.pf~.p2+3'Pt'P~+'P~) E ((xi g~, eiGj) o

i.p) o/

hence,

(~.pr,o)

E

l(xig:;,eiGi)o~.p) 01
\

or(x2,0) E lxig:;,eici)
\

J

J

04

.

Remark 6.11. When the variety V reduces to 0, Tessier in [17]
proved that the set
{t E

c, o :

1

ah
ah)
at E \xi axj }

is open and dense. In the relative case, we can obtain a similar result
as a consequence of Gaffney in [11], that is :
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is open and dense. However, the corresponding statement does not hold
for dht(8~ ). In fact, with a slight modification of the arguments in the
above example, we see that the set:

{t

E

C,O:

ah

at

E dht(8~)}

is empty.
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