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Lectures on Conformal Field Theory

V1. S. Dotsenko

Lecture 1.

In statistical physics, in the theory of critical phenomena at the second
order phase transition points, the global scaling symmetry has been known
and extensively used for many years. This led to the renormalization group
approach of Wilson to the critical phenomena.

In the scaling theory, which is the theory at the second order phase
transition point, a given physical system is classified by a set of basic oper-
ators {¢,(x)}, having anomalous dimensions {4,}. This is the spectrum of
the theory. Under scaling transformations of the space

(1.1) X—>Ax
(2 being a constant parameter) the basic operators transform like:

It means that if we made the transformation (1.2) then the correlation
functions for the basic operators

(1.3) (X )olx) -+ >

will not change. In particular, this fixes uniquely the 2-point function

const

L G ) =

(the normalizing constant is arbitrary), so, the anomalous dimensions 4,
can be found, if the two-point functions are known. By anomalous di-
mension we mean that it is different from canonical dimensions for free,
noninteracting fields. The general situation for the critical phenomena is
that the basic fields (operators) will be strongly interacting. And it is
reflected in the fact that their dimensions, defined by two-point functions
like (1.4), will be anomalous.
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There are various approximate techniques, numerical and analytical,
to calculate critical indices (powers of nonanalytic singularities in free
energy, magnetization, on approaching the critical point) for various sta-
tistical systems. These are expressed through dimensions of basic operators
{4,} by standard scaling relations. Some (many of them in fact) 2D
statistical systems can be solved exactly, and so the spectrum of anomalous
dimensions {4,} can be found exactly.

The scaling transformation above (1.2) is global, 2=const, and the
corresponding scaling symmetry of critical phenomena has been well
established. The idea that the critical point theories should also be in-
variant by local scalings like (1.2), in which 2 depends on space point x,
was put forward by Polyakov [1]. This is a conformal symmetry of critical
phenomena. He analyzed consequences of such a symmetry and found
that two-point functions for basic operators should be subject to orthogo-
nality condition:

oy
e

(1.5) {$(x)$;(0))oc

so that basic operators are orthogonal, in this sense. Also conformal
symmetry fixes the 3-point functions like:

const
|y |4 42~ 45| x a1+ 5=, \AZ+A8"AI.

(1.6) (Pidohs) =

The higher point functions are not fixed, but obey certain constraints.

These were the consequences of the conformal symmetry, valid for
critical theories in any number of dimensions. The reason that only a
finite number of constraints are obtained lies in the fact that in general the
conformal group has only a finite number of parameters.

The situation is drastically different in 2D theories. In 2D the con-
formal transformation, on an infinite plane, is achieved by any analytic
transformation of the space points.

z—>Z=f(2)
(1.7) ——>7=f(2)
z=X,+10Xy, ZI=X,—1IX,.

We will use complex coordinates z, z for 2D theory just because they are
more convenient.

So, in 2D the group of local rescalings, like (1.2), can be extended to
an infinite dimensional group of analytic transformations. Correspond-
ingly, the basic operators transform as:
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8 $:(2, D)—> QX)) "9,(f(2), f(2))
(0 = ]_‘ﬂ?l|
dz

The conformal theory for 2D systems, the theory based on assumption
of the symmetry (1.7), (1.8), has been developed rather recently by Belavin-
Polyakov-Zamolodchikov [2]. Because the symmetry is infinite dimen-
sional, this makes it possible to fully fix the theories: to get full description
of the spectrum of operators, values of their anomalous (conformal)
dimensions, to calculate multipoint correlation functions, and to derive the
operator algebra coefficients.

So, we start by outlining the basics of this theory.

Basic fields of the theory are field theory operators

1.9) {$4,4(z, 2)}

which transform under conformal deformations of the space (z, z) as (cf.

(1.2)):

(1.10) Z—’izi(f)
——>F=f(2)

(1.11) 1,42, D)—>(f' ('@ $1,4/ (), f(2)-

The deformations of the space (1.10) does correspond to local scaling
transformations because the metric element

(1.12) (dx*y: ~dzdz
gets just rescaled under (1.10):
(1.13) dzd=\f"(z)\dzdz.

An infinitesimal form of the transformation (1.10), (1.11) will be:

(1.14) —i=zta(d)
I—>Z=7+a(2)
(1.15) $41(z, D)—>@(2, D =¢(z, 2)+[a(2)3, +'(2)4

+a(2) 9+ ' (2)A1g(z, 2).

We can consider infinitesimal conformal transformations by assuming that
the theory is formulated in a finite region of (z, z) plane around the origin
(z=0), or in Fig. 1, and assuming that the analytic function «(z) in (1.14),
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Fig. 1

(1.15) has all its singularities outside this region. In this way, a(z) can be
infinitesimally small inside the domain D.

The full information about the quantum field theory of operators
¢:.(z, 7) (1.9) is contained in the multipoint correlation functions

1.16) iz, 2Pz, ) - - ).

So, our main objective will be to find the way to calculate these functions.
First, we should add one more operator, to the space of basic oper-
ators (1.9). This is the stress-energy tensor, which is generated by the
conformal transformations of the functions (1.16). Suppose the function
(1.16) has a representation as a functional integral, with some action. And
suppose we make a conformal transformation of fields under the Functional
Integral (FI). Because variation of fields under FI should not change its
value, we get, in a standard way, the Ward Identity (WI) in the form:

(W17 L dEa@Tole, D> +a@(Tule D

i
— 5§, AN Tls, D >+ e Tl Db -+

== ; [a(zz)az + a/(zi)Ai +C?(Ez_)gi +OTZJZ¢]<¢1¢2 Tt >

The factors 1/2zi in L.h.s. above are related with the use of complex varia-
bles; it is the usual contour integral. The r.h.s. of (1.17) comes from vari-
ations of fields ¢, of the function (1.16). The Lh.s. comes from variation
of the action and of the boundary of the system (Fig. 1) under the con-
formal transformation (1.14). In this way, the operator

(118) T/,wz{Tzv Tzé: Téza Tzz}

comes into the theory. The other way to say is that T, defines conformal
transformation of correlation functions, by eq. (1.17), if one chooses (1.17)
as a starting point. If the functional integral representation was assumed
as a starting point, then we can say that conformal invariance of the theory
shows itself in the fact that only the boundary term is being produced in



Conformal Field Theory 127

the L.h.s. of (1.17).

Starting with (1.17) we shall derive now the local WIs, instead of the
integral form above. It will allow us to describe the full spectrum of
operators of the conformal theory.

First we remark that if we choose

(1.19) a(z)=a=const
and
(1.20) a(2)=a(z—z,)

then these two special cases of «(z) will give us, from (1.17), the conserva-
tion laws:

(1.21) LT, (22)yy- - - >=0
(1.22) (T2 - - =0
ZH#Z,.

The first equation tells us that T, correlation functions does not depend
on z, which means, because the correlation function is general, that T, is
an analytic field operator

(1.23) T,,=T,,2).

Analogously, from (1.22) we find that the cross-component 7T, (which is
Tr(T,,)) vanishes:

(1.24) T, (z, £)=0.

We shall use this partial information to reduce the WI (1.17). Ana-
Iyticity of T,,, and vanishing of T,, means that z and z parts of WI (1.17)
decouple. We can consider just one part of it, say z-part, suppressing for
the time being the z dependence of correlation functions. So, we arrive at:

(1.25) El—ffcd&v(&)( Tzz(§)¢l¢2 )= iZ(a(Zi)ai +“/(Zz)Ai)<¢1¢2 Tt >

i

Reduction to the 1D relation, instead of 2D one, is crucial: (z, 2)—z,
2D—1D. It leads to integrability of the theory.

We can now replace the sum in r.h.s. by contour integrals, (as in Fig.
2), and then, deforming them to the integral over the boundary contour
Cwe find (T(2)=T,.(2):
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Fig. 2

(1.26) 5}@ a2 T @ - >

e jE dza(z)(( St
1

___~_§; dzoz(z)Z(( oy -|- )<¢1¢2 -

Because the parameter field a(z) is a general function on z, the integrals
can be lifted, leading to the local WI, the conformal WI itself:

1

a¢)<¢1¢z- -y

12D (T@de-y= (0>

(z— Z)2

This is the basic relation of the conformal field theories. Everything fol-
lows from it, for the theories which have only conformal, and no addi-
tional symmetries.

Let us further analyze the operator content of the theory. We already
have the basic operators {¢,}, and also the stress-energy operator T(z).
New operators come about from the product T'(2)¢,(z,):

(1.28) , T(Z)¢1(Zl)—r;—)7¢ Wz 1)+

+oi 2>(Zl)+(Z—Z1)¢§“”‘)(Zl)+ e

In the above, we assumed that T'g, is placed inside some general correlation
function, with other operators at other points, and we take the limit z—z,.
Then the first two singular terms in r.h.s. of (1.28) follow from the WI
(1.27). But we will have a whole series in (z—z,). The expansion coef-
ficients of this series are defined as correlation functions of new operators

(1.29) {¢i72(z), 4{(z), -~}

It is in this sense that we have the operator product expansion (OPE)
(1.28). We define the operators (1.29) as a result of applying the operators

61525}(21)
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L_, to the driginal operator ¢, :

(1.30) (@)=L _n(2)4(2).

This corresponds to the formal expansion of 7'(z) around a point z,:

(1.31)  T(9)= 57 L,(z)

w @)

The action of operators L,(z,) on ¢.(z,) is defined by the OPE (1.28). So
we have: ‘

L (z)¢(z)=0  (n>=1)
(1.32) Ly(z))$(z,)= A¢(zy)
L-l(zl)¢(zl)= a1¢1(zx)-

Operators ¢ =L_,¢, n=2, 3, -- -, are new ones. They were generated
from the product T'g,:

(1.33) To,—>{p5™=L_,$,: n>2}.

