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A Duality of a Twisted Group Algebra
of the Hyperoctahedral Group
and the Queer Lie Superalgebra

Manabu Yamaguchi

§1. Introduction

We establish a duality relation (Theorem 4.2) between one of the
twisted group algebras of the hyperoctahedral group Hy (or the Weyl
group of type Bi) and a Lie superalgebra q(ng) @ q(n1) for any integers
k > 4 and ng, n1 > 1. Here q(no) and q(n1) denote the “queer” Lie
superalgebras as called by some authors. The twisted group algebra B;,
in focus in this paper belongs to a different cocycle from the one By used
by A. N. Sergeev in his work [8] on a duality with q(n) and by the present
author in a previous work [11]. This B}, contains the twisted group
algebra Ay, of the symmetric group & in a straightforward manner
(cf. §1. 1. 1), and has a structure similar to the semidirect product of
Ay and C[(Z/2Z)¥]. (B} and By were denoted by Cl-1+1+1UW, and
ClH+LAL-1UW, respectively by J. R. Stembridge in [10].)

In §2, we construct the Zs-graded simple Bj,-modules (where Zy =
Z/2Z) using an analogue of the little group method. These simple B;-
modules are slightly different from the non-graded simple Bj-modules
constructed by Stembridge in [10] because of the difference between
Zs-graded and non-graded theories, but they can easily be translated
into each other. We will use the algebra Cy ® B, where Cj, is the 2*-

dimensional Clifford algebra (cf. (3.2)) and ® denotes the Zp-graded
tensor product (cf. [1], [2], [11, §1]), as an intermediary for establish-
ing our duality, as we explain below. The construction of the simple
Bj-modules leads to a construction of the simple C; ® Bj-modules in §3.

In §4, we define a representation of Cy ® B;. in the k-fold tensor
product W = V®* of V = Crot™ @ Cno+™ | the space of the natural
representation of the Lie superalgebra q{ng + n1). This representation
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of Ci ® B;, depends on ng and ni, not just ng + n;. Note that By can be

regarded as a subalgebra of C; ® B, since By, is isomorphic to Cy ® Ay,
by our previous result (cf. (3.3) of [11]). Under this embedding, our
representation of Cy ® B, restricts to the representation of By in W
defined by Sergeev (cf. Theorem A). We show that the centralizer of
Cr ® B, in End(W) is generated by the action of the Lie superalgebra
q(no) ® q(n1) (Theorem 4.1). Moreover we show that B}, and q(no) @
q(n1) act on a subspace W€ of W “as mutual centralizers of each other”
(Theorem 4.2). Note that A and q(n) act on the same space W*¢ “as
mutual centralizers of each other” (cf. Theorem B).

In Appendix, we include short explanations of some known results,
which we use in the previous sections.

In this paper, all vector spaces, and associative algebras, and repre-
sentations are assumed to be finite dimensional over C unless specified
otherwise. The precise statements of the results sketched in the intro-
duction use the formulation of Zs-graded representations of Z,-graded
algebras (superalgebras) (cf. §1.1.3) as was used in [1] and [2].

1.1. Preliminaries

1.1.1. A twisted group algebra B,C For any k > 1, let B}, denote
the associative algebra generated by 7/ and the elements v;, 1 <14 < k-1,
with relations

(1.1)
= Lyl=-1 (-1<i<k-1), (vv+)=-1 1<i<k-2),

(i) =-1 (i-j1>2), (Tn)?=1 (2<i<k-1),
(7'71)4=1.

If k > 4, then B, is isomorphic to a twisted group algebra of the hype-
roctahedral group Hj with a non-trivial 2-cocycle (cf. [10, Prop. 1.1]).
We regard Bj, as a Zy-graded algebra by giving the generator 7’ (resp.
the generator v;, 1 < i < k—1) degree 0 (resp. degree 1). Note that this
grading of B, is different from that of By, in (3.1) or in [11].

Let Ay denote the Zj-graded subalgebra of Bj, generated by ~;,
1 <i< k-1 If k> 4, then A is isomorphic to a twisted group
algebra of the symmetric group G; with a non-trivial 2-cocycle, with
the Zy-grading as in [2] and [11].

1.1.2. Partitions and symmetric functions. = Let Py denote the
set of all partitions of k, and put P = [], ., Psx. For A € P, we write

I(X) for the length of A\, namely the number of non-zero parts of .
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Also we write |A\| = k if A € P,. Let DP, and OF; denote the dis-
tinct partitions (or strict partitions, namely partitions whose parts are
‘distinct) and the odd partitions (namely partitions whose parts are all
odd) of k respectively. Let DP; and DP; be the sets of all A\ € DP;
such that (—1)¥~!*) = 41 and —1 respectively. Note that (—1)k={*»)
equals the signature of permutations with cycle type \. We also put
DP = 159 DPx and OP = [[;~oOPs. Let (DP?); (resp. (OP?%),)
denote the set of all (A, ) € DP? (resp. OP?) such that || + |u| = k.
Let (Dpz): and (DP?), be the sets of all (\, ) € (DP?); such that
(—=1)F=HN-U#) = 11 and —1 respectively.

Let A, denote the ring of the symmetric functions in the variables
z = {r1,Z2,...} with coeflicients in C; namely our A, is the scalar
extension of the A, in [6], which is Z-algebra, to C.

Let 2, denote the subring of A, generated by the power sums of odd
degrees, namely the p.(z), r =1,3,5, ... . Then {p,(z)|p € OP}isa
basis of Q, where p, = [];5, pu;- For A € DP, let Qx(z) € A, denote
Schur’s Q-function indexed by A (cf. [7], [9, §6]). Then {Qx(z) | A € DP}
is also a basis of €2,.

