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for any scalar t. In particular, the group µ= µn of D'th roots of unity 
operates on the variety of equation F= I. We will first construct a 
canonical isomorphism 

For this we first view V=(F=0)-{O} as a smooth divisor in E-{O} 
whose complement is the open set E[l/F] where Fis invertible, and use 
the residue sequence. Now E-{O} has cohomology only in degrees 0 
and 2r-1 =2n+ 1, so we find an isomorphism, induced by residue, 

Now consider the D-fold finite etale galois µ-covering Z of E[l/F] defined 
by extracting the D'th root of 1/F. Thus Z is the subscheme of EX Gm 
of equation tnF(xi, · · ·, xr)=l. By means of the identity of weighted 
homogeneity for F above, we see that Z is isomorphic to the product 
(F=l)XGm, with C inµ acting on this product by 

The Kunneth formula gives H*(Z)=H*(F= l)&;;H*(Gm). Because the 
action of Gm on itself by translation acts trivially on its cohomology, we 
find 

Since F = 1 has cohomology only in dimensions O and n, we find 

We next claim that in the universal family of F's which are mixed 
homogeneous nonsingular of type (d(l)::;: · · -::::;,d(r)), the dimension of 
Hn(F=l)P, or equivalently of H~(F=l)P remains constant. Let us 
denote by 

this family. The µ action defines an S-automorphism off, so (RnJ;Q1)µ 
is a direct factor of RnJ;Q1• Since Suniv is visibly connected, it suffices 
to show that R1fiQi is lisse, for then its direct factor (RnJ;Q1)µ is itself 
necessarily lisse, and so of constant fibre-rank by the connectedness of 
Suniv· By Corollary 6.7.2, to show that R1/iQi is lisse on Suniv, it suffices to 
show that the dimension of Hn(F= 1) is constant. But this dimension is 
equal µ(F), itself the product of the µ(Fd)'s for the nonzero homogeneous 
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components Fd of F, each viewed as functions of its own variables. 
Reinterpreting µ(Fr1.) as the reduced middle Betti number of the variety 
Fd = 1, we are reduced to proving the constancy of the Betti numbers 
universally in the case when F itself varies over all "homogeneous 
nonsingular" forms of some degree degree d in some number k> 1 of 
variables. But such a variety F = 1 is the complement in a smooth 
projective hypersurface of degree d in Pk (the one of homogeneous 
equation F=Zd) of a smooth hyperplane section (the one of equation 
z=O), so the constancy of the ranks of the cohomology groups of F= 1 
as F so varies is clear In fact, one finds thatµ of such an Fis (d- l)V, 
by looking at the special case when Fis of Fermat type 

Now that we know that dim H~(F= 1)" remains constant as F varies 
over mixed homogeneous nonsingulars of given type, we may compute it 
by taking for F the Waring polynomial I:t (xt)dCtJ In this case, the 
Pham-Brieskom description (cf. [Mil, 9.1, 9.21) of the cohomology of F= 1 
shows that as a representation of the product group µdcii X · · · X µd<r>• 
with (C1, ···,C,) mapping (···,X 0 ···) to (···,Ctxt, ···),Hn(F=l)is 
the tensor product of the augmentation representations of the µr1.ct>· 
Concretely, this means that Hn(F= 1) is µdcii X · • · Xµdc,i-isomorphic to 
the span of monomials xw in x 1, • • ·, x, whose exponents satisfy 

O<w(i)<d(i). 

Such a monomial is invariant under the action ofµ= µn, with C mapping 
( ... , xt, ... ) to ( · .. , c•<tixt, · · · ), if and only if I:te(i)w(i)=O mod D. 
Dividing through by D, this becomes the condition I:t w(i)/d(i)-==-0 mod Z. 
The number of such µ-invariant monomials is precisely the number 
N(d(I), . · ·, d(r)). This concludes the proof of Lemma 6.12. Q.E.D. 

We now tum to the proof of 

Lemma 6.13. Hypotheses and notations as in Theorem 6.11 above, 

dimHn- 1(Vn H)>P(d(2), d(3), · · ·, d(r)). 