Next, we can consider the product T77¢. It will generate a new family of
operators:

(1.34) TT(Z)goz)—>{g5 ™™ =L_, L _,,84(2)}
and so on. In this way we get a full spectrum of operators of the conformal
theory:

There is first a set of basic operators {¢,,} (primary fields [2]) with
conformal transformation properties (1.8). In statistical systems these are
“observables” like spin operator (order parameters, in general) and energy
operator. Their conformal dimensions 4 define correspondingly magnetic
and thermal critical indices. And then, there is an infinite family of
operators ¢§~"»~"»"") growing above each basic one, being produced by
L_,-components of 7(z):

(1.35) gy memmemmo =L L_---L_, Az,
Logt-nt-ma=n0) — (4 L Nl =0

(1,36) 0¢A ( + )¢A
N=3}n,.

They can be classified into “levels”, according to their scaling dimensions-
the eigenvalues of L,, see Fig. 3. The conformal transformation properties
of the derivative operators (1.35) are different from those of the basic ones.
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¢(-3)’¢ (—2,-‘)’¢ (=1y=1,=1}
p(-zl'¢ {=1,-1)

¢ =39
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Fig. 3

They are not conformal covariant operators in the sense the basic operators
{¢,} are; see (1.8). The simplest way to see it is to observe that they do
not satisfy the condition (cf. (1.32))

(1.36)) L,$=0,  n>0.

This followed, for basic operators, from WI (1.27), and, originally, from

the transformation property (1.8).
To discuss further the properties of the derivative operators ¢¢="~ "%,
we obviously need the commutation relations for L,’s. So, let us derive

them now.
We have

(1.37) TOWI=T )m L.g(2).

It implies that the action of the operator L,¢ can be given in the form of
the contour integral:

(1.38) Lge)=51§ dsE—2" TE$.

We remark again that the operators are assumed to be inside some corre-
lation functions. So, we are basically dealing with functions, depending
on other points that are being suppressed. In this sense all the operator
relations should be assumed.

We shall now use the contour integral form (1.38) for L,¢ to derive
the commutation relations [L,, L,,].

Applying successively two operators L, and L,, we get, according to

(1.38):
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1 + m+
(139) LLige)= s desf o276 =2 TEITEE)
Applying these operators in an alternative order, we get:

(140 LLg@)= 5 of def defe—am -2 "TE)TENE

(27{'i)2 C1

Subtracting them one from the other we find:

WA4D) (Lo LYE@=§ deei—2f  dee—2r " TETEH)
Cz &1

The contours of integrations are shown in Fig. 4. To take the integral
over &, we have to fix first the OPE for T(&,)T(&,).

C:

- /

\

\
SN

2
Fig. 4

This is found from the WI involving two T-operators:

(1.42) (T@TE g - -

¢/2 . 2 1 Nbiho- - -
= (z—2) {$16, >+<(Z_Z,)2 + Z——Z’aZI><T(Z )i e >
1 4 « ..
(Gt )T
The first term is supplied by the two-point function
(1.43) (TETE)y =T .
(z—2z')*

So, if, in our theory, we have a nonvanishing 2-point function for I’s
(1.43), then we have the first term in (1.42). Its other manifestation is
in the transformation properties of 7(z). We have found the WI (1.27)
starting with the function

{Psha+ - -7
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and performing conformal transformations for it. In an analogous way,
we get (1.42) if we start with

(TE)pe- - ->
and use, in addition the following transformations for 7'(z’):

(1.44) 0T (2) = (2) +a(2)3.)T(2) +_1“5a/"(z).

The last piece will produce the c-term in WI (1.42). Now, from (1.42) we
get

2 2 Te)+-—L 5. T
Gt Gt (5‘”52—51 o T

+Reg. terms.

(145 T(EITED

We can now take the &, integral in (1.41). Simple manipulations lead
to the following expression for the r.h.s. of (1.41):

(146)  S§ deG—D = 1E—2 )
) f de =2 TE D)
=510 =13, D)+ (=)L (D).

So, finally, we get the commutation of L,’s in the form:

(1.47) L., L)=(n—m)L,,., +1—;n(n2— 1)8,, -

This is the Virasoro algebra [3,4]. We can now study the properties of
the derivative operators (1.35). In particular, it is easy to check that they
do not satisfy in general the conformal covariance condition (1.36’) (cf.
(1.32) for basic operators ¢,). But first, let us remark on the role of L,’s
as an infinite set of generators of the conformal transformations. In fact,
another way to interprete WI (1.17) is that it defines conformal transfor-
mations of operators (g,, ¢,- - -) inside the correlation function. So, we
have

(1.48) K+ Vo =§ da@XT@pg-->.
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If we expand «(z) in a series:
(1.49) a(z)= i“_(,) a,z"+!
we get then, according to the definition (1.38):

(1.50) K Y= a ) dee™ (T@pg -+
. ; a4, Lo$ie - -

The operator L, here is defined with respect to the point z=0, cf. (1.38),
and it acts on all the operators inside the correlation function because the
contour C encircles them all. It defines, according to (1.50), the variations
of operators in the Lh.s.

Lecture 2.

We have already described the full spectrum of operators in the con-
formal field theory. These are the basic operators {¢,,}, and the derivative
operators (1.35), which grow above each basic one, being produced by the
components of T'(z) (see (1.31)) which are the Virasoro algebra operators
{L,}, (1.47), see also Fig. 3. The operator T(z) itself is classified in this
family as the second level operator in the family of the identity operator

2.1 $4-0(2)=I=const.

In fact, according to (1.38)
2.2) =L ff de(& —2)-'T(E) [ = T(2).
2rmiJos

Also, it can be checked that no new type of operators are produced in
OPE of two basic operators, like

(2.3) ¢Al(zl)¢42(zz)-

Such a product is expanded again in basic operators, and their conformal
followers — operators (1.35). (We shall derive the OPE for products of
basic operators (operator algebra coefficient in the Lecture 4, and also in
the Appendix).

So the space of operators described above does, in fact, represent the
full spectrum of operators of the conformal invariant theories. Also, we
knew that the Virasoro algebra operators {L,} correspond to an infinite
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set of generators of the conformal transformations. Our strategy is: having
an infinite parameter symmetry (parameters @, in (1.50)), and so, an infinite
set of operators L,, related to this symmetry, we want to use them to fully
fix the theory. We mean, by this, to define all the correlation functions.
The way we proceed is a sort of ““bootstrap” program: having many sym-
metries, we impose as many constraints on the theory as we can define
consistently, with ultimate aim to define a theory in which everything is
fixed — can be calculated.

Proceeding in this way with conformal invariant theories, we shall
actually find not just some very special, but all the consistent conformal
theories (in a given class which we study — the theories with no additional,
except conformal, symmetries).

So, we have infinitely many operators {L,}, and we are going to make
constraint equations out of them, which we impose on basic operators of
the theory {¢,}. ’

Operators L, ¢, with n>>0 just vanish, see (1.32). The family of op-
erators L_, ---L_, & can be classified into levels, see (1.35), (1.36). On
the first level we have an operator L_,¢=4,$. The constraint like

@.4) L_$,=0

would lead just to an identity operator I=¢,_,. We prefer to remark on
it later, but consider now the second level, where we have two operators

2.5 L., L_;¢,.
We form the constraint equation on ¢, as:
(2.6) L_;¢+4al?,$=0.

It should be noted, that equations like (2.6) should be formed out
of operators belonging to the same level (having same scaling dimension).
Otherwise we would break even the scaling symmetry.

Next requirement is that equations like (2.6) should be conformally
covariant: we have to ensure that the operator in the Lh.s. is a conformal
covariant operator, like the basic operators ¢,, with transformation pro-
perties (1.8), and only in that case we can make it vanish consistently,
without breaking symmetries (this is analogous to e.g. the gravitation
theory, which is generally covariant; then the equations, which are invented,
should be generally covariant).

The requirement that (2.6) is conformal covariant is equivalent to the
requirement that the L.h.s. is annihilated by L,’s, n>>0, see (1.32). So we
have:
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@.7 L, (L_yp+al?,)=0
2.8) L+2(L_2¢+aL2—1¢)=0'

Conditions with higher L,’s (n=3, 4- - .) follow from the above by Virasoro
algebra. By simple algebra, using (1.47), one gets from (2.7)

_ 3
(2.9) =T

and then from (2.8)

(2.10) o 246584
24+1

where c is the constant in the Virasoro algebra (1.47) —its central charge.
Suppose it is fixed, for a given theory, then equation (2.10) defines the di-
mension 4. For the operator ¢, with this value of 4 we can impose con-
sistently the constraint equation

3

(2'11) L-2¢A_m

L2_.1¢A == 0.

(We can remark now, that analogous requirements, applied to the first
level operator (2.4) lead to 4=0, ¢,=1).

So, we take the operator ¢,, subject to (2.11), into our theory. We
demonstrate next, that the equation (2.11) implies that the correlation
functions of this particular operator, with other operators, satisfy linear
differential equations. This will be by direct use of the constraints like

(2.11).
Let us consider the correlation function
(2.12) {3 2D)io- - >

and insert the operator in (2.11) into it. So that, we will have

(2.13)  (L_f2)g(2)p1go- - - ) 3 ) (L2(2)gf(2)pipe- - - »=0.