1.1.3. Semisimple superalgebras.  This theory of semisimple su-
peralgebras was developed by T. Jézefiak in [1], which we mostly follow.
A Z,-graded algebra A, which is called a superalgebra in this paper, is
called simple if it does not have non-trivial Z,-graded two-sided ideals.
If A is a simple superalgebra, then it is either isomorphic to M (m,n)
(denoted by M(m|n) in [2]) for some m and n, or isomorphic to Q(n)
for some n (see [2], [11, §1] for the definitions of simple superalgebras
M(m, n), Q(n).

Let V be an A-module, namely a Zy-graded vector space V = Vy &
V1 together with a representation p: A — End(V) satisfying p(A4)Vs C
Va+s (o, B € Z3). We simply write p(a)v = av fora € Aand v e V. By
an A-submodule of V' we mean a Zs-graded p(A)-stable subspace of V.
We say that V is simple if it does not have non-trivial A-submodules.

Let V and W be two A-modules. Let Hom%(V, W) (a € Z5) denote
the subspace of Hom®*(V, W) = {f € Hom(V,W); f(Vg) C Ways} con-
sisting of all elements f € Hom*(V, W) such that f(av) = (=1)*?af(v)
for a € Ag (B € Z3), v € V. Put Hom(V,W) = Hom%(V,W) &
Hom (V, W) and put End (V) = Hom,(V, V). We call End (V) the
supercentralizer of A in End(V). Two A-modules V and W are called
isomorphic if there exists an invertible linear map f € Homy(V, W).
If this is the case, we write V =4 W (or simply write V 2 W). If V
and W are simple A-modules, then V' = W if and only if there exists an
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invertible element in Hom%(V, W) or Hom!, (V, W). Note that, in [11]
we distinguished between V and the shift of V' which is defined to be
the same vector space as V with the switched grading. In this paper,
however, we identify V' and the shift of V.

If V is a simple A-module, then End4(V') is isomorphic to either
M(1,0) 2 Cor Q(1) 2 Cy (cf. [1, Prop. 2.17], [2, Prop. 2.5, Cor. 2.6]).
In the former (resp. latter) case, we say that V is of type M (resp. of
type Q). This gives the following theorem (see [1], [2], [11, §1] for the
definition of the “supertensor product” of the superalgebras or modules).

Theorem 1.1. Let C = A® B be the supertensor product of su-
peralgebras A and B and let V = U @ W be the supertensor product of
a simple A-module U and a simple B-module W.

(a) IfU, W are of type M, then V is a simple C-module of type M.

(b) Ifone of U and W is of type M and the other is of type Q, then
V is a simple C-module of type Q.

(¢) IfU and W are of type @, then V is a sum of two copies of a
simple C-module X of type M: V =X @ X.

Moreover, the above construction gives all simple A ® B-modules.

Using the above U, W, V and X, define an A ® B-module U 6 W
by

V. if U or W is of type M,

(1.2) UoW = {X if U and W are of type Q.

Let Irr A denote the set of all isomorphism classes of simple A-
modules for any superalgebra A.

Corollary 1.2. We have a bijection

o: IrAxIrB 5 (U,W) S UoW e IrA® B.

§2. Simple modules for Bj

The simple Ai-modules are parametrized by DPy (cf. [2], [7], [9])-
For A € DPFg, let V), denote a simple Ag-module indexed by A\. Then V), is
of type M (resp. of type Q) if A € DP (resp. A € DP,"). We construct
a Bj-module Vy , for (A, u) € (DP?); as follows. Define a surjective
homomorphism of superalgebras 7 : B;, — Ag (resp. m},: B, — Ai) by
k(7)) = 1, 7|4, =ida, (resp.m(7') = —1, 7}| 4, =ida,). The simple
A (resp. Ag_p/)-module V) (resp. V) can be lifted to a Bj, (resp.
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B;,_;s)-module via g (resp. m;,_,, ), where k' = |A|. This (simple) B,
(resp. Bj_;/)-module is denoted by V) 4 (resp. Vy, ). Let V) , denote
the B;-module induced from the B}, ® B;,_,-module V) 46V} ,,, namely

Wu=B.®, -, Vyg oV,
W k Bk’®Bk—k’ ( N ¢yﬂ)

(see the definition of ¢ in (1.2)), where B}, ® Bj,_,, is embedded into B},
via

Rl 7, 1l y (1<i<k —1),

197 > Ty, 1@y e (1<ji<k-—k -1)
where 7] = vi_1%i—2- - NT 71 Yie2Vi-1, L <i < k.

Theorem 2.1. (cf. [10, Th. 7.1]) {Va, | (\, u) € (DP?);} is a
complete set of the isomorphism classes of simple By -modules. Vy , is

of type M (resp. of type Q) if (A, p) € (DP?)) (resp. (A, 1) € (DP?);)

The proof is analogous to the little group method, and is omitted.
It can also be shown that this parametrization coincides with that by
Stembridge in [10, Th. 7.1] modulo the usual difference between Zo-
graded and non-graded modules.

If (\,p) € (DP?),, then fix a non-zero homogeneous element ) ,
of Endg; (Va,u) = Q(1) of degree 1.

§3. The algebras B; and Ci ® Bj,

For any k > 1, let By, denote the associative algebra generated by 7
and the elements 0;, 1 < ¢ < k — 1, with relations

(3.1)
2=02=1 (1<i<k-1), (oi0i1)®=1 (1<i<k-2),

7

(0i0))* =1 (li—jl>2), (r0:)’=1 (2<i<k-1),

We regard By as a superalgebra by giving the generator 7/ (resp. the
generator 05, 1 < i < k —1) degree 1 (resp. degree 0). The subgroup of
(Bk)* generated by o5, 1 < i < k — 1, is isomorphic to the symmetric
group of degree k and it is denoted by &.