Proof Let H0 be any affine hyperplane in E which does not contain 
0 and for which the intersection vn H0=Xn H0 is smooth of dimension 
n - I. Then we claim that 

To see this, we argue as follows. Consider first the universal family 
of sections of X by hyperplanes of this form. In terms of the dual 
coordinates Yi,·· ·,Yr on Ev, denote by Wthe subvariety Wof EXEv 
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consisting of points (x, y) which satisfy the two equations 

F(x)=O, 

Because Fis weighted homogeneous with O as unique critical point, 
one sees easily by the Jacobian criterion that Wis smooth of codimension 
two in EXEv. 

Now consider the projection of W to Ev. We claim that this 
projection is flat. By the argument of 6.1.3, it suffices to show that 
I;i aixi-1 is not a zero divisor on X. But I;i aixi-1 can be a zero 
divisor on X only if, as a function on E, it lies in the ideal of F. But this 
is impossible, since F vanishes at O and I:i aixi-1 does not. 

Now that we know that Wis flat over Ev, let S denote the line in Ev 
which joins H to H0, and denote by W8 the inverse image of S in W. 
Then the projection tr of W8 to S is flat. Therefore, tr is smooth at point 
win W8 if and only if w is smooth in its fibre. The set S' of points s in 
S whose fibre is smooth contains both H0 and the open set un S, which 
is nonempty because it contains H. Therefore S' is open dense in S. 

Therefore 1r- 1(S') is smooth and affine over S', with fibres purely of 
dimension n-1 (or empty). Because H is sufficiently general with 
respect to V, the general value of the middle Betti number of the fibre is 
dim Hn- 1(Vn H), and so the asserted inequality 

results from the semicontinuity result Proposition 6.7.1. 
Armed with this inequality, we argue as follows. By a linear change 

of variables, we may assume that each of the nonzero homogeneous com
ponents Fb of F is in "general position" with respect to its coordinates. 
[By this we mean that for each nonzero Fa, the (xia/axi)(Fa), as the xi 
run over the variables which occur in Fa, have no common zero other 
than the origin.] Take of H0 the hyperplane of equation x1 = 1. The 
intersection vn H0 is easily checked to be smooth, again by the Jacobian 
criterion. 

Concretely, vn H0 is defined in the n-dimensional affine space with 
coordinates x2, • • ·, x, by the equation 

F(l, x2, • • ·, x,)=0. 

It remains only to verify that 

dimHn- 1(F(l, x2, ·, ·, x,)=0)=P(d(2), d(3), · · ·, d(r)). 
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This would be clear if F were itself a Waring polynomial I:i (xi)a<t>. We 
will reduce to this case by showing that the dimension in question does 
not change as the original F varies in the universal family of mixed 
homogeneous nonsingulars of given tyep all of whose Fa:'s are in general 
position with respect to their variables. 

Given F, let us denote by F the form of degree D in r variables 
defined by 

The point is that Fis itself "homogeneous nonsingular" of degree D, and 
in general position with respect to its variables. The group I'= Pe<z> X 
· · · Xµe<r> acts on the variety 

F(l, X2, · • ·, X7 )=0, 

and the quotient is the variety 

F(l, Xz, ••• 'xr)=O. 

Therefore we have 

The construction F-F and the action of the finite group I' both pass to 
the universal family, whose parameter space is sm0th and connected. 
Exactly as in the proof of Lemma 6.12 we are reduced to verifying the 
constancy of 

dimHn-'(F(l, X 2, • • ·, X 7)=0) 

as F varies in the universal family. Once again this constancy is obvious, 
because the variety F(l, X2, • • ·, X 7)=0 is the complement of a transverse 
hyperplane section of a smooth projective hypersurface of given degree D 
and dimension n-1. Q.E.D. 

Section 7 

(7.0) This section is devoted to formulating explicitly some applica
tions of the results of the earlier sections in entirely elementary terms. 

(7.1) We fix an integer r > I, and a closed subscheme X of Az 
Spec(Z[x,, · · ·, X7 ]), the r-dimensional affine space over Z. We make 
the hypothesis 

(7.1.1) The complex variety Xe is reduced and irreducible, of 
dimension n'?:_O. 
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(7.2.1) For each prime number p, and each r-tuple (a)=(a 1, ···,a,) 
of elements of Fp, we denote by S(p; (a)) the exponential sum 

S(p; (a)):= I; exp((211:i/p)(l::t atx 1)"). 
(:c)lnX(Fp) 

(7.2.2) For each prime number p we denote by M(p) the mean 
absolute value of the "normalized" sums S(p; (a))!(Jp); 

M(p):=(Jp)-n-Zr I; \S(p; (a))\. 
(a) in (Fp)r 

(7.2.3) We denote by A the nonnegative integer which is the "A
number" of Xe. 