T 2024+1

The operator L? (z), applied to ¢,(z), is a derivative operator, see
(1.32). Let us transform also the operator L_, in the first term into a de-
rivative operator. (L_,¢,) is defined by a contour integral in (1.38), so that
we have:
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Q14) (Loapd@big > =5 § dEE—D KT @OPENp .

Next we can shift the contour C, away from the point z, by expanding it,
so that finally we get the configuration of contour in Fig. 5. The contour

®c, ) 2 ®@Cz
MK

Fig. 5

C., can be shifted to infinity, and its contribution vanishes. The integrals
along the contours C,, C,, - - - can be calculated by using the OPE (1.28).

So, we get:
(2.15) <L—2¢'(Z)¢1¢2' X

=5, f o (A a) e

(5—) §—z;
+ 1 at)<¢4(z)¢1¢2"‘>-

27i

Z((zi—— z)?

We put this result into (2.13) and find the differential equation

(2.16) T8 A )a’<¢4( Ypia - D

= 2 (Gl @ .

(z—2z) z—z
i i

As an exercise, one can do similar things with the third level constraint
equation:

(2.17) L_$stal oL _,¢,+bLL$,=0.

The operator ¢, subjected to (2.17), is a new one, different from that
selected above by the second level constraint (2.11). Conformal covariance
equations

(2‘18) L—I(L—8¢A+aL—2L—1¢A+bL3—1¢A)=O
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(2.19) L(L_s¢,+aL _,L_,p, +bL3—1¢A)=O
result into

2 1

(2.20) A= ——, b=—
4 A(1+4)

The second equation gives the relation between ¢ and A4, different from
(2.10). So, we get another operator, with another 4 (for fixed ¢), and one
can derive, from (2.17), a third order differential equation for the correla-
tion functions with this particular operator.

One can proceed level by level in this way, selecting special operators
for our theory. But the problem can also be formulated in general terms.
Consider the set of operators, belonging to the same level N:

(2.21) {pt"d=L_,L_p, - -L_pgs},  22m=N.

Constraints like (2.6), (2.17) imply that not all the operators in (2.21) are
independent. There is (we require it) a special linear combination which
vanishes:

2.22) Xowy=2.b(_nypi™=0.

In the linear space of operators (2.21) we can intrcduce a scalar (internal)
product, generated by the Virasoro algebra, as

(2.23) BsLvny Lon Lo YL L v L )>=MX
2unm=72,m=N.

It is calculated by commuting {L,, } through {L_,} and applying them
eventually to ¢, [4]. In this way, doing it for all the operators in (2.21),
we shall get a matrix of norms M @, defined by (2.23). The condition of
having a degeneracy on the Nth level, i.e. having a conformal covariant
linear combination (2.22), (with the transformation properties of basic
operators), which vanishes, is equivalent to vanishing of the determinant
of the matrix M@ [4]:

(2.24) Det M(4, ¢)=0.

This equation relates 4 and ¢, and is the general form of the relation like
(2.10) for the second level operators. The expression for the determinant
in (2.24) has been given by Kac, and proved by Feigin and Fuchs [4]. Its
zeros give the following discrete set of values for the conformal dimensions
4 (for fixed ¢<1):
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(@n+o,m?—(a_+a,)

(2.25) 4, = 7
Here

(2.26) =yt Va1
2.27) c=1-—-24ql

The corresponding values for the second level will be 4,, and 4,,, which
are two solutions of the eq. (2.10). In general, the numbers n, m, which
characterize the structure of zeros of the determinant (2.14), are related to
the level number N as

(2.28) N=nXxm.

So, n, m are integer numbers on which N can be factorized. E.g., for level
N=4 we will have three solutions 4, ,, 4, , 4, ,.

Finally, we get a discrete set of basic conformal operators with their
dimensions given by the Kac formula (2.25):

(229) {¢(n,m)’ A(n,m)}‘

The correlation functions for these operators satisfy Nth order linear dif-
ferential equations, derived from (2.22). So, they can, in principle, be
calculated.

‘What is important is that the theory with operators ¢, .., (2.29) closes.
It means that if we started with, say, four operators taken from the family
(2.29), and calculated the 4-point correlation function for them

(2.30) {pipasps)

then this function will have the singularities, when z, —z,—0, in the form:

(2.31) ~(21'Zz)rf2:(zl—Zz)_AI_A”AP.

The exponents of these singularities are identified with the dimensions of
new operators {¢,}, coming from the operator product expansion of ¢,g,,
for z,—z,:

@3 HEE ~ Tk gt

7 (z,—z) 4

In this way, looking at the singularities of the function (2.30), we shall find
that there are new operators, {¢,}, present in the theory. The closure of
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the family of operators (2.29) means that these new operators, produced
from (2.30), belong to this same family. This can be checked by studying
the characteristic equation for the differential equations. It determines the
values of the exponents in the singularities (2.31). One finds that, if 4,, 4,
belong to {4, ,}, (2.29), then {4,} also belong to this set. Operator algebra
(expansions like (2.32)) shall be discussed in greater detail in the Lecture
4. Now, concluding this Lecture, we shall describe the relation of the
conformal theories selected above, made of operators {¢,,,}, with various
statistical systems, at their phase transition points,

Conformal theories, selected above, is a one parameter family, be-
cause we still have a free parameter in the Kac formula (2.25). This is the
central charge ¢ of the Virasoro algebra (¢ <1), or, equivalently, o%, related
to ¢ by equations (2.26), (2.27). It happens that still more special con-
formal theories result, when the parameter % is a rational number, ¢ =
plq (p, q are relatively prime integers). It will be shown in Lecture 4 that
in such cases a finite family of operators {¢, ..} decouple from the rest, and
make a closed theory. They form a (¢—1)X (p—1) table, with 1<n<gq
—1,1<m< p-1. Such theories are called “minimal” in [2]. Let us
remark that there is a “doubling” of operators {¢, .} in such theories, as
the next examples of Ising and Z, models show. In relation to physical
systems, we presume that there is just one basic operator with a given con-
formal dimension, like the energy operator in the Ising Model, but the
conformal table contain its two representatives, operators ¢, , ¢, ,in the
example below. So, it should be consistent to treat ¢, , and ¢,, as the
same thing, which we will check in Lecture 4, when discussing the operator
algebra for them. In short, doubling of operators inside finite tables is a
feature of the technique, not of the physics (for some more remarks on this
see 2, 5]). The table of operators for the simplest nontrivial theory of this
type, corresponding to a® =4/3, is shown in Fig. 6. It has been identified
with the Ising Model [2] at its critical point.

n - {&tn,m} {Bta,m} Py ~ P32 ~ 1
> _;2— ? 31! $2 ~ b5 ~ &
2ﬁ'—,§ ~2lajg P21 ~ P22 ~ o
1{0|% 11lle .

1 2 m 1 2

Fig. 6

Next was identified with the Z, Potts model. It is defined in the
same way as the Ising Model, with the partition function
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(2.33) Z(ﬁ)—_—;; eFE a2’ +0202")

({0} are spins, attached to sites {x} of a 2D lattice; the sum in the exponent
goes over the nearest neighbour sites), but the spin variable ¢ takes three
values, instead of two for the Ising Model. They can be assumed to be
roots of unity: o=exp (2zik/3), k=0, 1,2. The indices of this model
were known from the solution by Baxter of the model of hard hexagon
[12], which is another lattice model, but has same symmetries as the Z,
model, and so is presumed to be the same at the critical point (belongs to
the same universality class).

Conformal theory for this model corresponds to o? =6/5, and has a
table of operators shown in Fig. 7 [5].

{Awm} {$t0,m}

n
5(3|%&1%|o Y|X|e|1
4

L4
31%1%lsE Z|lo|lolz
2
1o]|&|E]3 1e]x|y
1 2 3 4 m

Fig. 7

Q-component Potts models [13] (these are lattice statistical models
with spin ¢ taking @ different values, and withinteraction of nearest
neighbours in the form g, ,.) can be defined (through the high temperature
expansion) also for continuous values of Q [14, 15]. For Q<4 they are
known to have the second order phase transition [16], and its critical
exponents has also been found, using the Coulomb gas representation as
continuous functions of Q<4, see [17] and references there. This one-
parameter series of models, corresponding to continuous Q< 4, have been
identified with conformal theories for ¢<C1, so that in the conformal
theory classification the energy operator is ¢, ,. The spin operator belongs
to the conformal set of operators only for the discrete series of the
values of the Q-parameter, corresponding, in the conformal theory, to
ai—:(p_'_l)/p: p:37 59 7. [5: 6]

Another series of statistical models, the so called tricritical Potts
models, Q<4 [17], has also been identified with ¢<{1 conformal theories,
with the difference that now the operator ¢, , plays the role of the energy
operator [11, 6]. The spin operator belongs to the conformal set for values
ot =(p+1)/p, p=4,6,8 - ... The first two of these are tricritical Ising,
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and tricritical Z, Potts models.

One more one parameter model, considered in the lattice statistics, is
the O(n) model with continuous »<2 [17]. Its indices, known from the
Coulomb gas representation, are reproduced in the conformal theory, with
now ¢, , being the energy operator. Spin operator is the same as in the
Potts models series [5, 6]. Again n<2 is mapped onto ¢<1.

One of the series of critical indices in the recently discovered exactly
solvable RSOS lattice models has been identified in [18] with the main
series of minimal conformal theories, corresponding to o =(p+1)/p, p=
3,4,5 - -, the order parameters being the operators {¢, .}. Another series
of critical indices in these models have recently been reproduced in the
conformal theory, generated by parafermionic currents [7].