Let Cy, denote the 2*-dimensional Clifford algebra, namely Cy, is gen-
erated by &1, ...,&; with relations

(3.2) €=1, &&=-&& (G#7) .
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We regard Cj, as a superalgebra by giving the generator &;, 1 <1 < k,
degree 1. Cj is a simple superalgebra. Let Xj be a unique simple Cg-
module. If k is even (resp. odd), then X} is of type M (resp. of type
Q). If k is odd, then fix a non-zero element zi of Endék (Xk)-

Define a linear map 9: By — Ci ® Ay by
(3.3) Hr)—»&®1 (1<i<k),

o) — %(sj —&+1)®7 1<j<k-1)

where 7; = 0;_1---01701 ...0;_1. Then ¢ is an isomorphism of algebras
(cf. [11, Th. 3.2]). For A € DP;, define a By-module Wy by W) = X o
V. By Corollary 1.2, {W) | A € DP;} is a complete set of isomorphism
classes of simple Bg-modules.

Let B denote the supertensor product (cf. [1], [2], [11, §1]) of the
algebras Ci, and B}, namely By =Cr ® B,.. Since By = Cy, ® Ak, B can
be regarded as a subalgebra of By. For (A, p) € (DP?%),, put Wy, =
X 0V, By Theorem 1.1 and (1.2), W), is of type M (resp. of type
Q) if I(X) + I(u) is even (resp. odd). By Corollary 1.2, {W . | (A, p) €
(DP?),} is a complete set of isomorphism classes of simple Bj-modules.

§4. A duality of B} and q(no) ® q(n1)
Let g(n) denote the Lie subsuperalgebra of gl(n,n) (denoted by
l(n,n) in [5]) consisting of the matrices of the form (g i) The

Jacobi product [ , ]: qg(n) x q(n) — q(n) is defined by [X,Y] = XY —
(=1)XYY X for all homogeneous elements X, Y € q(n), where the sym-
bol — expresses the degree of a homogeneous element. This Lie super-
algebra is called the queer Lie superalgebra. Let U, = U(q(n)) denote
the universal enveloping algebra of g(n), which can be regarded as a
superalgebra. Let W denote the k-fold supertensor product of the 2n-
dimensional natural representation V = Vy@®V;, dimV = (n,n), namely
W = V®k where dim V denotes the pair (dim Vp,dim V;). We define a
representation ©: U, — End(W) by

k - z
X)) ® - Q@u) = Z(—l)x'(”1+"'+”f‘1)v1 Q- ®Xv;® - @Ug
=1 :
for all homogeneous elements X € q(n) and v; € V (1 < i < k). Note
that U, is an infinite dimensional superalgebra. However, for a fixed
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number k, Uy, acts on W through its finite dimensional image in End(W).
Therefore we can use the results in §1.1.3 on finite dimensional superal-
gebras and their finite dimensional modules.

Let no and ny be two positive integers such that ng + n; = n. The
Lie superalgebra q(no) ® q(n1) can be embedded into g(n) via
(4.1)

ampsior= (3 2)-(5 2))-

The universal enveloping algebra of q(no) ® q(n1) is isomorphic to
Uy, ® Uy, which can be embedded into U, as a subalgebra generated by
the elements of q(ng) & q(n1).

Now we define a representation ¥: By — End(W), which depends
on ng and ni, by

€ q(n).

oo
o Qo
ool

0
D
0
(&

4.2
( ‘Il()ﬁ,- @)W ® - ®u) = (1) Ny @ @ Py ® - Qug
(1<i<k),
T1RTN(11 ® - Qug) = (Qu1) ®v2 ® -+ - Q v,
Y(1®7)(v1® - @ vk)
B (_1)ﬁ+-~-+vj__1

V2

M - ®(Prj)®vj+1 Q- ® vk

(—1)7 AT

V2

V1 ® - ®U; ® (Pvjy1) ®--- ® vk
(l<j<k-1)

for all homogeneous elements v; € V, 1 < j < k, where

P= (\/:Om _‘/Ojﬂ"> € M(n,n)1,

I, 0 0 0
(o -, o o
0 0 0 —I,

Note that, by the isomorphism 9: By = Cp ® Ay C By, W can be
regarded as a Bix-module and this Bg-module was investigated by Sergeev
in [8] (cf. Theorem A). Then, observing the actions of ¥(7), ¥(0;) €
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Cr®Ag, 1 <i<k—1,on W, we have

(4.3)
(7)) (1 ® - ®vg) = (Pv1) @+ ® Vg,

T(0:) (1 ® - Qup) = ()" @ Quip1 ®V; @ - QU

for all homogeneous elements v; € V,1<j <k —1.

Let W' be a Uy, ® Up,-submodule of W. Since (q(no) ® q(n1)), =
gl(ng, C)®gl(n1,C) as a Lie algebra, and V is a sum of two copies (Vp and
V1) of the natural representation of gl(ng, C)®gl(n,,C), WI|(q(no)€Bq(n1))o
is embedded into a sum of tensor powers of the natural representation,
so that this representation of gl(ng,C) @ gl(n1,C) can be integrated to
a polynomial representation 8y of GL{ng,C) x GL(n;,C). Let Ch[W’|
denote the character of Ay, namely

Ch[WI](zlax% sy gy Y1, Y2, - ',ynl)
= tr Ow- (diag(z1, Z2, - - -, Tno ), diag(y1, Y2, - - - , Yny))-

The following theorem determines the supercentralizer of ¥(By) in
End(W) and describes the characters of simple U;,, ® U,,-modules ap-
pearing in W.