Theorem 7.3. Hypotheses and notations as in 7.1 and 7.2 above, 
there exists a constant C such that the means M(p) behave in the following 
way. 

(7.3.1) If A=O, then for all primes p, 

M(p)<C/Jp. 

(7.3.2) If A= 1, then for all primes p, 

\M(p)-1\<C/Jp, 

(7.3.3) If A~2, then for all primes p, 

M(p)<l+C/Jp. 

and the inequality 

M(p)< 1-1/4(1 +A 2) 

holds for all p in a set of primes of Dirichlet density > l/2A'. In fact, 
there exists a galois extension K/Q such that M(p)< 1-1/4(1 +A 2) holds 
for all sufficiently large primes p which split completely in K. 

Proof This is the spelling out of 4.4, 4.8, 4.9, 4.10, 5.17 and 5.18 
in the case when~ is the constant sheaf and the base Sis Spec(Z). 

Q.E.D. 

(7.4) Here is a variant on the above theorem where we allow 
"twisting" of our sums by multiplicative characters. Fix an invertible 
function g on X, and an integer N> l. For each prime p which satisfies 

p=.1 modN, 
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fix a multiplicative character 

xp,N: (F,Y-----+C x 

of exact order N. For each r-tuple (a)=(a 1, • • ·, ar) of elements of Fp, 
we denote by S(p; g, Xp,N• (a)) the exponential sum 

and by M(p; g, Xp,N) the mean absolute value of the "normalized" sums 
S(p; g, xp,N> (a));(,,/p)n; 

M(p; g, xp,N):=(,,/p)-n-Zr I: IS(p; g, xp,N> (a))\. 
(a) in (Fp)r 

The behavior of these means, asp varies over primes P= l mod N, is also 
governed by A in exactly the same way. More precisely, we have 

Theorem 7.5. Hypotheses and notations as 7.1, 7.2 and 7.4 above, 
there exists a constant C such that the means M(p; g, Xv,N) behave in the 

following way. 
(7.5.1) If A=O, then for any invertible function g on X, any integer 

N> l, any prime P= l mod N, and any multiplicative character Xv,N• 

(7.5.2) If A= l, then for any invertible function g on X, any integer 
N :2: 1, any prime P= l mod N, and any multiplicaitve character Xv,N• 

\M(p; g, xp,N)-1 \~ C/,,/p. 

(7.5.3) If A> 2, then for any invertible function g on X, any integer 
N > l, any prime P= l mod N, and any multiplicative character Xv,m 

M(p; g, xp,N)~ 1 +c/,,jp. 

(7.5.4) If A> 2, there exists for each pair (N, g) a finite galois exten
sion Kg,N of Q such that Kg,N contains the cyclotomic field Q((N) and such 
that inequality 

holds for all sufficiently large primes p which split completely in K. 

Proof Given g and N, extend scalars from Z to Z[(N, l/N], pick a 
prime l dividing N, and a faithful Q-valued character X of the group 
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µN(zr,N, 1/N]). On the scheme x0zr,N, 1/N], we have the rank one 
lisse sheaf 2zcgJ which is pure of weight zero. The key point is that its 
A-number (cf. 4.6) is the same as for the constant sheaf. (Indeed, for any 
lisse !F on V, and for any lisse C§ on X, the middle extensions of !F[n] 
and of !F[n]®j*C§ are related by the formula 

j1*(!F[n] ® j *C§) = j1*(.~[n ])@C§. 

Therefore the A-number for !F[n]®j*C§ is related to that for !F[n] by 

A(!F[n]®j*C§)=rank(C§) X A(!F[n]), 

simply because the A-number of a middle extension K depends only on 
its local Euler characteristic function X(K) (cf. [K-L, 3.01). Applying this 
with !F the constant sheaf, and C§=2zcgJ gives the equality of A's). 
Now apply 4.8, 4.9 and 4.4 over S =Spec(Z[,N, 1/N]) to the closed 
points of S whose residue fields are the prime field, i.e., those lying over 
primes p= 1 mod N. For such p, bohth the set of Xp,N's and the set of 
closed points of S lying over p are (Z/ N Z)X-torsors, so we obtain asser
tions 7.5.1-2-3. The constant C can be chosen uniformly, because the 
constants C2, M3, and M 4 which occur in 4.4, 4.8, and 4.9 are invariant 
under etale base change S'----:,.S. For 7.5.4, we apply 5.17 over S= 
Spec(Z[(N, 1/N]). This gives a finite galois extension Kg,N of Q(Cn) such 
that the asserted estimate certainly holds for every p= 1 mod N which 
splits completely in Kg,N· Replacing Kg,N by its galois closure over Q 
gives the desired Kg,N' Q.E.D. 