One more series of parafermionic conformal theories has been found
in [19]. Still the family of most recently found exactly solvable lattice
statistical models [20, 21, 22], corresponding to higher spin SOS hierarchy
[22], is again bigger than that provided by the conformal theory. Basically
the only two existent and different approaches of getting exact analytic
solutions for nontrivial, strongly interacting field theory systems, seem
nicely stimulate one another, finding the common ground, for the present,
in the domain of critical indices.

Lecture 3.

Starting with this lecture, we shall describe an alternative representa-
tion for the conformal field theory, which has been outlined in the previous
two lectures. This representation happens to be very effective for the
calculation of multipoint correlation functions for basic operators {@,} of
the conformal theory. In the first part of this lecture we shall follow
closely the paper [6].

The basic operators will be represented by vertex operators exponen-
tials of free fields:

3D Gaa~ Vo2, 2)=e"r*?,

Here ¢(z, z) is a free field with the action
(32) Alg) ~ [ dzdz(0.90,0)~ | 420,07

a-parameter in (3.1) is to be related to the scaling dimension A+4 of the

field ¢,4,4(z, 2).
The correlation functions of vertex operators ¥, are evaluated as:
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IDSD e A[gp]eiaga(z,z)ziago(z,é)’
ID¢e—A[¢]

—exp{ — L~ Aoz, 29l 7))

=exp{—40¢2 (lnﬁ——ln R )}
a |z—2|

4a? 1

~

(3.3) Tz, DV (2, 2))=

) tz_zzlma :

Here we have used

(3.4) (oz, (e, 2)y=4log R
z—2]

a is a cut-off scale at small distances; R is the size of the system-cut-off
scale on large distances, which is well known to be necessary for quantiza-
tion of a free scalar field in 2D.

In an analogous way, the 4-point function will be found in the form:
B3 (Vo2 2V (2 BV (20 BV (24 2)) ~ ZLIJ_\ZI- —z; [t

The parameters {«,} here are subject to the condition
(3.6) | >a,=0,
otherwise the large distance scale R (see (3.4)) will appear explicitly in (3.5),

and in the limit (R/a)— oo correlation function (3.5) will vanish.
The stress energy tensor of the free field theory (3.2) is

(3'7) Tzz = —‘Il_—‘azSDazSD

Above outlined is a specific case of a conformal field theory. Again,
the relations

(38) 82<Tzz(za Z_) Val(Z, Zl) Vag(Z: ZZ)' te >=0
3.9 <Tz§(29 z) Val(zli z) Vag(za Z). - >=0

hold, and we can study just (z, z,) dependence of the correlation functions,
suppressing, for the time being, the variables (z, z,) (cf. Lecture 1). Then,
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the 2-point, and 4-point functions (3.3), (3.5) take the form:

(3.10) VDV _ 2y~ L o
(z—z'y«
(3.11) Vo @IV (2 Vo 2V, (2)) =I<T] (z,—z,)ee
2 0,;=0.

It follows from (3.10) that the vertex operator V,(z) has a conformal di-
mension

(3.12) d,=a?.

We remark also on the “normal ordering” regularization for the pro-
duct of fields ¢(z) placed at the same point. It has the form:

(B13)  0,0(2)0,0(2): = z,}(iglz,)/z{az¢(z)azf¢(z’) —{0.0(2)2,.0(2')}

(3.14) Detee@: ~ “W)+ <902>~ (1) exp (lp(2)),

which means that we cancell out the infinite constants which one would
get for the products of fields ¢(z), taken at the same point z, with the
functional integral quantization (3.3).

So, in fact, we have the following expressions for the vertex operator
V(z) and the stress energy tensor 7'(z):

(3.15) V(2)=:e"": ~ (a;“’ s
(3.16) T(z) = — %_: 9.0(29.0(2): .

The normalization of the stress energy tensor in (3.16) is chosen so that the
OPE for TV, would have the standard form (cf. Lecture 1):

(3.17) T(z)V,,(z’):-L—— Vi (z)+—-0,V,(2")+Reg. terms.
(z—2') (z— )
This expansion can be derived directly, using the expressions (3.15), (3.16)
(see also below).
As was mentioned, the above is a special case of a conformal theory.
Normalization of T'(z) is fixed by (3.17), and so, the central charge ¢ of the
Virasoro algebra (see Lecture 1) can be found from the 2-point function
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{T(2)T(z")y. Using (3.16) and (3.4) one finds

(.18) (T(2) T(z’)):Tz—l_/};/)T.

So, this is the ¢c=1 conformal theory.

Extension to ¢<(1 values can be acheived by modifying the quantiza-
tion prescription. Let us calculate the correlation function for vertex
operators using the prescription:

(3'19) <Va1(Zl) Vaz(ZZ) ce Vak(zlc)>
=1lim{R®=3 <Val(zl) Vaz(zz) o V2DV 2R}

R—ow

The correlator in the r.h.s. {--->, is calculated in the standard way.
With the prescription (3.19) nonvanishing will be correlators, satisfying the
condition:

(3.20) 37, =2,
i=1
The nonvanishing 2-point function, made of vertex operators, will be

G.21) A sy
(z

___Zl)Za(a— 2ap) :

In conformal invariant theory there is an orthogonality condition (see
Lecture 1):

(3.22) ($ulD)ds )y =
(z

_ Zr)ui

which means that nonvanishing 2-point functions might be only those for
operators having the same conformal dimension. So, from (3.21), we get:

(3.23) A,=45,, _,=0"—2aa,
—conformal dimensions of vertex operators get modified by «, parameter
in (3.19).

Next we have to ensure that the OPE (3.17) holds. For this, we
modify the stress-energy tensor (3.16) like:

(3.24) T@)= ~ 41090+ Adlp

and calculate the OPE for TV :
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(25 T@EV()=: (_%a#)azg& Aa§¢(z)) . graren

21 s .
=_._‘“( +2’f§2A tghertn X ~10,0(2)e )
z—z z—2

1 (= 0@+ AT
2| A
_ ot 2iad V.(2) +Laz, V., (z')}4Reg. terms.
(z—2')" z—7
Comparing this expansion with (3.17), we find that modified stress-
energy tensor should have the form:

(3.26) T(@)= -—%:62908250: Fiadlp.

One could also check that, accordingly, the conformal trransformation of
the field ¢(z) has to be modified as:

(3.27) z—>1(2)
P(2)——>0(f(2)) —2,,, log f'(2).

With this prescrpition, the vertex operator ¥V, (z) (3.15) will transform in a
standard way

(3.28) Vi@)——(f@)*V.(f(2)

(one has to take into account the transformation of the cut-off scale a in
(3.15)).

The central charge of the Virasoro algebra for the modified theory
can again be form the 2-point function

(3.29) (TETE)=— 2.
(z—2)

Using (3.26) and (3.4) one finds:
(3.30) c=1-24a2.

So, we achieved an extension to the values ¢ <1.

We shall start now building the multipoint correlation functions,
using the representation for the conformal theory given above. The 3-point
functions are trivial, same as 2-point ones (see also Lecture 1). So, we
start by defining the 4-point functions. In particular, let us define the 4-
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point function in which all four operators have same conformal dimension.
We intend to define later, using the function provided by vertex operators
representation, the actual correlation function of the conformal theory:

(3.31) <¢A,Z(Zv 51)¢A,Z(Zza Zz)¢4,z(23, 23)954,3(24, Z4)>

On general grounds, we should expect the function (3.31) with all four
operators the same should not vanish. Let us try, on the other hand find
the representative function, for (3.31), among the functions provided by
vertex operators V,(z). It should be built of vertex operators having the
same conformal dimension. We have the following combinations available:

(3'32’) <VnVaI/2ao—aI/2ao—a>’ Z “i=40(0
(3'33) <VaVaV¢I/Zao—a>3 205122050"'2“
(3.34) RAAAM S, =4a.

So far none of the functions above satisfy our condition (3.20). So they
vanish, if defined like in (3.19), unless « is fixed and special. First remark
should be that the theory with a,==0 (¢<<1) does not have, in general,
multipoint correlation functions in a trivial form like (3.11), (3.5).

There is a way to compensate the “charges” {«,} in the functions
above, by using the contour operators

(3.35) §C dzJ(z)

where J(z) is a conformal operator, with 4=1. There are two such oper-
ators among {V,}:
(3.36) d,=d'+2ep=1—>a,=a,+vVai+1,

J.2)=V, (2.

Conformal transformation of J(z) in (3.35) has the form:

3.37) z——>Z4¢(2)
0J=(e0,+&'d,)J=(c0,+¢)J
=0,(e(2)J(2)).
So, if the contour Cin (3.35) is closed, then inserting operators (3.35) inside
the correlation functions like in (3.32-3.34) will not effect the conformal

transformation properties. On the other hand, the balance of ‘“charges”
{er;} will be effected. Since our aim is to construct functions with given
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conformal transformation properties, we can use freely the operators
(3.35), to match the balance (3.20).

The function (3.32) can not be saved from vanishing in this way, but
the functions (3.33), (3.43) can. Later, in Lecture 4, after we get the oper-
ator algebra coefficients, we shall give the arguments why special operators,
provided by the function (3.34) are unacceptable. These special operators,
which it provides generate, by the operator algebra, inconsistent theory.

The only choice is the function (3.33). Let us examine it. We can
put inside some number of contour operators (3.35), leading to the function:

(3.38) <VaVaVaV2ao_a J§ J_ Jjﬁ J+>.
Cy Cn S1 Sm

To have it nonvanishing, under the definition of the average (3.19), we
should have the balance:

(3.39) 2000+ 20 +-no _+ma, =20,.