Theorem 4.1. (1) The two superalgebras U(By) and Uy, ® Un,
act on W as the mutual supercentralizers of each other:

(4.4) End (W) =¥(By), Endyg, (W) = OUn, @Un,).

O (Ung QUn, )

(2) The simple B-module Wy, ((\, 1) € (DP?),) occurs in W if
and only if I(A) < no and [(1) < n1. Moreover we have

(45) W Sssanguy D WU

(LwEDP?),
1) Snol(w)<na

where Uy, denotes a simple Up, ® Uy, -module.
3) We have Uy, =, . Uy o U,, where Uy (resp. U,) denotes
M Uno®Un, I H©

the simple Uy, (resp. Un,)-module corresponding to the simple B)y| (resp.
B,,|)-module Wy (resp. W,,) in Sergeev’s duality (cf. Theorem A).
(4) The character values of Ch[U) ,] are given as follows:

(4.6)
Ch[UA,M](:El?zZv o3 Tngy Y1,Y2, - - ,ym)
= (ﬁ)d(A,M)—l(A)_l(M)Q)\(zl7m27 e ’mno)Qﬂ(yl’ Y2,..., ym)
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where d: (DP?), — Zy denotes a map defined by d(A\,u) = 0 (resp.
d(A, 1) =1) if LX) + I(p) s even (resp. I(A) + l(p) is odd).
Proof. First we will show the second equality of (4.4). Then the

first equality also follows from the double supercentralizer theorem (ab-
breviated as DSCT) for semisimple superalgebras (cf. [11, Th. 2.1]).

By Theorem A (1), we have Endy 5(s,y,(W) D ©(Un, ® U, ), since
O (Un, ®Uy, ) is a subsuperalgebra of ©(Uy,). Hence (X ®Y) commutes
with ¥(¥(Bg)) for any X € q(no), Y € q(n1). By direct calculations, it
can be shown that 6(X ® Y) and ¥(1 ® ) also commute. Since By, is
generated as an algebra by the elements ¥(t;), 1 < i < k, the elements

¥(0j),1<j<k—1,and 1®7', we have End;I,(Bk)(W) D O(Uny ®Unp, ).
We need only to show that

4.7) Endy 5, (W) C OUn, ®Un, ).

We have End;ll(gk)(W) C Endy g, ) (W) = ©(U,) by Theorem A

(1). Tt can be easily checked that ©(U,) C Q(n) ® - - ® Q(n), where

Q(n) denotes the underlying vector space of q(n) (or the superalgebra

it forms), so that we have Endy 4 ,(W) C Q) ®--- ® Q(n). We
k

A

identify End(W) with End(V) ® - - - ® End(V)) by defining the action of
H®f28---® fr € End(V)®* on W by
(1®f2® @ fi) (11 @v2 @ @ vp)
= (—1) P2 T FTHTD) -+ T (FTH 470 fo ® fovg ® -+ ® fivk

for all homogeneous elements f; € End(V) and v; € V, 1 < j < k.
Define a representation §: C[G;] — End(End(W)) of C[{&y] by

0(0)(fi® - @fi®fiy1® - ® fi)
= (—l)ﬂf_";(ﬁ@'“®fi+1®fi®"'®fk)

for all 1 < ¢ < k — 1 and homogeneous elements f;, 1 < j < k, of
End(V). Moreover, define elements T3, 1 < i < k, of End(End(W)) by

Ti(fi® - Qfi)=f/i®  QQfiQ® - ® fi
for all f; € End(V), 1 < j < k. Furthermore put

k
1 1
§=— > 6w, T=]] (§(IdEnd(W) +Ti)) :
: =1

weES)
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Note that, since T; € End®(End(W)) for all 4, the factors in the definition

of T commute. If f € End;p(ék)(W), then it follows that S(f) = f and

(g +T)(f) = £, 1 < i <, since 0(0)(f) = ¥(H(o)) o f o

U(9(0))~! and T3(f) = ¥(1®7!/) o fo ¥(1®7/). Therefore, any element
f of End'q,(ék)(W) can be expressed as a linear combination of elements

of the form
ST(f1® - ® fr)

with f; € Q(n), 1 < j < k. Since

k
18-85 = (3) (1 +QhQ @ ® (i +QAQ)

and f + QfQ belongs to Q(no) ® Q(ny) for any f € Q(n), we have
T(Qm) &+ & QM) C (Qno) & Qm)) &+ & (Q(no) & Q1)
Hence it follows that
Endy, 5,,(W) C S((Q(no) @ Q(n1)) ® - - & (Q(no) & Q(m1))).

By induction on k, it can be shown that

k

la N

5((Q(no) ® Q(m1)) ® -+ ® (Q(no) & Q(m1)))

is generated as an algebra by elements of the form S(X®1®---®1) =
%G(X) with X € q(no) @ q(n1). Therefore (4.7) follows.