Theorem 7.6. Suppose that r >2, and that F(x 1, • • ·, Xr) is a nonzero 
weighted homogeneous polynomial with integral coefficients whose unique 
critical point (when viewed as a complex polynomial) is the origin O in A0. 
Let k be an integer, and consider the variety X of equation 

F(X1, • • ·, Xr)=k. 

Suppose either that k is nonzero, or that both r > 3 and F is mixed homo
geneous nonsingular (cf 6.10) of type (d(I)< · · · <d(r)) with d(r)=3. 
Then Xe is reduced and irreducible of dimension n= r -1, and A >2. 

Proof This is 6.5, 6.8.1, and 6.11. Q.E.D. 

Appendix. Variations on the Brylinski-Radon transform 

Let S be an arbitrary (separated and noetherian) scheme, r > I an 
integer, -r: £----:,.S a vector bundle of rank r, and -rv: £V----:,.S the dual 
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vector bundle. We denote by A: PE-+S the projective bundle of lines in 
E, and by q: V-+PE the tautological line bundle over PE (i.e., a point of 
Vis a pair (L, P) consisting of a line L in E together with a point P in L, 
and q(L, P) = L). The complement V*: = V - PE of the zero-section in 
V (i.e., viewing Vas a line bundle over PE) is the complement E* : = E- S 
of the zero-section in E (i.e., viewing E as a vector bundle over S). This 
identification V* = E* extends to a morphism n: V -+E which identifies V 
with the blowing up of E along its zero-section. We denote by j: E-S 
-+E and by a: V*-+V the inclusions. We denote by p:=qJ V*: V*-+ 
PE the tautological Gm-bundle over PE. We denote by qv: vv-+PEthe 
line bundle over PE which is dual to the tautological line bundle q: V-+ 
PE, by Vt the complement of the zero section in this line bundle, and by 
av: V¥-+ Vv the inclusion. Thus a point of vv is a pair (L, sa) consisting 
of a line L in E and a linear form So on L. This description makes clear 
that after pulling back the line bundle vv on PE to the product PEX 8 EV, 
it admits a canonical section (over a point (L, eV) of PE X 8 Ev, one takes 
for So the linear form on L induced by ev). We denote this canonical 
section as 

[can sec]: PEX 8 EV-----+VvX 8 Ev. 

We denote by pr 1 the projection of vv X s EV onto its first factor vv, and 
by Pt and p2 the projections of PE X 8 Ev onto its first and second factors 
respectively. 

Suppose now that a prime number l is invertible on S. For any 
object Kin Dg(vv, Qi), we define a generalized Brylinski-Radon transform 

by the recipe 

BR (K)(ff)=R(p 2)i((Pt)*(ff)(8)[can sec]*(pr 1)*(K)). 

(Since p 2 is proper, it would be the same to use R(p 2)* instead.) By 
proper base change, formation of BR(K)(.~) commutes with arbitrary 
change of base on S. 

Now suppose that S is an F-scheme, where F is a finite field of 
characteristic * !, and t is a nontrivial Qi-valued additive character of F. 
Then for any object L in Dg(V, Qi), we may, by viewing V as a line 
bundle over PE, for the Fourier transform FT,i,(L) in Dg(vv, Qi), 
Having formed this, we may then form the Brylinski-Radon transform 
BR(FT,,(L))(ff) of an object ff in D~(PE, Qi). 

On the other hand, with tht- same data L in Dg(V, Qi) and ff in 
Dg(PE, Qi), there is another natural way to obtain an object in Dg(Ev, Qi)-
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Namely, one first forms q * ff on V, one tensors it with L, one forms 
R-n:*(q*ff®L) on E, and then, viewing E as a vector bundle on S, one 
forms the Fourier transform FT,,,(R-n:*(q*ff®L)J on Ev. 