This condition can be met, but only if « is quantized, takes a discrete set
of values

(3.40) a= —%a_——’;—a,,.

It will be convenient to shift the numbers n, m by a unit, and write the
above quantization condition as
n 1—m

(3.41) am=+1; a +1 ..

First of all, let us remark that the corresponding conformal dimensions
(see (3.23))

(3.42) A a2, = (Ol_n+0(+m);+(a_—a+)z

are same as those provided by the Kac determinant, see Lecture 2. So, by
imposing a natural condition that the 4-point function (3.31) should not
vanish, we found that only the operators corresponding to degenerate
Verma modules of the Virasoro algebra are allowed. These are the oper-
ators of the conformal theory, selected in Lecture 2, by following the
conformal bootstrap program. (We remark again that we study the mini-
mal conformal theory. In theories having additional symmetries, like Z,
conformal theory generated by paraformionic currents [7], the 4-point
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functions like (3.31) may well vanish, and the above arguments are not
applicable).

Conformal dimensions being fixed by (3.42), we arrive at the following
functions, represented by analytic integrals:

(3.43) §Cldu1~ : -§C”-ldun_1§Sl dv, - - -fgsm_xdvm_l
< Vam,,,(Zl) Vanm(z2) Va,.m(zs) If?ao —-anm(Z‘i)J‘(ul) tt J—(un —1)J+ (vl) e J+ (vm, -1)

Above is the Feigin-Fuchs integral representation for the conformal func-
tions in the degenerate conformal theory [8].

Now we shall proceed to construct the actual, physical correlation
functions, out of the conformal functions provided by (3.43). First, let us
examine the space of independent integrals like (3.43). Let us consider the
simplest nontrivial case. It is provided by the function:

(3.49) { GrmBr2P12Pnmy ~ (corresponds to)
~§ OV DV DV ialo0). )i

=zsenn(l —2hl(2);
(3.49) 1@)=§ dv=seam(u—T)eson(u—zeses
S
Here V, .=V Viei="Viag-ann- We have fixed three points of the corre-
lation function, out of four, at specific values, corresponding to the standard

choice, using the projective invariance of correlation functions. The func-
tion for the general values of {z;} will have an additional factor like

(3.46) [1@z—z)™

and the variable z in the above will become

(3.47) 7= Py
2132y

These can easily be reproduced, see e.g. [6]. The nontrivial piece of corre-
lation functions is the integral Iy(z) (3.45) above.

We remark now, that the contour S in (3.45) need not be closed, in
fact. It can be taken, e.g., from point v=0 to point v=1, if the integral
is convergent at these points. In the following, we shall always assume
that such integrals are convergent in the end points. For particular values
of parameters, like a=2«a @y, b=20,a,, in (3.45), when the integral is
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not convergent, we assume the definition of the integral by analytic
continuation in a, b.

Next, we find that there are two linearly independent integrals like
(3.45). They may be chosen, e.g., like in Fig. 8. Accordingly we have
two independent functions

"o . [ ~ Ii(2)
(o] z { o
° . o« e ~ Ila2(2)

Fig. 8
(3.48) I(a, b, c; z)=rdvv“(v—— 1P —2)°
1

_ I(=a—b—e=DIG+D) g

—a—b—c—1, —a—c; 2)
I'(—a—c¢)

(3.49)  I(a, b, c; z)=(z)“’“°jl dvoe(1 —v)*(1 — zv)?

e LAFQLAHO by 000 g e
z T4dto (=b,14a,24-a+c; 2).

Here a=2x.w,,, b=c=2a, a;; the functions F are hypergeometric func-
tions. The two functions I(z), I(z) above provide two independent
solutions to the 2nd order differential equation, which is corresponding to
the operator ¢,,(z) in (3.44), according to the theory described in Lecture 2.

Next, we still consider two other examples of conformal functions
containing higher order operators.

The independent sets of integrals corresponding to the correlation
functions

(3.50) {PunPr31:Pum)
and
(3.51) {PrnPrPrbrmy

are shown in Figs. 6, 7. In particular, the first of integrals in Fig. 7 has
the following analytic form:

(.52 I(x)= I jduf do()* (1 — 1) (s —2)°" - (V) "(V— 1)V —2)(U—1)’

) (S



150 VI. S. Dotsenko

Here
& =200, a=20, 0., =b=2anx_, c=b=20pa., =20, a_=—2.
<¢um ¢22 ¢22 ¢nm>
{Pom P13 3 B> c
Sz 8 ; ; Qoo ~ I
® ° ~ I S
o] z | o
Si >0 *——>r—e ~ Iz
S C
Sz Si .
e ] ~ 12
L L ~ I3
c S
S2 C
° e ~_ I3 L ¢ >» . ° ~ Is
S 'S
Fig. 9 Fig. 10

The four functions in Fig. 10 provide four independent solutions to
the fourth order differential equation, corresponding to the operator g,
(see Lecture 2).

The generalization is now obvious.

Having established an independent set of conformal functions, pro-
vided by the integrals above, our next task is to construct the physical
correlation functions out of them.

We note, that these conformal functions are not defined uniquely on
a complex plane. As functions of z, they have 0, 1 (and o) as singular
points. It is easy to check that when the integral I,(z) is continued ana-
lytically around the point 0, or the point 1, as in Fig. 11, along the contours
g, or g, the integral will transform linearly as:

Fig. 11
(3.53) L@)-2518(2)=(g,),,1,(2)
(3.54) L) -2 1#9(2) = (2),,,(2).

These are the monodromy transformations of functions {/,(z)}, which form
a full set of Fuchs-type differential equations. In the minimal conformal
theory that we describe, the basic operators {¢,,4(z, z)} have no spin, which
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means d=4, 4+ 4 being their scaling dimension. They are operators
like spin, or energy operator, in statistical systems. Obviously, the corre-
lation functions for such operators should be uniquely defined on a 2D
plane. Also, we have to remember now, that they depend both on z and
z variables. Itis easy to convince oneself that physical correlation functions
for the basic operators {¢, ;} should be quadratic forms of functions I,(2),
I(2):

(3.55)) G(z, 2)={$:(0, 0)gy(z, 2)gs(1, Dps(c0, o0))
~> X, Ii(z)m

Next, we-notice that our choice of basic functions {/,(z)} corresponds to
the monodromy matrix (g,);; being diagonal—see the examples above—
(3.48), (3.49), (4.52), and Figs. 5, 6, 7. This means that the quadratic form
(3.55) should be diagonal, which ensures g -invariance:

(3.56) G(z, D)= XI)L(2).

The coefficients X, of this form are determined by the requirement that
(3.56) be also invariant to g, transformations. So, one has to study the
monodromy transformations of the analytic functions I,(z), and then de-
termine the coefficients {X}, to have G(z, z) invariant.

This route was followed in [6, 9], where 4-point correlation functions
has been calculated for all the basic operators of the minimal conformal
theory.

Here, instead, we shall give another way of defining the physical cor-
relation functions. In a way, it is more straightforward, and can directly
be generalized to the case of correlation functions with the number of
points greater than four.

Explicitly invariant form for the correlation functions is provided by
the 2D integrals over the whole 2D plane:

(3.57) <¢n m(zlz-l)¢k z(Zzz_z)stz(ZsZs)Sén a(Z2))

~Jd2u1- : ~jd2uk_1jd2v,c : -jdzul_1

XV oul212)) Vil2:2) Vil 2:2) Vil 2424)

X J_(uii)- - - J_ (e, ) (0Ty) - - - J+(Uz-1> 1_71—1)>'
Here it is assumed that n X m >k x I, so that the number of required J_, J,
operators is determined by the lower order operator, &, ;.

To demonstrate the technique of reducing the formal 2D integrals like
(3.57) to quadratic forms of analytic functions like (3.56), we shall consider
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for simplicity the case of a single integral; the generalization to multiple
integrals being straightforward.
So, we shall consider the integral:

(3.58) G(z, 2)~ (4, b, ¢; 7, 2)=Jd2u|u\“\u——z|“|u— 1p.
But first we take even more simple case, the integral
(3.59) M= D(z=0)=fdzu\u\w1u_1\%.

We are going to define the value of this integral by reducing it to the pro-
duct of two 1D integrals.
We have

(3.60) D@, b)=jf°°du1jf°° it (2 1) (ot — 1)+ 1)

We continue analytically the contour of u,-integration into a u,-complex
plane, so that the contour is shifted close the imaginary axis, see Fig. 9.

(3.61) ty—>ie~ 2 u, = i(1 —2ic)u,.

Here ¢ is a vanishingly small positive number. The integral (3.60) takes a
form:

(.62 s b)=ij+°°dulj+”duz (U — 1o ) ((ut;— 1) — 149"

- %K:du+[u+ —ide(u, —u )] [u, —1—ie(u, —u )P

% I iwdu_[u_+is(u+ —u . — 1 e, —u )P

where u, =u, +u, The integral [1,(a, b) get basically factorized on u, and
u_ integrals, up to the e-terms, which define the way we go around the
sigular points. In particular, suppose u, e (— oo, 0), then the contour of
u_ integration goes below the singular points #_=0 and u_=1. In fact:

u_=0, ie(u, —u_)=ieu,.