Next we will show (2) and (3) simultaneously. Since V is a sum of
the natural representations X and Y of q(no) and q(n;) respectively:
V =X@Y, where dim X = (ng,no), dimY = (n;,n1), W can be
decomposed into a sum of tensor powers of X and Y. Since a U, ®Up, -
submodule of W of the form ---® X ® Y ® - - - is isomorphic to that of
the form --- @Y ® X ® - - -, we have

k )i k:k' $(:’)
g 6, S‘Z X® - -XY®---QY

w

IR
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From Theorem A (2), we have

(4.8) Xk = B Sl b moeu,
AEDP,
(M) <no
Yy®kk o P w.ou.
REDP,_
Uu)<ns

Therefore, it follows that simple U, ® Up,-modules which occur in W
are of the form Uy o Uy, (A, p) € (DP?),, and that U, 6 U, occurs in
W if and only if () < ng and (1) < ny. By (4.7) and DSCT, W can
be decomposed into a sum of non-isomorphic simple B & (Uno @ Up, )-
modules. In order to determine the simple Bi-module which is paired
with the simple U, ®Z/In1—module Uy oU,, we consider the By QB _p-
K k—k'

submodule X ® ---® XY ®---®Y of W. Since T] € 3k/, 1< <k
(resp. 7; € Bi_y, 1 < j < k—Fk), acts on X (resp. Y®F—F') a5
Idyew (resp. —Idygi—w), the By (resp. Big_j )-submodule W) (resp.
W,.) of X®' (resp. Y®~K) can be regarded as a By (resp. Bi_p)-
module and is isomorphic to W 4 (resp. Wy, ,). From (4.8), a simple
By-submodule of W which corresponds to Uy 6 U, » contains W s @ Wy,
as a By ®Bk_k/—submodule. This condition forces this simple ék—module
to be isomorphic to W), ,. Consequently, the result (2) and (3) follow.

The result (4) immediately follows from Theorem A (3) and the fact
that

Ch[UéUI](zl,-"7zn07y17"'7yn1)
{Ch[U](xl,...,mno)Ch[U'](yl,...,ynl) if U or U’ is of type M,

%Ch[U](ml, ee oy Zno) Ch[U'(y1y - - -y Yn, Y if U, U’ are of type Q.

Q.E.D.

By Theorem 1.1, (1.2), Theorem 4.1 (3) and Theorem A, the simple
Up, ® Uy,-module Uy, is of type M (resp. of type Q) if I(A\) + I(p) is
even (resp. odd). If [(A) + I(u) is odd, then fix a non-zero element uy ,

1
of Endu"o@l/{n1 (Ux,n)-

We can rewrite (4.5) using the isomorphism Wi, & XpoVy, as
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Bk-modules. We have

W P XeoVauoUs,
(\H)E(DP?),

Note that, if U, V and W are simple modules for superalgebras A, B
and C respectively, then both (U o V) o W and U o (V o W) denote the
unique (up to isomorphism) simple (A ® B ® C)-module occurring in
UV)QW = U@ (Ve®W), so that, up to isomorphism, the operation
6 is associative. There are three cases where the Cx ® B ® (Uny ® Un, )-
module Xy o V) , o Uy, is different from the supertensor product X ®
V)\,u ® UA,y,-

(1) If k is even and (A, p) € (DP?),, then Xj, Vi, Uy, are of type
M, Q, Q respectively. We have

XeoWVauoUxu =Xk ® (VauoUxu)

where V), , 0 Uy, is one of the two eigenspaces of ) , ® uy, .

(2) If k is odd and (\, p) € (DP2):, then Xg, V) 4, Uy, are of type
Q, M, Q respectively. We have

XeoVauoUsy=(Xe®Vapu) 0Uxu

where (X; ® V) ) oUy,, is one of the two eigenspaces of (2x ® 1) @ u 4.

(8) If k is odd and (A, u) € (DP?),, then X, Vi 4, Uy, are of type
Q, Q, M respectively. We have

Xk o V,\,u o U,\,u = (Xk o V)\,M) ® UA,u

where X}, o V), , is one of the two eigenspaces of zx ® x» .

Put 7 = |k/2] and {; = v/—1€2;_1€2; € C for 1 < i < 7. Then the
elements ¥(¢; ® 1), 1 < 1 < r, are commuting involutions of ¥((Cx)o ®
1) € ¥((Bi)o) = Endoe(unoéunl)(W). For each € = (e1,...,&,) € Z},
put W¢ = {w € W|¥((; ® 1)(w) = (-1)%w (1 <i < r)}. Then
we have W = ®5€Z; We. Since {; ® 1 commutes with 1 ® Bj, for each

1<i<r,WeisaB ® (Uny ® Uy, )-module.

Theorem 4.2. For each € € Z}, the submodule W¢ is decomposed
as a multiplicity-free sum of simple B, ® (Uny ®Un, )-modules as follows:

€ ~v -
(4.9) w N 1 (U B EB Va0 Us .
(Aw)e(DP?),
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In the above decomposition, the simple B} -modules are paired with the
simple Uy, ®Un, -modules in a bijective manner. More precisely, we have
the following results.

(1) Assume that k is even. Then the simple B}, ® (Un, ®Un, )-modules
Va,u ©Un,p in We are all of type M. Furthermore we have
(4.10)

End (W*) = ¥(BY),  Bndiyqsyy (W) = OUng ©Un,).

O(UnoBUn, )
(2) Assume that k is odd. Then the simple By ® (Un, ®Un, )-modules

Va,u o Uy in W€ are all of type Q. Furthermore we have

(4.11)

Endg /sty

(We) = C10¥(B), Endy ) (W) = C100 (Un, &Un, ).
Proof. For each € = (e1,...,&,) € Zj, put X; = {£ € Xy |G =
(=1)%¢ (1 <i<r)}. Then we have X = @eezg Xg.
(1) Assume that k is even. Note that X is one-dimensional. Let £©
be a base of X, namely X = C¢°. Since the elements (; are of degree
0, £° is a homogeneous element of X;. Hence we have X ® (V3 , 0

U)\,lt) TBL®Ung ®Uny) V/\,u o U)\,M'