Proposition Al. Hypotheses and notations as above, if S an F
scheme, where F is a finite field of characteristic =I= l, and t is a nontrivial 
Qi-valued additive character of F, we have a canonical isomorphism of 
bifunctors 

FT,i,(R-n:*(q*ff®L))[-r] = BR(FT,,,(L))(ff)[-1]. 

Proof For L the constant sheaf, this is proven (though not quite 
stated) in [Bry, 9.13]. The proof in the general case goes along exactly 
the same lines, and is left to the reader. Q.E.D. 

The case of interest to us is when L is the constant sheaf on V*, 
extended by zero to V, i.e., the case L=rx 1a*Qi. 

Proposition A2. Hypotheses and notations as above, we have a canon
ical isomorphism in Dg( vv, Qi): 

Proof This is the special case r =I, S =PE, E = V, j = a, of Pro-
position A4 below. Q.E.D. 

Proposition A3. Notations as above, suppose that S is a scheme of 
finite type over Z[I/l]. Given any object ff in Dg(PE, Qi), consider the 
object q; in ni(E", Qi) defined by 

Then for any triple (F, s, t) consisting of a finite field F of characteristic 
-=!=-1, an F-valued points of S, and a nontrivial Q1-valued additive character 
t of F, we have a canonical isomorphims in Dg(E., Qi) 

Proof The formation of R(av)*(aV)*(Qi) commutes with arbitrary 
change of base on S, and consequently so does the formation of g;_ So 
we may reduce to the case that S is the spectrum of F. We have a 
canonical isomorphism on E 
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Now apply Fourier transform. By Proposition Al, we have 

FT;,i;{Rtr*(q * ff®L))[r] = BR (FT ..(L))(ff)[ -1]. 

Taking L=a 1a*Qi on V, and applying Proposition A2, this yields 
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from which the the assertion follows by Fourier inversion. Q.E.D. 

It remains only to give the general fact of which Proposition A2 is a 
special case. 

Proposition A4. Suppose that Fis a.finite field of characteristic =/=-1, 
and t is a nontrivial Qi-valued additive character of F. Let S be an F
scheme, r > 1 be an integer, -r-: E---+S a vector bundle of rank r, and -rv: £V 
---+S the dual vector bundle. Denote by E - S the complement of the zero 
section, by j: E - S---+ E its inclusion, and by i: S---+ E the inclusion of the 
zero section. Denote by jV and iv the corresponding maps for the dual 
vector bundle EV. Then we have a canonical isomorphism in D~(EV, Qi): 

FT,,,(jJ*Qi)=R(jV)*(jV)*(Qi)[r-1]. 

Proof We have an exact sequence on E 

0----------> jl j *Q i--------->Q i---------> i* Qi --------->0 • 

Applying Fourier transform, we get an exact triangle 

The middle term vanishes on Ev - S, so we obtain an isomorphism 

Applying R(jv)*, we obtain an isomorphism 

R(jY)*(jV)*(Q 1[r-1])=R(jV)*(jV)*(FT,,_(jJ*Qi)). 

We have a natural morphism of adjunction 

FT ,,,(j!j *Qi)--------->R(jV)*(jV)(FT ,,,(jlj *Qi)), 

which it suffices to show is an isomorphism. This adjunction map sits in 
an exact triangle 

------->RI' s(FT ,,,(jJ *(Qi)))--------->FT ,,,(j1j *(Qi)) 
--------->R(jV)*(jV)*(FT ,,,(jlj *(Qi)))~, 
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so it suffices to show that RI' s(FT +U1j *(Qi))) vanishes. 
To show this vanishing, apply RI' 8 to the exact triangle above 

to obtain an exact triangle 

So now it suffices to show that the map 

is an isomorphism. Both source and target are separately isomorphic to 
(iv)*(Qi( - r ))[- r ], so over each connected component of S, this map is 
either an isomorphism or it is zero. Passing to the maximal points of 
sred to examine this question, we reduce to the case when S is itself the 
spectrum of a field. We must show that the above map is nonzero. 
Recaling its provenance, we must show that the map 

is nonzero. As FT +CQi) is supported in the origin, the canonical map 

is an isomorphism. The commutative square 

shows that if (*) is the zero map, then so is the map 

But this map is not zero, because it is the Fourier transform of a nonzero 
map! Q.E.D. 

[B-B-D] 

[Bry] 
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