Because u, is negative, this small imaginary piece will be negative, which

means that the »_ contour goes below the point #_=0. In the same way,

we find that the u_ contour goes also below u_=1, for u, ¢ (— o0, 0).
Next, it is easy to check that for u, e (0, 1), the u_ contour will go
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9 +o0
. Jauatax fau (o) —=8 41,
N -00 «00
\\ 1 40
; dup ()X [ du_ (- o=
Jaus1x fauto) =
uz-plane F ® u
2=p Jdm("')x-;[du-("') ’gL = "3\
Fig. 12 Fig. 13

above the point #_=0, but below still the point u_=1, and so on. The
integral [, gets expanded into a sum of three products of #, and u_ inte-
grals, which are shown in Fig. 13. The first and their integrals vanish,
because the u#_ contours can be deformed to infinity, for these cases, after
which it vanishes, because the integrals are assumed to be convergent. For

a[\dm.('“)cfdu. s G}C:—

Fig. 14

the second integral, we deform the contour as in Fig. 14, after which it
reduces to:

(3.63) J e, ()51 —u*) X sin (zb)- j " du_(u)(u_—1)

— f ", (u,)*(1—u,) -sin (zb) .f du_(u )t o1 —u Y

—singp LA+ A+D) [(—1—a—bI'(1+b)
I'2+a+b) I'(—a

Now we can turn back to the integral [1(a, b, ¢; z, z) in (3.58), which
has one additional singular point, y=z.

It can be reduced to the product of 1D integrals in precisely the same
way—the corresponding pictures for nonvanishing pieces of the integral
O(a, b, c; z, z) are shown in Fig. 15. To make it more symmetric, the u,
integral over the (z, 1) interval, and u_ integral over the (— oo, 0) interval
can be expressed by linear combinations of integrals, corresponding to our
canonical choice, the integrals over the intervals (0, 1) and (1, o0). It re-
quires a simple manipulation with contours (see also ([6]). One more
remark is that the two products of integrals in Fig. 15 have to be summed,
with a relative phase factor, to make the integral [J(a, b, c; z, 2). This
phase factor can be defined by keeping u_ variable fixed in, say, the (oo, 0)
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interval, and continuing the u, integrand according to the small imaginary
pieces in it, like in the integral (3.62).
In this way, we get the following result for the function G(z, 2), (3.58):

- S(@s(c) e S()s(a+b+c) .
(3.64) G(z, Z)—mlL(z)l +W\Iz(z)ll

where s(¢)=sin (ra), and

(3.65) I,(z)—_—rduu“(z—u)”(l —uy

(3.66) Iz(z):j°° B — 2)°(u— 1),

In the same way one can proceed in the general case, e.g. for the
function (3.57), and find a reduction of the corresponding 2D integral in
the form:

(B.67) {0, 0)gpe(z, D)s(1, 1)p,(00, 00)> ~ Gz, z‘)=Zp} X\, @)

More important, one can define in this way also the multipoint correlation
functions, with the number of points greater than four. The generalization
of the technique should be straightforward.

The equation (3.67) gives the general analytic structure of the 4-point
correlation functions, for general basic operators, in the minimal conformal
theories.

Using the knowledge of 4-point functions, we shall derive, in the next
Lecture, the operator algebra for the basic operators, and we shall discuss
some of its properties.
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Lecture 4.

In the previous Lecture we have derived the 4-point functions in the
form (3.67). Explicit expressions for the coefficients {X,} can be found in
[91.

To analyze the operator algebra we should better use the normalized
function {F,(z)} which are related to the integrals 7,(z) as follows:

@1 I()=N, -F2)
Fp(Z—>0)z(Z)TP(1 +Biz+ ﬁ222+ )

Then we will have the 4-point functions in the form:
(4.2 {$:(0)¢.(2, D (Dpi(o0)) ~ Z;I AL Fy(2) P

(dependence of F,(z) on (s, n, m, k) is being suppressed, in the same way as
are the previous expressions with the integrals I (z)).
For z—0, we shall find:

(43 (G0p(z Do) ~ X —Tme _(140(2).

7 |zflstdn=dp
(From now on, we are using 4 for the full scaling dimension of operators,
ie. d,+4,=24,—4,). Only singular (nonanalytic) terms are shown in
the above equation. We remind that, for general values of the points
z,, Z,, Z;, 2,, the variable z will be replaced by (z,,2.,)/(21:2:4), and also an
additional factor

zl,_][ lZiJV”’ lZ“-l=lZi—Zj\

will have to be supplied into (4.2), (4.3). Yet, the nonanalytic singularities
for z, ~z—0 are shown correctly by the eq. (4.3). This will be enough to
make connection with the operator algebra expansion for the operators
¢8¢n’ ¢m¢k

We remark next, that the representation (4.2) corresponds directly to
the operator algebra (OA) expansion for pairs of operators (¢,, ¢,) and
(¢m> $:)- In fact, suppose we consider the above 4-point function for gen-
eral values of z,, z,, z,, z,:

(4’4) <¢s(zlz_1)¢n (2222)¢wz(2323)¢k(242-4)>'

We can find its singularities, for |z,,|~|z,|—0 (which means just |z,|~
1254 < | 254]) by using the OA expansions:
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4.5 o (lel)¢n(2222) Z: ———‘;;m(sﬁp(zzzz)'i' -).

Again, only leading singular terms are shown; not shown are the subleading
operators ¢S "nmth=m™(z, 7)), which appear at the positive integer
powers of (z,—z,) in the brackets of (4.4)—see the Appendix. We have
the expansion like (4.5) also for the operators (¢,,, ¢) in (4.4):

(4.6) ¢m(zszs)¢k(z4z4) Z W (¢q(z4z4)+ -

We can use the OA expansions (4.5) and (4.6) in the correlation function
(4.4), and find, for |z;,| ~| 25| K | 22|

@7 {4:()8u (293 (4)>

Dz De . 1
ZIZ ‘A,“,,-Ap‘z ‘Amuk-dp ‘z“lu,,

X(14---).

We assumed here that all the two-point functions are normalized as:

(4.8) (822) $,(z'2) )= T‘“Z*\ZTP-
For the projective group fixed values of points z,=0, z,=2z, z;=1, z,—00,
as in the function (4.2), (4.3) above, we have to watch only for the variable
Z,,, which is z.  'With this remark, we can compare the expansions (4.3)
and (4.7), and find that they are the same thing. Which means next, that

(4'9) Agnmk = D?annk'

So, the structure coefficients of 4-point functions, A4%,.. in (4.2), should
factorize into a product of OA coefficients in (4.5), (4.6).

We remark again here that the function in (4.2) is presented by a sum
over the intermediate operators in the (s, ») “channel”, see also Fig. 16.

S k
{Be Bn Pmbe> = ; n>——p—<m

Fig. 16

Alternatively, by choosing a different basic set of basic functions F,(z)
(different choice of the integrals I,(z) in (3.67), (3.56), see also Figs. 8, 9,
10), we would have got the correlation function {¢,¢,¢,.4,> as a sum over
the intermediate operators in the n, m channel, see Fig. 17. “Duality”
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m

Fig. 17

relation, which requires that the sums in Fig. 16 and in Fig. 17 give the
same function [2], is automatic in our approach. In fact, the duality rela-
tion is equivalent to our requirement, which we discussed in Lecture 3,
that the correlation functions should be monodromy invariant, see also [9].

We turn back to deriving the OAE coefficients, {DZ,}, (4.5). We have
found, that they can be derived from the structure constants of 4-point
functions, see (4.9). It is more convenient to get them from symmetric 4-
point functions, like

(4‘ 10) <¢s¢n¢n¢s> = Z Ag’nn sl Fp(z) ‘Z
for which we will have
(411) Asnns—‘:(Dspn ’,

We still make one more remark, before going to discuss the properties
of the OA. At the end of Lecture 3, we have described how the physical
correlation functions can be derived directly from explicitly monodromy
invariant 2D integrals, with vertex operators {V, ,.(z, 7)}, see eq. (3.57) and
the discussion that follows. We remark now that the vertex operators re-
presentation in general, described in Lecture 3, has an asymmetry involved.
In particular, the 4-point functions in this representation involve one vertex
operator which is different from the rest, see (3.57) and also (3.43), (3.44).
This asymmetry shows itself in the structure constants of the 4-point func-
tions, let us define them as A2, with one index staying for two, which we

snn§>

derive from (3.57). In particular, instead of (4.11), they factorize as

with C%,, CZ. having different form, see [9]. This asymmetry is easily cured.
The fact is that any 4-point function {¢.4,4,.6,» calculated starting with
vertex operators V,V,V,V; will have an overall numerical factor, de-
pendent on indices s, n, m, k, which is asymmetric. Apart from this, it has
all the symmetries of the function {¢$,é,4.5.>. This means that, after
calculating a particular correlation function, starting with vertex operators
representation, undoing the 2D integrals, as in Lecture 3, the final result,
expression like (3.67), still have to be normalized properly, after which the
function becomes symmetric. Normalizing factors are defined, basically,
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by the requirement that two-point functions are normalized as (4.8) which
means DI, =1, I being an identity operator. This is worked out in detail
in [10].

Finally, using the techniques described above, the OAE coefficients
{Dz,} has been found in the following form [10]:

(4.13) DED ) =(CEB (o)) s (@)

@14) a,,="1] T LE=eLED)
i=1 =1 (i—Jje)

"’1:11 I'GHI'C—p'A+i) 5 I'UpI'2+p(+))
=t (1=p)[(—1+p'(1+10)) = I'—(p)'(—1+4p(1+)))

@15 Clpy=pren T L L) L)
imti=t (i—pj)* im I'(1—ip’) 7=+ I'(1—pj)

-2 k-2 1

L L i e o oy e o e

X (P +14+0)— p(p+14)))
T(1—p/(s" = 1—i)+(s' = 1)1 — p/(n' — 1 —i)
><H +O—INI'A+o'(p'+140)—(p+1)
i ['(/(s' —1—i)—(s— ) (o'(W — 1 —i)—(n—1))
XI'(—p'(p'+1+1)+(p+1)
I'd—p(s—1=7+6"=INIA—pr—1—))
><kﬁ2 +' = INI'(A+p(p+1+7)—(p'+ 1)
7=0 I'(p(s—1—j)— ("= 1IN (p(n—1—j)
—(=D)—TI'(e(p+1+ )+ +D)

Here

oS+ —=p'+1 stn—p+1,
2 ’ 2 7
(4.16) p=a’, o=p '=a.