If (A u) e (DP2);:, then we have

XpoVauoUnu =Xk ®Vau®Usu= P Xi@Vau®Us,
€EZy

= P X ® (Vau 0 Unp)-
€Ly

If (A, p) € (DP?),, then we have

XeoVauoUsy =P Xi® (VauoUnp)
€€ZLYy

since the elements (;, 1 <¢ <7, and 1 ® z) , ® uy, commute. Conse-
quently we have

WE

(4

X ® P Vol

B, ®Ung ®Un, )
(Ap)E(DP?),

~ L ViaoU
Bl &(Uno ®Un, ) Sy Ap 2 EAp
(Am)E(DP?),
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Therefore (4.9) follows. By Theorem 1.1 and (1.2), the simple modules
Vi,u © U, appearing in the above decomposition are of type M.
First we will show the second equality in (4.10). Then the first

equality follows from DSCT. Since W¢ is a B, ® (Un, ® Uy, )-module, we
have
O (Uno ® Un,)|we C Endy g, (WF).

By DSCT, (4.5) and (4.9) (already proved for this case), we have

since both equal > (dim Uy, ,)%+ > 3(dim U, ,)%. By
(\m)E(DP)Y Am)e(DP2),

Theorem 4.1 (1), we have dim End;I,(Bk)(W) = dim O (U, ®Uy, ). Define
a linear map p.: OUn, @ Un,) — OUny @Un,)|lwe by pe(f) = flwe for
f € OUn, ®Uy,). Tt is clear that p. is surjective. We claim that p. is

injective. Assume that f € kerp., namely f|we =0 € End(W¢). Since
f and the elements £;_; commute, and a subgroup of (Cy)* generated

by the elements £2;_1, 1 < j < r, transitively act on {(We'; ¢’ € Z5} as
follows:

£2j—1W(51,...,Er) — W(El,...,6j+1,...,51-) (1 SV j S T)

it follows that f|y, = 0 for all ¢’ € Z%. Therefore f = 0 in End(W).
Hence p. is injective. Consequently we have dim ©(Un, ® Un,)|lwe =
dim Endy g, (W*). It follows that ©(Un, ® Un,)lwe = Endy s )(W*),
as required.

(2) Assume that k is odd. Note that Xf is 2-dimensional. Then
Xi = C¢® @ Czxte.

If (\u) € (DPz);:, then V), 0 Xi = V), ® X and we regard
the B, ® Cx-module Vj , ® Xi as a C ® Bj-module via wey,B,, Where
wey, Bl Cr ® B, — B, ® C, denotes an isomorphism of superalgebras
determined by we, 5, (a®b) = (—1)&'5b®a for all homogeneous elements
a € Cx and b € Bj,. An isomorphism 8: X;®V) , = V3 , ® X} is defined

by 6{(§ ® v) = (—I)E’Fv ® ¢ for all homogeneous elements £ € Xj and
v € V. Since 8o (2x ® 1) = (1 ® z) 0 0, we have
Xk oVauoUx (Vau ® X&) o Us

Vau ® (Xi 0 Us )

o
H T BreU,

&
B ®U»n
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where Xy o Uy, denotes one of the two eigenspaces of zx ® uy . Since
the elements ¢; and zx ® uy , commute, we have

Xk o Unp = @ Xj o U
€€Zy

where X} oU) , denotes one of the two eigenspaces of z| Xxe®uy . Since
XioUy, is a Up, ®Un1-submodule of XpoUy, “u oy U?Zr and

"0 ny 2
dim(X; o Uy ,) = dim U, ,, it follows that X§ o Uy

If (A, ) € (DP?), , then we have

W uno ®un1 U/\,M :

Xk 0 VauoUru = (Xk 0 Vaw) ®Unu = @D (X5 0 Va) @ Un
€€Z]

since the elements ¢;, 1 < i < 7, and 2 ® =, ® 1 commute, where
Xi o Vi, denotes one of the two eigenspaces of zx|x: ® z»,. Since

X§ 0oV, is a Bj-submodule of X0 Vi, 25 V,®2" and dim(X§6V),) =
dim V), ,, it follows that X7 o V) , '..—\_'3;‘ Wau-
Consequently we have

WE

IR

@ VA:M ® UA!/" °
(A p)E(DP?),

By Theorem 1.1 and (1.2), the simple modules V) , ® U, , appearing
in the above decomposition are of type @ and we have V) , ® Uy, =
Vi © Ux . Therefore, (4.9) and the former statement of (2) follow.
The supercentralizer End;l,(BL)(WE )} contains an invertible element
U (€x) € ¥(Ck). The subsuperalgebra of End'\l,(B;c)(WE) generated by

U(&) is isomorphic to C;. By the arguments similar to the proof of
(4.10), the result (4.11) follows from DSCT (cf. [11, Cor. 2.2]). Q.E.D.

Let us mention a relation between the branching rule of the g(n)-
modules to q(no) @ q(n1) and that of the Bi-modules to By, (or that of
the Bj-modules to Ayg).

Let A be a superalgebra and let B be a subsuperalgebra of A. If V
is an A-module, then we can restrict it to a B-module, which we write
as V | 4. Moreover, we write [V : U]4 (or simply write [V : U]) for the
multiplicity of a simple A-module U in an A-module V.
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Corollary 4.3. Put

(4.12)

A Un .
ml":l’ - [ljA lun(,@llnl. UM,V]?

(4.13)
A 5 B
m/u,v = [W v lg:: W] (resp.[V#,,, lA’Z: VA]) .