The operators {¢,,,} (the same as opetators ¢, ,) make a subalgebra of their
own. We shall give coefficients for this subalgebra, because they are
simpler, and in many cases it is sufficient to analyze this subalgebra:

@4.17) DLy =(Ct)aa,(a,)

(4.18) o =T TGI2—p(+i)
" TU—ip)[ (=1 +p(1+1)
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(1 —pls—1—)I'(1 — pln—1—1)
(4.19) Cg,:kﬁl F(ip). =? XF(—I'H.O(P‘I'l-H)) :
i=1 ['(1—ip)i=o  I'(p(s—1—0)I"(o(n—1—1))
XI'2—p(p+1+10)

Here
(4.20) g=Stn—p+1
‘ 2

Now we shall discuss some properties of the OA.

1. First remark is that for the k-product in (4.19) the minimal value
is (k)min=1, for which the products are just replaced by 1, and which cor-
responds, according to (4.20), to

(421) pmax=S+n_1'

The maximal value (k). is defined by the first appearance of the pole, in
I’s, in the subproduct

k-2 1

4.22
( ) iUo[’(p(S——l—i))r(p(n_l—i))

of (4.19). It means, that for k=k,, -+ 1, one of I"”s in (4.22) gets a pole,
and the coefficient D2, will vanish. This defines p,,;, as:

(4.23) Pmmn=|s—n|+1.

So, p varies between (4.21) and (4.23) with steps 4,=2. Generalization to
the algebra with coefficients (4.13) is straightforward. This corresponds to
the general properties of the OA, as derived from the differential equations,
which are described in [2].

2. Next property is the closure of the OA by a finite number of

n n
B ] E3
Pay
P31} Pz ~ &1l ~ |=|z
Par| Pord ag|o 6|16
P ¢12| 13 Ile 0 _12‘
m m
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operators for rational values of &’ =p. Let’s consider the case of p=4/3,
which is Ising model, see Fig. 18 (cf. Fig. 6). Consider the OAE for the
product of two operators ¢, ,=e. According to the rules (4.21), (4.23)
described above, we have:

(4'24) ¢1,2¢1,2 "’Dé,2¢1,1+02,2¢1,3

(this symbolic form stands for the OAE (4.5), with scaling factors dropped).
In (4.24) D; ;=1 as it should, but it happens that for p=4/3, D3, vanishes.
This is due to the pole in one of I™s in the expression for a;;=a, (4.18).
So that g, diverges, and Dj , vanishes according to (4.17). So, the operator
¢é,; decouples.

ote|gie” Pu| Piz| P3| Pia| D5

Fig. 19

Pu A3 Pis ks 19
Aa=0 + 5 11 2

Fig. 20

Same happens in other cases. One more example is the Z, table of
operators, Fig. 19. For the product of two ¢, , operators we would expect:

(4-25) ¢1,3¢1,3~D§,3¢1,1+D§,3¢1,3 +Dg,a¢1,5-

Here D} ;=1 according to our normalization; one can check that D, is
finite, but DS, vanishes, because a; in (4.17) diverges for Z; model value of
o="6/5.

3. Described above are the cases of trivial decouplings of operators
outside the table. There are still cases when it is not so obvious. Consider
again the IM table of opertators, Fig. 18. For minimal theories, corre-
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sponding to rational values of p=c?, there is a doubling of basic operators
inside the table (see Lecture 2). So for IM case, Fig. 18, the operators
&, and ¢, , should be same. On the other hand, the general rules give the
following OAE for the product of two ¢, ;:

(426) ¢3,1¢3,1"’Dé,ssﬁl,x+Dg,3¢3,1+Dg,2¢5,1-

We have to compare this with (4.24) and check if in fact the operators ¢, ,
and ¢, , behave like being the same. In (4.24) ¢, , decouples, so that there
is only the identity operator /=g, , in the r.h.s. so, we should expect that
in (4.26) the operators ¢, , and ¢ , decouple. One finds, on the other hand,
that D=0, but D}, is finite. (The coefficients D, for the {¢, ,} sub-
algebra are same as for {¢, ,}, with the replacement p—p’. So, for IM case
p’=3/4 in this last analysis). There is apparent inconsistancy. It is re-
solved by noting that the dimensions of operators ¢, , and ¢, , differ by an
integer number 4;,— 4, ;=2. So, we have to look at the subleading oper-
ators:

@27) g s(Dsa(0) ~ Db o i

EE

F g DhslBuat 28GR (g
Z 3

+BIGE) F2 ) )
—|-——~1———D§,3¢5,1~|— tte

\z-\ua—As

(above, in the brackets, only z part of the expansion is shown; it is to be
completed, in an obvious way, by z terms, see also the Appendix). What
happens is that the coefficient D§; vanishes, but the g-coefficients in the
brackets, starting with the z* term, diverge for o’=3/4. To resolve the
ambiguity, we take p’ out of the point p’=3/4, and take the limit. The
product of Dj ; and 8’s turns out to be finite, and is equal (the z* term in
brackets) to Dj,, but with an opposite sign. The scaling factors also
match, because 4; ;—4,,=2. So, the effect is that the operator ¢, still
decouples, as it was going from the start, but it cancels also the ¢, piece
of the OAE. In the result, both ¢, , and ¢, , decouple, as they should, to
match the expansion (4.24).

Again, similar things happen in other cases. In Fig. 20 a piece of
the table is shown for p=7/6. For ¢, s¢,,; we have:

(4-28) ¢1 ,5¢1,5= D%,5¢1,1 +D§,5¢1,3 + Dg,5¢1,5 -+ D§,5¢1,7+Dg,5¢1,9~



162 VI. S. Dotsenko

One can check that Df ; and D} ; vanish, Dj ., Di ; stay finite, though the
corresponding operators are outside the table. Again, we find that the
dimensions differ by integers, 4, ,— 4, ;=18, 4, ,—4, ;=6, and the same
happens: operators ¢, ;, ¢, ; decouple, but cancel also ¢, , and ¢, , corre-
spondingly.

4. By the above examples we have explained the way how the finite
number of operators, belonging to a finite table (¢—1) X (p—1), decouple
from the rest, for the parameter «’ =p being a rational number g/p (p, ¢
are relative prime numbers). Now, we shall argue that only these finite
cases can be acceptable as a complete field theory. The reason is that the
full set of values of 4, ,,, given by the Kac formula (3.42), involves, as one
can check, some values being negative. They are placed near the line, in
the (n, m) plane,

(4.29) a,m+a_n=a,m—|a_|-n=0.

The corresponding operators are pathological, for the field theory, because
their 2-point correlation function grows with distance. So, we wouldn’t
like to have such operators in our theory. On the other hand, if we started
with some “good operators”, having 4’s positive, and began calculating
their multipoint correlation functions, they will generate, in the intermediate
channels (see Figs. 16, 17) some new operators, which we have to add to
our set of basic operators, to make the theory complete, and so on. Or,
in other words, doing the operator algebra, we shall be getting more and
more operators. In this way, unless the OA closes by a finite family of
operators, sooner or later we shall get into our theory the pathological
operators, with negative dimensions, which are placed near the line (4.29).

So, we have to make the family of the basic operators finite, which
means to stick to the rational values of a2 =¢/p. Still, it is readily checked
that only the family with g= p+1 will have all the 4’s positive inside a

6 ° o
S5|e e
el At
2 o o
1]e °
1.2 3 4
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finite (—1)X (p—1) table. For illustration, in Fig: 21 given an example
of the table, not in the p=g4-1 family, having pathological operators in

the center.

There is a way, in fact, to avoid the two operators in the center, shown
in Fig. 21 by . We can pick up the operators, marked by dots and open
circles in Fig. 21. They form a closed subalgebra and they do not involve
the two operators in the center. Thus, all the operators in this subalgebra
have positive dimensions 4, and so it is acceptable in this respect.

There is still a difference between the theory which we selected above,
and the theories in the main family, with g=p-+1. We turn back to our
OA coefficients D%, given by (4.17). We can redefine the normalization
of operators in the following way:

(4.30) =V, By
The operators @, will have the OA as in (4.5) with the coefficients C?,:
(4.31) qzaﬂgn = Z anép

»

(scaling factors suppressed) and the two-point functions will become:

z 7 (as)_l
(432) <¢s(z)¢s(0)>= \Z\“S .
So, (a,)~* plays the role of a norm of the operator ¢,. One can check
using the expression (4.18) that only for the main series' of the conformal
theories, corresponding to «” =(p-+1/p), the norms a;* will be positive for
all the operators inside the table. If the original normalization of two-
point functions was used, it would mean that the OA coefficients DZ,, given
by (4.17), can all be defined to be real and positive, The symmetric 4-point
functions in these theories:

are positive defined, for all values of z,, z,, z,, z,.

It is not difficult to check that the theories of the main series («® =¢/p,
q—p>2) do not have these properties. It means that there will always be
some operators inside the table, which have their norms a;?, negative.

In our example, in Fig. 21, the operator ¢, , which belongs to the
selected subalgebra of operators with positive 4’s it has the norm ¢;* which
is negative (negative also is ;). We can put the norms inside the OA
coefficients. Then D?,, (4.17), becomes imaginary. In one way or another,
the unitarity is lost for all the theories, except for the main series, with
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o =(p-1)/p. This agrees with the selection of unitary conformal theories
in [11].

For statistical physics applications absence of unitarity may not be a
serious trouble. And in fact such theories are considered as lattice sta-
tistical models (Potts model with continuous number of components para-
meter Q: 1<C0< 4; O(n) model with continuous n: —2<n<2; Yang-
Lee singularity, for the IM in an imaginary magnetic field). Particular
expectation values, and particular correlation functions, are still well defined
for these models. It would become a problem only when one attempted to
construct the corresponding field theories. One can say that field theory
starts with analysis of 4-point correlation functions. Some of them (great
majority, among the Potts model series with continuous Q) do not corre-
spond to well defined field theories.

Our last remark, related to OA, is on the special operators, provided
by the function (3.34). By arguments that follow the eq. (3.33), we would
get from (3.34) the quantized values
_1—n l—m

4.34 = +
(4.34) Cn == a_+ T

instead of the Kac formula (3.42). Special operators, provided by (4.34)
are, .q. V_,,/ V_s.,,n and so on. The correlation functions can be
formed in the usual way

(4.35) jjj<V-a+,4<1)V-a+,4(2)V-M(s)V-a+,z(4)J+J+J_>

(comp. (3.38) or (3.57)). The operator algebra can be analyzed, using
these vertex operators.
If we consider a product of two operators, like

(4.36) VearerdDV a2

then this product is expanded first into the operator, having the net “‘change
parameter” « of the two, i.e.

4.37) V _wir

and then the operators with the charge parameter « shifted by J’s, which
are present in the correlation function (4.35). J’s are coupled to the
product one by one, and so we get, next, after (4.37), the operators

(4‘38) Va+/2! V(3/2)a+? V(3/2)a+ A
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(for details of such an analysis of the OA, see [9]). What is essential, is
that the identity operator, which is V,_, is missing. So, the OAE for the
product (4.36) will not contain the identity operator. As a consequence,
the two-point function for such operators will vanish. In our minimal
conformal theory, which we consider, and which has no additional sym-
metries except for the conformal one, we do not allow such operators.
Vanishing of the two-point function means that such an operator vanish
itself. For this reason, the special operators, provided by (4.34), are un-
acceptable for our theory.

Concluding Remarks

In these Lectures we have described in full detail the minimal con-
formal theories. Minimal they are not only in the sence that they are
based on a finite number of basic operators [2], this is one aspect, but also
because they contain no additional symmetries except for the conformal
one. In particular, all the basic operators are Lorentz (Euclid, to be more
precise) scalars, and there are no multiplicities in the spectrum of conformal
dimensions for them-—there is just one basic operator with a given con-
formal dimension.

For the present, these theories are studied most profoundly. We have
got 4-point correlation functions for most general basic operators in such
theories, and have found the OA coefficients for all of them. By the
technique described in Lecture 3, it should be possible also to calculate the
higher-point correlation functions (with number of points greater than
four). Some particular OA coefficients for these theories have already been
checked, on a particular lattice statistical problem, using a different ap-
proach [23, 24].

There are presently developed other conformal theories, which contain
additional symmetries. These are minimal super conformal (N=1) theories
[25], N=2 superconformal theories [26], conformal theories based on cur-
rent algebras (2D Wess-Zumino model) [27], and marked by different new
class of 2D field theories—the conformal theories based on parafermionic
current algebras [7,19]. These particular directions of research in the
domain of conformal field theories, which is rapidly expanding at present,
deserves each separate set of Lectures.

These set of lectures has been sponsered, stimulated and kindly helped
by the reasearch workers at RIMS, Kyoto University, to whom I am
grateful for their support and generous hospitality. I am especially grateful
to E. Date, M. Jimbo, J. Miwa, M. Okado, and also to N. Kawamoto
from the Physics Department, Kyoto University.
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Appendix

The complete OPE for the product of two basic operator ¢, and ¢,
has the following form [2]:

A.D)  gu(2)8:(0)= Z

><{¢p(0>+zﬁ ”¢ 0)+ (BT TI0) BTV (O) + - )
; ( )41+Az 4p {Z (Z)]klﬁ( k}¢ = k)(o)}

Il

Here we use the notation:

(A2) [%]_:kl.}_kﬁ_ cee, ﬁ{—?}:ﬁ{-kl,—kz,---)_

To simplify the notation, dependence of {8}~ ¥} on indices 1, 2 of the oper-
ators ¢, - ¢, are being suppressed. As in many developments for the con-
formal field theory, in (A.1) only the z-dependence is shown. Actually,
for physical operators ¢(z, z) it will be a double expansion, in powers of z
and z, starting with:

A3 4z D0, 0)= ;‘—WFTAJ{@(O 0)-+ 285 ¢(0, 0)

+2B5 DS (0, 0)+ 22850 B D=1 =D(0, 0)
+ 2B 0¢0(0, 0) 4 - - -}

where ¢ T'=L_,$, and the operators {L,} and {L,} commute with one
another. Since (A.3) is just a trivial doubling of (A.1), we shall continue
by considering only the z-part of it, the expansion (A.1).

Calculation of OA coefficients {C%} is a dynamical problem. In
general, the coefficients C%, are related to the knowledge of 4-point corre-
lation functions, which is a dynamical problem of a given theory. The way
to derive them for minimal conformal theories has been described in
Lecture 4.

The coefficients g i on the other hand, present a kinematic problem.
They are defined by conformal invariance in narrow sense, without refer-
ences to its particular quantum field theory realization.

Coefficients 8 can be found as follows. Consider a product of
operators

(A4 $:(2)$,(0)
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and apply an operator L,, n>1, to it:

A3) LG@HO) =5 § dse T@4.2)4.0)

27l

The operator L, is defined with respect to the origin, i.e. L,=L,(0), see
Lecture 1, and act on both operators, ¢, and ¢,, which means that the
contour C in (A.5) encircles them both, as in Fig. 22.

Il
[e]
~

Fig. 23

C C
) ‘ =};C

Fig. 24

Then, there are two possibilities. First, we can deform the contour as
in Fig. 23, so that the operator L, gets applied separately to ¢,(z) and ¢,(0),
which give, as one can check, taking the integral over C,, C, (C, contribu-
tion vanishes):

(A.6) L, ($:(2)$:(0)) = (L, $:(2))$,(0) + $o(2)(L,,$,(0))
=[(n+1Dz"d,+2z"* 1az]¢2(z)¢1(0)'

And after this, expand the product ¢,¢, as in (A.1), to find:
(A7) L(:(2):(0))
[0+ D2 Ak 20 T B (51218, 0).
poZTTET
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For operators L,, and L, it gives:

(A.8) L+1(¢2(Z)¢1(0))

-2 ) el A+ )8 O+ P A DEOSEIO+ )

(A9) L,y (¢2)$:(0))= Z——~{22(2A — 4,4+ 4,),0)+ - - -}

)A o+ 41—

The other way will be to first expand the product ¢,¢, in (A.6) into
OPE (A.1), and then apply the operator L, to the terms of the expansion.
This gives the following expansion of (A.6):

A1) LGEHO)=LT b ()M_ (Z 87470}

=2 iy {Z S L, PO}

(Z)A2+41
For operators L,, and L, it gives, as one can check, using the definition

¢{"7}=¢"k1’“"2""*=L_k1L_k2- --¢, and commuting the Virasoro algebra

operators L, ,, L., through those of ¢<_Z;’
A1) Lo@@6O)=3
X{0+z‘B('1)2Ap¢p(0)+Z“ Bt R2(24,+ 1)+ 23] O) - - - -}
A1) Lug@sO)=3
2 -1,-1 -2 ¢ “ e
% {o+ 047 [ﬁ( 64, + B2 (4Ap+ _i)]¢p(0)+ }

By comparing (A.8), (A.9) with, correspondingly, (A.11), (A.12), one gets
the relations:

(A.13) B024,= A, — A, + 4,
(A.19) BB 0224 4+ 1)+ 3D = (4, — A+ 4, + 1)

W15 p6d, 0 (4,4 )= At 4y,

Equations (A.13-15) determine the coefficients g4, g=5=1, =9, One
can proceed further, by comparing higher power terms in (A.8), (A.9) and
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(A.11), (A.12). In this way all the coefficients /91‘;7‘" in (A.1) can, in princi-
ple, be found [2]. It is sufficient to consider only the operators L., and L,
because the relations found from L,, n>>3 in (A.6) will follow from those
for the operators L,,, L,,, by the Virasoro algebra.

There is, in principle, another way of finding the coefficients g%,
They can be derived also from the series eapansion for the functions F,(z)
introduced in Lectures 3 and 4 by multiple integrals, see also [6, 9]. These
functions define 4-point correlation functions {¢,(0)g.(2)@s(1)p,(c0), and
so the series expansion of F,(z) and the OPE in (A.1) can obviously be
related. The problem, in this approach, is to actvally find the series
expansion for the functions F,(z), which involves calculation of multiple
integrals, and which is not so straightforward. So far the problem of
finding more or less explicit representation for the general coefficient of
the series expansion for the functions F,(z) has not been resolved. One
exception, of course, is when there is only one integration involved in the
definition of F,(z), and which is the hypergeometric function. Such
examples are given in Lecture 3.
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