Then we have

(4.14)
%mﬁ,y if both U, and W, (resp. V,,,) are of type M
A and both Uy and W), (resp. V)) are of type Q,
Mmuv =9 2m? if both U, and W, (resp. V, ) are of type Q

(8%

and both Uy and W) (resp. Vy) are of type M,

mf;,,, otherwise.
Proof. Put
. - By ®(Ungo ®Un, )
W' =WyoU Wy =W |Br&Un Wy =W | F e,
A0 Ypys 1 lm@(uno@um)’ 2 lBk®(Uno®Un1)

Since Wi = W,, we have [W; : W] = [Wa : W’]. Moreover, put

Bi® (Uno ®Un;)

Wl, _ (W)‘ 5 U)‘) lBk®un W2/ = (W#,u o Up,u) lBk®(uno®un1) :

Bi®(Ung @Un, )’
From (4.5) and (A.2), we have [W; : W/| = [W{ : W'] and [Ws : W] =
(W3 : W’]. Using (4.12) and (4.13), we have

Blc@un ~ @m)",,
(W)\ ® U)\) lBkg(un()@unl)— @ (W)\ ® U, ,u) Hy
(w,v)€(DP2?),

gk@(un ®un )N em»‘
%% U oot w U, mv
(W ®Upp) lBk@(“ng@“nl) )‘EG,?P (Wrx®Uy,y)
k

By Theorem 1.1 and (1.2), the above modules (W) ®U)) lzkgz’; 84 )’
k ng ny

Bi®(Un o ®lUn,)
W, U O ®Hny )
( Hov ® ’V) lBk@(un()@unl)

Wy, W' if Wy is of type Q, W, , is of type Q, both W) and U, , are of

Wy ® Uy, are sums of two copies of W7,
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type Q, respectively. Note that Uy (resp. U, ) is of the same type as
Wy (resp. W, ). Therefore we have

mp, if Wy is of type Q and W, , is of type M,

W =< 2
m)‘ otherwise,
1
Wi W] = Zm m? uy if Wy is of type M and W), , is of type Q,
m’ f;’,, otherwise.

Comparing the above two equations, we obtain the result (4.14).
Next, using (4.9) and (B.1), we consider the multiplicities of the

. . - . : A
simple Ax ® (Up, ® Uy, )-module V) o Uy , in W* lA:gz(/lu,m@unl) and
we lB;C®(u"°®u"1) respectively. Then (4.14) similarly follows. Q.E.D.

Ak ®(un0 ®un1 )

Let Hj, be the subgroup of (B;)* generated by —1, 7/, 71,..., Yk-1-
Then Hj, is a double cover (a central extension with a Z; kernel) of H.
Let w™" denote the element of Hj, defined by

w = wiwe - wwiwh - -wy, (L= 1K), =1(v)),

Wi = Yat+1%a+2" " Yatni-1 (@ = K1+ + Ki-1),
W, = Vo1Yb+2 - "’)’b+ui—17'1;+u,~ (b=|sl+vi4--+rvia)
Note that the image of w™" in Hy is a representative of the conjugacy
class of Hy, indexed by (k,v).
Define a map €: (DP?), — Z3 by e(A, ) = 0 (resp. (A, ) = 1) if
(A, 1) € (DP?)} (resp. (A, 1) € (DP?);).
We describe a formula for the character values of simple B;-modules.
Corollary 4.4. We have

(4.15)
Hxr)+l(v)

L (J,‘, Y)pu(z, —y)

= > ChW,)w™ 1) TR O (2)Quy)
(Ap)E(DP?),

for all (k,v) € (OP?),, where pe(,y) = pe(z1,%2,.--,Y1,Y2,.-.) and
pu(z, —y) = pu(z1,%2,. .., —Y1, —Y2, . - . } and Ch[V}, ,] denotes the char-
acter of Vy ., namely Ch[V) ,)(w) = tr(wy, ,) for w € B} where wy, ,
denotes the action of w € By, on V) .
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Proof. As we have noted in the preceding paragraph to Theo-
rem 4.1, any B} ® (Un, ® Un,)-submodule W’ of W can be regarded
as a Bj-module with a commuting polynomial representation Oy of
GL(ng,C) x GL(n;,C). Here we extend our notation in Theorem 4.1
to let Ch[W’'](z ® g) denote the trace tr(zw- o O (g)) for z € B, and
g € GL(no,C) x GL(n1,C), where zy denotes the action of € B}, on
w'.

For any ¢, ¢/ € Z}, we have W* BL & (Ung GUn;) W¢'. Hence, for
(k,v) € (OP?), and E = diag(z1,-..,Tne, Y1, - -, Yn;) € GL(n,C), we
have
(4.16) Ch[W¢] (w™” @ E) =27 "Ch[W] (1@ w™") ® E)

where 1Quw"™" € Cy QZ)B,,c = By. We calculate the right hand side using the
embedding 9: By, — By (cf. (3.3)), namely 1®+; = 19(7(7'J — Tj4+1)05).
Put k¥’ = |k| and | = I(k). Then k — k' = |v|. Moreover put W’ = V®"'
and W” = V&K We have w™" = w™?w®", where w*? ¢ By, w®"
Bk - Define a representations of By on W' (resp. a representation of

Bi_) on W”) by the same manner as the representation ¥ of By in

W. Then the action of 1 ® w™? (resp. the action of 1 ® w#") on W
k—k’

—
can be expressed as (the action of 1 ®w™?% on W’) ®1id®--- ®id (resp.
kl
—
id®---®id (the action of 1 ® w®” on W")). Hence we have
Ch[W](1®w™")QE)
(4.17)
= Ch[W'] (1 ® w™?) ® E) Ch[W"] (1 ® w**) ® E)..

The element 1 ® w™?¢ of By is a product of k' — [ elements 1 ® v =
19(%(7']' — Tj+1)05). This product can be rearranged into the following
form:
(constant) x (a product of the elements ¥(7,) — ¥(7,))
X (a product of the elements ¥(o;)).

The product of the elements 9(c;) equals 9(c"™?). Expanding the prod-
uct of 9(7,) — ¥(7,) into a sum of 2¥~! elements, we have

1\ ¥
1Quw™® = (E) X Z(a product of the elements ¥(7p)) x 9(c™?)
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i—1
where O-KI’¢ = 019201, 3i = Oa410a+2° " Oa+ty;—1 (a = Zj:l Rj)-

Then all terms in the summation are conjugate to ¥(c™%) in 9((Bi)*).
Therefore we have

Ch{W'] (1 ® w™%) ® E) = 2¥~}(v2)!~* Ch[W] (9(c"*) & E)
= (‘/i)klﬂpn(xl,wz, e Y1 Y2y )

Put I’ = l(v). Similarly we have

Ch[W”] ((1 ® ,w¢,l/) ® E) — 2k—k’—l’(\/§)l'—k+k' Ch[WII](’l?(O'I¢’V) ® E)
= (ﬁ)k_k’+l/pu(ml,w2) sy YL, Y2, .- )

/ — Al A / I _ / _ i-1
where o =9192 91, 9; = Ob+10b+2 - - - Ob4v; —1Tp 4y, (b= Zj:l Vj)-

By (4.16) and (4.17), we have

v

Ch[W* (1 ® w™") ® E)
(V2)* pe(@1, 22, - Y1, Y2y - - )P (T15 T2y oy —Y1, Y2, - - )
B if k is even,
(\/§)l+l +1Pn($lax2, e Y1,Y2, - )pu(x17$2, ceey =YLy, — Y2, .. )
if k is odd.

On the other hand, by (4.6) and (4.9), if £ is even, then we have
B VauoUn @ o E)
(A p)e(DP?),

= Y chle)

(M\p)E(DP?),
X (\/5)—6()\’#)_l(/\)—l(”)Q)\(xl, s axno)QM(yla oo yyn1)7

and if k is odd, then we have
Chl @ VauolUru W™ ®E)
(A u)E(DP?),

=v2 ) ChWuJ@™)

(\u)E(DP2),
x (V2) eI Qy (1, ., 200 ) QWi - - - Uny)-

Since these hold for all ng and n, the result follows. Q.E.D.
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We review Stembridge’s formula for the character values of simple
Bj-modules, in a form adapted to the simple modules in the Z>-graded
sense.

Theorem 4.5. (cf. [10, Lem. 7.5]) We have

3(U(k)+1(v))
27 2 pe(x)pu(y)

= Y. ChWul™)2
(AWE(DP?),

-—l()\)—l(;)—s(k,u)

Qx(,Y)Qu(z, —y)

for all (k,v) € (OP?%),, where Qx(x,y) = Qa(x1,Z2,...,Y1,Y2,...) and
Qu(x7 —y) = Qu(xlaxZa ey~ Y1, Y2y .- )

The formula (4.15) is different from Stembridge’s formula. Let us
mention a relationship between the two formulas. Define an algebra en-
domorphism ¢ of Q, ®Qy by (f®1) = f(z,y) = f(z1,T2,-.-,Y1,Y2,---)
and ¢(1® g) = g(z, —y) = g(z1,22,...,—Y1,—Y2,...) (since the y-part
belongs to ,, this “naive notation” actually coincides with g(z — y) in
the A-ring notation). Note that {Qx(z,y)Qu(z,—y) | (A, 1) € (DP?)}
is a basis of Q, ® €, (cf. [10, Th. 7.1, Lem. 7.5]). Since ¢(Qx(z)Qu(¥)) =
Qx(z,y)Qu(z, —y), it follows that ¢ is an automorphism. Moreover, since
t(pr(z,9)) = 2p-(z) and u(p-(z, —y)) = 2p,(y) for any odd r, it follows
that the image of (4.15) under ¢ coincides with Stembridge’s formula.

Appendix

A. Sergeev’s duality. = We review Sergeev’s duality relation be-
tween By, and U, using DSCT. Define a map d: DP; — Z3 by d(\) =0
(resp. d(A) = 1) if I(X) is even (resp. I()A) is odd).

Theorem A. [8] (1) The two superalgebras ¥(By) and Uy, act on
W as mutual supercentralizers of each other:

(A1) Endg (W) = ¥(Bx), Endyg,)(W) = 60Un).

(2) The simple Bx-module Wy (A € DPy) occurs in W if and only
if I(A)) < n. Then we have

(A.2) W, P wisUx
AEDP;
I(AN)<n

where Uy denotes a simple Uy, -module corresponding to Wy in W in the
sense of DSCT.
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(3) The character values of Ch[U)] are given as follows:

(A.3)  ChU](z1,T2...,%n) = (V2)IVTINQ) (21, 1, . . ., zp).

B. A duality of A, and q(n). We established a duality relation
between A and U,, on the same space W¢ as in Theorem 4.2.

Theorem B. [11, Th. 4.1] The submodule W¢ is decomposed as a
multiplicity-free sum of simple Ay, ® Uy, -modules as follows:

. o .
AEDP;

I(AN)<n

iR

(B.1) we

(1) Assume that k is even. Then the simple Ax ®@Upn-modules VyoU)
in W€ are of type M. Furthermore we have

(B.2) Endpgy,)(W®) = ¥(A),  Endga,)(W*) = O(Un).

(2) Assume that k is odd. Then the simple Ay @ Up-modules Vy o Uy
in We are of type Q. Furthermore we have

(B3) Ende(Un)(Ws) o C1®\I’(Ak), Endq,(Ak)(WE) = C1®@(un)
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